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PREFACE. 


The  discovery  of  the  great  law  of  nature,  the  law  of  gravitation,  by 
Newton,  prepared  the  way  for  the  brilliant  achievements  which  have 
distinguished  the  history  of  astronomical  science.  A  first  essential,  how- 
ever, to  the  solution  of  those  recondite  problems  which  were  to  exhihit 
the  effect  of  the  mutual  attraction  of  the  bodies  of  our  system,  was  the 
development  of  the  infinitesimal  calculus ;  and  the  labors  of  those  who 
devoted  themselves  to  pure  analysis  have  contributed  a  most  important 
part  in  the  attainment  of  the  high  degree  of  perfection  which  character- 
izes the  results  of  astronomical  investigations.  Of  the  earlier  efforts  to 
develop  the  great  results  following  from  the  law  of  gravitation,  those  of 
Euler  stand  pre-eminent,  and  the  memoirs  which  he  published  have, 
in  reality,  furnished  the  germ  of  all  subsequent  investigations  in 
celestial  mechanics.  In  this  connection  also  the  names  of  Bernouilli, 
Clairaut,  and  D'Alembert  deserve  the  most  honorable  mention  as 
having  contributed  also,  in  a  high  degree,  to  give  direction  to  the  inves- 
tigations which  were  to  unfold  so  many  mysteries  of  nature.  By  means 
of  the  researches  thus  inaugurated,  the  great  problems  of  mechanics 
were  successfully  solved,  many  beautiful  theorems  relating  to  the  planet- 
ary motions  demonstrated,  and  many  useful  formulae  developed. 

It  is  true,  however,  that  in  the  early  stage  of  the  science  methods 
were  developed  which  have  since  been  found  to  be  impracticable,  even 
if  not  erroneous;  still,  enough  was  effected  to  direct  attention  in  the 
proper  channel,  and  to  prepare  the  way  for  the  more  complete  labors  of 
Lagrange  and  Laplace.  The  genius  and  the  analytical  skill  of  these 
extraordinary  men  gave  to  the  progress  of  Theoretical  Astronomy  the 
most  rapid  strides ;  and  the  intricate  investigations  which  they  success- 
fully performed,  served  constantly  to  educe  new  discoveries,  so  that  of 
all  the  problems  relating  to  the  mutual  attraction  of  the  several  planets 
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but  little  more  remained  to  be  accomplished  by  their  successors  than  to 
develop  and  simplify  the  methods  which  they  made  known,  and  to  intro- 
duce such  modifications  as  should  be  indicated  by  experience  or  rendered 
possible  by  the  latest  discoveries  in  the  domain  of  pure  analysis. 

The  problem  of  determining  the  elements  of  the  orbit  of  a  comet 
moving  in  a  parabola,  by  means  of  observed  places,  which  had   I 

idered  by  Newton,  Euler,  Boscovich,  Lambert,  and  others, 
received  from  Lagrange  and  Laplace  the  most  careful  consideration 
in  the  light  of  all  that  had  been  previously  done.  The  solution  given 
by  the  former  is  analytically  complete,  but  far  from  being  practically 
complete;  that  given  by  the  latter  is  especially  simple  and  practical  bo 
Ear  as  regards  the  labor  of  computation;  but  the  results  obtained  by  it 
are  so  affected  by  the  unavoidable  errors  of  observation  as  to  be  often 
little  more  than  rude  approximations.  The  method  which  was  found  to 
answer  best  in  actual  practice,  was  that  proposed  by  Olbers  in  his 
work  entitled  Leichteste  und  bequemste  Methode  die  Balm  eines  Cometen 
zu  berechnen,  in  which,  by  making  use  of  a  beautiful  theorem  of  para- 
bolic  motion  demonstrated  by  Euler  and  also  by  Lambert,  and  by 
adopting  a  method  of  trial  and  error  in  the  numerical  solution  of 
certain  equations,  he  was  enabled  to  effect  a  solution  which  could  be 
performed  with  remarkable  ease.  The  accuracy  of  the  results  obtained 
by  Olbers's  method,  and  the  facility  of  its  application,  directed  the 
attention  of  Legendre,  Ivory,  Gauss,  and  Encke  to  this  subject,  and 
by  them  the  method  was  extended  and  generalized,  and  rendered  appli- 
cable in  the  exceptional  cases  in  which  the  other  methods  failed. 

It  should  be  observed,  however,  that  the  knowledge  of  one  element, 
the  eccentricity,  greatly  facilitated  the  solution;  and,  although  elliptic 
elements  had  been  computed  for  some  of  the  comets,  the  first  hypotl 
was  that  of  parabolic  motion,  so  that  the  subsequent  process  required 
simply  the  determination  of  the  corrections  to  be  applied  to  these  ele- 
ments in  order  to  satisfy  the  observations.  The  more  difficult  problem 
of  determining  all  the  elements  of  planetary  motion  directly  from  three 
observed  places,  remained  unsolved  until  the  discovery  of  Ceres  by 
Piazzi  in  1801,  by  which  the  attention  of  Gauss  was  directed  to  this 
subject,  the  result  of  which  was  the  subsequent  publication  of  his; 
Tkeoria  Motus  Corporum  Ccelestiwn,  a  most  able  work,  in  which  he  gave 
to  the  world,  in  a  finished  form,  the  results  of  many  years  of  attention 
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to  the  subject  of  which  it  treats.  Hid  method  for  determining  all  the 
elements  directly  from  given  observed  places,  as  given  in  the  Theoria 
3foius,  and  as  subsequently  given  in  a  revised  form  by  Encke,  leaves 
scarcely  any  thing  to  be  desired  on  this  topic.  In  the  same  work  he 
gave  the  first  explanation  of  the  method  of  least  squares,  a  method 
which  has  been  of  inestimable  service  in  investigations  depending  on 
observed  data. 

The  discovery  of  the  minor  planets  directed  attention  also  to  the 
methods  of  determining  their  perturbations,  since  those  applied  in  the 
case  of  the  major  planets  were  found  to  be  inapplicable.  For  a  long 
time  astronomers  were  content  simply  to  compute  the  special  perturba- 
tions of  these  bodies  from  epoch  to  epoch,  and  it  was  not  until  the  com- 
mencement of  the  brilliant  researches  by  Hansen  that  serious  hopes 
were  entertained  of  being  able  to  compute  successfully  the  general  per- 
turbations of  these  bodies.  By  devising  an  entirely  new  mode  of  con- 
sidering the  perturbations,  namely,  by  determining  what  may  be  called 
the  perturbations  of  the  time,  and  thus  passing  from  the  undisturbed 
place  to  the  disturbed  place,  and  by  other  ingenious  analytical  and 
mechanical  devices,  he  succeeded  in  effecting  a  solution  of  this  most 
difficult  problem,  and  his  latest  works  contain  all  the  formulae  which  are 
required  for  the  cases  actually  occurring.  The  refined  and  difficult 
analysis  and  the  laborious  calculations  involved  were  such  that,  even 
after  Hansen's  methods  were  made  known,  astronomers  still  adhered  to 
the  method  of  special  perturbations  by  the  variation  of  constants  as 
developed  by  Lagrange. 

The  discovery  of  Astrcea  by  Hencke  was  speedily  followed  by  the 
discovery  of  other  planets,  and  fortunately  indeed  it  so  happened  that 
the  subject  of  special  perturbations  was  to  receive  a  new  improvement. 
The  discovery  by  Bond  and  Encke  of  a  method  by  which  we  determine 
at  once  the  variations  of  the  rectangular  co-ordinates  of  the  disturbed 
body  by  integrating  the  fundamental  equations  of  motion  by  means  of 
mechanical  quadrature,  directed  the  attention  of  Hansen  to  this  phase 
of  the  problem,  and  soon  after  he  gave  formulae  for  the  determination 
of  the  perturbations  of  the  latitude,  the  mean  anomaly,  and  the  loga- 
rithm of  the  radius-vector,  which  are  exceedingly  convenient  in  the 
process  of  integration,  and  which  have  been  found  to  give  the  most 
satisfactory  results.     The  formulae  for  the  perturbations  of  the  latitude, 
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true  longitude,  and  rndius-vector,  to  be  integrated  in  the  same  manner, 
were  afterwards  given  by  BrDnnow. 

Having  thus  stated  briefly  a  few  historical  facts  relating  to  the 
problems  of  theoretical  astronomy,  I  proceed  to  a  statement  of  the 
object  of  this  work.  The  discovery  of  so  many  planets  and  comets  has 
furnished  a  wide  field  for  exercise  in  the  calculations  relating  to  their 
motions,  and  it  has  occurred  to  me  that  a  work  which  should  contain  % 
development  of  all  the  formulae  required  in  determining  the  orbits  of  the 
heavenly  bodies  directly  from  given  observed  places,  and  in  correcting 
these  orbits  by  means  of  more  extended  discussions  of  series  of  observa- 
tions, including  also  the  determination  of  the  perturbations,  together 
with  a  complete  collection  of  auxiliary  tables,  and  also  such  practical 
directions  as  might  guide  the  inexperienced  computer,  might  add  very 
materially  to  the  progress  of  the  science  by  attracting  the  attention  of  a 
greater  number  of  competent  computers.  Having  carefully  read  the 
works  of  the  great  masters,  my  plan  was  to  prepare  a  complete  work  on 
this  subject,  commencing  with  the  fundamental  principles  of  dynamics, 
and  systematically  treating,  from  one  point  of  view,  all  the  problems 
presented.  The  scope  and  the  arrangement  of  the  work  will  be  best 
understood  after  an  examination  of  its  contents ;  and  let  it  suffice  to  add 
that  I  have  endeavored  to  keep  constantly  in  view  the  wants  of  the 
computer,  providing  for  the  exceptional  cases  as  they  occur,  and  giving 
all  the  formulae  which  appeared  to  me  to  be  best  adapted  to  the  problems 
under  consideration.  I  have  not  thought  it  worth  while  to  trace  out  the 
geometrical  signification  of  many  of  the  auxiliary  quantities  introduced. 
Those  who  are  curious  in  such  matters  may  readily  derive  many  beau- 
tiful theorems  from  a  consideration  of  the  relations  of  some  of  the^e 
auxiliaries.  For  convenience,  the  formulae  are  numbered  consecutively 
through  each  chapter,  and  the  references  to  those  of  a  preceding  chapter 
are  defined  by  adding  a  subscript  figure  denoting  the  number  of  the 
chapter. 

Besides  having  read  the  works  of  those  who  have  given  special  atten- 
tion to  these  problems,  I  have  consulted  the  Astronomisehe  Nuehriehten, 
the  Agronomical  Journal,  and  other  astronomical  periodicals,  in  which 
is  to  be  found  much  valuable  information  resulting  from  the  experi- 
ence of  those  who  have  been  or  are  now  actively  engaged  in  astro- 
nomical pursuits.     I  must  also  express  my  obligations  to  the  publishers, 
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Messrs.  J.  B.  Lippincott  &  Co.,  for  the  generous  interest  which  they 
have  manifested  in  the  publication  of  the  work,  and  also  to  Dr.  B.  A. 
Gould,  of  Cambridge,  Mass.,  and  to  Dr.  Oppolzer,  of  Vienna,  for 
valuable  suggestions. 

For  the  determination  of  the  time  from  the  perihelion  and  of  the  true 
anomaly  in  very  eccentric  orbits  I  have  given  the  method  proposed  by 
Bessel  in  the  Monatliche  Correspondent,  vol.  xii., — the  tables  for  which 
were  subsequently  given  by  Brunnow  in  his  Astronomical  Notices, — and 
also  the  method  proposed  by  Gauss,  but  in  a  more  convenient  form. 
For  obvious  reasons,  I  have  given  the  solution  for  the  special  case  of 
parabolic  motion  before  completing  the  solution  of  the  general  problem 
of  finding  all  of  the  elements  of  the  orbit  by  means  of  three  observed 
places.  The  differential  formula?  and  the  other  formulae  for  correcting 
approximate  elements  are  given  in  a  form  convenient  for  application, 
and  the  formulae  for  finding  the  chord  or  the  time  of  describing  the 
subtended  arc  of  the  orbit,  in  the  case  of  very  eccentric  orbits,  will  be 
found  very  convenient  in  practice. 

I  have  given  a  pretty  full  development  of  the  application  of  the 
theory  of  probabilities  to  the  combination  of  observations,  endeavoring 
to  direct  the  attention  of  the  reader,  as  far  as  possible,  to  the  sources  of 
error  to  be  apprehended  and  to  the  most  advantageous  method  of  treat- 
ing the  problem  so  as  to  eliminate  the  effects  of  these  errors.  For  the 
rejection  of  doubtful  observations,  according  to  theoretical  considerations, 
I  have  given  the  simple  formula,  suggested  by  Chauvenet,  which  fol- 
lows directly  from  the  fundamental  equations  for  the  probability  of 
errors,  and  which  will  answer  for  the  purposes  here  required  as  well  as 
the  more  complete  criterion  proposed  by  Peirce.  In  the  chapter 
devoted  to  the  theory  of  special  pertuubations  I  have  taken  particular 
pains  to  develop  the  whole  subject  in  a  complete  and  practical  form, 
keeping  constantly  in  view  the  requirements  for  accurate  and  convenient 
numerical  application.  The  time  is  adopted  as  the  independent  variable 
in  the  determination  of  the  perturbations  of  the  elements  directly,  since 
experience  has  established  the  convenience  of  this  form ;  and  should  it 
be  desired  to  change  the  independent  variable  and  to  use  the  differential 
coefficients  with  respect  to  the  eccentric  anomaly,  the  equations  between 
this  function  and  the  mean  motion  will  enable  us  to  effect  readily  the 
required  transformation. 
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The  numerical  examples  involve  data  derived  from  actual  observa- 
tions, and  care  has  been  taken  to  make  them  complete  in  every  respect, 
so  as  to  serve  as  a  guide  to  the  efforts  of  those  not  familiar  with  these 
calculations ;  and  when  different  fundamental  planes  are  spoken  of,  it  is 
presumed  that  the  reader  is  familiar  with  the  elements  of  spherical 
astronomy,  so  that  it  is  unnecessary  to  state,  in  all  cases,  whether  the 
centre  of  the  sphere  is  taken  at  the  centre  of  the  earth,  or  at  any  other 
point  in  space. 

The  preparation  of  the  Tables  has  cost  me  a  great  amount  of  labor, 
logarithms  of  ten  decimals  being  employed  in  order  to  be  sure  of  the 
last  decimal  given.  Several  of  those  in  previous  use  have  been  recom- 
puted and  extended,  and  others  here  given  for  the  first  time  have  been 
prepared  with  special  care.  The  adopted  value  of  the  constant  of  the 
solar  attraction  is  that  given  by  Gauss,  which,  as  will  appear,  is  not 
accurately  in  accordance  with  the  adoption  of  the  mean  distance  of  the 
earth  from  the  sun  as  the  unit  of  space;  but  until  the  absolute  value  of 
the  earth's  mean  motion  is  known,  it  is  best,  for  the  sake  of  uniformity 
and  accuracy,  to  retain  Gauss's  constant. 

The  preparation  of  this  work  has  been  effected  amid  many  interrup- 
tions, and  with  other  labors  constantly  pressing  me,  by  which  the  progress 
of  its  publication  has  been  somewhat  delayed,  even  since  the  stereo- 
typing was  commenced,  so  that  in  some  cases  I  have  been  anticipated 
in  the  publication  of  formulae  which  would  have  here  appeared  for  the 
first  time.  I  have,  however,  endeavored  to  perform  conscientiously  the 
self-imposed  task,  seeking  always  to  secure  a  logical  sequence  in  the  de- 
velopment of  the  formulae,  to  preserve  uniformity  and  elegance  in  the 
notation,  and  to  elucidate  the  successive  steps  in  the  analysis,  so  that  the 
work  may  be  read  by  those  who,  possessing  a  respectable  mathematical 
education,  desire  to  be  informed  of  the  means  by  which  astronomers  are 
enabled  to  arrive  at  so  many  grand  results  connected  with  the  motions 
of  the  heavenly  bodies,  and  by  which  the  grandeur  and  sublimity  of 
creation  are  unveiled.  The  labor  of  the  preparation  of  the  work  will 
have  been  fully  repaid  if  it  shall  be  the  means  of  directing  a  more 
general  attention  to  the  study  of  the  wonderful  mechanism  of  the  hea- 
vens, the  contemplation  of  which  must  ever  serve  to  impress  upon  the 
mind  the  reality  of  the  perfection  of  the  omnipotent,  the  living  GOD  I 

Observatory,  Ann  Arbor,  June,  1867. 
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THEORETICAL  ASTRONOMY. 


CHAPTER   I. 

INVESTIGATION  OF  THE  FUNDAMENTAL  EQUATIONS  OF  MOTION,  AND  OF  THE  FOR- 
MULA FOR  DETERMINING,  FROM  KNOWN  ELEMENTS,  THE  HELIOCENTRIC  AND 
GEOCENTRIC  PLACES  OF  A  HEAVENLY  BODY,  ADAPTED  TO  NUMERICAL  COMPUTA- 
TION FOR  CASES  OF  ANY  ECCENTRICITY  WHATEVER. 

1.  The  study  of  the  motions  of  the  heavenly  bodies  does  not  re- 
quire that  we  should  know  the  ultimate  limit  of  divisibility  of  the 
matter  of  which  they  are  composed, — whether  it  may  be  subdivided 
indefinitely,  or  whether  the  limit  is  an  indivisible,  impenetrable  atom. 
Nor  are  we  concerned  with  the  relations  which  exist  between  the 
separate  atoms  or  molecules,  except  so  far  as  they  form,  in  the  aggre- 
gate, a  definite  body  whose  relation  to  other  bodies  of  the  system  it 
is  required  to  investigate.  On  the  contrary,  in  considering  the  ope- 
ration of  the  laws  in  obedience  to  which  matter  is  aggregated  into 
single  bodies  and  systems  of  bodies,  it  is  sufficient  to  conceive  simply 
of  its  divisibility  to  a  limit  which  may  be  regarded  as  infinitesimal 
compared  with  the  finite  volume  of  the  body,  and  to  regard  the  mag- 
nitude of  the  element  of  matter  thus  arrived  at  as  a  mathematical 
point. 

An  element  of  matter,  or  a  material  body,  cannot  give  itself 
motion;  neither  can  it  alter,  in  any  manner  whatever,  any  motion 
which  may  have  been  communicated  to  it.  This  tendency  of  matter 
to  resist  all  changes  of  its  existing  state  of  rest  or  motion  is  known 
as  inertia,  and  is  the  fundamental  law  of  the  motion  of  bodies.  Ex- 
perience invariably  confirms  it  as  a  law  of  nature;  the  continuance  of 
motion  as  resistances  are  removed,  as  well  as  the  sensibly  unchanged 
motion  of  the  heavenly  bodies  during  many  centuries,  affording  the 
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most  convincing  proof  of  its  universality.  Whenever,  therefore,  a 
material  point  experiences  any  change  of  its  state  as  respects  rest  or 
motion,  the  cause  must  be  attributed  to  the  operation  of  something 
external  to  the  element  itself,  and  which  we  designate  by  the  word 
force.  The  nature  of  forces  is  generally  unknown,  and  we  estimate 
them  by  the  effects  which  they  produce.  They  are  thus  rendered  com- 
parable with  some  unit,  and  may  be  expressed  by  abstract  numbers. 

2.  If  a  material  point,  free  to  move,  receives  an  impulse  by  virtue 
of  the  action  of  any  force,  or  if,  at  any  instant,  the  force  by  which 
motion  is  communicated  shall  cease  to  act,  the  subsequent  motion  of 
the  point,  according  to  the  law  of  inertia,  must  be  rectilinear  and 
uniform,  equal  spaces  being  described  in  equal  times.  Thus,  if  8,  /•, 
and  t  represent,  respectively,  the  space,  the  velocity,  and  the  time,  the 
measure  of  v  being  the  space  described  in  a  unit  of  time,  we  shall 
have,  in  this  case, 

s  =  vt. 

It  is  evident,  however,  that  the  space  described  in  a  unit  of  time  will 
vary  with  the  intensity  of  the  force  to  which  the  motion  is  due,  and, 
the  nature  of  the  force  being  unknown,  we  must  necessarily  compare 
the  velocities  communicated  to  the  point  by  different  forces,  in  order 
to  arrive  at  the  relation  of  their  effects.  We  are  thus  led  to  regard 
the  force  as  proportional  to  the  velocity;  and  this  also  has  received 
the  most  indubitable  proof  as  being  a  law  of  nature.  Hence,  the 
principles  of  the  composition  and  resolution  of  forces  may  be  applied 
also  to  the  composition  and  resolution  of  velocities. 

If  the  force  acts  incessantly,  the  velocity  will  be  accelerated,  and 
the  force  which  produces  this  motion  is  called  an  accelerating  force. 
In  regard  to  the  mode  of  operation  of  the  force,  however,  we  may 
consider  it  as  acting  absolutely  without  cessation,  or  we  may  regard 
it  as  acting  instantaneously  at  successive  infinitesimal  intervals  repre- 
sented by  dt,  and  hence  the  motion  as  uniform  during  each  of  these 
intervals.  The  latter  supposition  is  that  which  is  best  adapted  to 
the  requirements  of  the  infinitesimal  calculus;  and,  according  to  the 
fundamental  principles  of  this  calculus,  the  finite  result  will  be  the 
same  as  in  the  case  of  a  force  whose  action  is  absolutely  incessant. 
Therefore,  if  we  represent  the  element  of  space  by  ds,  and  the  ele- 
ment of  time  by  dt,  the  instantaneous  velocity  will  be 

ds 
V  =  ~dt' 

which  will  vary  from  one  instant  to  another. 
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3.  Since  the  force  is  proportional  to  the  velocity,  its  measure  at 
any  instant  will  be  determined  by  the  corresponding  velocity.  If 
the  accelerating  force  is  constant,  the  motion  will  be  uniformly  accele- 
rated; and  if  we  designate  the  accrl,  ruti'iiDSiue  to  the _force  by  fL  the 
unit  of/  being  the  velocity  generated  in  a  unit  of  time,  we  shall  have 

v=ft. 

If,  however,  the  force  be  variable,  we  shall  have,  at  any  instant, 
the  relation 

the  force  being  regarded  as  constant  in  its  action  during  the  element 
of  time  dt.     The  instantaneous  value  of  v  gives,  by  differentiation, 

dv d2s 

^~~dt~W 
and  hence  we  derive 

so  that,  in  varied  motion,  the  acceleration  due  to  the  force  is  mea- 
sured by  the  second  differential  of  the  space  divided  by  the  square 
of  the  element  of  time. 

4.  By  the  mass  of  the  body  we  mean  its  absolute  quantity  of  mat- 
ter. The  density  is  the  mass  of  a  unit  of  volume,  and  hence  the 
entire  mass  is  equal  to  the  volume  multiplied  by  the  density.  If  it 
is  required  to  compare  the  forces  which  act  upon  different  bodies,  it 
is  evident  that  the  masses  must  be  considered.  If  equal  masses 
receive  impulses  by  the  action  of  instantaneous  forces,  the  forces 
acting  on  each  will  be  to  each  other  as  the  velocities  imparted ;  and 
if  we  consider  as  the  unit  of  force  that  which  gives  to  a  unit  of  mass 
the  unit  of  velocity,  we  have  for  the  measure  of  a  force  F,  denoting 
the  mass  by  M} 

F=Jlc 

This  is  called  the  quantity  of  motion  of  the  body,  and  expresses  its 
capacity  to  overcome  inertia.  By  virtue  of  the  inert  state  of  matter, 
there  can  be  no  action  of  a  force  without  an  equal  and  contrary  re- 
action ;  for,  if  the  body  to  which  the  force  is  applied  is  fixed,  the 
equilibrium  between  the  resistance  and  the  force  necessarily  implies 
the  development  of  an  equal  and  contrary  force ;  and,  if  the  body  be 
free  to  move,  in  the  change  of  state,  its  inertia  will  oppose  equal  and 
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contrary  rtnatanoe.     Ilrmv,  m  .-i  nooeisoiy  consequence  of  inertia,  it 

follows  that  Motion  and  reaction  are  simultaneous,  equal,  and  contrary. 

if  the  body  is  acted  upon,  by  a  force  such  that  tin1  motion  if  varied, 

the  areelerating  foive  upon  eaeh  element  of  its  mass  is  represented  by 

•-T-,  and  the  entire  motive  force  F  is  expressed  by 

M  being  the  sum  of  all  the  elements,  or  the  mass  of  the  body.   Since 

ds 

v  = 

this  gives 


v-w 


F=Md? 

which  is  the  expression  for  the  intensity  of  the  motive  force,  or  of 
the  force  of  inertia  developed.     For  the  unit  of  mass,  the  measure 

of  the  force  is 

d*8_ 
dtl] 

and  this,  therefore,  expresses  that  part  of  the  intensity  of  the  motive 
force  which  is  impressed  upon  the  unit  of  mass,  and  is  what  is  usually 
called  the  accelerating  force. 

5.  The  force  in  obedience  to  which  the  heavenly  bodies  perform 
their  journey  through  space,  is  known  as  the  attraction  of  gravitation  ; 
and  the  law  of  the  operation  of  this  force,  in  itself  simple  and  unique, 
has  been  confirmed  and  generalized  by  the  accumulated  researches  of 
modern  science.  Not  only  do  we  find  that  it  controls  the  motions  of 
the  bodies  of  our  own  solar  system,  but  that  the  revolutions  of  binary 
systems  of  stars  in  the  remotest  regions  of  space  proclaim  the  uni- 
versality of  its  operation.  It  unfailingly  explains  all  the  phenomena 
observed,  and,  outstripping  observation,  it  has  furnished  the  means 
of  predicting  many  phenomena  subsequently  observed.  The  law  of 
this  force  is  that  every  particle  of  matter  is  attracted  by  every  other 
particle  by  a  force  which  varies  directly  as  the  mass  and  inversely  Of 
the  square  of  the  distance  of  the  attracting  particle. 

This  reciprocal  action  is  instantaneous,  and  is  not  modified,  in  any 
degree,  l»y  the  interposition  of  other  particles  or  bodies  of  matter.  It 
is  also  absolutely  independent  of  the  nature  of  the  molecules  them- 
selves, and  of  their  aggregation. 
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If  we  consider  two  bodies  the  masses  of  which  are  m  and  m',  and 
whose  magnitudes  are  so  small,  relatively  to  their  mutual  distance  />, 
that  we  may  regard  them  as  material  points,  according  to  the  law  of 
gravitation,  the  action  of  m  on  each  molecule  or  unit  of  m'  will  be 

— ,  and  the  total  force  on  w!  will  be 
P1 

,m 

m  — . 

P* 

The  action  of  m'  on  each  molecule  of  m  will  be  expressed  by  — - ,  and 

p 
its  total  action  by 

m  — T. 
P 

The  absolute  or  moving  force  with  which  the  masses  m  and  m!  tend 
toward  each  other  is,  therefore,  the  same  on  each  body,  which  result 
is  a  necessary  consequence  of  the  equality  of  action  and  reaction. 
The  velocities,  however,  with  which  these  bodies  would  approach 
each  other  must  be  different,  the  velocity  of  the  smaller  mass  exceed- 
ing that  of  the  greater,  and  in  the  ratio  of  the  masses  moved.  The 
expression  for  the  velocity  of  mf,  which  would  be  generated  in  a  unit 
of  time  if  the  force  remained  constant,  is  obtained  by  dividing  the 
absolute  force  exerted  by  m  by  the  mass  moved,  which  gives 

m 

"3 

P 

and  this  is,  therefore,  the  measure  of  the  acceleration  due  to  the 
action  of  m  at  the  distance  p.  For  the  acceleration  due  to  the 
action  of  m'  we  derive,  in  a  similar  manner, 

m' 
? 

6.  Observation  shows  that  the  heavenly  bodies  are  nearly  spherical 
in  form,  and  we  shall  therefore,  preparatory  to  finding  the  equations 
which  express  the  relative  motions  of  the  bodies  of  the  system,  de- 
termine the  attraction  of  a  spherical  mass  of  uniform  density,  or 
varying  from  the  centre  to  the  surface  according  to  any  law,  for  a 
point  exterior  to  it. 

If  we  suppose  a  straight  line  to  be  drawn  through  the  centre  of  the 
sphere  and  the  point  attracted,  the  total  action  of  the  sphere  on  the 
point  will  be  a  force  acting  along  this  line,  since  the  mass  of  the 
sphere  is  symmetrical  with  respect  to  it.     Let  dm  denote  an  element 
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of  the  mass  of  the  sphere,  and  p  its  distance  from  the  point  attracted ; 

then  will 

dm 

¥ 

express  the  action  of  this  element  on  the  point  attracted.  If  we  sup- 
pose the  density  of  the  sphere  to  be  constant,  and  equal  to  unity,  the 
element  dm  becomes  an  element  of  volume,  and  will  be  express*  d  by 

dm  =  dx  dy  dz ; 

x,  y,  and  z  being  the  co-ordinates  of  the  element  referred  to  a  system 
of  rectangular  co-ordinates.  If  we  take  the  origin  of  co-ordinates 
at  the  centre  of  the  sphere,  and  introduce  polar  co-ordinates,  so  that 

x  =  r  cos  <p  cos  0, 
y  =  r  cos  <p  sin  0, 
z  =  r  sin  <p, 

the  expression  for  dm  becomes 

dm  =  r*  cos  <p  dr  d<p  dd ; 
and  its  action  on  the  point  attracted  is 

j-      r2  cos  <p  dr  d<p  do 

dJ  — ? 

P 

If  we  suppose  the  axis  of  z  to  be  directed  to  the  point  attracted, 
the  co-ordinates  of  this  point  wrill  be 

x'=0,  2/  =  0,  /sssa» 

a  being  the  distance  of  the  point  from  the  centre  of  the  sphere,  and, 

since 

p>=(X-  xy  +  (y  -  y'y  +  o  _  ZJ, 
we  shall  have 

p2  =  al  —  2ar  sin  <p  +  r2. 

The  component  of  the  force  df  in  the  direction  of  the  line  a,  join- 
ing the  point  attracted  and  the  centre  of  the  sphere,  is 

#cosr, 

where  y  is  the  angle  at  the  point  attracted  between  the  element  dm 
and  the  centre  of  the  sphere.  It  is  evident  that  the  sum  of  all  the 
components  which  act  in  the  direction  of  the  line  a  will  express  the 
total  action  of  the  sphere,  since  the  sum  of  those  which  act  perpen- 
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dieular  to  this  line,  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  is  zero. 
But  we  have 

a  =  z  -(-  p  cos  y, 
and  hence 

a  —  r  sin  <p 

cos  y  = -. 

P 

The  differentiation  of  the  expression  for  p2,  with  respect  to  a,  gives 
dp       a —  rsin« 

-y-  = =  COS  Y- 

da  p 

Therefore,  if  we  denote  the  attraction  of  the  sphere  by  A,  we  shall 
have,  by  means  of  the  values  of  df  and  cos  y, 

.  .       r3  cos  <p  dr  d<p  do    dp 

dA= ? ss 

or 

d\ 

dA  =  —  r2  cos  <p  dr  d<p  do  -5-. 
da 

The  polar  co-ordinates  r,  <p,  and  d  are  independent  of  a,  and  hence 

,  r3  cos  0  dr  d(j>  dff 


dA 


da 
Let  us  now  put 


,  v r1  cos  <p  dr  d<p  do  .  . 

P 
and  we  shall  have 

A=    -  — 

da 

Consequently,  to  find  the  total  action  of  the  sphere  on  the  given 
point,  we  have  only  to  find  V  by  means  of  equation  (2),  the  limits 
of  the  integration  being  taken  so  as  to  include  the  entire  mass  of  the 
sphere,  and  then  find  its  differential  coefficient  with  respect  to  a. 

If  we  integrate  equation  (2)  first  with  reference  to  d,  for  which  p 
is  constant,  between  the  limits  0  =  0  and  d  =  2tt,  we  get 


r=*S£ 


cos  <p  dr  d<p 


P 
Thia  must  be  integrated  between  the  limits  <p  =  +  &  and  <p  =  —  \n\ 
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l)iu  unoe/o  il  a  Amotion  of  c,  if  *re  differentiate  the  expression  for 

/<-  with  respect  to  <f,  we  have 

/'  COB?  rfy  = dp, 

a 

and  hence 

F= JJ  r  dr  dp. 

Corresponding  to  the  limits  of  <p  we  have  p  =  a  —  r,  and  p  =  a  -f  »V 
and  taking  the  integral  with  respect  to  p  between  these  limits,  we 
obtain 

4-  r 

a  •' 

Integrating,  finally,  between  the  limits  r  =  0  and  r  =  rt,  we  get 


-/• 


y_  4 


■'   a 


r,  being  the  radius  of  the  sphere,  and,  if  we  denote  its  entire  mass  by 
ra,  this  becomes 


Therefore, 


V=--. 
a' 


.  _        dV m 

da       a1' 


from  which  it  appears  that  the  action  of  a  homogeneous  spherical 
mass  on  a  point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were 
concentrated  at  its  centre.  If,  in  the  integration  with  respect  to  r, 
we  take  the  limits  r'  and  t",  we  obtain 

ami,  denoting  by  m0  the  mass  of  a  spherical  shell  whose  radii  are  r" 
and  /•',  this  becomes 

a1 

Consequently,  the  attraction  of  a  homogeneous  spherical  shell  on  a 
point  exterior  to  it,  is  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre. 

The   supposition    that   the   point   attracted    is    situated    within   a 
spherical  shell  of  uniform  density,  does  not  change  the  form  of  the 
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general  equation ;  but,  in  the  integration  with  reference  to  />,  the 
limits  will  be  p  =  r  -\-  a,  and  p  =  ? —  a,  which  give 

V=  —  4~J  r  dr; 

and  this  being  independent  of  a,  we  have 

da 

Whence  it  follows  that  a  point  placed  in  the  interior  of  a  spherical 
shell  is  equally  attracted  in  all  directions,  and  that,  if  not  subject  to 
the  action  of  any  extraneous  force,  it  will  be  in  equilibrium  in  every 
position. 

7.  Whatever  may  be  the  law  of  the  change  of  the  density  of  the 
heavenly  bodies  from  the  surface  to  the  centre,  we  may  regard  them 
as  composed  of  homogeneous,  concentric  layers,  the  density  varying 
only  from  one  layer  to  another,  and  the  number  of  the  layers  may 
be  indefinite.  The  action  of  each  of  these  will  be  the  same  as  if  its 
mass  were  united  at  the  centre  of  the  shell ;  and  hence  the  total  action 
of  the  body  will  be  the  same  as  if  the  entire  mass  were  concentrated 
at  its  centre  of  gravity.  The  planets  are  indeed  not  exactly  spheres, 
but  oblate  spheroids  differing  but  little  from  spheres ;  and  the  error 
of  the  assumption  of  an  exact  spherical  form,  so  far  as  it  relates  to 
their  action  upon  each  other,  is  extremely  small,  and  is  in  fact  com- 
pensated by  the  magnitude  of  their  distances  from  each  other;  for, 
whatever  may  be  the  form  of  the  body,  if  its  dimensions  are  small 
in  comparison  with  its  distance  from  the  body  which  it  attracts,  it  is 
evident  that  its  action  will  be  sensibly  the  same  as  if  its  entire  mass 
were  concentrated  at  its  centre  of  gravity.  If  we  suppose  a  system 
of  bodies  to  be  composed  of  spherical  masses,  each  unattended  with 
any  satellite,  and  if  we  suppose  that  the  dimensions  of  the  bodies 
are  small  in  comparison  with  their  mutual  distances,  the  formation 
of  the  equations  for  the  motion  of  the  bodies  of  the  system  will  be 
reduced  to  the  consideration  of  the  motions  of  simple  points  endowed 
with  forces  of  attraction  corresponding  to  the  respective  masses.  Our 
solar  system  is,  in  reality,  a  compound  system,  the  several  systems 
of  primary  and  satellites  corresponding  nearly  to  the  case  supposed  : 
and,  before  proceeding  with  the  formation  of  the  equations  which  are 
applicable  to  the  general  case,  we  will  consider,  at  first,  those  tor  a 
simple  system  of  bodies,  considered  as  points  and  subject  to  their 
mutual  actions  and  the  action  of  the  forces  which  correspond  to  the 
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ft  fetal  velocities  of  the  different  parts  of  the  system  for  any  instant. 
It  i-  I'vidtnt  that  we  cannot  consider  the  motion  of  any  single  body 
as  free,  and  subject  only  to  the  action  of  the  primitive  impulsion 

which  it  hsj  received  and  the  accelerating  forces  which  act  upon  it; 
but,  on  the  contrary,  the  motion  of  each  body  will  depend  on  the 
force  which  acts  upon  it  directly,  and  also  on  the  reaction  due  to  the 
other  bodies  of  the  system.  The  consideration,  however,  of  the  varia- 
tions of  the  motion  of  the  several  bodies  of  the  system  is  reduced  to 
the  simple  case  of  equilibrium  by  means  of  the  general  principle  that, 
if  we  assign  to  the  different  bodies  of  the  system  motions  which  arc 
modified  by  their  mutual  action,  we  may  regard  these  motions  as 
composed  of  those  which  the  bodies  actually  have  and  of  other 
motions  which  are  destroyed,  and  which  must  therefore  necessarily 
be  such  that,  if  they  alone  existed,  the  system  would  be  in  equi- 
librium. We  are  thus  enabled  to  form  at  once  the  equations  for  the 
motion  of  a  system  of  bodies.  Let  m,  m',  m",  &c.  be  the  masses  of 
the  several  bodies  of  the  system,  and  x,  y,  z,  x' ,  y',  z',  &c.  their  co- 
ordinates referred  to  any  system  of  rectangular  axes.  Further,  let 
the  components  of  the  total  force  acting  upon  a  unit  of  the  mass  of 
m,  or  of  the  accelerating  force,  resolved  in  directions  parallel  to  the 
co-ordinate  axes,  be  denoted  by  X,  Y,  and  Z,  respectively,  then  will 

mX,  m  Y,  mZ, 

be  the  forces  which  act  upon  the  body  in  the  same  directions.  The 
velocities  of  the  body  m  at  any  instant,  in  directions  parallel  to  the 
co-ordinate  axes,  will  be 

dx  dy  dz 

~dt'  W  ~dt'' 

and  the  corresponding  forces  are 

dx  dy  dz 

mW  mW  mW 

By  virtue  of  the  action  of  the  accelerating  force,  these  forces  for  the 
next  instant  become 

m  -tt  -f  niXdt,  m  -J-  -f-  mYdt,  m  -^  +  mZdi, 

which  may  be  written  respectively: 
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dx  ,dx  jdx 

m-rr  4-  md  -37  —  md  -=r  +  mXdt, 
dt  dt  dt 

m  -f-  +  md  -J-  —  md  -f-  -f-  m  Tift, 
a£  dt  dt 

m  -j-  +  7nd— ,- md  — =-  +  wiZeft. 

dt  dt  dt 

The  actual  velocities  for  this  instant  are 

^x  _i_  ri  ^x  dy        -  dy  dz        ,  dz 

~dt+d'dt,     ■  ~dt+d~dJ'  ~dt+dlt' 

and  the  corresponding  forces  are 

dx    ,       7  dx  dy    ,       7  dy  dz    ,       7  dz 

mW  +  md~X>         m-Tt+mdTt'         mHt+md-di- 

Comparing  these  with  the  preceding  expressions  for  the  forces,  it 
appears  that  the  forces  which  are  destroyed,  in  directions  parallel  to 
the  co-ordinate  axes,  are 

—  md  -37  +  mXdt, 

—  md-^  +  mYdt,  (S) 

dz 

—  md  — r-  +  mZdt. 

dt 

In  the  same  manner  we  find  for  the  forces  which  will  be  destroyed 
in  the  case  of  the  body  m' : 

dr' 

—  m'd^  +  m'Y'dt, 

dt 

dz' 

—  m'd^  +  m'Z'dt; 

and  similarly  for  the  other  bodies  of  the  system.  According  to  the 
general  principle  above  enunciated,  the  system  under  the  action  of 
these  forces  alone,  will  be  in  equilibrium.  The  conditions  of  equi- 
librium for  a  system  of  points  of  invariable  but  arbitrary  form,  and 
subject  to  the  action  of  forces  directed  in  any  manner  whatever,  are 

IX,  =  0,  IY,  =  0,  IZ,  =  0, 

S  ( I>  -  X,y)  =  0,         S  (x,z  -  Z,x)  =  0,         I  (Z,y  -  Y,z)  =  0 , 

in  which  X,,  Y,}  Z,,  denote  the  components,  resolved  parallel  to  the 
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co-ordinate  axes,  of  the  forces  acting  00  any  point,  and  r,  y.  :,  the 
co-ordinates  of  the  point.  These  equations  are  equally  applicable  t<» 
the  case  of  the  equilibrium  ut  any  instant  of  a  system  of  variable 
form  ;  and  substituting  in  them  the  expressions  (3)  for  the  forces  de- 
stroyed in  the  case  of  a  system  of  bodies,  we  shall  have 

d2x 

• -m(4-4")--'»^-&)=°' 

which  are  the  general  equations  for  the  motions  of  a  system  of  bodies. 

8.  Let  x,,  y,,  zh  be  the  co-ordinates  of  the  centre  of  gravity  of  the 
system,  and,  by  differentiation  of  the  equations  for  the  co-ordinates 
of  the  centre  of  gravity,  which  are 


we  get 


Introducing  these  values  into  the  first  three  of  equations  (4),  they 

d2x,  _  ImX  d%_ImY  $z,  _  ImZm 

dP  ~   I'm  '  IF ~   Im'  dP  ~  2m  ' 

from  which  it  appears  that  the  centre  of  gravity  of  the  system  moves 
in  space  as  if  the  masses  of  the  different  bodies  of  which  it  is  com- 
posed, were  united  in  that  point,  and  the  forces  directly  applied  to  it. 
If  we  suppose  that  the  only  accelerating  forces  which  act  on  the 
bodies  of  the  system,  are  those  which  result  from  their  mutual  action, 
we  have  the  obvious  relation  : 

mX=  —  m'X',  mY=  —  m'  Y',  mZ  =  —  m'Z', 


X, 

d?x, 
~d¥ 

Imx 
2.m 

v    (Px 

Im — 

& 

Im 

Imy 
y'  ~  Im  ' 

Em** 

d%_"mdJ 

dt2          Im 

d?z,  _ 
dt2 

Imz 

Im ' 

v    dh 
Sm  — - 

dt* 
Im 
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and  similarly  for  any  two  bodies ;  and,  consequently, 

ImX  =  0,  lm  Y=0,  SmZ  =  0 ; 

so  that  equations  (5)  become 

<***/  _  n  5&  —  n  *h  —  0 

d^-U'  <fc*~U'  jf-* 

Integrating  these  once,  and  denoting  the  constants  of  integration  by 
c,  c',  c",  we  find,  by  combining  the  results, 

and  hence  the  absolute  motion  of  the  centre  of  gravity  of  the  system, 
when  subject  only  to  the  mutual  action  of  the  bodies  which  compose 
it,  must  be  uniform  and  rectilinear.  Whatever,  therefore,  may  be 
the  relative  motions  of  the  different  bodies  of  the  system,  the  motion 
of  its  centre  of  gravity  is  not  thereby  affected. 

9.  Let  us  now  consider  the  last  three  of  equations  (4),  and  suppose 
the  system  to  be  submitted  only  to  the  mutual  action  of  the  bodies 
which  compose  it,  and  to  a  force  directed  toward  the  origin  of  co- 
ordinates.    The  action  of  to'  on  to,  according  to  the  law  of  gravita- 

7/1 

tion,  is  expressed  by  — ,  in  which  p  denotes  the  distance  of  to  from  to'. 

To  resolve  this  force  in  directions  parallel  to  the  three  rectangular 
axes,  we  must  multiply  it  by  the  cosine  of  the  angle  which  the  line 
joining  the  two  bodies  makes  with  the  co-ordinate  axes  respectively, 
which  gives 

Tr_w/(a/  — a?)  v_m'  (t/  —  y)  <7_  to' Q' —  z) 

**■  * >  x  i >  "  — i • 

p*  p8  p* 

Further,  for  the  components  of  the  accelerating  force  of  to  on  to',  we 
have 

_  m(x  —  af)  v,  _  m(y  —  i/)  ,  _  to  (z  —  Q 

•d.    ^ 1  J     j. >  A    j . 

p3  p>  p* 

Hence  we  derive 

to  {Yx  —  Xy)  +  to'  (FV  — XV)  =  0, 
and  generally 

Zm(Yx  —  XjO  =  0.  (6) 
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In  a  similar  manner,  we  find 

2m  (Xz  —  Zx)  =  0, 

Im  (Zy  —  Yz)  =  0. 

These  relations  will  not  be  altered  if,  in  addition  to  their  reciprocal 

action,  the  bodies  of  the  system  are  acted  upon  by  forces  directed  to 

the  origin  of  co-ordinates.     Thus,  in  the  case  of  a  force  acting  upon 

m,  and  directed  to  the  origin  of  co-ordinates,  we  have,  for  its  action 

alone, 

Yx  =  Xy,  Xz  =  Zx,  Zy=  Yz, 

and  similarly  for  the  other  bodies.  Hence  these  forces  disappear 
from  the  equations,  and,  therefore,  when  the  several  bodies  of  the 
system  are  subject  only  to  their  reciprocal  action  and  to  forces  directed 
to  the  origin  of  co-ordinates,  the  last  three  of  equations  (4)  become 


_,  /  tfy  d*x\ 
v  /  tfx  d*z\ 
_    /    d*z         d*y\ 

ImVd¥-zdJ)^0' 


the  integration  of  which  gives 

2m  (xdy  —  ydx)  =  edt, 

Zm  (zdx  —  xdz)  =  c'dt,  (8) 

Im  (ydz  —  zdy)  =  c"dt, 

c,  c',  and  c"  being  the  constants  of  integration.  Now,  xdy  —  ydx 
is  double  the  area  described  about  the  origin  of  co-ordinates  by  the 
projection  of  the  radius-vector,  or  line  joining  m  with  the  origin  of 
co-ordinates,  on  the  plane  of  xy  during  the  element  of  time  dt;  and, 
further,  zdx  —  xdz  and  ydz  —  zdy  are  respectively  double  the  areas 
described,  during  the  same  time,  by  the  projection  of  the  radius-vector 
on  the  planes  of  xz  and  yz.  The  constant  c,  therefore,  expresses  the 
sum  of  the  products  formed  by  multiplying  the  areal  velocity  of  each 
body,  in  the  direction  of  the  co-ordinate  plane  xy,  by  its  mass;  and 
c',  c",  express  the  same  sum  with  reference  to  the  co-ordinate  planes 
xz  and  yz  respectively.  Hence  the  sum  of  the  areal  velocities  of  the 
several  bodies  of  the  system  about  the  origin  of  co-ordinates,  each 
multiplied  by  the  corresponding  mass,  is  constant;  and  the  sum  of 
the  areas  traced,  each  multiplied  by  the  corresponding  mass,  is  pro- 
portional to  the  time.     If  the  only  forces  which  operate,  are  those 
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resulting  from  the  mutual  action  of  the  bodies  which  compose  the 
system,  this  result  is  correct  whatever  may  be  the  point  in  space 
taken  as  the  origin  of  co-ordinates. 

The  areas  described  by  the  projection  of  the  radius-vector  of  each 
body  on  the  co-ordinate  planes,  are  the  projections,  on  these  planes,  of 
the  areas  actually  described  in  space.  We  may,  therefore,  conceive  of 
a  resultant,  or  principal  plane  of  projection,  such  that  the  sum  of  the 
areas  traced  by  the  projection  of  each  radius-vector  on  this  plane, 
when  projected  on  the  three  co-ordinate  planes,  each  being  multiplied 
by  the  corresponding  mass,  will  be  respectively  equal  to  the  first 
members  of  the  equations  (8).  Let  «,  /9,  and  y  be  the  angles  which 
this  principal  plane  makes  with  the  co-ordinate  planes  xy,  xz,  and  yz, 
respectively;  and  let  8  denote  the  sum  of  the  areas  traced  on  this 
plane,  in  a  unit  of  time,  by  the  projection  of  the  radius-vector  of 
each  of  the  bodies  of  the  system,  each  area  being  multiplied  by  the 
corresponding  mass.  The  sum  8  will  be  found  to  be  a  maximum, 
and  its  projections  on  the  co-ordinate  planes,  corresponding  to  the 
element  of  time  dt,  are 

S  cos  a  dt,  S  cos  /3  dt,  S  cos  y  dt. 

Therefore,  by  means  of  equations  (8),  we  have 

c  =  Scosa,  c'  =  S  cos  /?,  c"  —  S  cos  y, 

and,  since  cos2 a  +  cos2  /?  +  cos2;-  =  1, 

S2  =  c2  +  c'2  +  c"\ 
Hence  we  derive 


cos  p  = 
e' 


Vc2  +  c'2  +  c"2  Ve2  +  c'2  +  c"2 

cosy  = 


Vc2+c'2  +  c"2 

These  angles,  being  therefore  constant  and  independent  of  the  time, 
show  that  this  principal  plane  of  projection  remains  constantly  par- 
allel to  itself  during  the  motion  of  the  system  in  space,  whatever 
may  be  the  relative  positions  of  the  several  bodies;  and  for  this 
reason  it  is  called  the  invariable  plane  of  the  system.  Its  position 
with  reference  to  any  known  plane  is  easily  determined  when  the 
velocities,  in  directions  parallel  to  the  co-ordinate  axes,  and  the 
masses  and  co-ordinates  of  the  several  bodies  of  the  system,  are 
known.     The  values  of  c,  c',  c"  are   given  by  equations  (8),  and 
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lien*  t  the  values  of  a,  ft,  and  j-,  which  determine  the  position  of  the 
invariable  plane 
Since  the  position!  of  the  co-ordinate  planes  arc  arbitrary,  we  may 

suppose  that  of  xif  to  coincide  with  the  invariable  plane,  which  gi 
cos/3  =  0  and  cosf  =  0,  and,  therefore,  c'  =  0  and  c"  =  0.  Further, 
since  the  positions  of  the  axes  of  x  and  y  in  this  plane  are  arbitrary, 
it  follows  that  for  every  plane  perpendicular  to  the  invariable  plane, 
the  sum  of  the  areas  traced  by  the  projections  of  the  radii-vectores 
of  the  several  bodies  of  the  system,  each  multiplied  by  the  corre- 
sponding mass,  is  zero.  It  may  also  be  observed  that  the  value  of  S 
is  constant  whatever  may  be  the  position  of  the  co-ordinate  planes, 
and  that  its  value  is  necessarily  greater  than  that  of  either  of  the 
quantities  in  the  second  member  of  the  equation. 

&  =  ca  +  c"  +  c"\ 

except  when  two  of  them"  are  each  equal  to  zero.  It  is,  therefore,  a 
maximum,  and  the  invariable  plane  is  also  the  plane  of  maximum 
areas. 

10.  If  we  suppose  the  origin  of  co-ordinates  itself  to  move  with 
uniform  and  rectilinear  motion  in  space,  the  relations  expressed  by 
equations  (8)  will  remain  unchanged.  Thus,  let  x„  y„  z,  be  the  co- 
ordinates of  the  movable  origin  of  co-ordinates,  referred  to  a  fixed 
point  in  space  taken  as  the  origin;  and  let  x0,  y0,  z0,  x0f,  y0f,  z0f,  &c. 
be  the  co-ordinates  of  the  several  bodies  referred  to  the  movable 
origin.  Then,  since  the  co-ordinate  planes  in  one  system  remain 
always  parallel  to  those  of  the  other  system  of  co-ordinates,  we  shall 
have 

*  =  x,  +  x0,  y  =  y,+  yQ>  z  =  z,  +  *0, 

and  similarly  for  the  other  bodies  of  the  system.  Introducing  these 
values  of  x,  y,  and  z  into  the  first  three  of  equations  (4),  they  become 


The  condition  of  uniform  rectilinear  motion  of  the  movable  origin 
gives 

^L_n  <fy'  —ft  dh'  —ft 
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and  the  preceding  equations  become 

Im^--ImY=0,  (9) 

Zm^.  —  ImZ=0. 
at* 

Substituting  the  same  values  in  the  last  three  of  equations  (4),  ob- 
serving that  the  co-ordinates  x,,  y,,  z,  are  the  same  for  all  the  bodies 
of  the  system,  and  reducing  the  resulting  equations  by  means  of 
equations  (9),  we  get 

Im[z0^-y0^-Im(Yx0-Xyo)==0, 
Im(Z^-X°^)-Im(Xz°  T-*0  =0'  W> 

Hence  it  appears  that  the  form  of  the  equations  for  the  motion  of  the 
system  of  bodies,  remains  unchanged  when  we  suppose  the  origin  of 
co-ordinates  to  move  in  space  with  a  uniform  and  rectilinear  motion. 

11.  The  equations  already  derived  for  the  motions  of  a  system  of 
bodies,  considered  as  reduced  to  material  points,  enable  us  to  form  at 
once  those  for  the  motion  of  a  solid  body.  The  mutual  distances  of 
the  parts  of  the  system  are,  in  this  case,  invariable,  and  the  masses 
of  the  several  bodies  become  the  elements  of  the  mass  of  the  solid 
body.  If  we  denote  an  element  of  the  mass  by  dm,  the  equations  (5) 
for  the  motion  of  the  centre  of  gravity  of  the  body  become 


d2x, 
m 


—fXdm,        ,m-JlL=fYdm,         m-^-=fzdm,      (11) 

the  summation,  or  integration  with  reference  to  dm,  being  taken  so  as 
to  include  the  entire  mass  of  the  body,  from  which  it  appears  that 
the  centre  of  gravity  of  the  body  moves  in  space  as  if  the  entire  mass 
were  concentrated  in  that  point,  and  the  forces  applied  to  it  directly. 
If  we  take  the  origin  of  co-ordinates  at  the  centre  of  gravity  of 
the  body,  and  suppose  it  to  have  a  rectilinear,  uniform  motion  in 
space,  and  denote  the  co-ordinates  of  the  element  dm,  in  reference  to 
this  origin,  by  x0,  y0,  z0,  we  have,  by  means  of  the  equations  (10), 
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f(  **  1»  -  x»  IP  )  dm  ~f(Xz°  ~  ^  dm  =  °'  (12) 

/( y° ii*  -  *  i* ) dm -f{Zy°  ~  Yzo) dm  =  °' 

the  integration  with  respect  to  dm  being  taken  so  as  to  include  the 
entire  mass  of  the  body.  These  equations,  therefore,  determine  the 
motion  of  rotation  of  the  body  around  its  centre  of  gravity  regarded 
as  fixed,  or  as  having  a  uniform  rectilinear  motion  in  space.  Eq tui- 
tions (11)  determine  the  position  of  the  centre  of  gravity  for  any 
instant,  and  hence  for  the  successive  instants  at  intervals  equal  to  dt; 
and  we  may  consider  the  motion  of  the  body  during  the  element  of 
time  dt  as  rectilinear  and  uniform,  whatever  may  be  the  form  of  its 
trajectory.  Hence,  equations  (11)  and  (12)  completely  determine  the 
position  of  the  body  in  space, — the  former  relating  to  the  motion  of 
translation  of  the  centre  of  gravity,  and  the  latter  to  the  motion  of 
rotation  about  this  point.  It  follows,  therefore,  that  for  any  forces 
which  act  upon  a  body  we  can  always  decompose  the  actual  motion 
into  those  of  the  translation  of  the  centre  of  gravity  in  space,  and  of 
the  motion  of  rotation  around  this  point;  and  these  two  motions  may 
be  considered  independently  of  each  other,  the  motion  of  the  centre 
of  gravity  being  independent  of  the  form  and  position  of  the  body 
about  this  point. 

If  the  only  forces  which  act  upon  the  body  are  the  reciprocal  action 
of  the  elements  of  its  mass  and  forces  directed  to  the  origin  of  co- 
ordinates, the  second  terms  of  equations  (12)  become  each  equal  to 
zero,  and  the  results  indicated  by  equations  (8)  apply  in  this 
also.  The  parts  of  the  system  being  invariably  connected,  the  plane 
of  maximum  areas,  or  invariable  plane,  is  evidently  that  which  is 
perpendicular  to  the  axis  of  rotation  passing  through  the  centre  of 
gravity,  and  therefore,  in  the  motion  of  translation  of  the  cent  re  of 
gravity  in  space,  the  axis  of  rotation  remains  constantly  parallel  to 
itself.  Any  extraneous  force  which  tends  to  disturb  this  relation 
will  necessarily  develop  a  contrary  reaction,  and  hence  a  rotating  body 
resists  any  change  of  its  plane  of  rotation  not  parallel  to  itself.  Wc 
may  observe,  also,  that  on  account  of  the  invariability  of  the  mutual 
distances  of  the  elements  of  the  mass,  according  to  equations  (8),  the 
motion  of  rotation  must  be  uniform. 

12.  We  shall  now  consider  the  action  of  a  system  of  bodies  on  a 
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distant  mass,  which  we  will  denote  by  31.  Let  x0,  y0,  zw  x0',  y0',  z0'f 
&c.  be  the  co-ordinates  of  the  several  bodies  of  the  system  referred 
to  its  centre  of  gravity  as  the  origin  of  co-ordinates;  xn  yn  and  z, 
the  co-ordinates  of  the  centre  of  gravity  of  the  system  referred  to 
the  centre  of  gravity  of  the  body  31.  The  co-ordinates  of  the  body 
m,  of  the  system,  referred  to  this  origin,  will  therefore  be 

x  =  x,  +  x0,  y  =  y,  +  y0,  z  =  z,-\-  z0, 

and  similarly  for  the  other  bodies  of  the  system.  If  we  denote  by 
r  the  distance  of  the  centre  of  gravity  of  m  from  that  of  31,  the 
accelerating  force  of  the  former  on  an  element  of  mass  at  the  centre 
of  gravity  of  the  latter,  resolved  parallel  to  the  axis  of  x,  will  be 


r3' 

and,  therefore,  that  of  the  entire  system  on  the  element  of  31,  resolved 

in  the  same  direction,  will  be 

^mx 

~  r3* 
We  have  also 

r>  =  (x,  +  xQy  +  (y,  +  y0)2  +  0,  +  z0)2, 

and,  if  we  denote  hy.r,  the  distance  of  the  centre  of  gravity  of  the 
system  from  31, 

r,»  =  *,»  +  y,»  +  *,». 
Therefore 

i 

x  '■& 

j>  =  (*/  +  *o)  (r>2  +  2  0/ xo +y,y0  +  *, z0)  +  ?V) 

We  shall  now  suppose  the  mutual  distances  of  the  bodies  of  the 
system  to  be  so  small  in  comparison  with  the  distance  r,  of  its  centre 
of  gravity  from  that  of  31,  that  terms  of  the  order  r02  may  be  neglected ; 
a  condition  which  is  actually  satisfied  in  the  case  of  the  secondary 
systems  belonging  to  the  solar  system.  Hence,  developing  the  second 
factor  of  the  second  member  of  the  last  equation,  and  neglecting  terms 
of  the  order  r02,  we  shall  have 


and 


£ = £'  4. 3 — "■v>(x>x°  +  y>yo  +  z>zo\ 

r*       rf       r,5  r,5 

ItlJj  HI  J77J*  ij2* 

2 ~r»  =  x> " .  +  " r s °  —  -r5  0/r™*o  +  y,Imy0  +  *,&0* 
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But,  since  x^  yw  :0,  arc  the  co-ordinates  in  reference  to  the  centre  of 
gravity  of  the  system  as  the  origin,  we  have 

2mx0  =  0,  Em  y0  =  0,  2mz0  =  0, 

and  the  preceding  equation  reduces  to 

mx  2m 

In  a  similar  manner,  we  find 

my  _      2m  ymz  _     2m 

i*         '  r,a  r3  r* 

The  second  members  of  these  equations  are  the  expressions  for  the 
total  accelerating  force  due  to  the  action  of  the  bodies  of  the  system 
on  31,  resolved  parallel  to  the  co-ordinate  axes  respectively,  when  we 
consider  the  several  masses  to  be  collected  at  the  centre  of  gravity 
of  the  system.  Hence  we  conclude  that  when  an  element  of  mass 
is  attracted  by  a  system  of  bodies  so  remote  from  it  that  terms  of  the 
order  of  the  squares  of  the  co-ordinates  of  the  several  bodies,  referred 
to  the  centre  of  gravity  of  the  system  as  the  origin  of  co-ordinates, 
may  be  neglected  in  comparison  with  the  distance  of  the  system  from 
the  point  attracted,  the  action  of  the  system  will  be  the  same  as  if 
the  masses  were  all  united  at  its  centre  of  gravity. 

If  we  suppose  the  masses  m,  m',  m",  &c.  to  be  the  elements  of  the 
mass  of  a  single  body,  the  form  of  the  equations  remains  unchanged; 
and  hence  it  follows  that  the  mass  M  is  acted  upon  by  another  mass, 
or  by  a  system  of  bodies,  as  if  the  entire  mass  of  the  body,  or  of  the 
system,  were  collected  at  its  centre  of  gravity.  It  is  evident,  also, 
that  reciprocally  in  the  case  of  two  systems  of  bodies,  in  which  the 
mutual  distances  of  the  bodies  are  small  in  comparison  with  the 
distance  between  the  centres  of  gravity  of  the  two  systems,  their 
mutual  action  is  the  same  as  if  all  the  several  masses  in  each  s\  ,-lem 
were  collected  at  the  common  centre  of  gravity  of  that  system ;  and 
the  two  centres  of  gravity  will  move  as  if  the  masses  were  thus 
united. 

13.  The  results  already  obtained  are  sufficient  to  enable  us  to  form 
the  equations  for  the  motions  of  the  several  bodies  which  compose  the 
solar  system.  If  these  bodies  were  exact  spheres,  which  could  be 
considered  as  composed  of  homogeneous  concentric  spherical  shells, 
the  density  varying  only  from  one  layer  to  another,  the  action  of 
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each  on  an  element  of  the  mass  of  another  would  be  the  same  as  if 
the  entire  mass  of  the  attracting  body  were  concentrated  at  its  centre 
of  gravity.  The  slight  deviation  from  this  law,  arising  from  the 
ellipsoidal  form  of  the  heavenly  bodies,  is  compensated  by  the  mag- 
nitude of  their  mutual  distances;  and,  besides,  these  mutual  distances 
are  BO  great  that  the  action  of  the  attracting  body  on  the  entire  mass 
of  the  body  attracted,  is  the  same  as  if  the  latter  were  concentrated 
at  its  centre  of  gravity.  Hence  the  consideration  of  the  reciprocal 
action  of  the  single  bodies  of  the  system,  is  reduced  to  that  of  material 
points  corresponding  to  their  respective  centres  of  gravity,  the  masses 
of  which,  however,  are  equivalent  to  those  of  the  corresponding 
bodies.  The  mutual  distances  of  the  bodies  composing  the  secondary 
systems  of  planets  attended  with  satellites  are  so  small,  in  comparison 
with  the  distances  of  the  different  systems  from  each  other  and  from 
the  other  planets,  that  they  act  upon  these,  and  are  reciprocally  acted 
upon,  in  nearly  the  same  manner  as  if  the  masses  of  the  secondary 
systems  were  united  at  their  common  centres  of  gravity,  respectively. 
The  motion  of  the  centre  of  gravity  of  a  system  consisting  of  a 
planet  and  its  satellites  is  not  affected  by  the  reciprocal  action  of  the 
bodies  of  that  system,  and  hence  it  may  be  considered  independently 
of  this  action.  The  difference  of  the  action  of  the  other  planets  on 
a  planet  and  its  satellites  will  simply  produce  inequalities  in  the 
relative  motions  of  the  latter  bodies  as  determined  by  their  mutual 
action  alone,  and  will  not  affect  the  motion  of  their  common  centre 
of  gravity.  Hence,  in  the  formation  of  the  equations  for  the  motion 
of  translation  of  the  centres  of  gravity  of  the  several  planets  or 
secondary  systems  which  compose  the  solar  system,  we  have  simply 
to  consider  them  as  points  endowed  with  attractive  forces  correspond- 
ing to  the  several  single  or  aggregated  masses.  The  investigation 
of  the  motion  of  the  satellites  of  each  of  the  planets  thus  attended, 
forms  a  problem  entirely  distinct  from  that  of  the  motion  of  the 
common  centre  of  gravity  of  such  a  system.  The  consideration  of 
the  motion  of  rotation  of  the  several  bodies  of  the  solar  system  about 
their  respective  centres  of  gravity,  is  also  independent  of  the  motion 
of  translation.  If  the  resultant  of  all  the  forces  which  act  upon  a 
planet  passed  through  the  centre  of  gravity,  the  motion  of  rotation 
would  be  undisturbed ;  and,  since  this  resultant  in  all  cases  very 
nearly  satisfies  this  condition,  the  disturbance  of  the  motion  of  rota- 
tion is  very  slight.  The  inequalities  thus  produced  in  the  motion 
of  rotation  are,  in  fact,  sensible,  and  capable  of  being  indicated  by 
observation,  only  in  the  case  of  the  earth  and  moon.     It  has,  indeed, 
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been  rigidly  demonstrated  that  the  axis  of  rotation  of  the  earth  rela- 
tive to  the  body  itself  is  fixed,  so  that  the  poles  of  rotation  and  the 
terrestrial  equator  preserve  constantly  the  same  position  in  reference 
to  the  surfnee;  and  that  also  the  velocity  of  rotation  is  constant. 
This  assures  us  of  the  permanency  of  geographical  positions,  and, 
in  connection  with  the  fact  that  the  change  of  the  length  of  the 
mean  solar  day  arising  from  the  variation  of  the  obliquity  of  the 
ecliptic  and  in  the  length  of  the  tropical  year,  due  to  the  action  of 
the  sun,  moon,  and  planets  upon  the  earth,  is  absolutely  insensible, 
— amounting  to  only  a  small  fraction  of  a  second  in  a  million  of 
years, — assures  us  also  of  the  permanence  of  the  interval  which  we 
adopt  as  the  unit  of  time  in  astronomical  investigations. 

14.  Placed,  as  we  are,  on  one  of  the  bodies  of  the  system,  it  is 
only  possible  to  deduce  from  observation  the  relative  motions  of  the 
different  heavenly  bodies.  These  relative  motions  in  the  case  of  the 
comets  and  primary  planets  are  referred  to  the  centre  of  the  sun, 
since  the  centre  of  gravity  of  this  body  is  near  the  centre  of  gravity 
of  the  system,  and  its  preponderant  mass  facilitates  the  integration 
of  the  equations  thus  obtained.  In  the  case,  however,  of  the  secondary 
systems,  the  motions  of  the  satellites  are  considered  in  reference  to 
the  centre  of  gravity  of  their  primaries.  We  shall,  therefore,  form 
the  equations  for  the  motion  of  the  planets  relative  to  the  centre  of 
gravity  of  the  sun;  for  which  it  becomes  necessary  to  consider  more 
particularly  the  relation  between  the  heterogeneous  quantities,  space, 
time,  and  mass,  which  are  involved  in  them.  Each  denomination, 
being  divided  by  the  unit  of  its  kind,  is  expressed  by  an  abstract 
number;  and  hence  it  offers  no  difficulty  by  its  presence  in  an  equa- 
tion. For  the  unit  of  space  we  may  arbitrarily  take  the  mean  dis- 
tance of  the  earth  from  the  sun,  and  the  mean  solar  day  may  be 
taken  as  the  unit  of  time.  But,  in  order  that  when  the  spa. 
expressed  by  1,  and  the  time  by  1,  the  force  or  velocity  may  al~ 
expressed  by  1,  if  the  unit  of  space  is  first  adopted,  the  relation  of 
the  time  and  the  mass — which  determines  the  measure  of  the  force — 
will  be  such  that  the  units  of  both  cannot  be  arbitrarily  chosen. 
Thus,  if  we  denote  by  /  the  acceleration  due  to  the  action  of  the 
mass  m  on  a  material  point  at  the  distance  a,  and  by/'  the  accelera- 
tion corresponding  to  another  mass  m'  acting  at  the  same  distance, 
we  have  the  relation 

/._  m 

7/1 
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and  hence,  since  the  acceleration  is  proportional  to  the  mass,  it  may 

be  taken  as  the  measure  of  the  latter.     But  we  have,  for  the  measure 

off, 

d*8 

Integrating  this,  regarding /as  constant,  and  the  point  to  move  from 
a  state  of  rest,  we  get 

•  =i0».  (13) 

The  acceleration  in  the  case  of  a  variable  force  is,  at  any  instant, 
measured  by  the  velocity  which  the  force  acting  at  that  instant  would 
generate,  if  supposed  to  remain  constant  in  its  action,  during  a  unit 
of  time.     The  last  equation  gives,  when  t  =  l, 

f=  2*; 

and  hence  the  acceleration  is  also  measured  by  double  the  space  which 
would  be  described  by  a  material  point,  from  a  state  of  rest,  during 
a  unit  of  time,  the  force  being  supposed  constant  in  its  action  during 
this  time.  In  each  case  the  duration  of  the  unit  of  time  is  involved 
in  the  measure  of  the  acceleration,  and  hence  in  that  of  the  mass  on 
which  the  acceleration  depends;  and  the  unit  of  mass,  or  of  the  force, 
will  depend  on  the  duration  which  is  chosen  for  the  unit  of  time.  In 
general,  therefore,  we  regard  as  the  unit  of  mass  that  which,  acting 
constantly  at  a  distance  equal  to  unity  on  a  material  point  free  to 
move,  will  give  to  this  point,  in  a  unit  of  time,  a  velocity  which, 
if  the  force  ceased  to  act,  would  cause  it  to  describe  the  unit  of  dis- 
tance in  the  unit  of  time. 

Let  the  unit  of  time  be  a  mean  solar  day;  k2  the  acceleration  due 
to  the  force  exerted  by  the  mass  of  the  sun  at  the  unit  of  distance; 
and /the  acceleration  corresponding  to  the  distance  r;  then  will 

y 

and  7c2  becomes  the  measure  of  the  mass  of  the  sun.  The  unit  of 
mass  is,  therefore,  equal  to  the  mass  of  the  sun  taken  as  many  times 
as  k2  is  contained  in  unity.  Hence,  when  we  take  the  mean  solar 
day  as  the  unit  of  time,  the  mass  of  the  sun  is  measured  by  k2;  by 
which  we  are  to  understand  that  if  the  sun  acted  during  a  mean  solar 
day,  on  a  material  point  free  to  move,  at  a  distance  constantly  equal 
to  the  mean  distance  of  the  earth  from  the  sun,  it  would,  at  the  end 
of  that  time,  have  communicated  to  the  point  a  velocity  which,  if 
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the  force  diil  not  thereafter  act,  would  cause  it  to  describe,  in  a  unit 
of  time,  the  space  expressed  by  I*. 

The  Moderation  doe  to  (lie  action  of  the  sun  at  the  unit  of  distance 
is  designated   by  lr,  since  the  square  root  of  this  quantity  app 
frequently  in  the  formula;  which  will  be  derived. 

It'  we  take  arbitrarily  the  mass  of  the  sun  as  the  unit  of  mass,  the 
unit  of  time  must  be  determined.  Let  t  denote  the  number  of  mean 
solar  days  which  must  be  taken  for  the  unit  of  time  when  the  unit 
of  mass  is  the  mass  of  the  sun.  The  space  which  the  force  due  to 
this  mass,  acting  constantly  on  a  material  point  at  a  distance  equal  to 
the  mean  distance  of  the  earth  from  the  sun,  would  cause  the  point 
to  describe  in  the  time  t,  is,  according  to  equation  (13), 

8  ^=  nfC  t  •  \ 

But,  since  t  expresses  the  number  .of  mean  solar  days  in  the  unit  of 
time,  the  measure  of  the  acceleration  corresponding  to  this  unit  is  2*, 
and  this  being  the  unit  of  force,  we  have 

W  =  1  ; 
and  hence 

ill 

Jc 

Therefore,  if  the  mass  of  the  sun  is  regarded  as  the  unit  of  mass,  the 
number  of  mean  solar  days  in  the  unit  of  time  will  be  equal  to  unity 
divided  by  the  square  root  of  the  acceleration  due  to  the  force  exerted 
by  this  mass  at  the  unit  of  distance.  The  numerical  value  of  k  will 
be  subsequently  found  to  be  0.0172021,  which  gives  58.13244  mean 
solar  days  for  the  unit  of  time,  when  the  mass  of  the  sun  is  taken  as 
the  unit  of  mass. 

15.  Let  x,  y,  z  be  the  co-ordinates  of  a  heavenly  body  referred  to 
the  centre  of  gravity  of  the  sun  as  the  origin  of  co-ordinates;  r  its 
radius-vector,  or  distance  from  this  origin;  and  let  m  denote  the 
quotient  obtained  by  dividing  its  mass  by  that  of  the  sun;  then, 
taking  the  mean  solar  day  as  the  unit  of  time,  the  mass  of  the  sun  is 
expressed  by  #*,  and  that  of  the  planet  or  comet  by  mk2.  For  a 
second  body  let  the  co-ordinates  be  x',  yf,  z' ;  the  distance  from  the 
sun,  r' ;  and  the  mass,  m'jb2;  and  similarly  for  the  other  bodies  of  the 
system.  I^'t  the  co-ordinates  of  the  centre  of  gravity  of  the  sun 
referred  to  any  fixed  point  in  space  be  £,  y,  C,  tne  co-ordinate  planes 
being  parallel  to  those  of  x,  y,  and  z,  respectively;   then  will  the 
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acceleration  due  to  the  action  of  m  on  the  sun  be  expressed  by  — — , 

r 

and  the  three  components  of  this  force  in  directions  parallel  to  the 
co-ordinate  axes,  respectively,  will  be 

ink2  — ,  mk2—f  mk2 — 

a«8  .j*»  *•* 

The  action  of  m'  on  the  sun  will  be  expressed  by 

»'#£.  m'k2^-,  m'k2—, 

and  hence  the  acceleration  due  to  the  combined  and  simultaneous 
action  of  the  several  bodies  of  the  system  on  the  sun,  resolved  par- 
allel to  the  co-ordinate  axes,  will  be 

rnx  my  mz 

*r"pr>  K~~^>  K^^' 

The  motion  of  the  centre  of  gravity  of  the  sun,  relative  to  the  fixed 
origin,  will,  therefore,  be  determined  by  the  equations 

**  —  pr«  diy>  _  iayVVL  dK  —pvmz      (1A-) 

dt2-^r»'  dt2~IC"  r3'  d«»  ~  *""?-•    U4; 

Let  p  denote  the  distance  of  m  from  m! ;  p'  its  distance  from  m", 
adding  an  accent  for  each  successive  body  considered;  then  will  the 
action  of  the  bodies  m',  m",  &c.  on  m  be 


of  which  the  three  components  parallel  to  the  co-ordinate  axes,  re- 
spectively, are 

vim'Lz^         viMiLzy,         vIm>izii. 
p  p*  pa 

The  action  of  the  sun  on  m,  resolved  in  the  same  manner,  is  expressed 
by 

k2x  k*y  k2z 

which  are  negative,  since  the  force  tends  to  diminish  the  co-ordinates 
x,  y,  and  z.  The  three  components  of  the  total  action  of  the  othei 
bodies  of  the  system  on  m  are,  therefore, 
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***    .    uvm'(af  —  x) 

~  r8   +  "  ~     "J*        ' 

—■£-+* ^     » 

and,  since  the  co-ordinates  of  m  referred  to  the  fixed  origin  are 

f  +  *i  V  +  %  C  +  z, 

the  equations  which  determine  the  absolute  motion  are 

<ftJ  +  eft2  +  r8  w        /o8 

^_  _j_  &  4.  *&  _  uvm'W—y) 

dt3  "*"  dt*  "*"  r3  —  />! 

dt3  +  eft2  +   r3    _  /o8 


(15) 


the  symbol  of  summation  in  the  second  members  relating  simply  to 
the  masses  and  co-ordinates  of  the  several  bodies  which  act  on  wt, 

d2z    dH  dK 

exclusive  of  the  sun.     Substituting  for  ——,  ——,  and  -—  their  values 

or    dt2  eft2 

given  by  equations  (14),  we  get 


eft* 

eft2 


Since  a:,  y,  2  are  the  co-ordinates  of  m  relative  to  the  centre  of  gravity 
of  the  sun,  these  equations  determine  the  motion  of  m  relative  to  that 
point.  The  second  members  may  be  put  in  another  form,  which 
greatly  facilitates  the  solution  of  some  of  the  problems  relating  to 
the  motion  of  m.     Thus,  let  us  put 

»'     /l      xx'+yi/+z£\  ,     m"    (1      xx"+yy"+zz"\   , 
~l+m\P  r»  }^l+m\f/  r"8  J"!-  — «*-. 

(17) 
and  we  shall  have  for  the  partial  differential  coefficient  of  this  with 
ied  to  x, 

ldQ\         m'     (1    dp        x'  \         m"    I       1   dp'        x"  \  & 

\dxl      l+m\       p*'dx       »^»/  +  l+m\      p'1  dx       r"8  I + ' "     C" 


But,  since 
wc  have 
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?  =  &  - xy  +y—  yy  +  (*'  - z)\ 

p<>  =  (x"  -  X?  +  {f  -  yy  +  (*"  -  z)\ 


dp  x'  —  x  dp' 


dx  p  '  dx  p' 

and  hence  we  derive 

(dQ\_      m'     Ix'  —  x  x'  \         m"    lx"—x       x"  \ 

\dx)~l  +  m\     p3  r"/+l+m\     p*  r'«  J  +  * '  *  *C* 


or 


We  find,  also,  in  the  same  manner,  for  the  partial  differential  coeffi- 
cients with  respect  to  y  and  z, 

The  equations  (16),  therefore,  become 

£  +  *(! +«>£  =  *<!  +«)(£).■ 
'     g  +  *a.+  11.)£  =  „(i +.)(«),  (18) 

It  will  be  observed  that  the  second  members  of  equations  (16)  ex- 
press the  difference  between  the  action  of  the  bodies  m',  m",  &c.  on 
m  and  on  the  sun,  resolved  parallel  to  the  co-ordinate  axes  respect- 
ively. The  mutual  distances  of  the  planets  are  such  that  these  quan- 
tities are  generally  very  small,  and  we  may,  therefore,  in  a  first 
approximation  to  the  motion  of  m  relative  to  the  sun,  neglect  the 
second  members  of  these  equations;  and  the  integrals  which  may 
then  be  derived,  express  what  is  called  the  undisturbed  motion  of  m. 
By  means  of  the  results  thus  obtained  for  the  several  bodies  succes- 
sively, the  approximate  values  of  the  second  members  of  equations 
(16)  may  be  found,  and  hence  a  still  closer  approximation  to  the 
actual  motion  of  m.  The  force  whose  components  are  expressed  by 
the  second  members  of  these  equations  is  called  the  disturbing  force ; 
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mid,  using  the  second  form  of  the  equations,  the  function  i.^.  which 
determines  these  components,  is  called  the  perturbing  function.  The 
complete  solution  of  the  problem  is  facilitated  by  an  artifice  of  the 
infinitesimal  calculus,  known  as  the  variation  of  parameters,  or  of 
constants,  according  to  which  the  complete  integrals  of  equations 
arc  of  the  same  form  as  those  obtained  by  putting  the  second  mem- 
ben  equal  to  zero,  the  arbitrary  constants,  however,  of  the  latter 
integration  being  regarded  as  variables.  These  constants  of  integra- 
tion are  the  elements  which  determine  the  motion  of  m  relative  to  the 
sun,  and  when  the  disturbing  force  is  neglected  the  elements  are  pure 
constants.  The  variations  of  these,  or  of  the  co-ordinates,  arising 
from  the  action  of  the  disturbing  force  are,  in  almost  all  cases,  very 
small,  and  are  called  the  perturbations.  The  problem  which  first 
presents  itself  is,  therefore,  the  determination  of  all  the  circumstances 
of  the  undisturbed  motion  of  the  heavenly  bodies,  after  which  the 
action  of  the  disturbing  forces  may  be  considered. 

It  may  be  further  remarked  that,  in  the  formation  of  the  preceding 
equations,  we  have  supposed  the  different  bodies  to  be  free  to  move, 
and,  therefore,  subject  only  to  their  mutual  action.  There  are,  in- 
deed, facts  derived  from  the  study  of  the  motion  of  the  comets  which 
seem  to  indicate  that  there  exists  in  space  a  resisting  medium  which 
opposes  the  free  motion  of  all  the  bodies  of  the  system.  If  such  a 
medium  actually  exists,  its  effect  is  very  small,  so  that  it  can  be  sen- 
sible only  in  the  case  of  rare  and  attenuated  bodies  like  the  comets, 
since  the  accumulated  observations  of  the  different  planets  do  not 
exhibit  any  effect  of  such  resistance.  But,  if  we  assume  its  existence, 
it  is  evidently  necessary  only  to  add  to  the  second  members  of  equa- 
tions (16)  a  force  which  shall  represent  the  effect  of  this  resistance, — 
which,  therefore,  becomes  a  part  of  the  disturbing  force, — and  the 
motion  of  m  will  be  completely  determined. 

1G.  When  we  consider  the  undisturbed  motion  of  a  planet  or 
comet  relative  to  the  sun,  or  simply  the  motion  of  the  body  relative 
to  the  sun  as  subject  only  to  the  reciprocal  action  of  the  two  bodies, 
the  equations  (16)  become 

g  +  i.(l  +  m)l=0,  (19) 
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The  equations  for  the  undisturbed  motion  of  a  satellite  relative  to  its 
primary  are  of  the  same  form-,  the  value  of  Zr,  however,  being  in  this 
ease  the  acceleration  due  to  the  force  exerted  by  the  mass  of  the 
primary  at  the  unit  of  distance,  and  m  the  ratio  of  the  mass  of  the 
satellite  to  that  of  the  primary. 

The  integrals  of  these  equations  introduce  six  arbitrary  constants 
of  integration,  which,  when  known,  will  completely  determine  the 
undisturbed  motion  of  m  relative  to  the  sun. 

If  we  multiply  the  first  of  these  equations  by  y,  and  the  second  by 
x,  and  subtract  the  last  product  from  the  first,  we  shall  find,  by  inte- 
grating the  result, 

xdy  —  ydx  _ 
~di       ~°' 

c  being  an  arbitrary  constant. 
In  a  similar  manner,  we  obtain 

xdz  —  zdx ,  ydz  —  zdy        „ 


=  c, 


dt  '  dt 

If  we  multiply  these  three  equations  respectively  by  z,  —  y,  and  .r, 
and  add  the  products,  we  obtain 

cz  —  c'y  -\-  c"x  a=s  0. 

This,  being  the  equation  of  a  plane  passing  through  the  origin  of 
co-ordinates,  shows  that  the  path  of  the  body  relative  to  the  sun  is  a 
plane  curve,  and  that  the  plane  of  the  orbit  passes  through  the  centre 
of  the  sun. 

Again,  if  we  multiply  the  first  of  equations  (19)  by  2dx,  the  second 
by  2dy,  and  the  third  by  2dz,  take  the  sum  and  integrate,  we  shall 
find 

M+W+M  +  2^(i  +  m)f*dx  +  ydy  +  zdz  =  Q 

But,  since  r2  =  x2  +  y2  +  z2,  we  shall  have,  by  differentiation, 

rdr  =  xdx  +  ydy  +  zdz. 
Therefore,  introducing  this  value  into  the  preceding  equation,  we  obtain 

dg'+tfyM-A*      2P(1  +  «Q      A  =  ()>  (20) 

dt  r 

h  being  an  arbitrary  constant. 
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If  we  add  together  the  squares  of  the  expressions  for  c,  c',  and  c", 
and  put  c-2  -f  c'2  +  c"2  =  4/2,  we  shall  have 

(s»  +  y*  +  **)  (<***  +  <¥  +  rfa8)      (xdx  +  ydy  +  zdzY  _ 

de  de  ~  J  ' 

or 

at  or 

If  we  represent  by  dv  the  infinitely  small  angle  contained  between 
two  consecutive  radii-vectores  r  and  r  +  dr,  since  Jar2  -f  dy2  +  c/r  is 
the  square  of  the  element  of  path  described  by  the  body,  we  shall 

have 

dx2  +  dy2  +  tf22  =  dr2  +  rW. 

Substituting  this  value  in  the  preceding  equation,  it  becomes 

r2dv  =  2fdt.  (22) 

The  quantity  r^dv  is  double  the  area  included  by  the  element  of  path 
described  in  the  element  of  time  dt,  and  by  the  radii-vectores  r  and 
r  -f-  dr;  and/,  therefore,  represents  the  area  I  velocity,  which,  being  a 
constant,  shows  that  the  radius-vector  of  a  planet  or  comet  describes 
equal  areas  in  equal  intervals  of  time. 

From  the  equations  (20)  and  (21)  we  find,  by  elimination, 

dt=    t  rdr  —  (23) 

VlrU1  (1  -f-  in)  —  hr2  —  4/2 

Substituting  this  value  of  dt  in  equation  (22),  we  get 

dv  =      —        2fdr  (24) 

rVlrV  (1  +  m)  —  hr2—  4/2 

which  gives,  in  order  to  find  the  maximum  and  minimum  values  of  r, 
dr  _  rVlrtf  (1  +  ro)  —  hr2  —  4/2  _ 


or 
Therefore 

and 


dv  ~  2/  ~  °! 

2rk2  (1  +  m)  —  hr2  —  4/2  =  0. 

^(1+m)       J       4/2       fr(l  +"JJQS 
A  "  A/  " "  A  ,y. 

&2(1  H 


k2(i+m)       /    4/2     yq  + 

A  Y~'  *  T'       A2 

are,  respectively,  the   maximum   and  minimum  values  of  r.     The 
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points  of  the  orbit,  or  trajectory  of  the  body  relative  to  the  sun,  cor- 
responding to  these  values  of  r,  are  called  the  apsides;  the  former, 
the  aphelion,  and  the  latter,  the  perihelion.  If  we  represent  these 
values,  respectively,  by  a{\  +  e)  and  a(l  —  e),  we  shall  have 

A  =  F(1+m);  4f  =  aV  (1  4-  m)  (1  -  e')  =  k*p  (1  4-  m), 

CI 

in  which  p  =  a  (1 — e2).  Introducing  these  values  into  the  equation 
(24),  it  becomes 

Pdl 
dv=  Vpdr  e     r 


the  integral  of  which  gives 


V  =  at  -f-  COS 


-ll  I  p 


*W> 


to  being  an  arbitrary  constant.     Therefore  we  shall  have 

-(£  — l)=*»  (*  —  •), 

from  which  we  derive 


V 

r== 


1  +  e  cos  (v  —  w)' 

which  is  the  polar  equation  of  a  conic  section,  the  pole  being  at  the 
focus,  p  being  the  semi-parameter,  e  the  eccentricity,  and  v  —  to  the 
angle  at  the  focus  between  the  radius-vector  and  a  fixed  line,  in  the 
plane  of  the  orbit,  making  the  angle  to  with  the  semi-transverse 
axis  a. 

If  the  angle  v  —  to  is  counted  from  the  perihelion,  we  have  o>  ^=  0> 
and 

P 


1  +  e  cos  v 


(25) 


The  angle  v  is  called  the  true  anomaly. 

Hence  we  conclude  that  the  orbit  of  a  heavenly  body  revolving 
around  the  sun  is  a  conic  section  with  the  sun  in  one  of  the  foci. 
Observation  shows  that  the  planets  revolve  around  the  sun  in  ellipses, 
usually  of  small  eccentricity,  while  the  comets  revolve  either  in 
ellipses  of  great  eccentricity,  in  parabolas,  or  in  hyperbolas,  a  cir- 
cumstance which,  as  we  shall  have  occasion  to  notice  hereafter,  greatly 
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lessens  the  amount  of  labor  in  many  computations  respecting  their 
motion. 

Introducing  into  equation  (23)  the  values  of  h  and  4/1  already 
found,  Ave  obtain 

dt  =  - —  =. 

k\/\-\-m    i/a*e*  —  (a  —  ry 

which  may  be  written 
or 

the  integration  of  which  gives 


-vt^K'^Hv'1-^)')^ 


(26) 


In  the  perihelion,  r  —  a  (1  —  e),  and  the  integral  reduces  to  t'  =  C; 
therefore,  if  we  denote  the  time  from  the  perihelion  by  tw  we  shall 
have 


In  the  aphelion,  r  —  a  (1  -f-  e) ;  and  therefore  we  shall  have,  for  the 
time  in  which  the  body  passes  from  the  perihelion  to  the  aphelion, 
t0  =  \t,  or 


Tcy'l  -\-  m 


r  being  the  periodic  time,  or  time  of  one  revolution  of  the  plain  t 
around  the  sun,  a  the  semi-transverse  axis  of  the  orbit,  or  mean  dis- 
tance from  the  sun,  and  X  the  semi-circumference  of  a  circle  whose 
radius  is  unitv.     Therefore  we  shall  have 


k  (1  -f-  m) 
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For  a  second  planet,  we  shall  have 
r"  =  4*1 


jfc*  (1  +  m')  ' 


and,  consequently,  between  the  mean  distances  and  periodic  times  of 
any  two  planets,  we  have  the  relation 

(1  -f  m)  r"  _  a?_  ( 

(1  +  m')  «"  ~  a!*  K     } 

If  the  masses  of  the  two  planets  m  and  m'  are  very  nearly  the 
same,  we  may  take  1  +  m  =  1  -f-  m';  and  hence,  in  this  case,  it  follows 
that  the  squares  of  the  periodic  times  are  to  each  other  as  the  cubes  of 
the  mean  distances  from  the  swi.  The  same  result  may  be  stated  in 
another  form,  which  is  sometimes  more  convenient.  Thus,  since  ~ab 
is  the  area  of  the  ellipse,  a  and  6  representing  the  semi-axes,  we 
shall  have 

- —  ==/=  areal  velocity; 

T 

and,  since  b2  =  a2  (1  —  e2),  we  have 

-J  J  (I—  e2y  _  TzJ^/p 

which  becomes,  by  substituting  the  value  of  r  already  found, 


f=±kl/p(l+m).  (30) 

In  like  manner,  for  a  second  planet,  we  have 


and,  if  the  masses  are  such  that  we  may  take  1  +  m  sensibly  equal 
to  1  +  m',  it  follows  that,  in  this  case,  the  areas  described  in  equal 
times,  in  different  orbits,  are  proportional  to  the  square  roots  of  tlicir 
parameters. 

17.  AVe  shall  now  consider  the  signification  of  some  of  the  con- 
stants of  integration  already  introduced.  Let  i  denote  the  inclination 
of  the  orbit  of  m  to  the  plane  of  xy,  which  is  thus  taken  as  the  plane 
of  reference,  and  let  Q,  be  the  angle  formed  by  the  axis  of  ./•  ami  the 
line  of  intersection  of  the  plane  of  the  orbit  witli  the  plane  of  xi/; 
then  will  the  angles  i  and  SI  determine  the  position  of  the  plane  of 
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the  orbit  in  space.  The  constants  c,  c',  and  c",  involved  in  the 
equation 

cz  —  c'y  -f-  c"z  =  0, 

are,  respectively,  double  the  projections,  on  the  co-ordinate  planes, 
xy,  xz,  and  yz,  of  the  areal  velocity/;  and  hence  we  shall  have 

c=2/cosi.  \ 

The  projection  of  2/  on  a  plane  passing  through  the  intersection  of 
the  plane  of  the  orbit  .with  the  plane  of  xy,  and  perpendicular  to  the 
latter,  is 

2/sini; 

and  the  projection  of  this  on  the  plane  of  xz,  to  which  it  is  inclined 
at  an  angle  equal  to  ft,  gives 

c'  =  2/sinicos  ft. 

Its  projection  on  the  plane  of  yz  gives 

c"  =  2/sinisin  ft. 
Hence  we  derive 

z  cos  i  —  y  sin  i  cos  ft  +  x  sin  i  sin  ft  =  0,  (31) 

which  is  the  equation  of  the  plane  of  the  orbit;  and,  by  means  of 
the  value  of  /  in  terms  of  p,  and  the  values  of  c,  c',  c",  we  derive, 
also, 

dy         dx       .     . — j^— — ^ 

X~dt  ~  y~di  =    ^P  (1+m'  cosl' 

u z         dx  ■ 

x-ti  —z-rr  =  k i/p  (1  -J-  m)  cos  ft  sin i,  (32) 

at  at 

dz  dy  ,       . r-r ' b    .       _      .      . 

ylt  ~zdt=    ^p(    ~^~  m^  Sm  ^  Sm 

These  equations  will  enable  us  to  determine  ft,  i,  and  p,  when,  for 
any  instant,  the  mass  and  co-ordinates  of  m,  and  the  component! 
its  velocity,  in  directions  parallel  to  the  co-ordinate  axes,  are  known. 
The  constants  a  and  e  are  involved  in  the  value  of  p,  and  hence  four 
constants,  or  elements,  are  introduced  into  these  equations,  two  dtf 
which,  a  and  e,  relate  to  the  form  of  the  orbit,  and  two,  ft  and  i,  to 
the  position  of  its  plane  in  space.  If  we  measure  the  angle  v  —  <o 
from  the  point  in  which  the  orbit  intersects  the  plane  of  xy,  the  con- 
stant a)  will  determine  the  position  of  the  orbit  in  its  own  plane. 
Finally,  the  constant  of  integration  C,  in  equation  (26),  is  the  time 
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of  passage  through  the  perihelion ;  and  this  determines  the  position 
of  the  body  in  its  orbit.  When  these  six  constants  are  known,  the 
undisturbed  orbit  of  the  body  is  completely  determined. 

Let  V  denote  the  velocity  of  the  body  in  its  orbit;  then  will 
equation  (20)  become 

F'  =  *"(l  +  m)(!-I) 

At  the  perihelion,  r  is  a  minimum,  and  hence,  according  to  this 
equation,  the  corresponding  value  of  I7  is  a  maximum.  At  the 
aphelion,  V  is  a  minimum. 

In  the  parabola,  a  =  co,  and  hence 


V=  k  VI  +m  yj-f 


which  will  determine  the  velocity  at  any  instant,  when  r  is  known. 
It  will  be  observed  that  the  velocity,  corresponding  to  the  same  value 
of  r,  in  an  elliptic  orbit  is  less  than  in  a  parabolic  orbit,  and  that, 
since  a  is  negative  in  the  hyperbola,  the  velocity  in  a  hyperbolic 
orbit  is  still  greater  than  in  the  case  of  the  parabola.  Further,  since 
the  velocity  is  thus  found  to  be  independent  of  the  eccentricity,  the 
direction  of  the  motion  has  no  influence  on  the  species  of  conic  section 
described. 

If  the  position  of  a  heavenly  body  at  any  instant,  and  the  direction 
and  magnitude  of  its  velocity,  are  given,. the  relations  already  derived 
will  enable  us  to  determine  the  six  constant  elements  of  its  orbit. 
But  since  we  cannot  know  in  advance  the  magnitude  and  direction 
of  the  primitive  impulse  communicated  to  the  body,  it  is  only  by 
the  aid  of  observation  that  these  elements  can  be  derived;  and 
therefore,  before  considering  the  formulae  necessary  to  determine 
unknown  elements  by  means  of  observed  positions,  we  will  investi- 
gate those  which  are  necessary  for  the  determination  of  the  helio- 
centric and  geocentric  places  of  the  body,  assuming  the  elements  to 
be  known.  The  results  thus  obtained  will  facilitate  the  solution  of 
the  problem  of  finding  the  unknown  elements  from  the  data  furnished 
by  observation. 

18.  To  determine  the  value  of  k,  which  is  a  constant  for  the  solar 
system,  we  have,  from  equation  (28), 

h  —  —         ai 

4 
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Tn  the  case  of  the  earth,  a  =  1,  and  therefore 

2- 


rl/l  + 


;/( 


In  reducing  this  formula  to  numbers  we  should  properly  use,  for  r, 
the  absolute  length  of  the  sidereal  year,  which  is  invariable.  The 
effect  of  the  action  of  the  other  bodies  of  the  system  on  the  earth  is 
to  produce  a  very  small  secular  change  in  its  mean  longitude  corre- 
sponding to  any  fixed  date  taken  as  the  epoch  of  the  elements;  and 
a  correction  corresponding  to  this  secular  variation  should  be  applied 
to  the  value  of  r  derived  from  observation.  The  effect  of  this  cor- 
rection is  slightly  to  increase  the  observed  value  of  r;  but  to  deter- 
mine it  with  precision  requires  an  exact  knowledge  of  the  masses  of 
all  the  bodies  of  the  system,  and  a  complete  theory  of  their  relative 
motions, — a  problem  which  is  yet  incompletely  solved.  Astronomical 
usage  has,  therefore,  sanctioned  the  employment  of  the  value  of  k 
found  by  means  of  the  length  of  the  sidereal  year  derived  directly 
from  observation.  This  is  virtually  adopting  as  the  unit  of  space  a 
distance  which  is  very  little  less  than  the  absolute,  invariable  mean 
distance  of  the  earth  from  the  sun ;  but,  since  this  unit  may  be  arbi- 
trarily chosen,  the  accuracy  of  the  results  is  not  thereby  affected. 

The  value  of  r  from  which  the  adopted  value  of  k  has  been  com- 
puted, is  365.2563835  mean  solar  days;  and  the  value  of  the  com- 
bined mass  of  the  earth  and  moon  is 


354710 


Hence  we  have  log  r  =  2.5625978148 ;  log  \/l  +  m  =  0.0000006122; 
log  2;r  =  0.7981798684;  and,  consequently, 

log  k  =  8.2355814414. 

If  we  multiply  this  value  of  k  by  206264.81,  the  number  of  seconds 

of  arc  corresponding  to  the  radius  of  a  circle,  we  shall  obtain  its 

value  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  unity,  or 

on  the  orbit  of  the  earth  supposed  to  be  circular.     The  value  of  I:  in 

seconds  is,  therefore, 

log  k  =  3.5500065746. 

2jt 
The  quantity  —  expresses  the  mean  angular  motion  of  a  planet 

in  a  mean  solar  day,  and  is  usually  designated  by  /*.     We  shall, 
therefore,  have 
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kV  1  4  m 
ft  = L3 ,  c33) 

<r 

for  the  expression  for  the  mean  daily  motion  of  a  planet. 

Since,  in  the  case  of  the  earth,  Vl  4-  m  differs  very  little  from  1, 
it  will  be  observed  that  k  very  nearly  expresses  the  mean  angular 
motion  of  the  earth  in  a  mean  solar  day. 

In  the  case  of  a  small  planet  or  of  a  comet,  the  mass  m  is  so  small 
that  it  may,  without  sensible  error,  be  neglected;  and  then  we  shall 
have 

»  =  A-  (34) 


For  the  old  planets  whose  masses  are  considerable,  the  rigorous  ex- 
pression (33)  must  be  used. 

19.  Let  us  now  resume  the  polar  equation  of  the  ellipse,  the  pole 
being  at  the  focus,  which  is 

a(l-e') 

r  =  • 


1  -\-  e  cos  v 

If  we  represent  by  <p  the  angle  included  between  the  conjugate  axis 
and  a  line  drawn  from  the  extremity  of  this  axis  to  the  focus,  we 
shall  have 

sin  <p  =  e; 

and,  since  a(l — e2)  is  half  the  parameter  of  the  transverse  axis, 
which  we  have  designated  byp,  we  have 

P 
r  = 


1  4  sin  9  cos  v 


The  angle  <p  is  called  the  angle  of  eccentricity. 
Again,  since  p  =  a(l  —  e2)  =  a  cos2  f,  we  have 

1  4  Sln  V  cos  v 

It  is  evident,  from  this  equation,  that  the  maximum  value  of  r  in  an 
elliptic  orbit  corresponds  to  v  =  180°,  and  that  the  minimum  value 
of  r  corresponds  to  v  =  0.  It  therefore  increases  from  the  perihelion 
to  the  aphelion,  and  then  decreases  as  the  planet  approaches  the  peri- 
helion. 
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In  the  case  of  the  parabola,  tp  =  90°,  and  sin  <p  =  e  =  1 ;  conse- 
quently, 

1  -f-  COS  V 

But,  since  1  -f-  cos  v  =  2  cos2£t;,  if  we  put  q  =  \p,  we  shall  have 

(36) 

in  which  q  is  the  perihelion  distance,.  In  this  case,  therefore,  when 
v  =  ±  180°,  r  will  be  infinite,  and  the  comet  will  never  return,  l>ut 
course  its  way  to  other  systems. 

The  angle  <p  cannot  be  applied  to  the  case  of  the  hyperbola,  since 
in  a  hyperbolic  orbit  e  is  greater  than  1;  and,  therefore,  the  eccen- 
tricity cannot  be  expressed  by  the  sine  of  an  arc.  If,  however,  we 
designate  by  ^  the  angle  which  the  asymptote  to  the  hyperbola  makes 
with  the  transverse  axis,  we  shall  have 

e  cos  4  =  1. 

Introducing  this  value  of  e  into  the  polar  equation  of  the  hyperbola, 
it  becomes 

p  cos  4 

r  =  — - — ; . 

cos  v  -\-  cos  4 

But,  since  cos  v  +  cos  ^  —  2  cos  \  (v  +  ^)  cos  \  (v  —  4>),  this  gives 

/>cos4  (3?) 


2  cos  1 0  +  4)  cos  Kv  —  4)' 


It  appears  from  this  formula  that  r  increases  with  v,  and  becomes  in- 
finite when  1  -f-  e  cost?  —  0,  or  cosv  =  —  cos^>  in  which  case  v  =  180° 
—  4':  consequently,  the  maximum  positive  value  of  v  is  represented 
by  180°  —  i^,  and  the  maximum  negative  value  by  — (180°  —  $). 
Further,  it  is  evident  that  the  orbit  will  be  that  branch  of  the  hyper- 
bola which  corresponds  to  the  focus  in  which  the  sun  is  placed,  since, 
under  the  operation  of  an  attractive  force,  the  path  of  the  body  most 
t>e  concave  toward  the  centre  of  attraction.  A  body  subject  to  a 
force  of  repulsion  of  the  same  intensity,  and  varying  according  to 
the  same  law,  would  describe  the  other  branch  of  the  curve. 

The  problem  of  finding  the  position  of  a  heavenly  body  as  seen 
from  any  point  of  reference,  consists  of  two  parts:  first,  the  del  '- 
in ination  of  the  place  of  the  body  in  its  orbit;  and  then,  by  means 
")f  this  and  of  the  elements  which  fix  the  position  of  the  plane  of  tlie 
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orbit,  nnd  that  of  the  orbit  in  its  own  plane,  the  determination  of 
the  position  in  space. 

In  deriving  the  formulae  for  finding  the  place  of  the  body  in  its 
orbit,  we  will  consider  each  species  of  conic  section  separately,  com- 
mencing with  the  ellipse. 

20.  Since  the  value  of  a  —  r  can  never  exceed  the  limits  —  ae  and 
4-  ae,  we  may  introduce  an  auxiliary  angle  such  that  we  shall  have 

cosE. 


ae 


This  auxiliary  angle  E  is  called  the  eccentric  anomaly;  and  its  geo- 
metrical signification  may  be  easily  known  from  its  relation  to  the 

true  anomaly.     Introducing  this  value  of  into  the  equation 

(27)  and  writing  t  —  T  in  place  of  tQ,  T  being  the  time  of  perihelion 
passage,  and  t  the  time  for  which  the  place  of  the  planet  in  its  orbit 
is  to  be  computed,  we  obtain 

kl/l  +  m(t-T)=E-  e  suxE.  (38) 
"        a* 

But j =  mean  daily  motion  of  the  planet  =  p. ;  therefore 

a2 

!i(t—  T)  =  E  —  e&inE. 

The  quantity  p  (t  —  T)  represents  what  would  be  the  angular  distance 
from  the  perihelion  if  the  planet  had  moved  uniformly  in  a  circular 
orbit  whose  radius  is  a,  its  mean  distance  from  the  sun.  It  is  called 
the  mean  anomaly,  and  is  usually  designated  by  M.  We  shall,  there- 
fore, have 

M=f*(t-T), 

M=E— e  sin E.  (39) 

When  the  planet  or  comet  is  in  its  perihelion,  the  true  anomaly, 
mean  anomaly,  and  eccentric  anomaly  are  each  equal  to  zero.  All 
three  of  these  increase  from  the  perihelion  to  the  aphelion,  where 
they  are  each  equal  to  180c,  and  decrease  from  the  aphelion  to  the  peri- 
helion, provided  that  they  are  considered  negative.  From  the  peri- 
helion to  the  aphelion  v  is  greater  than  E,  and  E  is  greater  than  M. 
The  same  relation  holds  true  from  the  aphelion  to  the  perihelion,  if 
we  regard,  in  this  case,  the  values  of  v,  E,  and  M  as  negative. 

As  soon  as  the  auxiliary  angle  E  is  obtained  by  means  of  the  mean 
motion  and  eccentricity,  the  values  of  r  and  v  may  be  derived.     For 
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this  purpose  there  are  various  formulae  which    may  be  applied  in 
practice,  ami  which  we  will  now  develop. 
The  equation 

=  cos  L, 

ae 

r  =  a(l  —  ecosE).  (40) 


gives 

This  also  gives 


or 


a  —  r 

ae  =  a  cos  L 


£ =  a  cos  E  —  ae, 

e 


which,  by  means  of  equation  (25),  reduces  to 

r  cos  v  =  a  cos  E  —  ae.  (AY) 

If  we  square  both  members  of  equations  (40)  and  (41),  and  subtract 
the  latter  result  from  the  former,  we  get 

r*  sin2  v  =  a3  (1  —  e1)  sin*  E, 
or 

r  sin  v  —  a\/\  —  e"  sin  E  =  b  sin  E.  (42) 

By  means  of  the  equations  (41)  and  (42)  it  may  be  easily  shown 
that  the  auxiliary  angle  E,  or  eccentric  anomaly,  is  the  angle  at  the 
centre  of  the  ellipse  between  the  semi-transverse  axis,  and  a  line 
drawn  from  the  centre  to  the  point  where  the  prolongation  of  the 
ordinate  perpendicular  to  this  axis,  and  drawn  through  the  place  of 
the  body,  meets  the  circumference  of  the  circumscribed  circle. 

Equations  (40)  and  (41)  give 

r (1  =F  cos  v)  =  a(l  ±  e)  (1  =F  co3  E). 

iiy  using  first  the  upper  sign,  and  then  the  lower  sign,  we  obtain,  by 
reduction, 

Vr  sin  \v  =  Va{\  +  e)  sin  ±E, 

Vr  cos  %v  =  l/a(l  —  e)  cos  ^E,  (43) 

which  are  convenient  for  the  calculation  of  r  and  v,  and  especially  so 
when  several  places  are  required.     By  division,  these  equations  give 


tan^  =  \/j-±^taniJE.  (44) 
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Since  e  =  sin  <p,  we  have 

1  —  e      1  —  sin  tp  ,,,„       .    * 

=— ; —  =  -i — ; — r~-  =  tan1  (45°  —  If). 
1  +  e       1  +  sin  <?  iT 

Consequently, 

tan  \E  —  tan  (45°  —  \f )  tan  ^v.  (45) 

Again,  . 

l/l  +  e  =  V\  -f  sin  ?>  =  V\  -j-  2  sin  \<p  cos  £y>, 
which  may  be  written 

l/l  +  e  =  l/sina  \<p  -(-  cos"  i?  -j-  2  sin  \<p  cos  £p, 
or 

l/l  -f  e  =  sin  ^  +  cos  \<p. 

In  a  similar  manner  we  find 

l/l  —  e=  —  sin  \<p  -\-  cos  \<p. 

From  these  two  equations  we  obtain 


l/l  +  e  +  l/l  —  e  =  2  cos  Jf, 

l/r+e  -  l/r=^7 a 2  sin ^,  (46) 

which  are  convenient  in  many  transformations  of  equations  involving 
e  or  <p. 

Equation  (42)  gives 

.     „      r  sinv  p  sinv 

sin  J?  =  — r —  =         ^ r ; 

6  o  (1  -f-  c  cos  v) 

but  p  =  a  cos2  ^,  and  b  =  a  cos  ^,  hence 

.     „       rsinv         cos^sinv  ..„N 

sm  E  = =s  =—- .  U') 

acos^p       1  +  e  cosv 

Equation  (41)  gives 

_,      r  cos  v  -\-  ae  p  cos  v  . 

cos  E  = =        r r  +  e, 

a  a(l  +  e  cosv) 

or 

_,      p  cos  v  -\-  ae  A-  ae2  cos  v 

cosE=^- -f-. — - r ; 

a(l  +  e  cosv) 

and,  putting  a  cos2£>  instead  of  p,  and  sin  <p  for  e,  we  get 

„        cost'+c  ,.„,. 

oos  J?  =  5— ! (48) 

1  f-  e  cos  v 

If  we   multiply  the   first  of  equations  (43)  by  cos^E,  and   the 
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second  by  sin£i£,  successively  add  and  subtract  the  products,  and 
reduce  by  means  of  the  preceding  equations,  we  obtain 

sin £(v  -\-  E)  —  -*/-  cos \<p  sin E, 
in$(v  —  E)  =  J-  sin  |f  sin E.  (49) 


sin 


The  perihelion  distance,  in  an  elliptic  orbit,  is  given  by  the  equa- 
tion 

q  =  a(l  —  e). 

21.  The  difference  between  the  true  and  the  mean  anomaly,  or 
v  —  if,  is  called  the  equation  of  the  centre,  and  is  positive  from  the 
perihelion  to  the  aphelion,  and  negative  from  the  aphelion  to  the 
perihelion.  When  the  body  is  in  either  apsis,  the  equation  of  the 
centre  will  be  equal  to  zero. 

We  have,  from  equation  (39), 

E=M+  esmE. 
Expanding  this  by  Lagrange's  theorem,  we  get 

F(E)  =  F(M)  +  iin  M—dW-. .  j  +  m\  am-  M  -^  )^ 

.     d1    1  .  ,  „dF(Jf )  \    e3      .  ^ 

Let  us  now  take,  equation  (40), 

1W  =  (1  -  e  cos  2?f=^, 

and,  consequently, 

F(M)  =  (1—  e  cos  Mj~\ 

Therefore  we  shall  have 

ft'  —  2  —  3 

(1  —  e  cos  if)    —  2e2  sin"  1/(1  —  e  cos  if) 


r. 


—  ^  1m  (8*n8  ^Q  — e  cos  ^   ) 


Expanding  these  terms,  and  performing  the  operations  indicated,  we 
get 

^  =  1  +  2e  cos  M  +  |  (6  cos1  if—  4  sin*  if) 
+  j  (16  cos' if— 36  sin2  if  cos  if)  4- . . . , 
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which  reduces  to 
^=l+2e  cos Jf+l'ci+o-  cos 23/)+|  (13  cos 3J/+3  cos  Jf )+ ....    (51) 

Equation  (22)  gives 

2fdt 


dv 


»»   ' 


and,  since  f=\k\/p(l  +  m),  we  have 


dv==kVp(l+m)dtt  (52) 


or  

But r =  //,  and  therefore 


B 


rfv  =  \/T=~e2  ^  /*cft  =  V\  —  e2  -t  dM. 
r  r 


By  expanding  the  factor  j/1  —  e2,  we  obtain 
VT^2  =  1  —  V  —  ie*  - 


and  hence 


<Zt,  =  (l  — £e2— ...)"  dif. 


Substituting  for  —  its  value  from  equation  (51),  and  integrating,  we 
get,  since  v  =  0  when  M  =  0, 

u— Jf=2esin3f+|e2sin2ilf+^-(13sin3if—  3sinif)+. ..     (53) 

which  is  the  expression  for  the  equation  of  the  centre  to  terms  involving 
e3.  In  the  same  manner,  this  series  may  be  extended  to  higher  powers 
of  e. 

When  the  eccentricity  is  very  small,  this  series  converges  very 
rapidly ;  and  the  value  of  v  —  M  for  any  planet  may  be  arranged  in 
a  table  with  the  argument  M. 

For  the  purpose,  however,  of  computing  the  places  of  a  heavenly 
body  from  the  elements  of  its  orbit,  it  is  preferable  to  solve  the 
equations  which  give  v  and  indirectly;  and  when  the  eccentricity  is 
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very  great,  this  mode  is  indispensable,  since  the  series  will  not  in 
that  ease  be  sufficiently  convergent. 

It  will  be  observed  that  the  formula  which  must  he  used  in  obtain- 
ing the  eccentric  anomaly  from  the  mean  anomaly  is  transcendental, 
and  hence  it  can  only  be  solved  either  by  series  or  by  trial.  Jiut 
fortunately,  indeed,  it  so  happens  that  the  circumstances  of  the  celes- 
tial motions  render  these  approximations  very  rapid,  the  orbits  being 
usually  either  nearly  circular,  or  else  very  eccentric. 

If,  in  equation  (50),  we  put  F(E)  =  E,  and  consequently  F[  M ) 
=  M,  we  shall  have,  performing  the  operations  indicated  and  redu< 

E=  M  +  e  sin  if  +  V  sin  2M+  &c.  5  I 

Let  us  now  denote  the  approximate  value  of  E  computed  from  this 
equation  by  E0,  then  will 

E0+aE0  =  E, 

in  which  a2?0  is  the  correction  to  be  applied  to  the  assumed  value  of  E. 
Substituting  this  in  equation  (39),  we  get 

M—E0+  a JE0  —  e  sin  E0  —  e  cos  E0&E0 ; 

and,  denoting  by  3I0  the  value  of  M  corresponding  to  Ew  we  shall 

also  have 

M0  =  E0  —  esm  Ev 

Subtracting  this  equation  from  the  preceding  one,  we  obtain 

M—Mn 


1  —  e  cos  E. 


=  a£L. 


It  remains,  therefore,  only  to  add  the  value  of  aE0  found  from  this 
formula  to  the  first  assumed  value  of  E,  or  to  E0,  and  then,  using 
this  for  a  new  value  of  E0,  to  proceed  in  precisely  the  same  manner 
for  a  second  approximation,  and  so  on,  until  the  correct  value  of  E  is 
obtained.  When  the  values  of  E  for  a  succession  of  dates,  at  equal 
intervals,  are  to  be  computed,  the  assumed  values  of  E0  may  be  ob- 
tained so  closely  by  interpolation  that  the  first  approximation,  in  the 
manner  just  explained,  will  give  the  correct  value;  and  in  nearly 
even'  case  two  or  three  approximations  in  this  manner  will  suffice. 

Having  thus  obtained  the  value  of  E  corresponding  to  Ji"  for  any 
instant  of  time,  we  may  readily  deduce  from  it,  by  the  formula?1 
already  investigated,  the  corresponding  values  of  r  and  v. 

In  the  case  of  an  ellipse  of  very  great  eccentricity,  corresponding 
to  the  orbits  of  many  of  the  comets,  the  most  convenient  method  of 
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computing  r  and  v,  for  any  instant,  is  somewhat  different.  The 
manner  of  proceeding  in  the  computation  in  such  cases  we  shall  con- 
sider hereafter;  and  we  will  now  proceed  to  investigate  the  formuhe 
tor  determining  r  and  v,  when  the  orbit  is  a  parabola,  the  formulae 
for  elliptic  motion  not  being  applicable,  since,  in  the  parabola,  a  =  oo  , 
and  e==  1. 

22.  Observation  shows  that  the  masses  of  the  comets  are  insensible 
in  comparison  with  that  of  the  sun;  and,  consequently,  in  this  case, 
m  =  0  and  equation  (52),  putting  for  p  its  value  2q,  becomes 

kVTq  dt  =  r2dv, 
or 


&l/2g  dt  =  — fr-  idv, 
*  cos4  \v  * 


which  may  be  written 
kdt 


V'2c* 


%  (1  -f-  tan"  ^v)  sec2  Ivdv  =  (1  -j-  tan2  ±v)  d  tan  lv. 


Integrating  this  expression  between  the  limits  T  and  t,  we  obtain 

k(t—T) 


V~2f 


—  tan  ±v  +  ]  tan3  -Iv,  (55) 


which  is  the  expression  for  the  relation  between  the  true  anomaly 
and  the  time  from  the  perihelion,  in  a  parabolic  orbit. 

I^et  us  now  represent  by  r0  the  time  of  describing  the  arc  of  a 
parabola  corresponding  to  v  —  90° ;  then  we  shall  have 

1/2  ai      3' 


or 


U  __4g* 

l/2_'    ^o  ' 

Now,  -y-  is  constant,  and  its  logarithm  is  8.5621876983;  and  if  we 

take  q  =  l,  which  is  equivalent  to  supposing  the  comet  to  move  in 
a  parabola  whose  perihelion  distance  is  equal  to  the  semi-transverse 
axis  of  the  earth's  orbit,  we  find 

log t0 *"  =  203987229,  or  t0  =  109.61558  days ; 
that  is,  a  comet   moving  in  a  parabola  whose   perihelion   distance 
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is  equal  to  the  mean  distance  of  the  earth  from  the  sun,  requires 
109.61558  days  to  describe  an  arc  corresponding  to  v  =  90°. 

Equation  (55)  contains  only  such  quantities  as  are  comparable  with 
cadi  other,  and  by  it  t  —  T,  the  time  from  the  perihelion,  may  be 
ivadily  found  when  the  remaining  terms  are  known;  but,  in  order 
to  find  v  from  this  formula,  it  will  be  necessary  to  solve  the  equation 
of  the  third  degree,  tan  \v  being  the  unknown  quantity.  If  we  put 
a:  =  tan  Jr,  this  equation  becomes 

a*  +  3x  —  a  =  0, 

in  which  a  is  the  known  quantity,  and  is  negative  before,  and  positive 
after,  the  perihelion  passage.  According  to  the  general  principle  in 
the  theory  of  equations  that  in  every  equation,  whether  complete  or 
incomplete,  the  number  of  positive  roots  cannot  exceed  the  number 
of  variations  of  sign,  and  that  the  number  of  negative  roots  cannot 
exceed  the  number  of  variations  of  sign,  when  the  signs  of  the  terms 
containing  the  odd  powers  of  the  unknown  quantity  are  changed,  it 
follows  that  when  a  is  positive,  there  is  one  positive  root  and  no 
negative  root.  When  a  is  negative,  there  is  one  negative  root  and 
no  positive  root;  and  hence  we  conclude  that  equation  (55)  can  have 
but  one  real  root. 

We  may  dispense  with  the  direct  solution  of  this  equation  by 
forming  a  table  of  the  values  of  v  corresponding  to  those  of  t  —  T 
in  a  parabola  whose  perihelion  distance  is  equal  to  the  mean  distance 
of  the  earth  from  the  sun.  This  table  will  give  the  time  correspond- 
ing to  the  anomaly  v  in  any  parabola,  whose  perihelion  distance  is 

3 

<7,  by  multiplying  by  q1,  the  time  which  corresponds  to  the  same 
anomaly  in  the  table.     We  shall  have  the  anomaly  v  corresponding 

3 

to  the  time  t  —  T  by  dividing  t  —  T  by  q1,  and  seeking  in  the  table 
the  anomaly  corresponding  to  the  time  resulting  from  this  division. 

A  more  convenient  method,  however,  of  finding  the  true  anomaly 
from  the  time,  and  the  reverse,  is  to  use  a  table  of  the  form  gene- 
rally known  as  Barker's  Table.  The  following  will  explain  its  con- 
struction : — 

Multiplying  equation  (55)  by  75,  we  obtain 

(t—T)  =  75  tan \v  +  25  tan» {v. 


Let  us  now  put 


M  =  75  tan  $y  +  25  tan*  |v, 
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75k 
and  (?„  =  • — =r,  which  is  a  constant  quantity;  then  will 

V   ^ 

Q(t—T)  =  M. 

The  value  of  C0  is 

log  C0  =  9.9601277069. 
Again,  let  us  take 

which  is  called  the  mean  daily  motion  in  the  parabola;  then  will 

M  =  m  (t  —  T)  =  75  tan  ^v  +  25  tan»£*. 

If  we  now  compute  the  values  of  M  corresponding  to  successive 
values  of  v  from  v  =  0°  to  v  ==  180°,  and  arrange  them  in  a  table 
with  the  argument  v,  we  may  derive  at  once,  from  this  table,  for  the 
time  (t  —  T)  either  M  when  v  is  known,  or  v  when  M—m  (t  —  T) 
is  known.  It  may  also  be  observed  that  when  t  —  T  is  negative,  the 
value  of  v  is  considered  as  being  negative,  and  hence  it  is  not  neces- 
sary to  pay  any  further  attention  to  the  algebraic  sign  of  t  —  T  than 
to  give  the  same  sign  to  the  value  of  v  obtained  from  the  table. 

Table  VI.  gives  the  values  of  M  for  values  of  v  from  0°  to  180°, 
with  diiferences  for  interpolation,  the  application  of  which  will  be 
easily  understood. 

23.  When  v  approaches  near  to  180°,  this  table  will  be  extremely 
inconvenient,  since,  in  this  case,  the  differences  between  the  values  of 
M  for  a  difference  of  one  minute  in  the  value  of  v  increase  very 
rapidly ;  and  it  will  be  very  troublesome  to  obtain  the  value  of  v 
from  the  table  with  the  requisite  degree  of  accuracy.  To  obviate 
the  necessity  of  extending  this  table,  we  proceed  in  the  following 
manner: — 

Equation  (55)  may  be  written 

k(t/~P  =  I  tanMv  (1  +  3  cot*  £•)  ; 

and,  multiplying  and  dividing  the  second  member  by  (1  -f  cot2  Jw)*, 
we  shall  have 

*«-r>  _  i  tan« \v (1  +  cotMt,)'  ?^8cot>> 
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2 
But  1  +  cot* it?  =  — —  ami  coMequently 

Bin  V  tan  \r  • 

k  it  —  T)  _       8      t  1  +  3  cot'  Av 
1/  2  9^      ~  3  sm* v  *  U  +  cot^r)8' 

Now,  when  v  approaches  near  to  180°,  cot^v  will  be  very  small,  and 

the  second  factor  of  the  second  member  of  this  equation  will  nearly 

=  1.     Let  us  therefore  denote  by  w  the  value  of  v  on  the  supposition 

that   this  factor  is  equal  to  unity,  which  will   be  strictly  true  when 

v  =  180°,  and  we  shall  have,  for  the  correct  value  of  v,  the  following 

equation: 

v  =  w  +  A0, 

a0  being  a  very  small  quantity.     We  shall  therefore  have 

g 

-i-  =  3  tan  |  O  +  a0)  +  tan3  £  (w  +  a0), 


sin0  w 
and,  putting  tan  \w  =  0,  and  tan  \ \  =*=  x,  we  get,  from  this  equation, 

(1  +  py  _     0  +  x        (0  +  a)8 

o3  l  —  ex  -1"  (1  —  0x)v 

Multiplying  this  through  by  ds  (1  —  0x)A,  expanding  and  reducing, 
there  results  the  following  equation: 

1  +  30'  =  30  (1  +4^+2^  +  ^)2;-  302  (1  +  40*  +  20*  +  0»)  a3 
+  0s  (2  +  602  +  30*  +  0s)  x*. 

Dividing  through  by  the  coefficient  of  x,  we  obtain 

1  +  30*  _/  2       02  (2  +  602  +  30*  +  0»)  z8 


30  (1  +  40*  +  20*  +  0s)  r     3  (1  +  402  +  20*  4-  0*) 

Let  us  now  put 

1-4-302 


30  (1  +  40*  +  20*  +  0s) 


then,  substituting  this  in  the  preceding  equation,  inverting  the  series 
and  reducing,  we  obtain  finally 

x-v  |  eis  ,  08(4  +  180»  +  90*  +  50«) 

*-y  +  *y+  3 (1  +  4<?I  +  2tf4  +  ^  jr  +  tfe. 

But  tan  $a0  =  #,  therefore 

A0  =  2s  —  |a»  + 
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Substituting  in  this  the  value  of  x  above  found,  and  reducing,  we 
obtain 

o     .   on  ,  i  -2  +  320*+160a+lO08  .   .    . 
AB  =  2y  +  2gy»+     3  (1  +  4*  +  2*  +  *J     f  +  &C" 

For  all  the  cases  in  which  this  equation  is  to  be  applied,  the  third 
term  of  the  second  member  will  be  insensible,  and  we  shall  have,  to 
a  sufficient  degree  of  approximation, 

A0  =  2y+2<y. 

Table  VII.  gives  the  values  of  a0,  expressed  in  seconds  of  arc, 
corresponding  to  consecutive  values  of  w  from  w  =  155°  to  w  =  18^° 
In  the  application  of  this  table,  we  have  only  to  compute  the  vaiue 
of  M  precisely  as  for  the  case  in  which  Table  VI.  is  to  be  used, 

namelv, 

M=m(t  —  T); 

then  will  \o  be  given  by  the  formula 


\ 

sinw  = 

3  200 

since 

we 

have 

already 

found 

k(t—T) 

8 

V2q\ 

3  sin3 

> 

or 

sin 

in — \.i 

l/2~ 

3  /200 

'  V  3  (t  - 

-T)k 

Having  computed  the  value  of  w  from  this  equation,  Table  VII. 
will  furnish  the  corresponding  value  of  a0;  and  then  we  shall  have, 
for  the  correct  value  of  the  true  anomaly, 

v  =  w  +  a0, 

which  will  be  precisely  the  same  as  that  obtained  directly  from  Table 
VI.,  when  the  second  and  higher  orders  of  differences  are  taken  into 
account. 

If  v  is  given  and  the  time' t  —  T  is  required,  the  table  will  give, 
by  inspection,  an  approximate  value  of  a,  using  v  as  argument,  and 
then  w  is  given  by 

w  =  v  —  A0. 
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The  exact  value  of  a0  is  then  found  from  the  table,  and  hence  we 
derive  that  of  w;  and  finally  t  —  T  from 

t      T-200      «* 

24.  The  problem  of  finding  the  time  t  —  T  when  the  true  anomaly 
is  given,  may  also  be  solved  conveniently,  and  especially  so  when  v  is 
-mall,  by  the  following  process: — 

Equation  (55)  is  easily  transformed  into 

from  which  we  obtain,  since  q  =  r  cos2£v, 

/sinjv\_     /sin^\s 
\V2t        \V2! 


Sk(t—T)_0(sin^v' 
2r* 


Let  us  now  put 

and  we  have 


3k  (t  —  T) 


2  r* 
Consequently, 


siniv 
sin  x  =  — 7==, 
l/2 


3  sin  a;  —  4  sin8  a;  =  sin  Sx. 


2        n 

t  —  T=  -57-  r"  sin  Sx, 

OK 


which  admits  of  an  accurate  and  convenient  numerical  solution.  To 
facilitate  the  calculation  we  put 

,,      sin  Sx 

N=—. , 

sin  v 

the  values  of  which  may  be  tabulated  with  the  argument  v.  When 
v  =  0,  we  shall  have  N=  f  K  2,  and  when  v  =  90,  wc  have  N  1 ; 
from  which  it  appears  that  the  value  of  N changes  slowly  for  values 
of  v  from  0°  to  90°.  But  when  v  —  180°,  we  shall  have  A"=oc; 
and  hence,  when  v  exceeds  90°,  it  becomes  necessary  to 'introduce  au 
auxiliarv  different  from  N.     We  shall,  therefore,  put  in  this  case, 

N'  =  N  sin  v  =  sin  3a-; 
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from  which  it  appears  that  N'=  1  when  v  =  90°,  and  that  ^'  =  $1/2 
when  v  =  180°.     Therefore  we  have,  finally,  when  v  is  less  than  90°, 

t  —  T=  -kt  -ft^  sin  v, 

and,  when  v  is  greater  than  90°, 

1       A  ~  3k  ^  r  ' 

9 
in  which  log  —  =  1.5883272995,  from  which  t  —  T  is  easily  derived 

OrC 

when  v  is  known. 

Table  VIII.  gives  the  values  of  N,  with  differences  for  interpola- 
tion, for  values  of  v  from  v  =  0°  to  v  =  90°,  and  the  values  of  Nf 
for  those  of  v  from  v  =  90°  to  v  =  180°. 

25.  We  shall  now  consider  the  case  of  the  hyperbola,  which  differs 
from  the  ellipse  only  that  c  is  greater  than  1 ;  and,  consequently,  the 
formulae  for  elliptic  and  hyperbolic  motion  will  differ  from  each  other 
only  that  certain  quantities  which  are  positive  in  the  ellipse  are  nega- 
tive or  imaginary  in  the  hyperbola.  We  may,  however,  introduce 
auxiliary  quantities  which  will  serve  to  preserve  the  analogy  between 
the  two,  and  yet  to  mark  the  necessary  distinctions. 

For  this  purpose,  let  us  resume  the  equation 

p  cos  4- 

r  =  ■ 


2  cos  \  (v  -J-  4)  cos  \  (v  —  4)' 


When  v  =  0,  the  factors  cos£(r  +  -40  an(l  cos£(y  —  $)  in  the  de- 
nominator will  be  equal ;  and  since  the  limits  of  the  values  of  t  are 
180°—^  and  —(180°  —  $)t  it  follows  that  the  first  factor  will  vanish 
for  the  maximum  positive  value  of  v,  and  that  the  second  factor  will 
vanish  for  the  maximum  negative  value  of  v,  and,  therefore,  that,  in 
either  case,  r  =  oo. 

In  the  hyperbola,  the  semi-transverse  axis  is  negative,  and,  conse- 
quently, Ave  have,  in  this  case, 

p^aie1 — 1),  or  a  =p  cot1 4-. 

We  have,  also,  for  the  perihelion  distance, 

q  =  a(e  —  1). 


Let  us  now  put 

tan  1  IP tan  J  «■%  i  

e  +  r 


tan  %F=  tan  \v\  e—  -±,  (56) 
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which  i>  anul  jgous  to  the  formula  for  the  eccentric  anomaly  E  in  an 

ellipse:  and,  since  e=  —  ,  we  shall  have 
r    '         '  cos  4 

e—1       1  —  cos  +  , 

— r— ?  =  7—. =  tan2  -J4, 

e  +  1       l  +  cos4 

and,  consequently, 

tan  |.F=  tan  \v  tan  £*.  (57) 

We  shall  now  introduce  an  auxiliary  quantity  <r,  such  that 


fA-a   i   tw\       1  +  tan^F 
'  =  «"(*>  °  +  if>  =  l-tau|f 


whence  we  derive 
and  also 


tan  ^=^-5- 4,  (58) 


cos  ^  (v  —  4-) 
cos  -}  (v  +  4) 


(59) 


This  last  equation  shows  that  a  =  1  when  the  comet  is  in  its  perihe- 
lion; a  —  oo  when  v  =  180° — i^;  and  <r— 0  when  r  = —  (180°  —  $). 

2  tan  .'  F 

Since  tan  F= ttt,>  we  shall  have 

1  —  tan2  ZF 


w'i!£±!l-i/;-a 


tanF=     77=r?!  =*('"-')•  (60) 

U+i/ 

Squaring  this  equation,  adding  1  to  both  members,  and  reducing  we 
obtain 

-^^('-f1)-  (61) 

cos  F       *  \         <t  / 

Replacing  a  in  this  equation  by  its  value  from  equation  (59),  we  get 

1       _  cos2  %  (v  4-  4)  +  cos*  %(v  —  4) 
cos  .F  ~  '    2  cos  £  (v  -f-  4)  cos  £  (y  —  4) 
or 

1      _  1  -f  cos  v  cos  4  (e  -f-  cos  t>)  cos  4 

cos  F       2  cos  £  (v  +  4)  cos  A  (i>  —  4)       2  cos  £  (y  +  4)  cos  A  (v  —  4) 

which  reduces  to 

1      _  r(e  +  cosi;)  ^ 

cos  F  p 
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If  we  add  =p  1  to  both  members  of  this  equation,  we  shall  hav*> 

1  =£  cos  F r(e  =p  1)  (1  q^  cos  v) 

cosF  p 

Taking  first  the  upper  sign,  and  then  the  lower  sign,  and  reducing, 

we  get 

,-  .  Va(e  +  \)   .      _ 

Vr  sm  -\v  = sin  ±F, 

VcosF 

Vr  cos  it>  =  T/a}^Z_1)  cos  ifc  (63) 

VcosF 

These  equations  for  finding  r  and  v,  it  will  be  observed,  are  analogous 
to  those  previously  investigated  for  an  elliptic  orbit.  These  equations 
give,  by  division, 


*e  —  1 


tan  -}-.v  =  \ — -^  tan  iF. 

'e  —  1 

which  is  identical  with  the  equation  (56),  and  may  be  employed  to 
verify  the  computation  of  r  and  v. 

Multiplying  the  last  of  equations  (63)  by  the  first,  putting  for 
t1  —  1  its  value  tan2  ^,  and  reducing,  we  obtain 

r  sin  v  =  a  tan  4-  tan  F~±a  tan  4- 1  <j  —  -  I .  (64) 

Further,  we  have 

p  cos  v  ar  (e  4-  cos  v) 

r  cos  v  =  =-^ =  ae , 

1  -f-  e  cos  v  p 

which,  combined  with  equation. (62),  gives 

w  =  a\e fT|  =  Aa(2(?  —  a  —  -  )•  (65) 

\         cos F  /       2    \  a] 


r  cos 


If  we  square  these  values  of  r  sin  v  and  r  cos  v,  add  the  results  to- 
gether, reduce,  and  extract  the  square  root,  we  find 

'•="(^-1H',K*  +  ;)-2)-         (66) 

We  might  also  introduce  the  auxiliary  quantity  a  into  the  equations 
(63);  but  such  a  transformation  is  hardly  necessary,  and,  if  at  all 
desirable,  it  can  be  easily  effected  by  means  of  the  formula;  which  we 
have  already  derived. 
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26.  Let  us  now  resume  the  equation 

ff__cos  jO  —  4) 
~~  cos  A  (v  +  4)" 

Differentiating  this,  regarding  ^  as  constant,  we  have 

.  sin  4 

2  cos2  £  (v  +  4) 

and,  dividing  this  equation  by  the  preceding  one,  we  get 

da  sin  4 


<r  "    2  cos  A  (v  +  4)  cos  ^  (v  —  4) 
But 

jo  cos  4 


dfv. 


r 


2  cos  A  0  ■+-  4)  cos  £  (v  —  4-)' 
consequently, 

da        r  tan  4    , 

—  = dv, 

a  p 

which  gives 

pr 

r*dv  —  — 7- da. 

a  tan  4 

Substituting  this  value  of  r^dv  in  equation  (22),  and  putting  instead 
of  2/  its  value  kVp,  from  equation  (30),  the  mass  being  considered  as 
insensible  in  comparison  with  that  of  the  sun,  we  get 

kVp  dt  =     Pr      da. 
a  tan  4 

Then,  substituting  for  r  its  value  from  equation  (66),  and  for  p  its 
value  a  tan2 $,  we  have 

JcVpdt  =  a?  t&n*Ue  (l  -fi)  ""dis- 
integrating this  between  the  limits  T  and  t,  we  obtain 

kVp(t  —  T)  ==  a*  tan  4  (  £e  U  —  1)  —  log.*),  (67) 

in  which  loge<r  is  the  Naperian  or  hyperbolic  logarithm  of  a.  Since 
Vp  =  va  tan  i^,  if  we  put 


3' 
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in  which  v  is  the  mean  daily  motion;  and  if  we  also  put 

in  which  N0  corresponds  to  the  mean  anomaly  M  in  an  ellipse,  we 
shall  have,  from  equation  (67), 

N0=le^-\^-\o^a.  (68) 

If  we  multiply  both  members  of  this  equation  by  X  =  0.434294482, 
the  modulus  of  the  common  system  of  logarithms,  and  put 

we  shall  have 

N=leX^<T  —  -\  —  \og<T, 

wherein  log /I  =  9.6377843113,  and  \ogXk  =  7.8733657527. 

Let  us  now  introduce  jPinto  this  formula;  and  for  this  purpose  we 
have 

tanJF=a(<r-l), 

and  also 

log  a  =  log  tan  (45°  +  hF). 

Therefore  we  obtain 

N=  e).  tan  F—  log  tan  (45°  +  \F).  (69) 

This  equation  will  give,  directly,  the  time  t  —  T  from  the  perihelion, 
when  a,  e,  and  F  are  known ;  but,  since  it  is  transcendental,  in  the 
solution  of  the  inverse  problem,  that  of  finding  the  true  anomaly 
and  radius-vector  from  the  time,  the  value  of  F  can  only  be  found  by 
successive  approximations. 

If  we  differentiate  the  last  equation,  regarding  iVand  F  as  vari- 
able, we  get 

dN  =  -?—  (e  —  cosF)  dF. 

Hence,  if  we  denote  an  approximate  value  of  F  by  F„  and  the  cor- 
responding value  of  N  by  N„  the  correction  &F,  to  the  assumed  value 
of  F  may  be  computed  by  the  formula 

AF_ar-N,)<*#F, 

'     '    Me  — cos F.)  ' 
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This  correction  being  applied  to  F„  a  nearer  approximation  to  the 
true  value  of  F  will  be  obtained;  and  by  repeating  the  operation 
there  reaalto  a  still  closer  approximation.  This  process  may  be  con- 
tinued until  the  exact  value  of  JF is  found,  and,  when  several  bug* 

;ve  places  are  required,  the  first  assumed  value  may  be  estimated, 
in  advance,  so  closely  that  a  very  few  trials  will  suffice.  In  practice, 
however,  cases  will  rarely  occur  in  which  this  formula  will  be  applied, 
Bince  the  probability  of  hyperbolic  motion  is  small,  and,  whenever 
any  positive  indication  of  an  eccentricity  greater  than  1  has  been 
found  to  exist,  it  has  only  been  after  a  very  accurate  series  of  observa- 
tions has  been  introduced  as  the  basis  of  the  calculation.  For  a 
majority  of  the  cases  which  do  really  occur,  the  most  accurate  and 
convenient  method  of  finding  r  and  v  will  be  explained  hereafter. 

27.  If  we  consider  the  equation 

M=E  —  esini?, 

we  shall  see  that,  when  logarithms  of  six  or  seven  decimals  are  used, 
the  error  which  may  exist  in  the  determination  of  E  when  M  and  e 
are  given,  will  increase  as  e  increases,  but  in  a  much  greater  ratio; 
and,  when  the  eccentricity  becomes  nearly  equal  to  that  of  the  para- 
bola, the  error  may  be  very  great.  In  the  case  of  hyperbolic  motion, 
also,  the  numerical  solution  of  equation  (69),  when  c  —  1  is  very 
small,  and  with  the  ordinary  logarithmic  tables,  becomes  very  un- 
certain. This  can  only  be  remedied,  when  equations  (39)  and  (69) 
are  employed,  by  using  more  extended  logarithmic  tables;  and  when 
the  orbit  differs  only  in  an  extremely  slight  degree  from  a  parabola, 
even  with  the  most  extended  logarithmic  tables  which  have  been 
constructed,  the  error  may  be  very  large.  For  this  reason  we  have 
recourse  to  other  methods,  which  will  give  the  required  accuracy 
without  introducing  inconveniences  which  are  proportionally  great. 

We  shall,  therefore,  now  proceed  to  develop  the  formula?  for  find- 
ing the  true  anomaly  in  ellipses  and  hyperbolas  which  differ  but 
little  from  the  parabola,  such  that  they  will  furnish  the  required 
accuracy,  when  the  exact  solution  of  equations  (39)  or  (69)  with  the 
logarithmic  tables  in  common  use  is  impossible. 

For  this  purpose,  let  us  resume  equation  (22),  which,  by  substi- 
tuting for  2/  its  value  kV p,  the  mass  of  the  comet  being  neglected 
in  comparison  with  that  of  the  sun,  becomes 

k  \/p  dt  =  r'dv, 
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or 

k  i/  p  dt  =  p1 77- 1 » 

y  r  r  (1  +  «  cos  V 

Let  us  now  put  u  =  tan  \v,  and  we  shall  have 

1—  v?     ,  2du 


COS  V 


tu*;dV~l+ui' 


Substituting  these  values  in  the  preceding   equation,  and  putting 
1  —  e       . 

.     -  2p»    (1  +  M*)<fa 

*  y  ^  eft  =  .      , 

or,  since  p  =  q  (1  +  e), 


kj/lj-_edt  _  (1  +  m«)  du 

Let  us  now  develop  the  second  member  into  a  series.     This  may  be 
written  thus: 

and  developing  the  last  factor  into  a  series,  we  obtain 

(1  +  iu7)'2  =  1  —  2tV  +  3i'V  —  4iV  +  &c. 
Consequently, 

(1  +  O  (1  +  «**)"*  =  1  +  «*  —  2i(«2  +  **)  +  3t*(u*  +  w8) 
—  4is  (w8  -f  w8)  +  . . . . 

Multiplying  this  equation  through  by  du,  and  integrating  between 
the  limits  I7  and  t,  the  result  is 


—  4*»  (}w7  -f  \u»)  +  &c.  (70) 

In  the  case  of  the  parabola,  e  =  1  and  i  =  0,  and  this  equation  becomes 
identical  with  (55). 
Let  us  now  put 

Kt-n  ,/r+-.  (71) 
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and  also  • 

C7=tan-JF; 

then  the  angle  V  will  not  be  the  true  anomaly  in  the  parabola,  but 
:m  angle  derived  from  the  solution  of  a  cubic  equation  of  the  Mine 
form  as  that  for  finding  the  parabolic  anomaly;  and  its  value  may 
be  found  by  means  of  Table  VI.,  if  we  use  for  M  the  value  com- 
puted from  


M- 


75lc(t  —  T)       ,'1-fe 


•V1 


1/29 

Let  U  be  expanded  into  a  series  of  the  form 
U=  U  -f  at  -f  /W*  +  y?  +  . . . 


which  is  evidently  admissible,  a,  /9,  y, being  functions  of  u  and 

independent  of  i.  It  remains  now  to  determine  the  values  of  the 
coefficients  a,  /9,  7-,  &c,  and,  in  doing  so,  it  will  only  be  necessary  to 
consider  terms  of  the  third  order,  or  those  involving  P,  since,  for 
nearly  all  of  those  cases  in  which  the  eccentricity  is  such  that  terms 
of  the  order  i*  will  sensibly  affect  the  result,  the  general  formula) 
already  derived,  with  the  ordinary  means  of  solution,  will  give  the 
required  accuracy.     We  shall,  therefore,  have 

U  +  -J  U>  =  U  +  ai  +  /W  +  ri»  +  \  (u  +  ai  +  /9t*  +  r?7> 

or,  again  neglecting  terms  of  the  order  i*, 

U+  I  U*  =  U  +  {U*  +  i(l  +  u2)  a  +  #(ua2  +  (1  +  1*")0) 
+  tf(Ja'+2tta/?+(l+t*«)r). 

But  we  have  already  found,  (70), 


+  8*  O5  +  >')  -  4i»  <>'  +  **). 

Since  the  first  members  of  these  equations  are  identical,  it  follows,  by 
the  principle  of  indeterminate  coefficients,  that  the  coefficients  of  the 
like  powers  of  i  are  equal,  and  we  shall,  therefore,  have 

(l+W')a  =  -2(iWs  +  iO, 

«a«  +  (1  +  «»)  fl  =  +  3(Ju8  -f  jr»), 

>s  -f  2ua/5  +  (1  +  «»)  r  =  —  4  (Aw7  +  faf) 

From  the  first  of  these  equations  we  find 
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a  1  +  u*      ' 

The  second  equation  gives 

/9~ T+*       ' 

or,  substituting  for  a  its  value  just  found,  and  reducing, 

_  3  (fo'  +  flK  +  flfr*  +  £W 

P"  d+O3 

We  have  also 

_  —  4  (4uT  +  $«»)  —  {a3  —  2a£tt 

and  hence,  substituting  the  values  of  a  and  ft  already  found,  and 
reducing,  we  obtain  finally 

_  -4QX  +  agjf  ti*  +  |JH^»  +  lf?^13+  ?I4K6  +  Tf  Mw) 

r  (1  +  u%? 

Again,  we  have 

tan     U=  tan-  (u  -\-  ai  -\-  fti2  -\-  ??). 

Developing  this,  and  neglecting  terms  of  the  order  i*,  we  get 
tan"1  U=  tan~  \  +  ^—,  (ai  +  pi*  +  r?)  —  (1  +  u*y  (**  +  Wf) 

Now,  since  u  =  tan^y  and  £7=  tan  £F,  we  shall  have 

or 

F_g  |       2a  /     2/»  2.»u     \ 

K_V  +  l  +  i/  +  \l+W'      (1 +««)■/ 

Substituting  in  this  equation  the  values  of  a,  /?,  and  y  already  found, 
and  reducing,  we  obtain  finally 

F_P     K  +  i*.  .  Htf  +  lfSti'  +  vfttf  +  Mti" 

(1  +  «»)'    "^  ~  (l+O4 
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This  equation  can  be  used  whenever  the  true  anomaly  in  the 
ellipse  or  hyperbola  is  given,  and  the  time  from  the  perihelion  is  to 
be  determined.  Saving  found  the  value  of  V,  we  enter  Table  VI. 
with  the  argument  1'and  take  out  the  corresponding  value  of  Mj 
and  then  we  derive  t  —  Tfrom 

in  which  log  Q  =  9.96012771. 

For  the  converse  of  this,  in  whioh  the  time  from  the  perihelion  is 
given  and  the  true  anomaly  is  required,  it  is  necessary  to  express  the 
difference  v — Fin  a  series  of  ascending  powers  of  /,  in  which  the 
coefficients  are  functions  of  U.     Let  .us,  therefore,  put 

u  =  U-h  o!l  +  ■>'?  +  rV  -f  Ac 

Substituting  this  value  of  u  in  equation  (70),  and  neglecting  terms 
multiplied  by  i*  and  higher  powers  of  i,  we  get 

k(t—T)Vl  +  e=  u+iU3+(ar(1  +  Ui-)_2Us_2U5)i 
+  (/9'(1  +  U')  +  Ua"  —  2  IPa'  (1  +  U2)  +  !  Us  +  ?  #7)  * 

+  (r'(l  +  ^)  +  >'3+2Lra'/5'+3f7V(l  +  C72)  — 2^C72(1  +  ^') 
_  4  rjv»  —  2  LV2  —  4  *77  —  $  C7»)  t3. 

But,  since  the  first  member  of  this  equation  is  equal  to  U-\-  ^U3,  we 
shall  have,  by  the  principle  of  indeterminate  coefficients, 

B'(l+7>)_!CT._|r>==o> 

P(l  +  U2)+  Ua'2  —  2DVC1+  f/2)  +  |C7s  +  !^T-=0, 

r'(l+  &T2)  +  >'3+2Ua7/  +  3*7V(l  +  [72)_2/5'£72(l  +  C72) 

_  4  f7»a'«  _  2  Ua'2  —  ^  17*  —  |  *7»  =  0. 

From  these  equations,  we  find 
1  +  U>    ' 

r  "  (l  +  v 

If  we  interchange  r  and  Fin  equation  (72),  it  becomes,  writing  a', 
,3',  r'  for  a,  /?,  r, 
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2a'  /      2?  2a"£7      i, 

*~"i"l+^!,U  +  C7«      (1  +  [77V  * 
-  /     2/  4.^17         2(l7'-j)      \ 

^Xl  +  U*      (1  +  C/*)2      (1  +  ^8       / 

Substituting  in  this  equation  the  above  values  of  a',  /?',  and  f',  and 
reducing,  we  obtain,  finally, 

V_K+   (1  +  17«)»  *  +  "  (1  +  t/2)* 

by  means  of  which  v  may  be  determined,  the  angle  V  being  taken 
from  Table  VI.,  so  as  to  correspond  with  the  value  of  31  derived 
from 

q?  * 

Equations  (73)  and  (74)  are  applicable,  without  any  modification, 
to  the  case  of  a  hyperbolic  orbit  which  differs  but  little  from  the 
parabola.  In  this  case,  however,  e  is  greater  than  unity,  and,  conse- 
quently, i  is  negative. 

28.  In  order  to  render  these  formulae  convenient  in  practice,  tables 
may  be  constructed  in  the  following  manner: — 
Let  x  =  v  or  V,  and  tan  \x  =  0,  and  let  us  put 


100(1  +  0»)»" 

2  2^i     5  9  8/17  _l       8  6/19  _l_     1  8  f)U 

10000  (1  +  P)1 

fi/V5_i_   4  6  6/y7  _|_      8v!   /#     I        3  8  /111 

10000(1  +  (?)* 

S84(/7     I      9  7  5  Zff»    I      ijaa  8011     I      1 6  4  8013     117  6  8/515     I        1  8  4   01T 

1000000(14-^)* 

8  07  _j_   I  2  8  8/19     I      2  6  3  8  4/111     I      4  6  4/113     I      5  1  2'8/?15     I        9  04/117 

1000000  (1  +  0*)8 

wherein  8  expresses   the   number  of  seconds  corresponding  to  the 
length  of  arc  equal  to  the  radius  of  a  circle,  or  log  3  =  5.31442513. 
We  shall,  therefore,  have: — 
When  x  =  V, 

v  =  V+  A  (1000  +  -B  (10017+  C(100i)s; 
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and,  when  x  =  vf 

V=v-A (lOOi)  +  B (lOOi)1  -  C (lOOt/. 

Table  IX.  gives  the  values  of  A,  B,  B'}  C,  and  C  for  consecu- 
tive values  of  x  from  x  =  0°  to  x  =  149°,  with  differences  for  inter- 
polation. 

When  the  value  of  v  has  been  found,  that  of  r  may  be  derived 
from  the  formula 

r=    gd  +  «)   , 

1    +   6  COS  V 

Similar  expressions  arranged  in  reference  to  the  ascending  powers 
of  (1  —  c)  or  of  {  I  I  —  1  J  may  be  derived,  but  they  do  not  con- 
verge with  sufficient  rapidity ;  for,  although  (  I I  —  1  I  is  less 

than  i,  yet  the  coefficients  are,  in  each  case,  so  much  greater  than 
those  of  the  corresponding  powers  of  i,  that  three  terms  will  not 
afford  the  same  degree  of  accuracy  as  the  same  number  of  terms  in 
the  expressions  involving  i. 

29.  Equations  (73)  and  (74)  will  serve  to  determine  v  or  t  —  T  in 
nearly  all  cases  in  which,  with  the  ordinary  logarithmic  tables,  the 
general  methods  fail.  However,  when  the  orbit  differs  considerably 
from  a  parabola,  and  when  v  is  of  considerable  magnitude,  the  results 
obtained  by  means  of  these  equations  will  not  be  sufficiently  exact, 
and  we  must  employ  other  methods  of  approximation  in  the  case  that 
the  accurate  numerical  solution  of  the  general  formulae  is  still  impos- 
sible. It  may  be  observed  that  when  E  or  F  exceeds  50°  or  60°,  the 
equations  (39)  and  (69)  will  furnish  accurate  results,  even  when  e 
differs  but  little  from  unity.  Still,  a  case  may  occur  in  which  the 
perihelion  distance  is  very  small  and  in  which  v  may  be  very  great 
before  the  disappearance  of  the  comet,  such  that  neither  the  general 
method,  nor  the  special  method  already  given,  will  enable  us  to  de- 
termine v  or  t  —  T  with  accuracy;  and  we  shall,  therefore,  investigate 
another  method,  which  will,  in  all  cases,  be  sufficiently  exact  when 
the  general  formula?  are  inapplicable  directly.  For  this  purpose,  let 
us  resume  the  equation 

kit—  T)       „         .    „ 
— 3 — - — '-  =  E —  e  sin  E, 
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which,  since  q  =  a(l  —  e),  may  be  written 

k(t—  T)VT^~e       l/or.     .    r.    .    1     l  +  9e,r        '•  _ 
1 =  rd(9^  +  «nJ?)  +  i5.T:r7(£-«iii£). 

9 
If  we  put 

A-lb9E+sinE' 
we  shall  have 

hit  —  T)VT^~e        20l/2  J.l      l+9e     .! 


2? 
Let  us  now  put 


9£+  sin£  ^3   5(1—  e) 


9J57  +  sin  E 


2QVA 
and 

then  we  have 

Ht—T)    i/T\j  (1  +  9e)  .      ,    1+     31    .  „.-, 

3 P   =  tan  ^W  +  3  tan  *w'  (7°J 

l/2g*  * 

"When  _B  is  known,  the  value  of  w  may,  according  to  this  equation, 
be  derived  directly  from  Table  VI.  with  the  argument 


M- 


lblc(t—T)    T/'(l-f9e) 


l/2< 


i 


B 


and  then  from  «?  we  may  find  the  value  of  A.  It  remains,  therefore, 
to  find  the  value  of  B;  and  then  that  of  v  from  the  resulting  value 
of  A. 

Now,  we  have 

i    -„         2  tan  IK 
gm£=l  +  tan4^ 

and  if  we  put  tan2  \E  =  r,  we  get 

2r* 
sin  £  =  ^—  =  2ri  (1  —  t  +  t1  —  r*  +  &c). 

1    +T 

We  have,  also, 

E  =  2  tan"1  r*=  2r*  (1  —  |t  +  {*  -  If  +  Ac). 
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Therefore, 

15 (E  —  sin  E)  =  2r*  (10r  —  Y**  +  V7*  —  l'vQri  +  &c-), 
and 

9£  +  sin  E=  2r*(10  —  '32t  -f  yr1  —  V7*  +  V7*  —  &«•)• 
Hence,  by  division, 

1  K    ^  81D  ""    J   _-T 4-»  _|_  2  4TJ 15  92^     I       7  8  8-". 'i  -4 

9J5-4-  sinE —     "^         3    t*!1       282^+ H437.->- 
-2?I!lif!^  +  &c; 
and,  inverting  this  series,  we  get 

A 

_  —  1 4  A  _L      8      J»_I_      8     ijS_|_      1896      J«  _i_       28744       JS    i     *,0 

T   —  x  —  K-A  T~  T'TS-A    ^  325-A    +  TWSTS-A-   +  1^138123^   T  <xc-» 

A 
which  converges  rapidly,  and  from  which  the  value  of  —  may  be 

found. 


Let  us  now  put 

A       1 

r  ~~  C2' 

then  the  values  of  C  may  be  tabulated  with  the  argument  A;  and, 
besides,  it  is  evident  that  as  long  as  A  is  small  C2  will  not  differ 
much  from  1  +  \A. 

Next,  to  find  B,  we  have 

J2 —  rt/"|   2-1      46  ri 104-Si     J61002  T« XrP  \ 

and  hence 

^(9E+BmE)  _  —&c- 

~T2  — •D  —  l     *     Tf»T   — 2823r  T"  3  3?87V —  ac- I 

from  which  we  easily  find 

B  =  l  +  Tf  3^  +  ¥|^«  +  „Wt^4  +  &c. 
If  we  compare  equations  (44)  and  (56),  we  get 

tan  \E  =  V—X  tan  \F. 

Hence,  in  the  case  of  a  hyperbolic  orbit,  if  we  put  \ax?'\F=  rf,  we 
must  write  — r'  in  place  of  r  in  the  formula?  already  derived;  and, 
from  the  series  which  gives  A  in  terms  of  r,  it  appears  that  A  is  in 
this  case  negative.     Therefore,  if  we  distinguish  the  equations  for 
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hyperbolic  motion  from  those  for  elliptic  motion  by  writing  A',  B', 
and  C  in  place  of  A,  B,  and  C,  respectively,  we  shall  have 

1  A' 

1     J2_ 1     l    4J'±      8      A'l 8      J"_J_      1896      A'i 28744  J'Sl     i,p 

>,m — ^7" — J--f-  s-4  +  T;73-a  323-*1    ^"535873^  73J3Sl23-a    +  <VC'» 

R' II         3      J '2 2      J'3  _J_        47  1         4 '4 #,> 

Table  X.  contains  the  values  of  log  B  and  log  C  for  the  ellipse 
and  the  hyperbola,  with  the  argument  A,  from  A  =  0  to  -4  =  0.3. 
For  every  case  in  which  A  exceeds  0.3,  the  general  formulae  (39) 
and  (69)  may  be  conveniently  applied,  as  already  stated. 

The  equation 

VI  _i_  e 
1  —  e 
gives 

tan2  iv  =  \^~—  AC2, 

z  1  —  6 

or,  substituting  the  value  of  A  in  terms  of  10, 


tan^=Ctan>^^±^.  (76) 


f 9e 

The  last  of  equations  (43)  gives 


Hence  we  derive 


rcoB^t>  =  ycos'^=1+^n4JEr 


r      (I  +  AC2)  cos* $v 


The  equation  for  v  in  a  hyperbolic  orbit  is  of  precisely  the  same  form 
as  (76),  the  accents  being  omitted,  and  the  value  of  A  being  computed 
from 

i=^tan2>  (78) 

For  the  radius-vector  in  a  hyperbolic  orbit,  we  find,  by  means  of  the 
last  of  equations  (63), 

r  =  (1— AC*)  cob* $v  (79) 

When  t — T  is  given  and  r  and  v  are  required,  we  first  assume 
B  =  1,  and  enter  Table  VI.  with  the  argument 

Cj(t-r>  yy,(i+9«) 
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in  which  log  O0  =  9.96012771,  and  take  out  the  corresponding  value 
of  tr.     Then  we  derive  A  from  the  equation 

A  ~   1  +  9e  ten  *W' 

in  the  case  of  the  ellipse,  and  from  (78)  in  the  case  of  a  hyperbolic 
orbit.  With  the  resulting  value  of  A,  we  find  from  Table  X.  the 
corresponding  value  of  log  J5,  and  then,  using  this  in  the  expression 
for  31,  we  repeat  the  operation.  The  second  result  for  A  will  not 
require  any  further  correction,  since  the  error  of  the  first  assumption 
of  B  =  1  is  very  small ;  and,  with  this  as  argument,  Ave  derive  the 
value  of  log  C  from  the  table,  and  then  v  and  r  by  means  of  the 
equations  (76)  and  (77)  or  (79). 

When  the  true  anomaly  is  given,  and  the  time  t  —  T  is  required, 
we  first  compute  r  from 

1~~  e    4.         21 

T=r+7tan^ 

in  the  case  of  the  ellipse,  or  from 


e  —  1 

e+1 


r  =      t   .,  tan2  %v, 


in  the  case  of  the  hyperbola.  Then,  with  the  value  of  r  as  argu- 
ment, we  enter  the  second  part  of  Table  X.  and  take  out  an  approxi- 
mate value  of  A,  and,  with  this  as  argument,  we  find  logjB  and  log  C. 
The  equation 


A-Q2 


will  show  whether  the  approximate  value  of  A  used  in  finding 
log  C  is  sufficiently  exact,  and,  hence,  whether  the  latter  requires  any 
correction.     Next,  to  find  w,  we  have 


tan  {v       /   1  +  9e 

tan^  =  -C-'V-57T+7); 


and,  with  w  as  argument,  we  derive  M  from  Table  VI.     Finally,  we 
have 

t-T= JgJ1 ,  (80) 

^ol/TVa  +  9e) 

by  means  of  which  the  time  from  the  perihelion  may  be  accurately 
determined. 


POSITION    IN   SPACE.  81 

30.  We  have  thus  far  treated  of  the  motion  of  the  heavenly  bodies, 
relative  to  the  sun,  without  considering  the  positions  of  their  orbits 
in  space;  and  the  elements  which  we  have  employed  are  the  eccen- 
tricity and  semi-transverse  axis  of  the  orbit,  and  the  mean  anomaly 
at  a  given  epoch,  or,  what  is  equivalent,  the  time  of  passing  the, 
perihelion.  These  are  the  elements  which  determine  the  position  of 
the  body  in  its  orbit  at  any  given  time.  It  remains  now  to  fix  its 
position  in  space  in  reference  to  some  other  point  in  space  from  which 
we  conceive  it  to  be  seen.  To  accomplish  this,  the  position  of  its 
orbit  in  reference  to  a  known  plane  must  be  given;  and  the  elements 
which  determine  this  position  are  the  longitude  of  the  perihelion,  the 
longitude  of  the  ascending  node,  and  the  inclination  of  the  plane  of 
the  orbit  to  the  known  plane,  for  which  the  plane  of  the  ecliptic  is 
usually  taken.  These  three  elements  will  enable  us  to  determine  the 
co-ordinates  of  the  body  in  space,  when  its  position  in  its  orbit  has 
been  found  by  means  of  the  formulae  already  investigated. 

The  longitude  of  the  ascending  node,  or  longitude  of  the  point 
through  which  the  body  passes  from  the  south  to  the  north  side  of 
the  ecliptic,  which  we  will  denote  by  Q,  is  the  angular  distance  of 
this  point  from  the  vernal  equinox.  The  line  of  intersection  of  the 
plane  of  the  orbit  with  the  fundamental  plane  is  called  the  line  of 
nodes. 

The  angle  which  the  plane  of  the  orbit  makes  with  the  plane  of 
the  ecliptic,  which  we  will  denote  by  i,  is  called  the  inclination  of 
the  orbit.  It  will  readily  be  seen  that,  if  we  suppose  the  plane  of 
the  orbit  to  revolve  about  the  line  of  nodes,  when  the  angle  i  exceeds 
180°,  &  will  no  longer  be  the  longitude  of  the  ascending  node,  but 
will  become  the  longitude  of  the  descending  node,  or  of  the  point 
through  which  the  planet  passes  from  the  north  to  the  south  side  of 
the  ecliptic,  which  is  denoted  by  £5,  and  which  is  measured,  as  in  the 
case  of  &,  from  the  vernal  equinox. 

It  will  easily  be  understood  that,  when  seen  from  the  sun,  so  long 
as  the  inclination  of  the  orbit  is  less  than  90°,  the  motion  of  the 
body  will  be  in  the  same  direction  as  that  of  the  earth,  and  it  is  then 
said  to  be  direct.  When  the  inclination  is  90°,  the  motion  will  be  at 
right  angles  to  that  of  the  earth ;  and  when  i  exceeds  90°,  the  motion 
in  longitude  will  be  in  a  direction  opposite  to  that  of  the  earth,  and 
it  is  then  called  retrograde.  It  is  customary,  therefore,  to  extend  the 
inclination  of  the  orbit  only  to  90°,  and  if  this  angle  exceeds  a  right 
angle,  to  regard  its  supplement  as  the  inclination  of  the  orbit,  noting 
simply  the  distinction  that  the  motion  is  retrograde. 


89  THEORETICAL   ASTRONOMY. 

The  Inngitudc  of  the  perihelion)  which  is  denoted  by  ~,  fix< •  the 
position  of  the  orbit  in  its  own  plane,  and  is,  in  the  case  of  direct 
notion,  the  sum  of  the  longitude  of  the  ascending  node  and  the 
angular  distance,  measured  in  the  direction  of  the  motion,  of  the 

perihelion  from  this  node.  It  is,  therefore,  the  angular  distance  of 
the  perihelion  from  a  point  in  the  orbit  whose  angular  distance  book 
from  the  ascending  node  is  equal  to  the  longitude  of  this  node;  or 
it  may  be  measured  on  the  ecliptic  from  the  vernal  equinox  to  the 
ascending  node,  then  on  the  plane  of  the  orbit  from  the  node  to  the 
place  of  the  perihelion. 

In  the  case  of  retrograde  motion,  the  longitudes  of  the  .successive 
points  in  the  orbit,  in  the  direction  of  the  motion,  decrease,  and  the 
point  in  the  orbit  from  which  these  longitudes  in  the  orbit  arc 
measured  is  taken  at  an  angular  distance  from  the  ascending  node 
equal  to  the  longitude  of  that  node,  but  taken,  from  the  node,  in  the 
same  direction  as  the  motion.  Hence,  in  this  case,  the  longitude  of 
the  perihelion  is  equal  to  the  longitude  of  the  ascending  node  dimi- 
nished by  the  angular  distance  of  the  perihelion  from  this  node. 

It  may,  perhaps,  seem  desirable  that  the  distinctions,  direct  and 
retrograde  motion,  should  be  abandoned,  and  that  the  inclination  of 
the  orbit  should  be  measured  from  0°  to  180°,  since  in  this  case 
one  set  of  formulae  would  be  sufficient,  while  in  the  common  form 
two  sets  are  in  part  required.  However,  the  custom  of  astronomers 
seems  to  have  sanctioned  these  distinctions,  and  they  may  be  per- 
petuated or  not,  as  may  seem  advantageous. 

Further,  we  may  remark  that  in  the  case  of  direct  motion  the  sum 
of  the  true  anomaly  and  longitude  of  the  perihelion  is  called  the 
true  longitude  in  the  orbit;  and  that  the  sum  of  the  mean  anomaly 
and  longitude  of  the  perihelion  is  called  the  mean  longitude,  an  ex- 
pression which  can  occur  only  in  the  case  of  elliptic  orbits. 

In  the  case  of  retrograde  motion  the  longitude  in  the  orbit  is  equal 
to  the  longitude  of  the  perihelion  minus  the  true  anomaly. 

31.  We  will  now  proceed  to  derive  the  formula?  for  determining 
the  co-ordinates  of  a  heavenly  body  in  space,  when  its  position  in  its 
orbit  is  known. 

For  the  co-ordinates  of  the  position  of  the  body  at  the  time  t.  we 
have 

x  =  r  cos  v, 
y  =  r  sin  v, 
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the  line  of  apsides  being  taken  as  the  axis  of  x,  and  the  origin  being 
taken  at  the  centre  of  the  sun. 

If  we  take  the  line  of  nodes  as  the  axis  of  x,  we  shall  have 

x  =  r  cos  ( v  +  °0> 
y  =  r  sin  (v  +  <")> 

w  being  the  arc  of  the  orbit  intercepted  between  the  place  of  the 
perihelion  and  of  the  node,  or  the  angular  distance  of  the  perihelion 
from  the  node. 

Xow,  we  have  io  =  ~  —  ft  in  the  case  of  direct  motion,  and  to  = 
ft  —  -  in  the  case  of  retrograde  motion;  and  hence  the  last  equations 

become 

x  =  r  cos  (v  ±  7T  zp  ft) 

y  =  r  sin  (v  ±  -  zp  ftj 

the  upper  and  lower  signs  being  taken,  respectively,  according  as 
the  motion  is  direct  or  retrograde.  The  arc  «±^q=^=wis  called 
the  argument  of  the  latitude. 

Let  us  now  refer  the  position  of  the  body  to  three  co-ordinate 
planes,  the  origin  being  at  the  centre  of  the  sun,  the  ecliptic  being 
taken  as  the  plane  of  xy,  and  the  axis  of  x,  in  the  line  of  nodes. 

Then  we  shall  have 

x'  =  r  cos  u, 

y1  =  rb  r  sin  u  cos  i, 
z  =r  sin  u  sin  i. 

If  we  denote  the  heliocentric  latitude  and  longitude  of  the  body,  at 
the  time  t,  by  b  and  /,  respectively,  we  shall  have 

a/  =  r  cos b  cos  (/  —  Q), 

y'  =  r  cos  b  sin  (7  —  ft  ), 

/  =  r  sin  b, 
and,  consequently, 

cos  u  =  cos  b  cos  (I  —  Q), 

dt  sin  u  cos  i  =  cos  b  sin  (I  —  ft),  (81) 

sin  u  sin  i  =  sin  b. 

From  these  we  derive 

tan  {I  —  ft  )  =  db  tan  u  cos  i, 

tan  6  =±tanisin(/— ft),  (82) 

which  serve  to  determine  I  and  6,  when  ft,  u,  and  i  are  given.     Since 
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cos  b  is  always  positive,  it  follows  that  I  —  Q  a»d  u  must  lie  in  the 
same  quadrant  when  i  is  less  than  90° ;  but  if  i  is  greater  than  90°, 
or  the  motion  is  retrograde,  /  —  &  and  360°  —  u  will  belong  to  the 
same  quadrant.  Hence  the  ambiguity  which  the  determination  of 
/  —  Q  by  means  of  its  tangent  involves,  is  wholly  avoided. 

If  we  use  the  distinction  of  retrograde  motion,  and  consider  i 
always  less  than  90°,  I  —  Q  and  —  u  will  lie  in  the  same  quadrant. 

32.  By  multiplying  the  first  of  the  equations  (81)  by  sinw,  and 
the  second  by  cos  w,  and  combining  the  results,  considering  only  the 
upper  sign,  we  derive 

cos  b  sin  (u  —  I  +  & )  =  2  sin  u  cos  u  sin2  A  i, 
or 

cos  b  sin  (w  —  I  +  Q, )  =  sin  2m  sin2  |i. 

In  a  similar  manner,  we  find 

cos  6  cos  (u  —  I  -f-  & )  =  cos2m  -(-  sin2 u  cos  i, 

which  may  be  written 

cos  b  cos  (m  — 1-\-  £i)  =  %  (1  +  cos  2m)  -f-  2  (1  —  cos  2m)  cos  i, 
or 

cos  b  cos  (m  —  I  +  Q )  =  2  (1  +  cos i)  +  2  (1  —  cos i)  cos  2m; 

and  hence 

cos  6  cos  (u  —  I  -J-  &  )  =  cos2  At  +  sin2  ^t  cos  2m. 

If  we  divide  this  equation  by  the  value  of  cos  b  sin  (u  —  I  +  Q>) 
already  found,  we  shall  have 

/         t   ,    ~n  tan2  U  sin  2m  /oon 

tan(M  —  1+  £l)=—       \ g-,  (83) 

1  +  tan2  hi  cos  2m 

The  angle  u  —  I  +  Q  is  called  the  redaction  to  the  ecliptic;  and  the 
expression  for  it  may  be  arranged  in  a  scries  which  converges  rapidly 
when  i  is  small,  as  in  the  case  of  the  planets.  In  order  to  effect  tin's 
development,  let  us  first  take  the  equation 

n  sin  x 
tan  y 


1  -f-  n  cos  x 

Differentiating  this,  regarding  y  and  n  as  variables,  and  reducing,  we 

find 

dy  sin  a; 

dn       1  +  2n  cos  x  -\-  u* 
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which  gives,  by  division,  or  by  the  method  of  indeterminate  coefficients, 

-^-  =  sin  x  —  n  sin  2x  4-  n*  sin  3a;  —  n3  sin  Ax  4-  &c. 
an 

Integrating  this  expression,  we  get,  since  y  =  0  when  x  =  0, 

y  =  n  sin  x  —  W  sin  2x  -f-  in*  sin  3x  —  {n*  sin  4x  +  —  >       (84) 

which  is  the  general  form  of  the  development  of  the  above  expression 
for  tan  y.  The  assumed  expression  for  tan  y  corresponds  exactly  with 
the  formula  for  the  reduction  to  the  ecliptic  by  making  n  —  tan2  \i 
and  x  =  2u ;  and  hence  we  obtain 

u  —  l-\-  &  =  tan1  \i  sin  2m  —  \  tan4  \i  sin  4m  -j-  I  tan6  ^t  sin  6m 

—  I  tan8  U  sin  8m  +  |  tan10 1«  sin  10m  —  &c.  (85) 

When  the  value  of  i  does  not  exceed  10°  or  12°,  the  first  two  terms 
of  this  development  will  be  sufficient.  To  express  u  —  I  +  SI  in 
seconds  of  arc,  the  value  derived  from  the  second  member  of  this 
equation  must  be  multiplied  by  206264.81,  the  number  of  seconds 
corresponding  to  the  radius  of  a  circle. 

If  we  denote  by  Re  the  reduction  to  the  ecliptic,  we  shall  have 

l  =  u+  &—  Re  =  v  +  r:  —  Be. 

But  we  have  v  =  31  -\-  the  equation  of  the  centre ;  hence 

I  =  M  +  *  -|-  equation  of  the  centre  —  reduction  to  the  ecliptic, 

and,  putting  L  =  MJcx  =  mean  longitude,  we  get 

I  =  L  +  equation  of  centre  —  reduction  to  ecliptic.  (86) 

In  the  tables  of  the  motion  of  the  planets,  the  equation  of  the 
centre  (53)  is  given  in  a  table  with  M  as  the  argument ;  and  the 
reduction  to  the  ecliptic  is  given  in  a  table  in  which  i  and  u  are  the 
arguments. 

33.  In  determining  the  place  of  a  heavenly  body  directly  from 
the  elements  of  its  orbit,  there  will  be  no  necessity  for  computing  the 
reduction  to  the  ecliptic,  since  the  heliocentric  longitude  and  latitude 
may  be  readily  found  by  the  formula?  (82).  When  the  heliocentric 
place  has  been  found,  we  can  easily  deduce  the  corresponding  geo- 
centric place. 

Let  x,  y,  z  be  the  rectangular  co-ordinates  of  the  planet  or  comet 
referred  to  the  centre  of  the  sun,  the  plane  of  xy  being  in  the  ecliptic, 


86  THKOIIKTUWI.    A-Ti;o.\(>MV. 

the  positive  axis  of  %  being  directed  to  the  vernal  equinox,  and  the 
positive  axis  of  f  t<>  the  north  pole  of  the  eoliptic.  Then  we  shall 
have 

x  =  r  cos  b  cos  /, 

y  =  r  cos  b  sin  /, 

z  =r  sin b. 

Again,  let  A",  1",  Zbe  the  co-ordinates  of  the  centre  of  the  sun  re- 
ferred to  the  centre  of  the  earth,  the  plane  of  XY  being  in  the  eclip- 
tic,  and  the  axis  of  X  being  directed  to  the  vernal  equinox;  and  let 
O  denote  the  geocentric  longitude  of  the  sun,  R  its  distance  from 
the  earth,  and  2'  its  latitude.     Then  we  shall  have 

X=  R  cos  £  cos  O, 
Y=  R  cos-T  sin  ©, 
Z  =  R  sin  1\ 

Let  x',  yf,  z'  be  the  co-ordinates  of  the  body  referred  to  the  centre  el 
the  earth;  and  let  X  and  /9  denote,  respectively,  the  geocentric  longi- 
tude and  latitude,  and  J,  the  distance  of  the  planet  or  comet  from  the 
earth.     Then  we  obtain 

a/  =  A  cos  j3  cos  X, 

y1  =  A  cos  /5  sin  X,  (87) 

z'  ==  A  sin  /?, 

But,  evidently,  we  also  have 

^  =  x  +  X,  i/  =  y+Y,  z'  =  z  +  Z, 

and,  consequently, 

A  cos  /?  cos  X  =  r  cos  b  cos  I  -f-  R  cos  -  cos  © , 
A  cos  /9  sin  X  =  r  cos  6  sin  £  -f-  i?  cos  -  sin  © , 
A  sin  ,9  =r  sin  6  -j-  R  sin  -. 

If  we  multiply  the  first  of  these  equations  by  cos  ©,  and  tlu*  second 
by  sin©,  and  add  the  products;  then  multiply  the  first  by  sin  0", 
and  the  second  by  cos©,  and  subtract  the  first  product  from  the 
second,  we  get 

A  cos (i  cos  (X  —  Q)  =r  cos  b  cos  (I  —  © )  -f-  R  cos  Z, 
A  cos /3  sin  (A  —  Q)  =  r  cosb  sin  (7—  ©), 
A  sin  /S  =  r  sin  b  -+-  i?  sin  -. 

It  will  be  observed  that  this  transformation  is  equivalent  to  the  sup- 
position that  the  axis  of  x,  in  each  of  the  co-ordinate  systems,  is 
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directed  to  a  point  whose  longitude  is  O,  or  that  the  system  has  been 
revolved  about  the  axis  of  z  to  a  new  position  for  which  the  axis  of 
abscissas  makes  the  angle  ©  with  that  of  the  primitive  system.  We 
may,  therefore,  in  general,  in  order  to  effect  such  a  transformation  in 
systems  of  equations  thus  derived,  simply  diminish  the  longitudes  by 
the  given  angle. 

The  equations  (89)  will  determine  X,  /?,  and  A  when  r,  6,  and  I  have 
been  derived  from  the  elements  of  the  orbit,  the  quantities  R,  Q ,  and 
2  being  furnished  by  the  solar  tables;  or,  when  J,  ^9,  and  X  are  given, 
these  equations  determine  I,  b,  and  r.  The  latitude  2*  of  the  sun 
never  exceeds  ±  0".9,  and,  therefore,  it  may  in  most  cases  be  neg- 
lected, so  that  cos  I  =  1  and  sin  1=  0,  and  the  last  equations  become 

A  cos  /J  cos  (>l  —  ©  )  =  r  cos  b  cos  (I  —  ©  )  -f-  R, 

A  cos ,3  sin  (x  —  ©  )  =  r  cos  b  sin  (/—©),  (90) 

A  sin  [I  =r  sin  b. 

If  we  suppose  the  axis  of  x  to  be  directed  to  a  point  whose  longi- 
tude is  &,  or  to  the  ascending  node  of  the  planet  or  comet,  the  equa- 
tions (88)  become 

J  cos  ,9  cos  (A  —  &)  =r  cosm  +  R  cos^cosC©  —  &), 

A  cos  /S  sin  (k  —  Q )  =  ±  r  sin  u  cos  i  -j-  R  cos  -  sin  ( ©  —  &  )>  (91) 

A  sin  /?  =       r  sin  u  sin  i  -\-  R  sin  2", 

by  means  of  which  /9  and  /  may  be  found  directly  from  & ,  i',  r,  and  u. 
If  it  be  required  to  determine  the  geocentric  right  ascension  and 
declination,  denoted  respectively  by  a  and  3,  we  may  convert  the 
values  of  j3  and  X  into  those  of  a  and  d.  To  effect  this  transforma- 
tion, denoting  by  e  the  obliquity  of  the  ecliptic,  we  have 

cos  <T  cos  a  2=  cos  ,9  cos  /, 

cos  <J  sin  a  =  cos  /3  sin  X  cos  ■  —  sin ,?  sin  e, 

sin  3  =  cos  ,9  sin  /*  sin  s  -f-  sin  ,9  cos  e. 


Let  us  now  take 


and  we  shall  have 


n  sin  N  =  sin  /9, 

n  cos  iV=  cos  fi  sin  -2, 

cos  J  cos  o  =  cos  j3  cos  <*, 
cos  5  sin  o  =  n  cos  (iV  -f  e), 
sin  5  =7i  sin  (iV-j-  «). 
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Therefore,  we  obtain 

\r        tan<*  COs(iV+  e) 

taniV  = ,  tano  = - — -^-—-t&nX,  (92) 

sin  x  cos  N 


We  also  have 


tan  5  =  tan  (2V  +  «)  sin  o. 

cos  (N  -f-  c) cos  3  sin  o 

cos  N  cos  [i  sin  A ' 


which  will  serve  to  check  the  calculation  of  a  and  d.  Since  cos  9  and 
cos  ,9  are  always  positive,  cos  a  and  cos^  must  have  the  same  sign, 
and  thus  the  quadrant  in  which  a  is  to  be  taken,  is  determined. 

For  the  solution  of  the  inverse  problem,  in  which  a  and  o  are 
given  and  the  values  of  /  .and  /9  are  required,  it  is  only  necessary  to 
interchange,  in  these  equations,  a  and  /,  o  and  ,9,  and  to  write  —  £  in 
place  of  e. 

34.  Instead  of  pursuing  the  tedious  process,  when  several  place* 
are  required,  of  computing  first  the  heliocentric  place,  then  the  geo- 
centric place  referred  to  the  ecliptic,  and,  finally,  the  geocentric  right 
ascension  and  declination,  we  may  derive  formula?  which,  when  cer- 
tain constant  auxiliaries  have  once  been  computed,  enable  us  to  derive 
the  geocentric  place  directly,  referred  either  to  the  ecliptic  or  to  the 
equator. 

"We  will  first  consider  the  case  in  which  the  ecliptic  is  taken  as  the 
fundamental  plane.     Let  us,  therefore,  resume  the  equations 

x'  —  r  cos  u, 

i/  =  ±  r  sin  u  cos  i, 

z'  =r  sin  tt  sin  i, 

in  which  the  axis  of  x  is  supposed  to  be  directed  to  the  ascending  node 
of  the  orbit  of  the  body.  If  we  now  pass  to  a  new  system  x,  y}  z, — 
the  origin  and  the  axis  of  z  remaining  the  same, — in  which  the  axis 
of  x  is  directed  to  the  vernal  equinox,  we  shall  move  it  back,  in  a 
negative  direction,  equal  to  the  angle  ft,  and,  consequently, 

x  =  x'  cos  ft  —  ]f  sin  ft, 
y  =  3tf  sin  ft  +  ?/cos  ft, 
z=z'. 
Therefore,  we  obtain 

x  =  r  (cos  u  cos  ft  =F  sin  u  cos  i  sin  ft  ), 

y  =  r(±  sin  u  cos i  cos  ft  -j-  cos  u  sin  ft  ),  (93) 

z  =  r  sin  u  sin  i, 
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which  are  the  expressions  for  the  heliocentric  co-ordinates  of  a  planet 
or  comet  referred  to  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  vernal   equinox.     The    upper  sign  is  to  be  used  when   the 
motion  is  direct,  and  the  lower  sign  when  it  is  retrograde. 
Let  us  now  put 

cos  ft  =  sin  a  sin  A, 

3=  cos  i  sin  ft  =  sin  a  cos  A, 

sin  ft  =  sin  b  sin  B, 

rt  cos  i  cos  ft  =  sin  6  cos  B, 

in  which  sin  a  and  sin  6  are  positive,  and  the  expressions  for  the  co- 
ordinates become 

x  =  r  sin  a  sin  (A  +  u), 

y  —  r  sin  b  sin  (B  -j-  u),  (95) 

z  =  r  sin  i  sin  u. 

The  auxiliary  quantities  a,  b,  A,  and  B,  it  will  be  observed,  are 
functions  of  ft  and  /,  and,  in  computing  an  ephemeris,  are  constant 
so  long  as  these  elements  are  regarded  as  constant.  They  are  called 
the  constants  for  the  ecliptic. 

To  determine  them,  we  have,  from  equations  (94), 

cot  A  =  +  tan  ft  cos  i,  cot  B  =  ±  cot  ft  cos  i, 

cos  ft  .    ,       sin  ft 

sin  a  =  .  >  sin  o  =  — : — 77 ; 

sin  J.  sinij 

the  upper  sign  being  used  when  the  motion  is  direct,  and  the  lower 
sign  when  it  is  retrograde. 

The  auxiliaries  sin  a  and  sin  6  are  always  positive,  and,  therefore, 
sin  A  and  cos  ft ,  sin  B  and  sin  ft ,  respectively,  must  have  the  same 
signs.  The  quadrants  in  which  A  and  B  are  situated,  are  thus  deter- 
mined. 

From  the  equations  (94)  we  easily  find 

»  ... 

cos  a  =  sin  1  sin  ft , 

cos  b  =  —  sin  i  cos  ft .  (96) 

If  we  add  to  the  heliocentric  co-ordinates  of  the  body  the  co-ordi- 
nates of  the  sun  referred  to  the  earth,  for  which  the  equations  have 
already  been  given,  we  shall  have 

x  +  X=  A  cos/9  cos  X, 

y+  Y=  J  cos/? sin X,  (97) 

_  z  +  Z  =  A  sin  fi, 


90  THEORETICAL   ASTRONOMY. 

which  suffice  to  determine  /,  /?,  and  J.  The  values  of  a  and  d  may 
be  derived  from  these  by  means  of  the  equations  (92). 

35.  We  shall  now  derive  the  formula?  for  determining  a  and  9 
directly.  For  this  purpose,  let  x,  y,  z  be  the  heliocentric  co-ordinates 
of  the  body  referred  to  the  equator,  the  positive  axis  of  x  being 
directed  to  the  vernal  equinox.  To  pass  from  the  system  of  co- 
ordinates referred  to  the  ecliptic  to  those  referred  to  the  equator  as 
the  fundamental  plane,  we  must  revolve  the  system  negatively  around 
the  axis  of  x,  so'  that  the  axes  of  z  and  y  in  the  new  system  make 
the  angle  £  with  those  of  the  primitive  system,  e  being  the  obliquity 
of  the  ecliptic.     In  this  case,  we  have 

x  =  x, 

y"  =  y  cos  e  —  z  sin  e, 

z"  =  y  sin  e  -f-  z  cos  e. 

Substituting  for  x,  y,  and  z  their  values  from  equations  (93),  and 
omitting  the  accents,  we  get 

x  =  r  cos  u  cos  ft  =p  r  sin  u  cos  i  sin  ft , 

y  —  r  cos  u  sin  ft  cos  e  -j-  r  sin  u  (±  cos  i  cos  ft  cos  e  —  sin  i  sin  e),     (98) 

z  =  r  cos  u  sin  Q  sin  e  +  r  sm  u  (=*=  cos  *  cos  ft  sin  e  -f-  sin  i  cos  e). 

These  are  the  expressions  for  the  heliocentric  co-ordinates  of  the 
planet  or  comet  referred  to  the  equator.  To  reduce  them  to  a  con- 
venient form  for  numerical  calculation,  let  us  put 


(99) 


cos  ft  =  sin  a  sin  A, 

rp  cos  i  sin  ft  ==  sin  a  cos  A, 

sin  ft  cos  e  =  sin  b  sin  B, 

±  cos  i  cos  ft  cos  e  —  sin  i  sin  e  =  sin  b  cos  B, 

sin  ft  sin  e  =  sin  c  sin  C, 

±  cos  i  cos  ft  sin  e  +  sin  i  cos  e  =  sin  c  cos  C; 

and  the  expressions  for  the  co-ordinates  reduce  to 

x  =  r  sin  a  sin  (A  -(-  u), 

y  =  r sin bBm(B -)- u),  (100) 

z  =  r  sin  c  sin  (  C  +  w). 

The  auxiliary  quantities,  a,  6,  c,  -4,  5,  and  C,  are  constant  so  long 
as  ft  and  i  remain  unchanged,  and  are  called  constants  for  tin  equator. 

It  will  be  observed  that  the  equations  involving  a  and  A,  regard- 
ing the  motion  as  direct,  correspond  to  the  relations  between  the 
parts  of  a  quadrantal  triangle  of  which  the  sides  are  i  and  a,  the 
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angle  included  between  these  sides  being  that  which  we  designate  by 
A,  and  the  angle  opposite  the  side  a  being  90°  —  &•  In  the  case 
of  b  and  B,  the  relations  are  those  of  the  parts  of  a  spherical  triangle 
of  \vhich  the  sides  are  b,  i,  and  90°  +  e,  B  being  the  angle  included 
by  i  and  6,  and  180°  —  SI  the  angle  opposite  the  side  6.  Further, 
in  the  case  of  c  and  C,  the  relations  are  those  of  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  c,  i,  and  £,  the  angle  C  being 
that  included  by  the  sides  i  and  c,  and  180°  —  SI  that  included  by 
the  sides  i  and  e.     We  have,  therefore,  the   following   additional 

equations : 

cos  a  =  sin  i  sin  Si , 

cos  b  =  —  cos  Q  sin  i  cos  e  —  cos  i  sin  e,  (101) 

cos  c  =  —  cos  SI  sin  i  sin  e  -f-  cos  i  cos  e. 

In  the  case  of  retrograde  motion,  we  must  substitute  in  these 
180°  —  i  in  place  of  i. 

The  geometrical  signification  of  the  auxiliary  constants  for  the 
equator  is  thus  made  apparent.  The  angles  a,  b,  and  c  are  those 
which  a  line  drawn  from  the  origin  of  co-ordinates  perpendicular  to 
the  plane  of  the  orbit  on  the  north  side,  makes  with  the  positive  co- 
ordinate axes,  respectively ;  and  A,  B,  and  C  are  the  angles  which 
the  three  planes,  passing  through  this  line  and  the  co-ordinate  axes, 
make  with  a  plane  passing  through  this  line  and  perpendicular  to  the 
line  of  nodes. 

In  order  to  facilitate  the  computation  of  the  constants  for  the 
equator,  let  us  introduce  another  auxiliary  quantity  E0,  such  that 

sin  i  =  eQ  sin  Ec, 
±  cos  i  cos  SI  =  e0  cosE0, 

e0  being  always  positive.     We  shall,  therefore,  have 

tan  i 


tan  E0=± 


cos  Q' 


Since  both  e0  and  sini  are  positive,  the  angle  E0  cannot  exceed  180°; 
and  the  algebraic  sign  of  tan  E0  will  show  whether  this  angle  is  to 
be  taken  in  the  first  or  second  quadrant. 
The  first  two  of  equations  (99)  give 

cot  J.  =  =F  tan  SI  cos  i; 
and  the  first  gives 

cos  SI 
sin  a  =    .     °. 
8inA 
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From  the  fourth  of  equations  (99),  introducing  e0  and  E0,  we  get 

sin  b  cos  B  =  e0  cos  E0  cos  e  —  e0  sin  E0  sin  e  =  e0  cos  (E0  -f-  e). 
But 

sin  b  sin  jB  =  sin  ft  cos  e ; 
therefore 

cotB  =     eo       cosQEq+O  =  ±         cost cob  (■%+«) 

sin  ft  '        cos  e  tan  ft  cos  E0  '        cos  e 

We  have,  also, 

.    ,       sin  ft  cose 

sin  b  = .  . 

sin  if 

In  a  similar  manner,  we  find 

cot  C=  ± T^-v  •  Sin(f +  e), 

tan  ft  cos  L0  sin  e 

and 

sin  ft  sin  e 


sine 


sin  C 


The  auxiliaries  sin  a,  sin  b,  and  sin  c  are  always  positive,  and,  there- 
fore, sin  A  and  cos  ft,  sin  B  and  sin  ft,  and  also  sin  C  and  sin  ft, 
must  have  the  same  signs,  which  will  determine  the  quadrant  in 
which  each  of  the  angles  A,  B,  and  C  is  situated. 

If  we  multiply  the  last  of  equations  (99)  by  the  third,  and  the 
fifth  of  these  equations  by  the  fourth,  and  subtract  the  first  product 
from  the  last,  we  get,  by  reduction, 

sin  b  sin  c  sin  ( C  —  B)  =  —  sin  i  sin  ft. 
But 

sin  a  cos  J.  =  =F  cos  i  sin  ft ; 


and  hence  we  derive 

sin  b  sin  c  sin  (  C —  B) 
sin  a  cos  A 


=  ±  tan  i, 


which  serves  to  check  the  accuracy  of  the  numerical  computation  of 
the  constants,  since  the  value  of  tan  i  obtained  from  this  formula 
must  agree  exactly  with  that  used  in  the  calculation  of  the  values  of 
these  constants. 

If  we  put  A'  =  A  ±  tz  =P  ft,  B'  =  B  ±  n  =F  ft,  and  C  =  C±  n 
^f  ft,  the  upper  or  lower  sign  being  used  according  as  the  motion  is 
direct  or  retrograde,  we  shall  have 
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«=  r  sin  a  sin  (A'  -f-  v), 

y  =  rsmb sin (#  -f  v),  (102) 

z  =  r  sin  c  sin  (  C  -j-  v), 

a  transformation  which  is  perhaps  unnecessary,  but  which  is  con- 
venient when  a  series  of  places  is  to  be  computed. 

It  will  be  observed  that  the  formulae  for  computing  the  constants 
a,  by  c,  A,  B,  and  C,  in  the  case  of  direct  motion,  are  converted  into 
those  for  the  case  in  which  the  distinction  of  retrograde  motion  is 
adopted,  by  simply  using  180°  — i  instead  of  i. 

36.  When  the  heliocentric  co-ordinates  of  the  body  have  been 
found,  referred  to  the  equator  as  the  fundamental  plane,  if  we  add  to 
these  the  geocentric  co-ordinates  of  the  sun  referred  to  the  same 
fundamental  plane,  the  sum  will  be  the  geocentric  co-ordinates  of 
the  body  referred  also  to  the  equator. 

For  the  co-ordinates  of  the  sun  referred  to  the  centre  of  the  earth, 
we  have,  neglecting  the  latitude  of  the  sun, 

X=i?cos©, 

F=.Rsin  O  cose, 

Z  =  R  sin  ©  sin  c  =  Ytan  e, 

in  which  R  represents  the  radius-vector  of  the  earth,  ©  the  sun's 
longitude,  and  £  the  obliquity  of  the  ecliptic. 
We  shall,  therefore,  have 

x  -\-  X  =  A  cos  S  cos  a, 

y+  Y=  J  cos  <J  sin  a,  (103) 

z  +  Z  =  A  sin  d, 

which  suffice  to  determine  a,  3,  and  A. 

If  we  have  regard  to  the  latitude  of  the  sun  in  computing  its  geo- 
centric co-ordinates,  the  formula?  will  evidently  become 

X=R  cos  O  cos  -, 

Y=  R  sin  ©  cos  S  cos  e  —  R  sin  S  sin  e,  (104) 

Z  —  R  sin  O  cos  I  sin  e  -f-  R  sin  1'  cos  e, 

in  which,  since  2  can  never  exceed   ±  0'\9,  cos  2'  is  very  nearly 
equal  to  1,  and  sin  2  =  2\ 

The  longitudes  and  latitudes  of  the  sun  may  be  derived  from  a 
solar  ephemeris,  or  from  the  solar  tables.  The  principal  astronomir.il 
ephemerides,  such  as  the  Berliner  Astronomi&ches  Jahrbuch,  the 
Nautical  Almanac,  and  the  American  Epliemeris  and  Nautical  Af- 
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motioo,  contain,  for  each  year  for  which  they  are  published,  the 
equatorial  co-ordinates  of  the  sun,  referred  both  to  the  mean  equinox 
and  equator  of  the  beginning  of  the  year,  and  to  the  apparent  equinox 

pf  the  date,  taking  into  account  the  latitude  of  the  sun. 

37.  In  the  case  of  an  elliptic  orbit,  we  may  determine  the  co- 
ordinates   directly   from    the    eccentric    anomaly   in    the   following 

manner: — 

The  equations  (102)  give,  accenting  the  letters  a,  b,  and  c, 

x  =  r  cos  v  sin  a'  sin  A'  -j-  r  sin  v  sin  a'  cos  A\ 
y  =  r  cos  v  sin  b'  sin  B  -f-  r  sin  v  sin  b'  cosB, 
z  =  r  cos  v  sin  c'  sin  C  -\-  r  sin  v  sin  c'  cos  C". 

Now,  since  r  cos  v  =  a  cosE  —  ae,  and  r  sin  v  =  a  cos  <p  sinE,  we  shall 
have 

x  =  a  sin  a'  sin  A'  cos  i?  —  ae  sin  a'  sin  J.'  +  a  cos  <p  sin  a'  cos  J '  sin  E, 
y  =  a  sin  b'  sin  JB'  cos  E  —  ae  sin  b'  sin  .B'  -f  «  cos  <p  sin  6'  cos  B'  sin  2?, 
2  =  a  sin  c'  sin  C"  cos  E  —  ae  sin  c'  sin  C"  +  a  cos  <p  sin  c'  cos  C  sin  2£ 

Let  us  now  put 

a  cos  f  sin  a!  cos -4'  =  ^x  cos  Ls, 
a  sin  a'  sin  A'  =  /x  sin  Lx, 

—  ae  sin  a'  sin  A'  —  —  eXx  sin  Lx  =  vx ; 
a  cos  ^  sin  6'  cos  B'  =  i,  cos  Zry, 

a  sin  ft'  sin  J5'  =  ^y  sin  L„ 

—  ae  sin  b'  sin  5'  =  —  eAy  sin  iy  =  vy ; 
a  cos  ?>  sin  c'  cos  C"  =  tt  cos  2/„ 

a  sin  e'  sin  C"  =  ^,  sin  L„ 

—  ae  sin  c'  sin  C"  =  —  ekt  sin  I/,  —  vx  ; 

in  which  sin  a',  sin  6',  and  sine'  have  the  same  values  as  in  equations 
(102),  the  accents  being  added  simply  to  mark  the  necessary  dis- 
tinction  in   the   notation   employed   in  these  formulae.     We  shall, 

therefore,  have 

x  =  Xx  sin  (Lx  -f-  E)  -f-  vx, 

y  =  XJBm(LJ-\-E)  +  Vj,  (105) 

z  =  Xt  sin  (Lz  -f  E)  -f-  vv 

By  means  of  these  formulae,  the  co-ordinates  are  found  directly 
from  the  eccentric  anomaly,  when  the  constants  Xx,  Xy,  ?,t,  Lx,  L7,  L„ 
u„  vJf  and  v„  have  been  computed  from  those  already  found,  or  from 
a,  6,  c,  A,  B,  and  C.     This  method  is  very  convenient  when  a  great 
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number  of  geocentric  places  are  to  be  computed;  but,  when  only  a 
few  places  are  required,  the  additional  labor  of  computing  so  many 
auxiliary  quantities  will  not  be  compensated  by  the  facility  afforded 
in  the  numerical  calculation,  when  these  constants  have  been  deter- 
mined. Further,  when  the  ephemeris  is  intended  for  the  comparison 
of  a  series  of  observations  in  order  to  determine  the  corrections  to  be 
applied  to  the  elements  by  means  of  the  differential  formula?  which 
we  shall  investigate  in  the  following  chapter,  it  will  always  be  ad- 
visable to  compute  the  co-ordinates  by  means  of  the  radius-vector 
and  true  anomaly,  since  both  of  these  quantities  will  be  required  in 
finding  the  differential  coefficients. 

38.  In  the  case  of  a  hyperbolic  orbit,  the  co-ordinates  may  be  com- 
puted directly  from  F,  since  we  have 

r  cos  v  =  a  (e  —  sec  F), 
r  sin  v  =  a  tan  4  tan  F; 
and,  consequently, 

x  =  ae  sin  a'  sin  A'  —  a  sec  F  sin  a'  sin  A'  +  a  tan  4  tan  F  sin  a'  cos  A', 
y  =  aesinb'  sin  B'  —  a  sec  F  sin  b'  sin  B'  -f-  a  tan  4  tan  F sin  b'  cos  B', 
z  =  ae  sin  e'  sin  C  —  a  sec  F  sin  c'  sin  C  +  a  tan  4  tan  F  sin  c'  cos  C". 

Let  us  now  put 

ae  sin  a'  sin  A'  =  ).x, 

—  a  sin  a'  sin  A'  —  /ix, 
a  tan  4  sin  a'  cos  A'  =  i>x ; 

ae  sin  V  sin  B1  =  Xy, 

—  a  sin  V  sin  B'  =  /xT, 
a  tan  4  sin  V  cos  B!  =  vy ; 

aesinc'  sin  C  =  ).„ 

—  a  sin  c'  sin  C  =  iit, 
a  tan  4  sin  c'  cos  C"  =  vv 

Then  we  shall  have 

^  =  K  +  llx  sec  JP  -f-  vx  tan  F, 

y  =  X,  +  p,  sec  F  +  vy  tan  jP,  (106) 

z  —  lz-\-  nz  sec  .F  +  i/x  tan  .F. 

In  a  similar  manner  we  may  derive  expressions  for  the  co-ordinates, 
in  the  case  of  a  hyperbolic  orbit,  when  the  auxiliary  quantity  a  is 
used  instead  of  F. 

39.  If  we  denote  by  71',  &',  and  V  the  elements  which  determine 
the  position  of  the  orbit  in  space  when  referred  to  the  equator  as  the 
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fundamental  plane,  and  by  toQ  the  angular  distance  between  the 
ascending  node  of  the  orbit  on  the  ecliptic  and  its  ascending  node  on 
the  equator,  being  measured  positively  from  the  equator  in  the 
direction  of  the  motion,  we  shall  have 

«'  =  *—  0  +  &'  +  <V 

To  find  SI'  and  i',  we  have,  from  the  spherical  triangle  formed  by 
the  intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with 
the  celestial  vault, 

cos  i'  =  cos  i  cos  f  —  sin  i  sin  e  cos  SI  > 
sin  i'  sin  Si'  =  sin  i  sin  Q , 
sin  i'  cos  Si'  =  cos i  sin  c  +  sin  i  cos  e  cos  SI . 

Let  us  now  put 

wsiniV=  cost, 

n  cosN=  sin  i  cos  Q,t 

and  these  equations  reduce  to 

cos  i'  =  n  sin  (N  —  c), 
sin  i'  sin  Si'  =  sin  i  sin  Si , 
sin  i'  cos  &'  =  n  cos  (iV  —  e) ; 
from  which  we  find 


„       coU  _,  cos  .AT  _ 

tan  iV  = — ,  tan  Si  = ^ r  tan  Si , 

cos  SI  cos  (iV  —  e) 

cot  i'  =  tan  (iV  —  e)  cos  SI  '• 


(107) 


Since  sin  i  is  always  positive,  cos  N  and  cos  SI  must  have  the  same 
signs.     To  prove  the  numerical  calculation,  we  have 

sin  i  cos  SI  cos  N 


sin  x  cos  &'       cos  (N —  e) 

the  value  of  the  second  member  of  which  must  agree  with  that  used 
in  computing  Q'. 

In  order  to  find  w0,  we  have,  from  the  same  triangle, 

sin  w0  sin  i'  =  sin  SI  sin  e, 

cos  u)n  sin  i'  =  cos  e  sin  t  +  sin  e  cos  i  cos  & . 


Let  us  now  take 
and  we  obtain 


m  sin  M=  cos  e, 

m  cos  M—  sin  e  cos  &  ; 
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cot  M  =  tan  t  cos  Q, , 

cos  .3/" 

tan  10  =-. -—=: — s-  tan  Q ,  (108) 

cos  (if —  i)  ' 


and,  also,  to  check  the  calculation, 

sin  e  cos  Q,  cos  M 


sin  i'  cos  <o0       cos  ( M  —  i) 

If  we  apply  Gauss's  analogies  to  the  same  spherical  triangle,  we 

get 

cosU'  sin  A  (Q,'  +  «>0)  =  sin  %Q  cos  ^  (i  —  e), 

cos^i'  cos^  (ft'  +  w0)  =  cos^ft  cos  jj  (t  +  t), 

sin  £t*  sin  I XO,'  —  «\>)  =sin£&  sin  i  (I  —  e),  UUy; 

sin-U"'  cos^  (ft'  —  <*>0)  =  cosift  sini  (i  -f-  e). 

The  quadrant  in  which  \ (ft'  -j-  w0)  or  i  (&  —  °0  ^s  situated,  must  be 
so  taken  that  sin|i'  and  cos£t'  shall  be  positive;  and  the  agreement 
of  the  values  of  the  latter  two  quantities,  computed  by  means  of  the 
value  of  \V  derived  from  tan  \i',  will  serve  to  check  the  accuracy  of 
the  numerical  calculation. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
must  use  180°  —  i  instead  of  i  in  these  equations,  and  we  have,  also, 

-'  =  --ft +  ft'-<v 

We  may  thus  find  the  elements  -',  ft ',  and  i't  in  reference  to  the 
equator,  from  the  elements  referred  to  the  ecliptic;  and  using  the 
elements  so  found  instead  of  tz,  ft,  and  i,  and  using  also  the  places 
of  the  sun  referred  to  the  equator,  we  may  derive  the  heliocentric 
and  geocentric  places  with  respect  to  the  equator  by  means  of  the 
formula?  already  given  for  the  ecliptic  as  the  fundamental  plane. 

If  the  position  of  the  orbit  with  respect  to  the  equator  is  given, 
and  its  position  in  reference  to  the  ecliptic  is  required,  it  is  only 
necessary  to  interchange  ft  and  ft',  as  well  as  i  and  180°  —  i',  £ 
remaining  unchanged,  in  these  equations.  These  formula?  may 
also  be  used  to  determine  the  position  of  the  orbit  in  reference  to 
any  plane  in  space;  but  the  longitude  ft  must  then  be  measured 
from  the  place  of  the  descending  node  of  this  plane  on  the  ecliptic 
The  value  of  ft,  therefore,  which  must  be  used  in  the  solution  of  the 
equations  is,  in  this  case,  equal  to  the  longitude  of  the  ascending 
node  of  the  orbit  on  the  ecliptic  diminished  by  the  longitude  of  the 
descending  node  of  the  new  plane  of  reference  on  the  ecliptic.  The 
quantities  ft',  if,  and  (o0  will  have  the  same  signification  in  reference 

7 
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to  this  plane  that  they  have  in  reference  to  the  equator,  with  this  dis- 
tinction, however,  that  ft'  is  measured  from  the  descending  node  of 
this  new  plane  of  refercnoe  on  the  ecliptic;  and  e  will  in  this  case; 
denote  the  inclination  of  the  ecliptic  to  this  plane. 

40.  We  have  now  derived  all  the  formula  which  can  be  required 
in  the  case  of  undisturbed  motion,  for  the  computation  of  the  helio- 
centric or  geocentric  place  of  a  heavenly  body,  referred  either  to  the 
ecliptic  or  equator,  or  to  any  other  known  plane,  when  the  elements 
of  its  orbit  are  known;  and  the  formula;  which  have  been  derived 
are  applicable  to  every  variety  of  conic  section,  thus  including  all 
possible  forms  of  undisturbed  orbits  consistent  with  the  law  of  uni- 
versal gravitation.  The  circle  is  ah  ellipse  of  which  the  eccentricity 
is  zero,  and,  consequently,  M=  v  =  u,  and  r  =  a,  for  eveiy  point  of 
the  orbit.  There  is  no  instance  of  a  circular  orbit  yet  known ;  but 
in  the  case  of  the  discovery  of  the  asteroid  planets  between  Mara 
and  Jupiter  it  is  sometimes  thought  advisable,  in  order  to  facilitate 
the  identification  of  comparison  stars  for  a  few  days  succeeding  the 
discovery,  to  compute  circular  elements,  and  from  these  an  ephemeria. 

The  elements  which  determine  the  form  of  the  orbit  remain  con- 
stant so  long  as  the  system  of  elements  is  regarded  as  unchanged; 
but  those  which  determine  the  position  of  the  orbit  in  space,  tt,  ft, 
and  i,  vary  from  one  epoch  to  another  on  account  of  the  change  of 
the  relative  position  of  the  planes  to  which  they  are  referred.  Thus 
the  inclination  of  the  orbit  will  vary  slowly,  on  account  of  the  change 
of  the  position  of  the  ecliptic  in  space,  arising  from  the  perturbations 
of  the  earth  by  the  other  planets;  while  the  longitude  of  the  peri- 
helion and  the  longitude  of  the  ascending  node  will  vary,  both  on 
account  of  this  change  of  the  position  of  the  plane  of  the  ecliptic, 
and  also  on  account  of  precession  and  nutation.  If  tt,  ft,  and  t  are 
referred  to  the  true  equinox  and  ecliptic  of  any  date,  the  resulting 
heliocentric  places  will  be  referred  to  the  same  equinox  and  eclipt  ic ; 
and,  further,  in  the  computation  of  the  geocentric  places,  the  longi- 
tude! of  the  sun  must  be  referred  to  the  same  equinox,  so  that  the 
resulting  geocentric  longitudes  or  right  ascensions  will  also  be  re- 
ferred to  that  equinox.  It  will  appear,  therefore,  that,  on  account 
of  these  changes  in  the  values  of  jr,  ft,  and  i,  the  auxiliaries  sin  a, 
sin  by  sine,  A,  JB,  and  C,  introduced  into  the  formula;  for  the  co- 
ordinates, will  not  be  constants  in  the  computation  of  the  places  for 
a  series  of  dates,  unless  the  elements  are  referred  constantly,  in  the 
calculation,  to  a  fixed  equinox  and  ecliptic.     It  is  customary,  there- 
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fore,  to  reduce  the  elements  to  the  ecliptic  and  mean  equinox  of  the 
beginning  of  the  year  for  which  the  ephemeris  is  required,  and  then 
to  compute  the  places  of  the  planet  or  comet  referred  to  this  equinox, 
using,  in  the  case  of  the  right  ascension  and  declination,  the  mean 
obliquity  of  the  ecliptic  for  the  date  of  the  fixed  equinox  adopted,  in 
the  computation  of  the  auxiliary  constants  and  of  the  co-ordinates 
of  the  sun.  The  places  thus  found  may  be  reduced  to  the  true 
equinox  of  the  date  by  the  well-known  formulae  for  precession  and 
nutation.  Thus,  for  the  reduction  of  the  right  ascension  and  declina- 
tion from  the  mean  equinox  and  equator  of  the  beginning  of  the 
year  to  the  apparent  or  true  equinox  and  equator  of  any  date,  usually 
the  date  to  which  the  co-ordinates  of  the  body  belong,  we  have 

Ao=/+$rsin((y  +  o)tanfl, 

A<J  =  £cos(G  +  a),  ulu; 

for  which  the  quantities/,  g,  and  G  are  derived  from  the  data  given 
either  in  the  solar  and  lunar  tables,  or  in  astronomical  ephemerides, 
such  as  have  already  been  mentioned. 

The  problem  of  reducing  the  elements  from  the  ecliptic  of  one 
date  t  to  that  of  another  date  t'  may  be  solved  by  means  of  equations 
(109),  making,  however,  the  necessary  distinction  in  regard  to  the 
point  from  which  ft  and  ft'  are  measured.  Let  d  denote  the  longi- 
tude of  the  descending  node  of  the  ecliptic  of  t'  on  that  of  t,  and 
let  7}  denote  the  angle  which  the  planes  of  the  two  ecliptics  make 
with  each  other,  then,  in  the  equations  (109),  instead  of  ft  we  must 
write  ft  — d,  and,  in  order  that  ft'  shall  be  measured  from  the 
vernal  equinox,  we  must  also  write  ft' —  d  in  place  of  ft'.  Finally, 
Ave  must  write  r{  instead  of  e,  and  aco  for  co0,  which  is  the  variation 
in  the  value  of  to  in  the  interval  t'  —  t  on  account  of  the  change  of 
the  position  of  the  ecliptic ;  then  the  equations  become 

cos^''8in^(ft'  —  0  +  Aa>)r=sini(£  —  0)  cos  \  (t  —  y), 
cos^i'  cos%(&'  —  0  +  Aw)  =  cosi  (ft  —  0)  cos!  (i  +  if), 
sin  tf  sin  ^  (ft'  —  0  —  Aw)  =  sin  |  (ft  —  0)  sin  \  {i  —  if), 


sin 


p  COS£U4   —  If -\-  Aa*;  =  COSjKM  —  °)  cos-^t  -+■  rj), 

\i  sin  \  (ft'  —  0  —  Aw)  =  sin  g  (ft  —  0)  sin  g  (i  —  if),     ^1U) 

g»*  cos^  (ft'  —  0  —  Aa>)  =  cos^  (ft  —  0)  sin  -'  (*  +  if). 

These  equations  enable  us  to  determine  accurately  the  values  of  ft', 
i',  and  aw,  which  give  the  position  of  the  orbit  in  reference  to  the 
ecliptic  corresponding  to  the  time  t',  when  d  and  tj  are  known.  The 
longitudes,  however,  will  still  be  referred  to  the  same  mean  equinox 
as  before,  which  we  suppose  to  be  that  of  t;  and,  in  order  to  refer 
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them  to  the  mean  equinox  of  the  epocli  tf,  the  amount  of  the  pre- 
cession in  longitude  during  the  interval  V  —  t  must  also  be  applied. 

If  the  changes  in  the  values  of  the  elements  are  not  of  consider- 
able magnitude,  it  will  he  unnecessary  to  apply  these  rigorous  formula, 
and  we  may  derive  others  sufficiently  exact,  and  much  more  con- 
venient in  application.  Thus,  from  the  spherical  triangle  formed  by 
the  intersection  of  the  plane  of  the  orbit  and  of  the  planes  of  the 
two  ecliptics  with  the  celestial  vault,  we  get 

sin  -q  cos  (ft  —  0)  =  —  cos  i'  sin  i  +  sin  i'  cos  i  cos  Aw, 

from  which  we  easily  derive 

sin  (t*  —  t)  =  sin  y  cos  (ft  —  0)  -{-  2  sin  i'  cos  i  sin"  |Aw.        (112) 

We  have,  further, 

sin  Aw  sin  i'  =  sin  rt  sin  (ft  —  0), 

or 

sin  (ft — 0)  ,<<ft, 

sin  Aw  —  sin  i) -^-r. — -.  (113) 

sint 

We  have,  also,  from  the  same  triangle, 

sin  Aw  cosi'  =  —  cos  (ft  —  0)  sin  (ft'  —  0) 
+  sin  (ft  —  0)  cos  (ft'  —  0)  cos  17, 
which  gives 

sin  (ft'  —  ft)  =  —  sin  Aw  cos  i'  —  2  sin  (ft  —  0)  cos  (ft'  —  0)  sin2  Jf, 

or 

sin  (ft'  —  ft)  =  —  sin  17  sin  (ft  — 0)  coti' 
—  2  sin  (ft  —  0)  cos  (ft'  —  0)sin2^.  (H4) 

Finallv,  we  have 

J  —  7T=ft'—  ft  +Aw. 

Since  ^  is  very  small,  these  equations  give,  if  we  apply  also  the  pre- 
cession in  longitude  so  as  to  reduce  the  longitudes  to  the  mean  equinox 
of  the  date  tf, 

sin  (ft—  0) 

Aw  =  r, . — : , 

Sin  l 

t'   =    i  -f  *?  cos  (ft  —  0)  -f-  \ sin  2  i, 

ft'=ft  +  («'-O-§-^sin(ft-tf)coti'-^Ssin2(ft-0),      (115) 

dl  r* 

*>  =   r  +  (f_<)_  +  ,sm(a_0)tan^'-}isin2(ft-0); 
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in  which  —  is  the  annual  precession  in  longitude,  and  in  which 

s  =  206264".8.     In  most  cases,  the  last  terms  of  the  expressions  for 
i',  & ',  and  tt',  being  of  the  second  order,  may  be  neglected. 

For  the  case  in  which  the  motion  is  regarded  as  retrograde,  we 
must  put  180°  —  i  and  180°  —  i',  instead  of  i  and  i',  respectively,  in 
the  equations  for  aw,  i',,  and  Q ' ;  and  for  tt',  in  this  case,  we  have 

which  gives 

r'  =  r  +  (f-0-^--^sin(Q-<?)tan^-il2  sin  2(^-5). 

If  we  adopt  Bessel's  determination  of  the  luni-solar  precession  and 
of  the  variation  of  the  mean  obliquity  of  the  ecliptic,  we  have,  at  the 
time  1750  +  r, 

-^  =  50".21129  +  0."0002442966r, 

^r  =   0".48892  —  0."000006143r, 
at 

and,  consequently, 

rj  =  (0."48892  —  O."000006143r)  (if  —  t);    . 

and  in  the  computation  of  the  values  of  these  quantities  we  must  put 
x  =  \{t'  -{•£)  —  1750,  t  and  V  being  expressed  in  years. 

The  longitude  of  the  descending  node  of  the  ecliptic  of  the  time  t 
on  the  ecliptic  of  1750.0  is  also  found  to  be 

351°  36'  10"  —  5".21  (t  —  1750), 

which  is  measured  from  the  mean  equinox  of  the  beginning  of  the  year 
1750. 

The  longitude  of  the  descending  node  of  the  ecliptic  of  V  on  that 
of  tf  measured  from  the  same  mean  equinox,  is  equal  to  this  value 
diminished  by  the  angular  distance  between  the  descending  node  of 
the  ecliptic  of  t  on  that  of  1750  and  the  descending  node  of  the 
ecliptic  of  t'  on  that  of  t,  which  distance  is,  neglecting  terms  of  the 
second  order, 

5".21(/—  1750); 
and  the  result  is 

351°  36'  10"  —  5".21  (t  — 1750)  —  5".21  (t'  —  1750), 
or 

351°  36'  10"—  10".42(<  — 1750)  —  5".21  (tf  —  i). 
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To  reduce  this  longitude  to  the  mean  equinox  at  the  time  t,  we  must 
add  the  general  precession  during  the  interval  t  —  1750,  or 

50".21  (t  — 1750), 

so  that  we  have,  finally, 

0  =  351°  36'  10"  +  39".79  (t  —  1750)  —  5".21  (Y  —  t). 

When  the  elements  r,  Q,,  and  i  have  been  thus  reduced  from  the 
ecliptic  and  mean  equinox  to  which  they  are  referred,  to  those  of  the 
date  for  which  the  heliocentric  or  geocentric  place  is  required,  they 
may  be  referred  to  the  apparent  equinox  of  the  date  by  applying  the 
nutation  in  longitude.  Then,  in  the  case  of  the  determination  of  the 
right  ascension  and  declination,  using  the  apparent  obliquity  of  the 
ecliptic  in  the  computation  of  the  co-ordinates,  we  directly  obtain  the 
place  of  the  body  referred  to  the  apparent  equinox.  But,  in  com- 
puting a  series  of  places,  the  changes  which  thus  take  place  in  the 
elements  themselves  from  date  to  date  induce  corresponding  changes 
in  the  auxiliary  quantities  a,  b,  c,  A,  B,  and  C,  so  that  these  are  no 
longer  to  be  considered  as  constants,  but  as  continually  changing  their 
values  by  small  differences.  The  differential  formulae  for  the  com- 
putation of  these  changes,  which  are  easily  derived  from  the  equations 
(99),  will  be  given  in  the  next  chapter;  but  they  are  perhaps  unneces- 
sary, since  it  is  generally  most  convenient,  in  the  cases  which  occur,  to 
compute  the  auxiliaries  for  the  extreme  dates  for  which  the  ephemeris 
is  required,  and  to  interpolate  their  values  for  intermediate  dates. 

It  is  advisable,  however,  to  reduce  the  elements  to  the  ecliptic  and 
mean  equinox  of  the  beginning  of  the  year  for  which  the  ephemeris 
is  required,  and  using  the  mean  obliquity  of  the  ecliptic  for  that 
epoch,  in  the  computation  of  the  auxiliary  constants  for  the  equator, 
the  resulting  geocentric  right  ascensions  and  declinations  will  be 
referred  to  the  same  equinox,  and  they  may  then  be  reduced  to  the 
apparent  equinox  of  the  date  by  applying  the  corrections  for  preces- 
sion and  nutation. 

The  places  which  thus  result  are  free  from  parallax  and  aberration. 
In  comparing  observations  with  an  ephemeris,  the  correction  for  par- 
allax is  applied  directly  to  the  observed  apparent  places,  since  this 
correction  varies  for  different  places  on  the  earth's  surface.  The  cor- 
rection for  aberration  may  be  applied  in  two  different  modes.  We 
may  subtract  from  the  time  of  observation  the  time  in  which  the 
light  from  the  planet  or  comet  reaches  the  earth,  and  the  true  place 
for  this  reduced  time  is  identical  with  the  apparent  place  for  the  time 
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of  observation ;  or,  in  case  we  know  the  daily  or  hourly  motion  of 
the  body  in  right  ascension  and  declination,  we  may  compute  the 
motion  during  the  interval  which  is  required  for  the  light  to  pass 
from  the  body  to  the  earth,  which,  being  applied  to  the  observed 
place,  gives  the  true  place  for  the  time  of  observation. 

We  may  also  include  the  aberration  directly  in  the  ephemeris  by 
using  the  time  t  —  497\78  J  in  computing  the  geocentric  places  for 
the  time  t,  or  by  subtracting  from  the  place  free  from  aberration,  com- 
puted for  the  time  t,  the  motion  in  a  and  d  during  the  interval 
497\78J,  in  which  expression  J  is  the  distance  of  the  body  from  the 
earth,  and  497.78  the  number  of  seconds  in  which  light  traverses  the 
mean  distance  of  the  earth  from  the  sun. 

It  is  customary,  however,  to  compute  the  ephemeris  free  from 
aberration  and  to  subtract  the  time  of  aberration,  497V78J,  from  the 
time  of  observation  when  comparing  observations  with  an  ephemeris, 
according  to  the  first  method  above  mentioned.  The  places  of  the 
sun  used  in  computing  its  co-ordinates  must  also  be  free  from  aberra- 
tion; and  if  the  longitudes  derived  from  the  solar  tables  include 
aberration,  the  proper  correction  must  be  applied,  in  order  to  obtain 
the  true  longitude  required. 

41.  Examples. — We  will  now  collect  together,  in  the  proper 
order  for  numerical  calculation,  some  of  the  principal  formulae  which 
have  been  derived,  and  illustrate  them  by  numerical  examples,  com- 
mencing with  the  case  of  an  elliptic  orbit.  Let  it  be  required  to  find 
the  geocentric  right  ascension  and  declination  of  the  planet  Eurynome 
©,  for  mean  midnight  at  Washington,  for  the  date  1865  February 
24,  the  elements  of  the  orbit  being  as  follows: — 


Ecliptic  and  Mean 
Equinox,  1864.0. 


Epoch  —  1864  Jan.  1.0  Greenwich  mean  time 
M  =     1°  29'  40".21 
-  =   44    20  33  .09 
£  =  206    42  40  .13 
'      i=     4    36  50  .51 
<P  =   11    15  51  .02 
log  a  =  0.3881319 
log/i  =  2.9678088 
ix  =  928".55745 

When  a  series  of  places  is  to  be  computed,  the  first  thing  to  be 
done  is  to  compute  the  auxiliary  constants  used  in  the  expressions  for 
the  co-ordinates,  and  although  but  a  single  pi  ice  is  required  in  the 
problem  proposed,  yet  we  will  proceed  id  this  manner,  in  order  to 
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exhibit  the  application  of  the  formula?.     Since  the  elements  -,  ft. 

and  /  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0,  we  will 
first  reduce  them  to  the  ecliptic  and  mean  equinox  of  1865.0.  For 
this  reduction  we  have  t  =  1864.0,  and  t'=  1865.0,  which  give 

^-  =  50".239,  0  —  352°  51'  41",  i?  =  0".4882. 

at 

Substituting  these  values  in  the  equations  (115),  we  obtain 

Z  —  *  =  Ai  =  —  0".40,  a  ft  =  +  53".61,  Air  =  -f  50".23 ; 

and  hence  the  elements  which  determine  the  position  of  the  orbit  in 
reference  to  the  ecliptic  of  1865.0  are 

*  =  44°  21'  23".32,  ft  =  206°  43'  33".74,  i  =  4°  36'  50".ll. 

For  the  same  instant  we  derive,  from  the  American  Ephemcris  and 

Nautical  Almanac,  the  value  of  the  mean  obliquity  of  the  ecliptic, 

which  is 

>  =  23°  27'  24".03. 

The  auxiliary  constants  for  the  equator  are  then  found  by  means  of 
the  formula? 

tan  i 

cot  A  =  —  tan  ft  cos  i,  tan  E0  = — , 

cos  ft 

™*  i>  cost  cos(.E0-f-e) 

cot  B  = — ^- * , 

tau  ft  cos  ±j0         cos  e 

cotC=         "»»'         >(5+£), 
tan  ft  cos  Jb0  sin  e 

cos  ft  .    ,        sin  ft  cos  e  .  sin  ft  sin  r 

sin  a  =  -; — T,  sin  b  = s — =r — ,  sin  c  = ; — 7= — . 

sin  A  smB  sin  6 

The  angle  E0  is  always  less  than  180°,  and  the  quadrant  in  which 
to  be  taken,  is  indicated  directly  by  the  algebraic  sign  of  tan  E0.  The 
values  of  sin  a,  sin  b,  and  sin  c  are  always  positive,  and,  therefore,  the 
angles  A,  B,  and  Cmust  be  so  taken,  with  respect  to  the  quadrant  in 
which  each  is  situated,  that  sin  A  and  cos  ft,  sin  B  and  sin  ft,  and  also 
sin  Cand  sin  ft,  shall  have  the  same  signs.     From  these  we  derive 

A  =  296°  39'    5".07,  log  sin  a  =  9.9997 1 56, 

B  =  205   55  27  .14,  log  sin  b  =  9.9748264, 

0=212    32  17.74,  log  sin  c  =  9.5222192. 

Finally,  the  calculation  of  these  constants  is  proved  by  means  of  the 
formula 
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sin b  sine  sin (C — B) 


tant  = 


sin  a  cos  A 


whim  gives  log  tani  =  8.9068875,  agreeing  with  the  value  8.906887G 
derived  directly  from  i. 

Next,  to  find  r  and  u.  The  date  1865  February  24.5  mean  time 
at  Washington  reduced  to  the  meridian  of  Greenwich  by  applying 
the  difference  of  longitude,  5A  Sn  11\2,  becomes  1865  February 
24.714018  mean  time  at  Greenwich.  The  interval,  therefore,  from 
the  epoch  for  which  the  mean  anomaly  is  given  and  the  date  for 
which  the  geocentric  place  is  required,  is  420.714018  days;  and  mul- 
tiplying the  mean  daily  motion,  928".55745,  by  this  number,  and 
adding  the  result  to  the  given  value  of  31,  we  get  the  mean  anomaly 
for  the  required  place,  or 

M=  1°  29'  40".21  +  108°  30'  57".14  =  110°  0'  37".35. 

The  eccentric  anomaly  E  is  then  computed  by  means  of  the  equation 

M=  E—e  sin E, 

the  value  of  e  being  expressed  in  seconds  of  arc.  For  Eurynome  we 
have  log  sin  <p  =  log  e  =  9.2907754,  and  hence  the  value  of  e  ex- 
pressed in  seconds  is 

log  e  =  4.6052005. 

By  means  of  the  equation  (54)  we  derive  an  approximate  value  of  E, 
namely, 

JE0=119°49'24", 

the  value  of  e2  expressed  in  seconds  being  log  e2^  3.895976;  and 
with  this  we  get 

M0  =  Ea  —  e  sin  E0  =  110°  6'  50". 
Then  we  have 

0      1  —  ecosE0  1.097 

which  gives,  for  a  second  approximation  to  the  value  of  E, 

E0  =  119°  43'  44".3. 
This  gives  Jf0=  110°  0'  36".98,  and  hence 

fl"  37 

a£'=+-foi  =  +0"-34- 
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Therefore,  we  have,  for  a  third  approximation  to  the  value  of  Ef 

.E=119°43'44".64, 

which  requires  no  further  correction,  since  it  satisfies  the  equation 
between  M  and  E. 

To  find  r  and  v,  we  have 

Vr  sin  }2v  =  \/a(l  -f-  e)  sin  -^E, 
Vr  cos^v  =  Va{\  —  e)  cos  \E. 

The  values  of  the  first  factors  in  the  second  members  of  these 
equations  are:  log Va{\  +  e)  =  0.2328104,  and  logl/a(l  —  e)  — 
0.1468741;  and  we  obtain 

v  =  129°  3'  50".52,  log  r  =  0.4282854. 

Since  tz—Q=  197°  37'  49".58,  we  have 

u===v  +  -_q  =  326°  41'  40".10. 

The  heliocentric  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane  are  then  derived  from  the  equations 

x  =  r  sin  a  sin  (A  -f-  u), 
y  =  r  sin  b  sin  (B  +  w)> 
z  =  r  sin  c  sin  (  C  -f-  w), 

which  give,  for  Eurynome, 

x  =  —  2.6611270,  y  =  +  0.3250277,  z  =  +  0.0119486. 

The  American  Nautical  Almanac  gives,  for  the  equatorial  co-ordi- 
nates of  the  sun  for  1865  February  24.5  mean  time  at  Washington, 
referred  to  the  mean  equinox  and  equator  of  the  beginning  of*  the 
year, 

X=  +  0.9094557,  Y=  —  0.3599298,  Z=  —  0.1561751. 

Finally,  the  geocentric  right  ascension,  declination,  and  distance  are 
given  by  the  equations 

y+Y  ,      z  +  Z  .  z  +  Z  .      zA-Z 

tana  =  '7  •-    ,        tan<J  =  — '-^i>gina  =  — ^-=.cosa,         J  =     .    . , 
x  +  X  y+Y  x-\-X  sin  <5 

the  first  form  of  the  equation  for  tan<5  being  used  when  sin  a  is 
greater  than  cos  a. 

The  value  of  J  must  always  be  positive;   and  d  cannot  exceed 
d=  90°,  the  minus  sign  indicating  south  declination.   Thus,  we  obtain 
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a  =  181°  8'  29".29,        3  =  —  4°  42'  21".56,        log  A  =  0.2450054. 

To  reduce  a  and  d  to  the  true  equinox  and  equator  of  February 
24.5,  we  have,  from  the  Nautical  Almanac, 

/=  +  16".80,  log  «jr  =  1.0168,  G  =  45°  16'; 

and,  substituting  these  values  in  equations  (110),  the  result  is 

Aa  =  +  17".42,  &4  =  —  7".17. 

Hence  the  geocentric  place,  referred  to  the  true  equinox  and  equator 
of  the  date,  is  , 

o  =  181°  8'  46".71,  S  =  —  4°  42'  28".73,  log  J  ==  0.2450054. 

When  only  a  single  place  is  required,  it  is  a  little  more  expeditious 

to  compute  r  from 

r  =  a  (1  —  e  cos  E), 
and  then  v  —  E  from 


sin 


I  (v  —  E)  =  -y-  sin  £?  sin  E. 


Thus,  in  the  case  of  the  required  place  of  Eurynome,  we  get 

log  r  =  0.4282852,  v  —  E  =  9°  20'  5".92, 

v  =  129°  3'  50".56, 

agreeing  with  the  values   previously  determined.     The   calculation 
may  be  proved  by  means  of  the  formula 


sin  ^  (v  +  E)  =  y-  cos  $<p  sin  E. 


tr 
In  the  case  of  the  values  just  found,  we  have 

J(»  -J-  E)  =  124°  23'  47".60,  log  sin  A  (v  +  E)  =  9.9165316, 

while  the  second  member  of  this  equation  gives 
log  sin  }(*  +  £>*  9.9165316. 

In  the  calculation  of  a  single  place,  it  is  also  very  little  shorter  tn 
compute  first  the  heliocentric  longitude  and  latitude  by  means  of  the 
equations  (82),  then  the  geocentric  latitude  and  longitude  by  means 
of  (89)  or  (90),  and  finally  convert  these  into  right  ascension  and 
declination  by  means  of  (92).  When  a  large  number  of  places  are 
to  be  computed,  it  is  often  advantageous  to  compute  the  heliocentric 
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co-ordinates  directly  from  the  eccentric  anomaly  by  means  of  the 
equations  (105). 

The  calculation  of  the  geocentric  place  in  reference  to  the  ecliptic 
is,  in  all  regpeotl,  similar  to  that  in  which  the  equator  is  taken  as  the 
fundamental  plane,  and  does  not  require  any  farther  illustration. 

The  determination  of  the  geocentric  or  heliocentric  place  in  the 
easel  of  parabolic  and  hyperbolic  motion  differs  from  the  process 
indicated  in  the  preceding  example  only  in  the  calculation  of  r  and  v. 
To  illustrate  the  case  of  parabolic  motion,  let  t  —  T=  75.364  <! 
log  q  =  9.9650486 ;  and  let  it  be  required  to  find  r  and  v. 

First,  we  compute  m  from 

*  =  -% 

in  which  log  C0=  9.9601277,  and  the  result  is 

log  m  =  0.0125548. 
Then  we  find  M  from 

M=m(t—  T), 
which  gives 

log  Jf=  1.8897187. 
From  this  value  of  log  If  we  derive,  by  means  of  Table  VI., 

v  =  79°  55'  57".26. 
Finally,  r  is  found  from 

r  =  —q— 

COS2  W 

which  gives 

logr=r  0.1961120. 

For  the  case  of  hyperbolic  motion,  let  there  be  given  t  —  T= 
65.41236  days;  ^  =  37°  35;  0".0,  or  loge  =  0.1010188;  and  loga 
=  0.6020600,  to  find  r  and  v.     First,  we  compute  iVfrom 

N=^(t-n 

a* 
in  which  log  ?.  =  9.6377843,  and  we  obtain 

log  N=  8.7859356 ;  N=  0.06108514. 

The  value  of  F  must  now  be  found  from  the  equation 
N=  ek  tan  F  —  log  tan  (45°  +  4  F). 
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If  we  assume  F=  30°,  a  more  approximate  value  may  be  derived 

from 

2V+  log  tan  60° 


tan  J7, 


ek 


which  gives  F,  =  28°  40'  23",  and  hence  N,  =  0.072678.     Then  we 
compute  the  correction  to  be  applied  to  this  value  of  F,  by  means  of 

the  equation* 

(N-N,)cos*F 
X  (e  —  cos  F,) 

wherein  s  =  206264".8 ;  and  the  result  is 

*F,  =  4.6097 (N—N,)s  =  —  3°  3'  43".0. 

Hence,  for  a  second  approximation  to  the  value  of  F,  we  have 

F,  =  25°  36'  40".0. 

The  corresponding  value  of  iVis  JV,  =  0.0617653,  and  hence 

*F,  =  5.199 (N—  N,)s  =  —  12'  9".4. 

The  third  approximation,  therefore,  gives  F,  =  25°  24'  30".6,  and, 
repeating  the  operation,  we  get 

.F=25°  24'27".74. 

which  requires  no  further  correction. 
To  find  r,  we  have 

r  =  a[ et  —  1  )> 

\  cos  F         J 

which  gives 

log  r  =  0.2008544. 

Then,  v  is  derived  from 

tan  h)  =  cot  |4  tan  %F, 
and  we  find 

v  =  67°  3'  0".0. 

When  several  places  are  required,  it  is  convenient  to  compute  v 
and  r  by  means  of  the  equations 

VrSm^v  =  ^=±Jlsm^F, 
VcosF 

V  r  cos  4v  = ; cos  hF. 

VcosF 
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For  the  ghrea  values  of  a  and  t  we  have  logV^a^  +  1)  =  0.4782649, 
log  Va(e  —  1)  =  0.010082U,  and  hence  we  derive 

v  =  67°  Z  59".92,  log  r  ==  0.200854:.. 

It  remains  yet  to  illustrate  the  calculation  of  v  and  r  for  elliptic 
and  hyperbolic  orbits  in  which  the  eccentricity  differs  but  little  from 
unity.  First,  in  the  case  of  elliptic  motion,  let  t  T  68.25  -lays; 
e  =  0.9675212;  and  log  q  =  9.7668134.     We  compute  31  from 


M=(t-T)^yj^, 


J* 

wherein  log  C0=  9.9601277,  which  gives 

log  M  =2.1404550. 
With  this  as  argument  we  get,  from  Table  VI., 

V=  101°  38'  3".74, 
and  then  with  this  value  of  V  as  argument  we  find,  from  Table  IX., 

A  =  1540".08,  B  =  9".506,  C  =  0".062. 

1  e 

Then  we  have  log  i  =  log ..  =  8.217680,  and  from  the  equation 

v  =  V+  A  (lOOi)  +  ^(lOOi)1  +  C(100i)3, 
we  get 

v  =  V+  42'  22".28  4-  25".90  4-  0".28  ==  102°  20'  52".20. 

The  value  of  r  is  then  found  from 

rz=    qd  +  e) 
1  4-  e  cos  v' 
namely, 

log  r  =  0.1614051. 

We  may  also  determine  r  and  v  by  means  of  Table  X.     Thus,  we 

first  compute  31  from 

M      C0(t-T)   V 7'c (14-96) 

M= 5 £ . 

qi  -° 

Assuming  B  =  1,  we  get  log  M=  2.13757,  and,  entering  Table  VI. 
with  this  as  argument,  we  find  w=  101°  25'.  Then  we  compute  A 
from 

A—  5(1~^tan»^ 
A  ~   1  +  9e  ta     *   ' 
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which  gives  A  =  0.024985.     With  this  value  of  A  as  argument,  we 

find,  from  Table  X., 

log  B  =  0.0000047. 

The  exact  value  of  M  is  then  found  to  be 

log  M=  2.1375635, 

which,  by  means  of  Table  VI.,  gives 

w  =  101°  24'  36".26. 

By  means  of  this  we  derive 

A  =  0.02497944, 

and  hence,  from  Table  X., 

log  C=  0.0043771. 


Then  we  have 


tan  ^v  =  C  tan  iw  \  }  ,~V  , 
z      *  1  +  9e 


which  gives 

v  =  102°  20'  52".20, 

agreeing  exactly  with  the  value  already  found.   Finally,  r  is  given  by 

(1  +  AC2)  cos2 iv' 
from  which  we  get 

log  r  =  0.1614052. 

Before  the  time  of  perihelion  passage,  t  —  T  is  negative;  but  the 
value  of  v  is  computed  as  if  this  were  positive,  and  is  then  considered 
as  negative. 

In  the  case  of  hyperbolic  motion,  i  is  negative,  and,  with  this  dis- 
tinction, the  process  when  Table  IX.  is  used  is  precisely  the  same 
as  for  elliptic  motion;  but  when  table  X.  is  used,  the  value  of  A 
must  be  found  from 

and  that  of  r  from 

r  = i- 


(l-r-AC*)  COS'V 


the  values  of  log  B  and  log  C  being  taken  from  the  columns  of  the 
table  which  belong  to  hyperbolic  motion. 

In  the  calculation  of  the  position  of  a  comet  in  space,  if  the  motion 
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is  retrograde  and  the  inclination  is  regarded  as  less  than  90°,  the  dis- 
tinctions indicated  in  the  formulae  must  be  carefully  noted. 

42.  When  we  have  thus  computed  the  places  of  a  planet  or  comet 
for  a  series  of  dates  equidistant,  we  may  readily  interpolate  the  places 
for  intermediate  dates  by  the  usual  formula?  for  interpolation.  The 
interval  between  the  dates  for  which  the  direct  computation  is  made 
should  also  be  small  enough  to  permit  us  to  neglect  the  effect  of  the 
fourth  differences  in  the  process  of  interpolation.  This,  however,  is 
not  absolutely  necessary,  provided  that  a  very  extended  .series  of 
places  is  to  be  computed,  so  that  the  higher  orders  of  differences  may 
be  taken  into  account.  To  find  a  convenient  formula  for  this  inter- 
polation, let  us  denote  any  date,  or  argument  of  the  function,  by 
a  +  nw,  and  the  corresponding  value  of  the  co-ordinate,  or  of  the 
function,  for  which  the  interpolation  is  to  be  made,  hyf(a  -\-  nco). 
If  we  have  computed  the  values  of  the  function  for  the  dates,  or 
arguments,  a  —  10,  a,  a  +  at,  a  -f-  2w,  &c,  we  may  assume  that  an 
expression  for  the  function  which  exactly  satisfies  these  values  will 
also  give  the  exact  values  corresponding  to  any  intermediate  value 
of  the  argument.  If  we  regard  n  as  variable,  we  may  expand  the 
function  into  the  series 

/(a  +  nto)  =/(o)  +  An  +  Bn2  4-  Cn*  -f  &c.  (116) 

and  if  we  regard  the  fourth  differences  as  vanishing,  it  is  only  neces- 
sary to  consider  terms  involving  n3  in  the  determination  of  the 
unknown  coefficients  A,  B,  and  C.  If  we  put  n  successively  equal 
to  —  1,  0,  1,  and  2,  and  then  take  the  successive  differences  of  these 

values,  we  get 

I.  Diff.  II.  Diff.     III.  DifT. 

•/<•-.)   =f(ci)-A   +  1?  -C 

f(a)  =f(a)  A~n      n      2B 

>(a  +  «)   =f(a)  +  A   +B   +C     A^n^nW+GC     6° 

/(a  +  2«*)=/(a)  +  2^  +  4JB  +  8C^  +  ^+'0 

If  we  symbolize,  generally,  the  difference  f(a  +  nto)  — f(a  +  (n  —  1 )  w) 
l>y/>  + (*— 1)  <»),  the  difference/ (a +  (n  +  i)  co)-f{a  +  {n-{)  to) 
by/"  (a  +  mo),  and  similarly  for  the  successive  orders  of  differences, 
these  may  be  arranged  as  follows : — 

I.  Diff.  II.  Diff.  III.  Diff. 

/  (a  —  !#)         t»  (a\ 

/(a  +  i-)        f(a  +  at)     /"(«  +  *•) 


Argument. 

Function. 

a  —  to 

/(a  —  to) 

a 

/(a) 

a  +  <o 

/(«  +  -) 

a+2u> 

f(a  +  2«0 
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Comparing  these  expressions  for  the  differences  with  the  above,  we 

get 

C=hf"  («  +  >)>  *  =  if(a)f 

A=f{*  +  *«0  -  if  («)  -  JT  («  +  »> 

which,  from  the  manner  in  which  the  differences  are  formed,  give 

C=  h  (/"  («  +  •)  -/'  («)),  ^  *»  if  («), 

JL  =/(a  +  «)  -/(a)  -  J/"  («)  -  1  (/"  («  +  «)  ~/"  («))• 

To  find  the  value  of  the  function  corresponding  to  the  argument 
a  +  \io,  we  have  n  =  \,  and,  from  (116), 

/(a  +  j£)  =/(•)  +  u  +  **  + 1  a 

Substituting  in  this  the  values  of  A,  B,  and  C,  last  found,  and  re- 
ducing, we  get 

/(A + i«o = h  (/(« +  «o  +/(«))  - 1  (i  (/"  (« + «)  +r  («))), 

in  which  only  fourth  differences  are  neglected,  and,  since  the  place 
of  the  argument  for  n  —  0  is  arbitrary,  we  have,  therefore,  generally, 

/(a  +  (»+©•)*=  J  (/'(a  +  (71  +  1)  «)  +/(a  +  n«)) 

-  i  (^  (/"  («+(»  +  1)  «)  +/"  (a  +  »»))).  (117) 

Hence,  to  interpolate  the  value  of  the  function  corresponding  to  a 
date  midway  between  two  dates,  or  values  of  the  argument,  for  which 
the  values  are  known,  we  take  the  arithmetical  mean  of  these  two 
known  values,  and  from  this  we  subtract  one-eighth  of  the  arith- 
metical mean  of  the  second  differences  which  are  found  on  the  same 
horizontal  line  as  the  two  given  values  of  the  function. 

By  extending  the  analytical  process  here  indicated  so  as  to  include 
the  fourth  and  fifth  differences,  the  additional  term  to  be  added  to 
equation  (117)  is  found  to  be 

+  ih  (I  (/*  («  +  (n  +  1)  «)  +/"  («  +  *»))>, 

and  the  correction  corresponding  to  this  being  applied,  only  sixth 
differences  will  be  neglected. 

It  is  customary  in  the  case  of  the  comets  which  do  not  move  too 
rapidly,  to  adopt  an  interval  of  four  days,  and  in  the  case  of  the 
asteroid  planets,  either  four  or  eight  days,  between  the  dates  for  which 
the  direct  calculation  is  made.  Then,  by  interpolating,  in  the  case  of 
an  interval  w,  equal  to  four  days,  for  the  intermediate  dates,  we 
obtain  a  series  of  places  at  intervals  of  two  days ;  and,  finally,  inter- 
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pointing  for  t lie  dates  intermediate  to  these,  we  derive  the  plao 
intervals  of  one  day.  When  a  series  of  places  has  been  computed, 
the  use  of  differences  will  serve  as  a  cheek  upon  the  accuracy  of  the 
calculation,  and  will  serve  to  detect  at  once  the  place  which  is  not 
correct,  when  any  discrepancy  is  apparent.  The  greatest  discordance 
will  be  shown  in  the  differences  on  the  same  horizontal  line  as  the 
erroneous  value  of  the  function ;  and  the  discordance  will  be  greater 
and  greater  as  we  proceed  successively  to  take  higher  orders  of  dif- 
ferences. In  order  to  provide  against  the  contingency  of  systematic 
error,  duplicate  calculation  should  be  made  of  those  quantities  in 
which  such  an  error  is  likely  to  occur. 

The  ephemerides  of  the  planets,  to  be  used  for  the  comparison  of 
observations,  are  usually  computed  for  a  period  of  a  few  weeks  before 
and  after  the  time  of  opposition  to  the  sun ;  and  the  time  of  the 
opposition  may  be  found  in  advance  of  the  calculation  of  the  entire 
ephemeris.  Thus,  we  find  first  the  date  for  which  the  mean  longitude 
of  the  planet  is  equal  to  the  longitude  of  the  sun  increased  by  180° ; 
then  we  compute  the  equation  of  the  centre  at  this  time  by  means  of 
the  equation  (53),  using,  in  most  cases,  only  the  first  term  of  the 

development,  or 

v  —  M=2esinM, 

e  being  expressed  in  seconds.  Next,  regarding  this  value  as  con- 
stant, we  find  the  date  for  which 

L  +  equation  of  the  centre 

is  equal  to  the  longitude  of  the  sun  increased  by  180° ;  and  for  this 
date,  and  also  for  another  at  an  interval  of  a  few  days,  we  compute 
u,  and  hence  the  heliocentric  longitudes  by  means  of  the  equation 

tan  (I  —  &  )  =  tan  u  cos  i. 

Let  these  longitudes  be  denoted  by  I  and  V,  the  times  to  which  they 
correspond  by  t  and  t',  and  the  longitudes  of  the  sun  for  the  same 
times  by  ©  and  © ' ;  then  for  the  time  t0,  for  which  the  heliocentric 
longitudes  of  the  planet  and  the  earth  are  the  same,  we  have 

or  (118) 

r-180°-Q' 

0       +  CO'- ©)-(*' -V        }' 
the  first  of  these  equations  being  used  when  I — 180°  —  ©  is  less 
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than  V  —  180°  —  O'.  If  the  time  f0  differs  considerably  from  t  or 
t',  it  may  be  necessary,  in  order  to  obtain  an  accurate  result,  to  repeat 
the  latter  part  of  the  calculation,  using  t0  for  t,  and  talcing  I'  at  a 
small  interval  from  this,  and  so  that  the  true  time  of  opposition  shall 
fall  between  t  and  t'.  The  longitudes  of  the  planet  and  of  the  sun 
must  be  measured  from  the  same  equinox. 

When  the  eccentricity  is  considerable,  it  will  facilitate  the  calcula- 
tion to  use  two  terms  of  equation  (53)  in  finding  the  equation  of  the 
centre,  and,  if  e  is  expressed  in  seconds,  this  gives 

5    e2 
v  —  M  =  2e  sin  M  4-  -  •  -  sin  2M, 
4    s 

s  being  the  number  of  seconds  corresponding  to  a  length  of  arc  equal 
to  the  radius,  or  206264".8  ;  and  the  value  of  v  —  M  will  then  be 
expressed  in  seconds  of  arc.  In  all  cases  in  which  circular  arcs  are 
involved  in  an  equation,  great  care  must  be  taken,  in  the  numerical 
application,  in  reference  to  the  homogeneity  of  the  different  terms. 
If  the  arcs  are  expressed  by  an  abstract  number,  or  by  the  length  of 
arc  expressed  in  parts  of  the  radius  taken  as  the  unit,  to  express, them 
in  seconds  we  must  multiply  by  the  number  206264.8 ;  but  if  the 
arcs  are  expressed  in  seconds,  each  term  of  the  equation  must  contain 
only  one  concrete  factor,  the  other  concrete  factors,  if  there  be  any, 
being  reduced  to  abstract  numbers  by  dividing  each  by  s  the  number 
of  seconds  in  an  arc  equal  to  the  radius. 

43.  It  is  unnecessary  to  illustrate  further  the  numerical  application 
of  the  various  formula?  which  have  been  derived,  since  by  reference 
to  the  formulae  themselves  the  course  of  procedure  is  obvious.  It 
may  be  remarked,  however,  that  in  many  cases  in  which  auxiliary 
angles  have  been  introduced  so  as  to  render  the  equations  convenient 
for  logarithmic  calculation,  by  the  use  of  tables  which  determine  the 
logarithms  of  the  sum  or  difference  of  two  numbers  when  the  loga- 
rithms  of  these  numbers  are  given,  the  calculation  is  abbreviated, 
and  is  often  even  more  accurately  performed  than  by  the  aid  of  the 
auxiliary  angles. 

The  logarithm  of  the  sum  of  two  numbers  may  be  found  by  means 
of  the  tables  of  common  logarithms.     Thus,  we  have 

log(a  +  6)  =  loga(l  +  *-)  =  log&(l  +  ?]. 

If  we  put 

log  tan  x  =  £  (log  b  —  log  a), 
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we  shall  have 


or 


log  (a  -J-  b)  =  log  a  —  2  log  cos  z, 
log  (a  -\-  b)  =  log  6  —  2  log  sin  a?. 


The  first  form  is  used  when  cos*  is  greater  than  sin  .r,  and  the  second 
form  when  cos*  is  less  than  sin*. 

It  should  also  be  observed  that  in  the  solution  of*  equations  of  the 
form  of  (89),  after  tan  (/  —  0) — using  the  notation  of  this  particular 
—has  been  found  by  dividing  the  second  equation  by  the  first, 
the  second  members  of  these  equations  being  divided  by  cos  (A  —  O) 
and  sin  (7 —  ©),  respectively,  give  two  values  of  J  COS/?,  which  should 
agree  within  the  limits  of  the  unavoidable  errors  of  the  logarithmic 
tables ;  but,  in  order  that  the  errors  of  these  tables  shall  have  the 
least  influence,  the  value  derived  from  the  first  equation  is  to  be  pre- 
ferred when  cos^. —  ©)  is  greater  than  sin  (/ —  O),  and  that  derived 
from  the  second  equation  when  cos  (A —  O)  is  less  than  sin  (A—  ©). 
The  value  of  J,  if  the  greatest  accuracy  possible  is  required,  should 
be  derived  from  A  cos  /?  when  fi  is  less  than  45°,  and  from  J  sin  .9 
when  ji  is  greater  than  45°. 

In  the  application  of  numbers  to  equations  (109),  when  the  values 
of  the  second  members  have  been  computed,  we  first,  by  division, 
find  tan$(£/  + w0)  an(l  tan|(&'  —  <w0) ;  then,  if  sin£(&' -f  o>())  is 
greater  than  cos|(&'  +  to0),  we  find  cos \V  from  the  first  equation; 
but  if  sin  \{Q'  +  w0)  *s  less  than  cos^(&'  +  w0),  we  find  cos  V'  from 
the  second  equation.  The  same  principle  is  applied  in  finding  sin  li' 
by  means  of  the  third  and  fourth  equations.  Finally,  from  sin  li' 
and  cos \i'  we  get  tan  |i',  and  hence  i'.  The  check  obtained  by  the 
agreement  of  the  values  of  sin^i'  and  cos$iv,  with  those  computed 
from  the  value  of  i'  derived  from  tan  \i',  does  not  absolutely  prove 
the  calculation.  This  proof,  however,  may  be  obtained  by  means 
the  equation 

sin  i'  sin  Q, '  =  sin  i  sin  £1 , 
or  by 

sin  i'  sin  %  =  sin  c  sin  Q . 

In  all  cases,  care  should  be  taken  in  determining  the  quadrant  in 
which  the  angles  sought  are  situated,  the  criteria  for  which  are  fixed 
either  by  the  nature  of  the  problem  directly,  or  by  the  relation  of  the 
algebraic  signs  of  the  trigonometrical  functions  involved. 
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CHAPTER  II. 

INVESTIGATION  OF  THE  DIFFERENTIAL  FORMULAE  WHICH  EXPRESS  THE  RELATION 
BETWEEN  THE  GEOCENTRIC  OR  HELIOCENTRIC  PLACES  OF  A  HEAVENLY  BODY 
AND   THE  VARIATION   OF   THE   ELEMENTS   OF   ITS  ORBIT. 

44.  In  many  calculations  relating  to  the  motion  of  a  heavenly 
body,  it  becomes  necessary  to  determine  the  variations  which  small 
increments  applied  to  the  values  of  the  elements  of  its  orbit  will  pro- 
duce in  its  geocentric  or  heliocentric  place.  The  form,  however,  in 
which  the  problem  most  frequently  presents  itself  is  that  in  which 
approximate  elements  are  to  be  corrected  by  means  of  the  differences 
between  the  places  derived  from  computation  and  those  derived  from 
observation.  In  this  case  it  is  required  to  find  the  variations  of  the 
elements  such  that  they  will  cause  the  differences  between  calculation 
and  observation  to  vanish ;  and,  since  there  are  six  elements,  it  follows 
that  six  separate  equations,  involving  the  variations  of  the  elements 
as  the  unknown  quantities,  must  be  formed.  Each  longitude  or  right 
ascension,  and  each  latitude  or  declination,  derived  from  observation, 
will  furnish  one  equation ;  and  hence  at  least  three  complete  observa- 
tions will  be  required  for  the  solution  of  the  problem.  When  more 
than  three  observations  are  employed,  and  the  number  of  equations 
exceeds  the  number  of  unknown  quantities,  the  equations  of  condi- 
tion which  are  obtained  must  be  reduced  to  six  final  equations,  from 
which,  by  elimination,  the  corrections  to  be  applied  to  the  elements 
may  be  determined. 

If  we  suppose  the  corrections  which  must  be  applied  to  the  ele- 
ments, in  order  to  satisfy  the  data  furnished  by  observation,  to  be  so 
small  that  their  squares  and  higher  powers  may  be  neglected,  the 
variations  of  those  elements  which  involve  angular  measure  being 
expressed  in  parts  of  the  radius  as  unity,  the  relations  sought  may 
be  determined  by  differentiating  the  various  formulae  which  determine 
the  position  of  the  body.  Thus,  if  we  represent  by  0  any  co-ordi- 
nate of  the  place  of  the  body  computed  from  the  assumed  elements 
of  the  orbit,  we  shall  have,  in  the  case  of  an  elliptic  orbit, 
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3f0  being  the  mean  anomaly  at  the  epoch  T.  Let  0'  denote  the  value 
of  this  co-ordinate  as  derived  directly  or  indirectly  from  observation; 
then,  if  we  represent  the  variations  of  the  elements  by  Ar,  a&,  a/, 
&c.,  and  if  we  suppose  these  variations  to  be  so  small  that  their 
squares  and  higher  powers  may  be  neglected,  we  shall  have 

^      -  dO         ,    dO       .     ,    do     .       do 

,     dO  dO  ... 

The  differential  coefficients  -r-,  -y— ,  &c.  must  now  be  derived  from 

d*    d& 

the  equations  which  determine  the  place  of  the  body  when  the  ele- 
ments are  known. 

We  shall  first  take  the  equator  as  the  plane  to  which  the  positions 
of  the  body  are  referred,  and  find  the  differential  coefficients  of  the 
geocentric  right  ascension  and  declination  with  respect  to  the  elements 
of  the  orbit,  these  elements  being  referred  to  the  ecliptic  as  the  fun- 
damental plane.  Let  x,  y,  z  be  the  heliocentric  co-ordinates  of  the 
body  in  reference  to  the  equator,  and  we  have 

0  =/(*,  V,  z), 
or 

Jn       do  do  dO 

dO  =  -^dx  +  -d~dy  +  -dJdz. 

Hence  we  obtain 

dO        dO     dx    ,    dO     dy    ,   dO     dz  rtks 

diz        dx  '  dn        dy     cfrr       dz     dr' 

and  similarly  for  the  differential  coefficients  of  6  with  respect  to  the 
other  elements.  We  must,  therefore,  find  the  partial  differential  co- 
efficients of  d  with  respect  to  x,  y,  and  z,  and  then  the  partial  differen- 
tial coefficients  of  these  co-ordinates  with  respect  to  the  elements.  In 
the  case  of  the  right  ascension  we  put  6  ==  a,  and  in  the  case  of  the 
declination  we  put  6  =  8. 

45.  If  we  differentiate  the  equations 

x  +  X=  A  cos  3  cos  a, 
y  +  Y=  A  cos  S  sin  a, 
z  -f  Z  =  A  sin  S, 

regarding  X,  Y}  and  Z  as  constant,  we  find 


.  da             sin  a 

cos  8  -j-  = — 

dx               A  ' 

.  da         COS  a 

COS  0   -_—   =    — , 

dy         A 

«  d*         rt 

cos  <J  -j-  =  0, 
az 

a*<5            cos  a  sin  5 

<te~              A      ' 

d8            sin  a  sin  8 

dy~              A       ' 
d8       cos  8 
~dz~  —  ~A" 
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dx  =  cos  a  cos  8  dA  —  A  sin  a  cos  8  da  —  A  cos  a  sin  8  d8, 
dy  =  sin  a  cos  8  dA  -\-  A  cos  a  cos  8  da  —  J  sin  a  sin  8  d8, 
dz  =  sin  8  d A  -j-  J  cos  5  d#. 

From  these  equations,  by  elimination,  we  obtain 

.   ,             sin  a  7     ,   cos  a  7  /ON 

cos  8  da  = j—  dx  -j —  dy,  (3) 

,.  cos  a  sin  8  .        sin  a  sin  8  .        cos  8 

d8  = - dx -. ay  A -r—  dz. 

A  A I  A 

Therefore,  the  partial  differential  coefficients  of  a  and  d  with  respect 
to  the  heliocentric  co-ordinates  are 


(4) 


Next,  to  find  the  partial  differential  coefficients  of  the  co-ordinates 
x,  y,  z,  with  respect  to  the  elements,  if  we  differentiate  the  equations 
(100)!,  observing  that  sin  a,  sin  6,  sin  c,  A,  B,  C,  are  functions  of  ft 
and  i,  we  get 

dx  =  -  dr  -|-  x  cot  (A  +  it)  du  -f-  -j^r  d&  +  ~r=-  di, 
r  aft  at 

dz  =  -  dr  At  z  cot  (  C  +  u)  du  +  -^-  dft  +  -jr  di. 

(ix     dor 
To  find  the  expressions  for  — ,  -p-,  &c,  we  have  the  equations 

x  =  r  cos  tt  cos  ft  —  r  sinu  sin  ft  cos  i, 

y  =  r  cos  m  sin  ft  cos  1  -(-  r  sin  u  cos  ft  cos  i  cos  e  —  r  sin  u  sin  i  sin  £, 

z  =  r  cos  m  sin  ft  sin  e  +  r  sin  u  cos  ft  cos  i  sin  e  -j-  r  sin  it  sin  i  cos  e, 

which  give,  by  differentiation, 

dx  .     _  .  _ 

-=-—  =  —  r  cos  w  sin  ft  —  r  sin  w  cos  ft  cos  1, 

aft 

du  .         .     _         . 

-,„  =  r  cos  u  cos  ft  cos  e  —  r  sin  m  sin  ft  cos  1  cos  e, 
aft 
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dz 

-r— -  =  r  cos  u  cos  &  sin  e  —  r  sin  u  sin  H  cos  i  sin  e, 
«&6 

da?  .       -    .    . 

-tv  =  r  sin  m  sin  £g  sin  <, 
ai 

ay  .  _    .    . 

-j?  =  —  r  sin  tt  cos  £1  sin  t  cos  c  —  r  sin  w  cos  i  sin  e, 
at 

dz  .  ... 

-77-  =  —  r  sin  tt  cos  Q  sin  t  sin  e  4-  r  sin  w  cos  %  cos  t. 
at 

The  first  three  of  these  equations  immediately  reduce  to 

dz  dy  dz  ._. 

ag-- *«■•-•«•.     a&f**'*     a&=*8ine;  (5) 

and  since 

cos  a  —  sin  &  sin  i, 

cos  6  =  —  cos  Q  sin  i  cos  ■  —  cos  i  sin  e, 

cos  c  =  —  cos  Q,  sin  i  sin  e  -|-  cos  i  cos  e, 

we  have,  also, 

dx  dy  .  .  dz  . 

— -  =  r  sin  ?t  cos  a,  —rr.=  r  sin  u  cos  0,  — jt-  =  r  sin  tt  cos  c. 

at  dx  di 


Further,  we  have 
and  hence,  finally, 


du  =  dv  +  dx  —  dQ, , 


dx  =  -  dr  +  x  cot  ( A  -\-  u)  dv  -f-  x  cot  (J.  +  w)  dx 


/• 


+  ( —  os  cot(J.  -\-u)  —  y  cos  e  —  2  sin  e)  dQ  -f-  r  sin  w  cos  a  di," 

dy  =  -dr-\-y  cot  ( B  -\-  u)  dv  +  y  cot  (2?  +  w)  dr  .  „. 

+  ( —  y  c°t  (B  +  w)  +  x  cos  e)  d&  +  r  sin  m  cos  6  di, 

dz  =  -  dr  -f-  2  cot  (  C  +  u)  dv  +  2  cot  (  C  -+-  w)  dx 
-+-  ( —  2  cot  (  C  +  w)  -f-  x  sin  e)  c?S^  -f  **  sin  w  cos  c  di. 

These  equations  give,  for  the  partial  differential  coefficients  of  the 
heliocentric  co-ordinates  with  respect  to  the  elements, 

dx        dx  .  A  -  . ,    ...  dy        dy  ' . _  ,     » 

-j—  =  -j-  =  2  cot  (  C  -f  w) ; 
dx        dv 
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dx  dv 

^—  = — x  cot  (A-\-u) — y  cose — z  sine,         lf)=  —  V  cot{B-\-u)-\-x  cos  e, 

dz 

-j—  ass  —  z  cot  (  C  +  u)  +  z  sin  e ; 
dbl 


dx 

-—-  =  r  sm  u  cos  a, 

di 

di 

=  r  sin  w  cos  6, 

dz 
di 

=  r  sinw  ccsc; 

(7) 

dx       x 
dr       r 

dy 
dr 

» 

r 

dz 
dr 

z 
r 

When  the  direct  inclination  is  greater  than  90°,  if  we  introduce  the 
distinction  of  retrograde  motion,  we  have 

du  =  dv  —  d-  +  dQ,, 
and  hence 

dx  dx  \  \  .   ,     N  dy  dy  «.">»■% 

-5-  = j-  =  —  a;  cot ( A  +  w),  -f-  = ^-  =  —  y  cot(B  +  u), 

dx  dv  dit  dv 

rfa?       <fc  .  dy       dy    ,  dz        dz    . 

j— =-j vcoss  —  zsine,       T^:=-r-  +  a;cose,       jt^=-j—  +  zsine. 

d&       cfo      *  d&       dv  dQ,       dv 

mi  .         n       dx     dy         ,    dz 

The  expressions  for  -r->  -f-}  and  -=—  remain  unchanged;  and  we 

have,  also, 

dx  .  dy  .  ,       dz  .  ,„N 

-jr  =  —  rsinwcosa,     -p-  = —  rsinwcoso,     -j-^  = —  rsmweosc.     (yj 
di  di  at 

It  is  advisable,  in  order  to  avoid  the  use  of  two  sets  of  formulae,  in 
part,  to  regard  the  motion  as  direct  and  the  inclination  as  susceptible 
of  any  value  from  0°  to  180°.  If  the  elements  which  are  given  are 
for  retrograde  motion,  we  take  the  supplement  of  i  instead  of  i;  and 
if  we  designate  the  longitude  of  the  perihelion,  when  the  motion  is 
considered  as  being  retrograde,  by  (tt),  we  shall  have 

*  =  2&  — (»). 

If  we  introduce,  as  one  of  the  elements  of  the  orbit,  the  distance 
of  the  perihelion  from  the  ascending  node,  we  have 

du  =  dv  -f-  do>, 
and,  hence, 

dx        dx  ,  .         N  dy        dy  ,  _,   .      N 

£=-£=.  c*«7+«v  do 
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The  values  of  — ■>  -r—,  and  -r—  must,  in  this  case,  be  found  by  means 
d&   dR  d&  J 

of  the  equations  (5). 

By  means  of  these  expressions  for  the  differential  coefficients  of  the 

co-ordinates  x,  y,  :,  with  respect  to  the  various  elements,  and   those 

given  by  (4),  we  may  derive  the  differential  coefficients  of  the 

centric  right  ascension  and  declination  with  respect  to  the  elem 

Q,,  i,  and  %  or  at,  and  also  with  respect  to  r  and  v,  by  writing  suc- 

cessively  a  and  8  in  place  of  d,  and  Q,,  i,  <fcc.,  in  place  of  ~  in  the 

equation  (2).     The  quantities  r  and  v,  however,  are  functions  of  the 

remaining  elements  <p,  M0,  and  /x;  and  Ave  have 

dv=%d*+^dM»+t;d!l' 

Therefore,  the  partial  differential  coefficients  of  x,  with  respect  to 
the  elements  (p,  M0,  and  it,  are 


(ID 


The  expressions  for  the  partial  differential  coefficients  in  the  case  of 
the  co-ordinates  y  and  z  are  of  precisely  the  same  form,  and  are  ob- 
tained by  writing,  successively,  y  and  z  in  place  of  x.     The  values  of 

dx     dx     dy     dy     dz         .   dz  .         .       .  .         .„,         , 

-r~»  ~r~>  ~t~>  ~r~>  ~"n  and  — —  are  given  by  the  equations  (7),  and 
dr     dv     dr     dv     dr  dv  6  J  ^  v  h 

,  ,  .         „      dr     dv      dr      dv     dr         .   dv  .  , 

when  the  expressions  for  -x-»  -r-i  -rrr>  ttt'  -r~>  and  -7-  have  been 

dtp    d<p    (<M0    dM0    d/i  d;i 

found,  the  partial  differential  coefficients  of  the  heliocentric  co-ordi- 
nates with  respect  to  the  elements  <p,  Mw  and  ft  will  be  completely 
determined,  and  hence,  by  means  of  (2),  making  the  necessary 
changes,  the  differential  coefficients  of  a  and  d  with  respect  to  these 
elements. 

46.  If  we  differentiate  the  equation 

M=E — esini?, 


dx 

dx 

dr         dx 
d<p         dv 

dv 

d<p 

dr 

d<p  ' 

dx 

dx 

dr     ]    dx 

dv 

dM0 

dr 

dMa    '    dv 

'dM? 

dx 

dx 

dr     ,    dx 

dv 

dii. 

dr 

dii         dv 

d/j. 
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we  shall  have 

dM=  dE(l  —  e  cos  E)  —  cos  <p  sin  E  dv. 

T  .  T 

But,  since  1  —  e  cos  E  =  -,  and  cos  w  sin  E=-  sin  v.  this  reduces  to 

a  '  a 

T  T 

dM=  -  dE  —  -  sin  v  dv, 
a  a 

or 

dE  =  -  dM  -f-  sin  v  d<p. 
r 

If  we  take  the  logarithms  of  both  members  of  the  equation 

tan  hv  =  tan  \E  tan  (45°  -f-  ^v), 

and  differentiate,  we  find 

dv  dE  d<p 


2  sin  }2v  cos  \v       2  sin \E  cos  £E  '   2  sin  (45°  +  \<p)  cos  (45°  +  £?)' 

which  reduces  to 

7         sint;   7_,  ,   sinv    7 

dv  —  -; — =,  dE  -\ d<p. 

sin  E  cos  y> 

Introducing  into  this  equation  the  value  of  dE,  already  found,  and 

t  sin  v 
replacing  sin  E  by ,  we  get 

7        a2  cose*  ,,,  ,    sin  v  I  a  cos2  v   ,    H\  7 

dv s= «— -  rfJf -^ I +  1  \d<p. 

r  cos  v\      r  I 

P 
But  since  a  cos2<p  =p,  and  -  =  1  +  sin  <p  cos  v,  this  becomes 

dv  = ; —  dM  + 1 \-  tan  v  cos  v  )  sin  t>  dv.  (12) 

r2  \cosy>  /  r  v     y 

If  we  differentiate  the  equation 

r  =  a(l  —  ecos.E), 
we  shall  have 

T 

dr  =  -  da  +  ae  sin  i?  c?jE  —  a  cos  p  cos  i£  d<p ; 
a 

and  substituting  for  dE  its  value  in  terms  of  dM  and  cfy>,  the  result 
is 

dr  =  -  da  +  a  tan  v  sin  v  <?J/+  (ae  sin  E  sin  i>  —  a  cos  ?>  cos  .E)  «V.      (13) 
a 
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M  .         .     r,      sin  v  cosy        ,         r,       cos v  +  e  ,    ,,  , 

Now.  since  sin  .£  =  -—■ ,  and  cos  n  =  ^—. »  we  shall  have 

1  +  e  cos  v  1  -j-  e  cos  v 

.     _  .  _      ae  cos  <p  sin*  v      a  cos  <?  (cos  v  -f  e) 

ae  sin  Ji  sin  v  —  a  cos  «>  cos  L  =  — = — ; = — ; -, 

1  +  e  cos  v  1  +  e  cos  v 

which  reduces  to 

ae  sin  E  sin  t;  —  a  cos  <p  cos  2?  =  —  a  cos  p  cos  v 
Hence,  the  expression  for  dr  becomes 

T 

dr=  -  da  -f-  a  tan  f  sin  v  dJf —  a  cos  <p  cos  v  efy> .  (14) 

a 

Further,  we  have 

M=M0  +  »(t-T), 

T  being  the  epoch  for  which  the  mean  anomaly  is  3f0,  and 

W 1  +  m 

«  = i 

a* 

Differentiating  these  expressions,  we  get 

dM=  dM0  +  (*  —  T)  dii, 
da  _        n     df* 
~a~~~%'lT; 

and  substituting  these  values  in  the  expressions  for  dr  and  dv,  we 
have,  finally, 

dr  =  a  tan  <p  sin  v  cO^  -f-  (  a  tan  ¥>  sin  t>  (£  —  T)  —  —  )  dp 

—  a  cos  <p  cos  v  d<f,  (15) 

,        a2  cos  <p  , , ,    ,  a*  cos  <p  , .      ms  ,     ,  /     2      .  x  \  .        , 

dv  = — -  eOfl  -\ t-1-  it  —  T)  d/j.  +   ■-  +  tan  <p  cos  v   sin  v  ety. 

r'  r2  \cosy  / 

From  these  equations  for  dr  and  dv  we  obtain  the  following  values 
of  the  partial  differential  coefficients : — 


dr 
d<p 


dv      (    2      ,  *  \  • 

=  —  a  cosy  cos  i\  -r-^l |-tan?cosv  Isinv, 

d<p     \  cos  <p  ! 

dr  .  dv       a"  cosy  /i/?. 

mr  •**'*»•'  SF„=— r~-  (16) 

4-  =  «U>a9Hiuv(l-T)-^206264.S,-%-  =  ^^<.t-n 

dfi  '■  >  ;>.  dii.  r1 
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(fr- 
it will  be  observed  that  in  the  last  terra  of  the  expression  for  —  we 

dp 

have  supposed  fx  to  be  expressed  in  seconds  of  arc,  and  hence  the 
factor  206264.8  is  introduced  in  order  to  render  the  equation  homo- 
geneous. 

47.  The  formulae  already  derived  are  sufficient  to  find  the  varia- 
tions of  the  right  ascension  and  declination  corresponding  to  the 
variations  of  the  elements  in  the  case  of  the  elliptic  orbit  of  a  planet ; 
but  in  the  case  of  ellipses  of  great  eccentricity,  and  also  in  the  cases 
of  parabolic  and  hyperbolic  motion,  these  formulae  for  the  differential 
coefficients  require  some  modification,  which  we  now  proceed  to 
develop. 

First,  then,  in  the  case  of  parabolic  motion,  sin  f  =  1,  and  instead 
of  M0  and  p  we  shall  introduce  the  elements  T  and  q,  the  differential 
coefficients  relating  to  tt,  &,,  and  i  remaining  unchanged  from  their 
form  as  already  derived. 

If  we  differentiate  the  equation 

k(*^P  =  «*  (tan  h>  +  i  tan8  lv), 

regarding  T,  q,  and  v  as  variable,  we  shall  have 

-pr  =  | 7——  dq  -f  igt  sec*  Xv, 

Vl  ?l/2  " 

or,  since  r2  =  <f  sec4  \v, 

7=  —  2 7= —  dq  +  i  -i  dv. 

Multiplying  through  by  3L|  and  reducing,  we  get 

r*  i*V2q 


(17) 


Instead  of  q,  we  may  use  logo-,  and  the  equation  will,  therefore, 
become 

.  ^VYq,^       3Jc(t—T)VTq,,  ,1fi. 

dv  = -r^dT 2^T ldloS1>  (18) 

in  which  X0  is  the  modulus  of  the  system  of  logarithms. 
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If  we  take  the  logarithms  of  both  members  of  the  equation 


and  differentiate,  we  find 


cos 


dr  =  -  dq  +  r  tan  ^y  dv. 
Introducing  into  this  equation  the  value  of  dv  from  (17),  we  get 

dr  =  r(1--Sh(t--T}±a^V)dq-kVYltan>V,IT.         (19) 

Now,  since =  q  (tan  £v  +  $tan3  \v),  and  5-  =  r  cos2  }«,  we  have 

V  2q 

1       3£  («  —  T)  tan  4«       1  n    .    ,     , .          Q    .  2  ,  •«,♦,,  \ 

r£= — 5-  =  -(14-  tan2 ±v  —  3  sin2  lv  —  sin-  ±v  tair  \v) 

q  r2V2q  r 

_  cosv 
r 
We  also  have 

kl/ 2q         ,         ^l/2ocos2At;tanit;       &sinv 
*  tan  J ,v  — * a •*-  =      ,—  . 

Therefore,  equation  (19)  reduces  to 

dr  =  cos  t>  dq  —  ^*L_V  eZI7.  (20) 

If  we  introduce  c?  log  q  instead  of  dq,  this  equation  becomes 

dr  =  ^dlogq-k^dT.  (21) 

*o  b  H        V2q 

From  the  equations  (17),  (18),  (20),  and  (21),  we  derive 


dr                 k  sin  v 
dT               V^ 
dr 

dv 
dT 

dv 

kV2q 
r2     ' 

mt-T)     ra 

dq 

dr         q  cos  v 
dlogq          X0 

dq 

dv 
dlogq 

Sk(t—  T)V2q 

and  then  we  have,  for  the  differential  coefficients  of  x  with  respect  to 
T  and  q  or  log  q, 
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dx       dx     dr       dx     dv 

dx       dx     dr       dx     dv 

dT~"d7'df+d^"df' 

dq        dr     dq        dv     dq 

dx          dx 

dr 

,  dx        dv 

,   1    An     '    J1nr.„> 

and  similarly  for  the  differential  coefficients  of  y  and  z  with  respect 
to  these  elements.  The  expressions  for  the  partial  differential  co- 
efficients of  x,  y,  and  z,  respectively,  with  respect  to  r  and  v  are  the 
same  as  already  found  in  the  case  of  elliptic  motion.  We.  shall  thus 
obtain  the  equations  which  express  the  relation  between  the  variations 
of  the  geocentric  places  of  a  comet  and  the  variation  of  the  parabolic 
elements  of  its  orbit,  and  which  may  be  employed  either  to  correct 
the  approximate  elements  by  means  of  equations  of  condition  fur- 
nished by  comparison  of  the  computed  place  with  the  observed  place, 
or  to  determine  the  change  in  the  geocentric  right  ascension  and 
declination  corresponding  to  given  increments  assigned  to  the  ele- 
ments. 

48.  We  may  also,  in  the  case  of  an  elliptic  orbit,  introduce  T,  qy 
and  e  instead  of  the  elements  <p,  MQ,  and  p.     If  we  differentiate  the 

expression 

q  =  a(l—e), 
we  shall  have 

We  have,  also, 


da  =  -dq  4-  —  de. 
q  q 


M=  Wl  +  m  <r!  (t  —  T), 
in  which  T  is  the  time  of  perihelion  passage,  and 

dM  =  —  kVl  +  m  trl  dT—  HVl  +  m  a~i{t—  T)  da. 
Hence  we  derive 

dM=-kV'T+^a-*dT—  %kl/l  +  ma~*  (t  —  T)dq 

9 

Substituting  this  value  of  dM  in  equation  (12),  replacing  sin  9?  by  e, 
and  reducing,  we  get 

r*  z  qia  1 

_^VfaT^H_  T)  _|g  +  1ynv\jrL_de.     (23j 
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In  a  similar  manner,  by  substituting  the  values  of  da  and  <LM  in 
equation  (14),  and  reducing,  we  find 

dr  = 7^ — esinvar 

Vp 

+  I  "  —  3 /-   » \i-; —  «  sin  v  )  da 

+  (p^-cosv}-%kVPa+rn)(t-T)e^}^de.   (24) 


These  equations,  (23)  and  (24),  will  furnish  the  expressions  for  the 

dv    dv    dv    dv    dv  dv 

partial  differential  coefficients  -t=l,  -t-»  -r-»  -r^>  ~r>  and  -_— ,  which  are 
r  dT  dq    de    dT  dq  ae 

required  in  finding  the  differential  coefficients  of  the  heliocentric  co- 
ordinates with  respect  to  the  elements  T,  q,  and  e,  these  quantities 
being  substituted  for  3f0,  ft,  and  tp,  respectively,  in  the  equations  (11). 

49.  When  the  orbit  is  a  hyperbola,  we  introduce,  in  place  of  MQy 
tu,  and  c,  the  elements  T,  q,  and  <$>. 
If  we  differentiate  the  equation 

N0  =  e  tan  F  —  loge  tan  (45°  +  \F)t 
we  shall  have 

dN0  =  l— e—-l\J*-  +  ttinFde. 
0      \  cos  F         }  cos  F   ' 

which  is  easily  transformed  into 

,-T       r      dF      ,.       „  tan4-    . 

dNn  = =  +  tan  F d*. 

0      a    cosf   '  cos 4 


or 


dF  a        7,r       a    tan  4.   T 

4N0  —  -•- — ~d-±. 


sin  F       r  tan  .F      °      r     cos  4 

Let  us  now  take  the  logarithms  of  both  members  of  the  equation 

tan  \F=  tan  \v  tan  \^, 

and  differentiate,  and  we  shall  have 

.         .         dF         sinv    7 

dv  =  sin  v  — — =f ; d*. 

sin  i*         sin  4 

dF 
Introducing  into  this  equation  the  value  of    .    „  already  found,  we 

get 

7         a  sin  v   7  „      /  a  sin  v    tan  4    .     sin  v  \  , 

dv  =  — ndJ\a  — I H — : — —    a*. 

r  tan  F      °      \     r        cos  4         sin  4.  / 
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But,  since  r  sin v  =  a  tan ^  tan F,  and p~a  tan2 1|>,  this  reduces  to 

*  -  £  V?~<I4  -fe  +  *)  "£.«.  (25) 

r*  °      \r  /  sin  + 

If  we  differentiate  the  equation 

\  cos-F         / 

we  get 

j        r  j     i  ^  rr    dF     ,       a        tan  4    , , 

dr  =  -  da  +  ae  tan2  i«^   .     „  H =  • —  cfo. 

a  smF       cosF     cos  4 

dF 
Substituting  in  this  equation  the  value  of  — — ^,  we  obtain 

-        r  ,     ,   a2e  tan  F  7  ,T       /  a2e  tan2  F  a     \  tan  4   7 

rfr  =  -  da  H diVl  — = d*, 

a  r  °      \        r  cos  jF/  cos  4 

which  is  easily  reduced  to 

,        r  -     .        sinv  pi      r  ae  \  cfy 

dr  =  -  da  4-  a  — : ■  dNn  -4-  -    = — =,  +  ae  )  - — . 

a  sin  4        °       r\cos.F       cos2i^  /sin-* 

But,  since 


cos  F      cos2  jP      cos  J?1' 
this  reduces  to 

dr  =  r-da  +  ^dN,  +  *±le *)-£-. 

a  sin 4  r  \  cos  .F/ sin  4 

or 

7        r  7  sinv    ,,..    ,       cos v    7  ,_  ., 

dr  =  -  da  +  a  -s dAT0  -f-  »  — a>.  (2d) 

a        '       sin  4        °   '  r  sin  4  K     J 

Now.  since  q  —  a(e  —  1),  we  Jiave 

.         q  1     ,   a  tan  4  7 
dq  =  i-da  A «4, 

or 

7        a  7        a*vp  7 
da  =  -dq  —  04. 

o  acos4< 

We  have,  also, 

NQ  =  ka-Ht-T), 
and  hence 

dN0  =  —  kcrUT—  Ua~  Ht—T)  da. 
By  substituting  the  value  of  da,  this  becomes 

or. to-UT-i*-*- *>*,+#«- *>*$«. 

0  q  *    '         aq  cos  4 

9 
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Substituting  this  value  of  dN0  in  equation  (25),  and  reducing,  we 
obtain 

In  a  similar  manner,  substituting  in  equation  (26)  the  values  of 
da  and  dX0,  and  reducing,  we  get 


dr  = 


Vp     cos  4  >5  1/25?       cosjj+l/cos*/ 

|jil/p(.-f)Ji»Jr_t        U^ 
1  \  g  cos 4       \  9  r  /sni4 

The  equations  (27)  and  (28)  will  furnish  the  expressions  for  the 
partial  differential  coefficients  of  r  and  v  with  respect  to  the  elements 
T,  q,  and  ^,  required  in  forming  the  equations  for  cos  o  da  and  dd. 
It  will  be  observed  that  these  equations  are  analogous  to  the  equa- 
tions (23)  and  (24),  and  that  by  introducing  the  relation  between  e 
and  i^j  au(l  neglecting  the  mass,  they  become  identical  with  them. 
We  might,  indeed,  have  derived  the  equations  (27)  and  (28)  directly 
from  (23)  and  (24)  by  substituting  for  e  its  value  in  terms  of  ^j  but 
the  differential  formula?  which  have  resulted  in  deriving  them  directly 
from  the  equations  for  hyperbolic  motion,  will  not  be  superfluous. 

50.  It  is  evident,  from  an  inspection  of  the  terms  of  equations  (23), 
(24),  (27),  and  (28)  which  contain  de  and  d\\/,  that  when  the  value  of 
e  is  very  nearly  equal  to  unity,  the  coefficients  for  these  differentials 
become  indeterminate.  It  becomes  necessary,  therefore,  to  develop 
the  corresponding  expressions  for  the  case  in  which  these  equations 
are  insufficient.     For  this  purpose,  let  us  resume  the  equation 

*(<""r2}[1+c)*  =  u  +  \tf  -  2i(]«3  +  >s)  +  3?(>8  +  K)  -  &c., 

I e 

in  which  u  =  tan  iv.  and  i  =  z — ; — •     Then,  since 

2  '  1  -f-  e  ' 

Vr|ri=ViT..(i_e)=:1  +  Ki-^)  +  3\a-^  +  &c.> 

we  shall  have 
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k  (*7  P  =  u  +  >'  +  ( JM  -  \u>  -  fo»)  (1  -  e) 

+  (A*  -  /3ws  +  -2%^)  (1  -  «)'  +  Ac.  (29) 

dv 
If  it  is  required  to  find  the  expression  for  -r-  in  the  case  of  the 

variation  of  the  elements  of  parabolic  motion,  or  when  1  —  e  is  very 
small,  we  may  regard  the  coefficient  of  1  —  e  as  constant,  and  neglect 
terms  multiplied  by  the  square  and  higher  powers  of  1 — e.  By 
differentiating  the  equation  (29)  according  to  these  conditions,  and 
regarding  u  and  e  as  variable,  we  get 

0  =  (1  +  v?)  du  —  Qu  —  lu3  —  lu>)  de; 

and,  since  du  =  $(1  +  u2)  dv,  this  gives 

dv  _  lu  —  h£  —  f  M» 

~d~e-       (l  +  u»)»  C     ; 

The  values  of  the  second  member,  corresponding  to  different  values 
of  v,  may  be  tabulated  with  the  argument  v;  but  a  table  of  this  kind 

dv 
is  by  no  means  indispensable,  since  the  expression  for  -j~  may  be 

changed  to  another  form  which  furnishes  a  direct  solution  with  the 
same  facility.     Thus,  by  division,  we  have 


*L  —  _  l«  _l  j»   u  +  lu* 
de~       5    "^(l+O2' 


and  since,  in  the  case  of  parabolic  motion, 

kit—  T) 


this  becomes 


=  u  +  -]ii5,  r2  =  q*  (1  +  it2)1, 


^V^-V^-fta^.  (31) 


If  we  differentiate  the  equation 

r=  g(l  +  «) 
1  +  «  cost;' 

regarding  r,  v,  and  e  as  variables,  we  shall  have 

dr 2rtBintlv  .    r'esinv     dv 


de~  q(l  +  ey^  q(l  +  e)'  de'  ^     * 
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In  the  tax1  6f  parabolic  motion,  e  =  l,  and  this  equation   is  easily 
transformed  into 

^  =  ^-tan^(.an>  +  2-g).  (33) 

dv 

Substituting  for  -j-  its  value  from  (31),  and  reducing,  we  get 


„  k(t-T) 
Vlq 


-j£  —  39a     .,—      sin  v  +  Ty  tan1  Jv. 


The  equations  (31)  and  (34)  furnish  the  values  of  —  and  -=■  to  be 

used  in  forming  the  expressions  for  the  variation  of  the  place  of  the 
body  when  the  parabolic  eccentricity  is  changed  to  the  value  1  -f  de* 

When  the  eccentricity  to  which  the  increment  is  assigned  differs  but 

dv 
little  from  unity,  we  may  compute  the  value  of  --  directly  from 

equation  (30).     A  still  closer  approximation  would  be  obtained  by 

i 

using  an  additional  term  of  (29)  in  finding  the  expression  for  ■=-/  but 

a  more  convenient  formula  may  be  derived,  of  which  the  numerical 
application  is  facilitated  by  the  use  of  Table  IX.  Thus,  if  we  differ- 
entiate the  equation 

v  =  V+  A  (1000  +  B  (100i)2  +  C(lOOi)3, 

regarding  the  coefficients  A,  B,  and  C  as  constant,  and  introducing 
the  value  of  i  in  terms  of  e,  we  have 

dv      dV        200A  400B    MA_  600 C    /1AA.  2 

Te  =  Te  ~  J$t&  ~  fCTF?? (10°°  "  »*0+^  C10°°  ' 

in  which  s  =  206264.8,  the  values  of  A,  B,  and  C,  as  derived  from 

dV 
the  table,  being  expressed  in  seconds.     To  find  — ,  we  have 


which  gives,  by  differentiation, 

h(t  —  T)        de  dV 

2g*       VT+^~cos4'F' 

and  if  we  introduce  the  expression  for  the  value  of  M  used  as  the 
argument  in  finding  V  by  means  of  Table  VI.,  the  result  is 
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dV_M COS*  IV 

de  ~"75(l  +  «)' 
Hence  we  have 

dv     Ifcos^F        200J.  4005     ......         600 C    /1AA.N1     ,OCN 

y  =•--,.,    ,'   >. 7=—i T2 7T-, xi  (1000 73-1 — a  (1000*,      (35) 

rfe      7o(l  +  e)      «(l  +  e)J     s(l+e),v        y      «(l  +  c)jV        *•    \    j 

dv 
by  means  of  which  the  value  of  —  is  readily  found. 

When  the  eccentricity  differs  so  much  from  that  of  the  parabola 

that  the  terms  of  the  last  equation  are  not  sufficiently  convergent, 

dv 
the  expression  for  — ,  which  will  furnish  the  required  accuracy,  may 

be  derived  from  the  equations  (75)j  and  (76)r  If  we  differentiate  the 
first  of  these  equations  with  respect  to  c,  since  B  may  evidently  be 
regarded  as  constant,  we  get 

If  we  take  the  logarithms  of  both  members  of  equation  (76),,  and 
differentiate,  we  get 

dv    _dC        dw  4de  ,_  . 

smv  ~~  ~G  +  sin^  ""  (1  +  e)  (1  +  9e)'  ^     } 

To  find  the  differential  coefficient  of  C  with  respect  to  e,  it  will  be 
sufficient  to  take 

0,-1  5^> 


which  gives 
The  equation 
gives 


d-§=%C*dA. 


di  =  -(iWttt>*  +  s' 


£w  cos*  ^w 


and  hence  we  obtain 


dC  20C*         „     .    ,    .AC1  . 

C  (1  +  9e)*         J  °  sin  w 

Substituting  this  value  in  equation  (37),  we  get 

dv  20  C1  ,    C*  sin  v    dw  4  sin  v 

de  (1  +  9e)?  "  sin  w      de       (1  -f-  e)  (1  +  9e) 
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and  substituting,  finally,  the  value  of      ,  we  obtain 

dv       „     k(t  —  T)  rfnv  oot»4u         20  C8      . 

j!  =  2 0 /-    »     '  p    '/— •  ; f /,    ,  a  m  BM  »  tan5 .'. u; 

rfe  1^2  j*      ^l/Ti0(i  +  9e)    tan2w      (!+»«)* 

4sinv 

_(l  +  c)(l+9«)' 

which,  by  means  of  (76)15  reduces  to 

dv 9     k(t — T)  C2sinv  cos'^w  S  tan  \v 

de~^'     yfzql    '  ■»  1/^(1  +  ~9e)  '  tan>~  (1  +  e)  (1  +  9e)' 

If  we  introduce  the  quantity  J/  which  is  used  as  the  argument  in 
finding  w  by  means  of  Table  VI.,  this  equation  becomes 

dv 9  3/ cos2  lw  ~2   .  *  tan  > 

Se~2(l+9e)*75tan£u>      Sinv_  (1 +e)  (1  +  9e)" 

This  equation  remains  unchanged  in  the  case  of  hyperbolic  motion, 

the  value  of  C  being  taken  from  the  column  of  the  table  which  cor- 

dv 
responds  to  this  case-;  and  it  will  furnish  the  correct  value  of       in 

all  eases  in  which  the  last  term  of  equation  (23)  is  not  conveniently 

applicable.     The  value  of  --  is  then  given  by  the  equation  (32). 

When  the  eccentricity  differs  very  little  from  unity,  we  may  put 
B  —  1,  and 

tan  \w  =  tan  |«  i/^  (1  _j_  9e), 


cos2  Uv  =  C%  cos2  -\v. 


Then  we  shall  have 

Jfcos2^^2  .  2k(t—T) 

— f—  C7  sin  v  = 7-— s —  cos*  i  w. 

75  tan  J,w.  V2q% 

The  equation 

?  =  (1  +  A  C2)  cos2  iv  =  (1  +  \A)  cos2  iw, 
r 

gives 

£  =  (1  +  P)  cos4  i«  =  Ccos4  \ ». 
Hence  we  derive 

75  tan  Aw      Smr_  r2  '  \  C2(l  +  e)* 
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If  we  substitute  this  value  in  equation  (39),  and  put  (^(1  -f-  e)  =  2, 
we  get 

efe~~2(l  +  9e)'     r1     V  ;       (l+e)(l  +  9e)'  ^ 

and  when  e  =  1,  this  becomes  identical  with  equation  (31). 

51.  Examples. — We  will  now  illustrate,  by  numerical  examples, 
the  formulas  for  the  calculation  of  the  variations  of  the  geocentric 
right  ascension  and  declination  arising  from  small  increments  assigned 
to  the  elements.  Let  it  be  required  to  find  for  the  date  1865  Feb- 
ruary 24.5  mean  time  at  Washington,  the  differential  coefficients  of 
the  right  ascension  and  declination  of  the  planet  Eurynome  ®  with 
respect  to  the  elements  of  its  orbit,  using  the  data  and  results  given 
in  Art.  41.     Thus  we  have 

a  =  181°  8'  29".29,      8  =  —  4°  42'  21".56,     log  J  =  0.2450054, 

log  r  =  0.428285,  v  =  129°  3'  50".5,  u  =  326°  41'  40".l, 

A  =  296°  39'  5".0,      B  =  205°  55'  27".l,  C=  212°  32'  17".7, 

log  sin  a  =  9.999716,         log  sin  b  =  9.974825,         log  sin  c  =  9.522219, 

log  x  =  0.425066n;  log  y  =  9.511920,  log  z  =  8.077315, 

•  =  23°  27'  24".0,  t—T=  420.714018. 

First,  by  means  of  the   equations  (4),  we   compute   the   following 
values: — 


i                ■>  da 
log  COS  «  -T- 

=  8.054308, 

.      dd 

lO0" : 

°  dx 

=  8.668959n, 

i                -  da 

lox  cos  o  — —  : 
dy 

=  9.754919n, 

.      dd 

=  6.968348n, 

log  —  =  9.753529. 
dz 

Then  we  find  the  differential  coefficients  of  the  heliocentric  co-ordi- 
nates, with  respect  to  -,  &,  i,  v,  and  r,  from  the  formulae  (7),  which 
give 

log  ~  =  log  ~  =  9.491991.,  log  $L  =  log  %  =  0.399496., 

°  dx  dv  "  d-  dv 

log  ^-  =  log  -^-  ==  9.950466n, 
dTz  dv 

log -^-  =  7.876553,  log  -^-  =  8.830941,  log  J7*- =  9.222898., 
log  -^r-  =  8.726364,  log  -^-  =  9.687577,  log  -f. -  =  0.142443., 
log -^-  =  9.996780.,    log  —JL  =  9.083635,    log  -?-  =  7.649030. 
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In  computing  the  values  of  -rr,  -vr,  and  •  ..,  those  of  cos  a,  cos  b, 

and  cose  may  generally  be  obtained  with  sufficient  accuracy  from 
sin  a,  sin  6,  and  sine.  Their  algebraic  signs,  however,  must  be 
strictly  attended  to.  The  quantities  sin  a,  sin  6,  and  sin  c  are  always 
positive;  and  the  algebraic  signs  of  cos  a,  cos  b,  and  cos  c  are  indicated 
at  once  by  the  equations  (101)i,  from  which,  also,  their  numerical 
values  may  be  derived.  In  the  case  of  the  example  proposed,  it  will 
be  observed  that  cos  a  and  cos  6  are  negative,  and  that  cos  c  is  positive. 

To  find  the  values  of  cos  d  -^  and  -r->  we  have,  according  to  equa- 


tion (2), 


which  give 


.da  .  da     dx    ,  .  da     dy  ,.+s 

cos  8  -=-  =  cos  8  — — |-cos<5-^ --,  (41) 

d-  dx     ar  dy     dx 

dd  _  dS     dx  dS     dy        dS     dz 

dx  dx     dn  dy     dit        dz     dn* 


cos  d%-  =  coe*±  =  +  1.42345,  £  =  #■  =  -  0-48900. 

as  dv  a-        dv 

In  the  case  of  Q,,  i,  and  r,  we  write  these  quantities  successively  in 
place  of  -  in  the  equations  (41),  and  hence  we  derive 

cos  $  4tz  =  —  0.03845,  4tr=  —  0.09533, 


cos  8  -^"  =  —  0.27641,  -£-  =  —  0.78993, 

dx  dx 

cos  8-^-  =  —  0.08020,    '  -^-  =  +  0.04873. 


Next,  from  (16),  we  compute  the  following  values: — 


%-  =  0.179155,  log  ^r  =  9.577453,  log  ~ 

d<p  °  dM0  °  d/i 


log^  =  0.171999,  log  -^r  =  9-911247,  log  dJ-  =  2.535234. 

6  df  &  dMa  '  5  dii 

doc      dx 
We  may  now  find  -r-,  -pjr=,  &c.  by  means  of  the  equations  (11), 

and  thence  the  values  of  cos  d  -r-i  -j~,  &c. :  but  it  is  most  convenient 

d<p    df 

to  derive  these  values  directly  from  cos<5-^— »  cos  <?-?->  -j->  and  -j-% 

\  dr  dv    dr  dv 

in  connection  with  the  numerical  values  last  found,  according  to  the 
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equations  which  result  from  the  analytical  substitution  of  the  cxpres- 

_      dx    dy    dz     D  /rtN        .  .  .     .  _, 

sions  for  -=-*  -ft  -=—i  &c,  in  equation  (2),  writing  successively  <p,  M0, 

and  fx  in  place  of  ~.     Thus,  we  have 

.  da  .  da     dr    ,  .da     dv 

COS  O  -g—  =  cos  0  — —  •  — — \-  cos  O  — — 

a?>  dr    d<p  dv     d<p 

d<p       dr     d<p       dv     dv 
and  similarly  for  M0  and  /x,  which  give 

cos  d  4-  =  +  1.99400,  J£~  =  —  0.65307, 

d<p  d<p 

COS^  =  +L13004'  ^  =  -°-38023' 

cos  d  -^  =  +  507.264,  -^-=  —  179.315. 

dfi  d/M 

Therefore,  according  to  (1),  we  shall  have 

cos  3  Aa  =  +  1.42345a-  —  0.03845a  &  —0.27641a*    +  1.99400a? 

+  1.13004a  M0  +  507.264a,*, 
Ad  =  —  0.48900a-  —  0.09533a  £  —  0.78993a*    —  0.65307a? 

— 0.38023  Aif0— 179.315A/I. 

To  prove  the  calculation  of  the  coefficients  in  these  equations,  we 
assign  to  the  elements  the  increments 

aJUT  =  +  10",  a*  =  —  20",  a  &  =  — 10",  a*  =  +  10", 

A?  =  +  10",  •  A/*  =  +  0".01, 

so  that  they  become 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
3f0=     1°  29'  50".21 
*=   44    20  13  .09  ^ 

Q  =  206    42  30  .13  V  Mean  Equinox  1864.0 
i  =     4    37     0  .51 J 
V  =    11    16     1  .02 
log  a  =  0.3881288 
PL  =  928".56745 

With  these  elements  we  compute  the  geocentric  place  for  1865  Feb- 
ruary 24.5  mean  time  at  Washington ;  and  the  result  is 

a  =  181°  8'  34".81,        8  =  —  4°  42'  30".58,        log  J  =  0.2450284. 
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which  arc  referred  to  the  mean  equinox  and  equator  of  1865.0.  The 
difference  between  these  values  of  a  and  o  and  those  already  given,  a- 
derived  from  the  unchanged  elements,  gives 

Aa  =  +  5".52,  cos  3  Aa  =  +  5".50,  a  3  =  —  9".02, 

and  the  direct  substitution  of  the  assumed  values  of  at:,  a&,  a/,  &c. 
in  the  equations  for  cos  d  Aa  and  a£,  gives 

cos  3  Aa  ==  +  5".46,  a<5  =  —  9".29. 

The  agreement  of  these  results  is  sufficiently  close  to  show  that  the 
computation  of  the  differential  coefficients  has  been  correctly  per- 
formed, the  difference  being  due  chiefly  to  terms  of  the  second  order. 

When  the  differential  coefficients  are  required  for  several  dates.  If 
we  compute  their  values  for  successive  dates  at  equal  intervals,  the 
use  of  differences  will  serve  to  check  the  accuracy  of  the  calculation; 
but,  to.  provide  against  the  possibility  of  a  systematic  error,  it  may  be 
advisable  to  calculate  at  least  one  place  directly  from  the  changed 
elements.  Throughout  the  calculation  of  the  various  differential 
coefficients,  great  care  must  be  taken  in  regard  to  the  algebraic  signs 
involved  in  the  successive  numerical  substitutions.  In  the  example 
given,  we  have  employed  logarithms  of  six  decimal  places;  but  it 
would  have  been  sufficient  if  logarithms  of  five  decimals  had  been 
used;  and  such  is  generally  the  case. 

It  will  be  observed  that  the  calculation  of  the  coefficients  of  Ar, 
a&,  and  Ai  is  independent  of  the  form  of  the  orbit,  depending 
simply  on  the  position  of  the  plane  of  the  orbit  and  on  the  position 
of  the  orbit  in  this  plane.  Hence,  in  the  case  of  parabolic  and 
hyperbolic  orbits,  the  only  deviation  from  the  process  already  illus- 
trated is  in  the  computation  of  the  coefficients  of  the  variations  of 
the  elements  which  determine  the  magnitude  and  form  of  the  orbit 
and  the  position  of  the  body  in  its  orbit  at  a  given  epoch.     In  all 

cases,  the  values  of  cos  d  -r->  cos  d  -r-j  ~t*%  and  -r-  are  determined  08 

dv  dr    dv  dr 

already  exemplified.     If  we  introduce  the  elements  T,  q,  and  e,  we 

shall  have 

„  da  .  d a     dr    ,  .da     dv 

d3 d3     dr       d3     dv  ,.„. 

dT~~~dr~'dl,+  ~dv~'~di' 

and  similarly  for  the  differential  coefficients  with  respect  to  q  and  e. 
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dv     dv    dv    dv    dv  dv 

The  mode  of  calculating  the  values  of  -j„,  -r=,  -sn  yt  -T,  and  -,- 

dT   dT   dq    dq    de  de 

depends  on  the  nature  of  the  orbit. 

In  the  case  of  passing  from  one  system  of  parabolic  elements  to 
another  system  of  parabolic  elements,  the  coefficients  of  ac  vanish. 

dv    dv 
To  illustrate  the  calculation  of  -r~,  -r~,  &c.  in  the  case  of  parabolic 

motion,  let  us  resume  the  values  t — T=  75.364  days,  and  logq 
=  9.9650486,  from  which  we  have  found 

log  r  =  0.1961120,  v  =  79°  55'  57".26.    ' 

Then,  by  means  of  the  equations  (22),  we  find 

log|^=8.095802n,  log  ^  =  9.242547, 

log  ^ =  7.976397n,  log  |  =  0.064602n. 

If,  instead  of  dq,  we  introduce  d  log  q,  we  shall  have 

log  -pF—  =  9.569812,  log  -,-"—  =  0.391867„. 

From  these,  by  means  of  (43),  we  obtain  the  differential  coefficients 
of  a  and  d  with  respect  to  T  and  q  or  log  q.  The  same  values  are 
also  used  when  the  variation  of  the  parabolic  eccentricity  is  taken 

into  account.     But  in  this  case  we  compute  also  j-  from  equation 

dv 
(31)  and  j-  from  (33)  or  (34),  which  give,  for  v  =  79°  55'  57".3, 

log  j  =  8.147367B,  log  d£  =  9.726869. 

dv    dv 
In  the  case  of  very  eccentric  orbits,  the  values  of  -^  -r™,  &c.  are 

found  from 

dv  kvp  dr  k        .  .... 

-m,  = —>  -r^,  = 7=  e  sin  v,  (44) 

dT  r*  dT   ■        \/p 

dv  *kV"p~,.       -,.  dr       r       ,k(t—T)      . 

-r-  =  —  I (t  —  T),  ——  =  --  —  3  -^ — — —  e  sin  v 

dq  *    qf  dq        q  qyS p 

dr       r   .  r*  e  sin  v    dv 

dq~  q  p       '  dq' 

the  mass  being  neglected. 
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To  illustrate  the  application  of  these  formula,  let  us  resume  the 
values,  t  —  T=  68.25  days,  e  =  0.9675212,  and  logo  =  9.7668134, 
from  which  W6  have  Pound  (Art.  41) 

v  =  102°  20'  52".20,  log  r  =  0.1614052. 

Hence  we  derive 

and 


logp  =  0.0607328, 


log  ^  =  0.186517.,  log  ~  =  0.186617,, 

If  we  wish  to  obtain  the  differential  coefficients  of  v  and  r  with 
respect  to  log  q  instead  of  q,  we  have 

dv  q    dv  dr      _  q    dr 

dlogq       l0    dq  dlogq       ?.0    dq' 

in  which  ^0  is  the  modulus  of  the  system  of  logarithms. 

dv 
Then  we  compute  the  value  of  -j-  by  means  of  the  equation  (30). 

(35),  (39),  or  (40).     The  correct  value  as  derived  from  (39)  is 

$  =  —  0.24289. 
ae 

The  values  derived  from  (35),  omitting  the  last  term,  from  (40)  and 
from  (30),  are,  respectively,  —  0.24440,  —  0.24291,  and  —0.23531. 
The  close  agreement  of  the  value  derived  from  (40)  with  the  correct 
value  is  accidental,  and  arises  from  the  particular  value  of  r,  which 
is  here  such  as  to  make  the  assumptions,  according  to  which  equation 

(40)  is  derived  from  (39),  almost  exact. 

dv 
Finally,  the  value  of  -r-  may  be  found  by  means  of  (32),  which 

gives 

^  =  +  0.70855. 
de 

When,  in  addition  to  the  differential  coefficients  which  depend  on 
the  elements  T,  q,  and  e,  those  which  depend  on  the  position  of  the 
orbit  in  space  have  been  found,  the  expressions  for  the  variation  of 
the  geocentric  right  ascension  and  declination  become 
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m  *  rfa  »     ^a  ~  o  ^°         •       ,  •*    ^a  m 

COS  3  Aa  =  COS  0  —  A~  4-  COS  0  — — •  Aft  -f  COS  <J  —  Al  4-  COS  o  A  T 

OJT  rift  t/i  dr 

.  .da  da 

-f-  cos  «  -r-  ao  +  cos  o  s-  Ae, 
dq  de 

.      d(5  d<J       •      ,   d<J     .   ,    d<J     _.  .   dd  dH 

If  we  introduce  logg  instead  of  #,  the  terms  containing  q  become 

respectively   cosd-r^ a  log 9    and    -,, —  a  log q.      It   should    be 

observed  that  if  a-,  Aft,  and  a>,  are  expressed  in  seconds,  in  order 
that  these  equations  may  be  homogeneous,  the  terms  containing  aT7, 
Ag,  and  Ae  must  be  multiplied  by  206264.8;  but  if  a~,  Aft,  and  At 
are  expressed  in  parts  of  the  radius  as  unity,  the  resulting  values  of 
008  o  Aa  and  Ad  must  be  multiplied  by  206264.8  in  order  to  express 
them  in  seconds  of  arc.   1 

The  most  general  application  of  the  equations  for  cos  3  Aa  and  ao* 
in  terms  of  the  variations  of  the  elements  is  for  the  cases  in  which 
the  values  of  cos  0  Aa  and  of  Ad  are  already  known  by  comparison 
of  the  computed  place  of  the  body  with  the  observed  place,  and  in 
which  it  is  required  to  find  the  values  of  ati,  Aft,  At,  &c,  which, 
being  applied  to  the  elements,  will  make  the  computed  and  the 
observed  places  agree.  When  the  variations  of  all  the  elements  of 
the  orbit  are  taken  into  account,  at  least  six  equations  thus  derived 
are  necessary,  and,  if  more  than  six  equations  are  employed,  they 
must  first  be  reduced  to  six  final  equations,  from  which,  by  elimina- 
tion, the  values  of  the  unknown  quantities  att,  Aft,  &c.  may  be 
found.  In  all  such  cases,  the  values  of  Aa  and  Ad,  as  derived  from 
the  comparison  of  the  computed  with  the  observed  place,  are  ex- 
pressed in  seconds  of  arc;  and  if  the  elements  involved  are  expressed 
in  seconds  of  arc,  the  coefficients  of  the  several  terms  of  the  equations 
must  be  abstract  numbers.  But  if  some  of  the  elements  are  not 
expressed  in  seconds,  as  in  the  case  of  T,  q,  and  c,  the  equations 
formed  must  be  rendered  homogeneous.  For  this  purpose  we  mul- 
tiply the  coefficients  of  the  variations  of  those  elements  which  are 
not  expressed  in  seconds  of  arc  by  206204.8.  Further,  it  is  gene- 
rally inconvenient  to  express  the  variations  aT,  Aq,  and  Ae  in  parts 
of  the  units  of  T,  q,  and  c,  respectively ;  and,  to  avoid  this  incon- 
venience, we  may  express  these  variations  in  terms  of  certain  parti 
of  the  actual  units.  Thus,  in  the  case  of  T,  wo  may  adopt  as  the 
uut  of  aT  the  nth  part  of  a  mean  solar  day,  and  the  coefficients 
of  the  terms  of  the  equations  for  cosd  Aa  and  Ad  which  involve  aT 
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inu-t  evidently  be  divided  by  /'.  In  the  same  manner,  it  appeal's 
that  if  Ave  adopt  as  the  unit  of  &q  the  unit  of  the  with  decimal 
place  of  its  value  expressed  in  parts  of  the  unit  of  q,  we  must  divide 
its  coefficient  by  10"',  and  similarly  in  the  case  of  Ae,  so  that  the 
equations  become 

.  -v  ^°  »   da  rla  8  .da       — 

cos  <5  Ao  =  cos  0  -r  a-  +  COS  <J  -z-—  Aft  +  cos  8  —  Al  4-  -  cos  S  — -  A  T 
d-  dft  dx  n         dT 

,8  .(/a  8  .da  ,.-* 

+  &«*%**  + W""8*!*6'  (45) 

,      dd        t    dS  d8     .  ,  s    dd  s    dd 

A<>  =  — A7T-f -— Aft  +7M  +  -.^ir+  -jT--:-  A? 
dn  dft  d%  n    dT  10m  dq 

.       8      dd 

in  which  8  =  206264.8.     When  log  q  is  introduced  in  place  of  q,  the 

coefficients  of  a  log*/  are  multiplied  by  the  same  factor  as  in  the  case 

of  Ary,  the  unit  of  Alog</  being  the  unit  of  the  with  decimal  place 

of  the  logarithms.     The  equations  are  thus  rendered  homogeneous, 

and  also  convenient  for  the  numerical  solution  in  finding  the  values 

of  the  unknown  quantities  att,  Aft,  ai,  aT,  &c.     When  aT,  Aq,  and 

Ae  have  been  found   by  means  of  the  equations  thus  formed,  the 

aT   a« 
coirections  to  be  applied  to  the  corresponding  elements  are  — ,  r-r^, 

and  Y^-     In  the  same  manner,  we  may  adopt  as  the  unknown 

quantity,  instead  of  the  actual  variation  of  any  one  of  the  elements 
of  the  orbit,  n  times  that  variation,  in  which  case  its  coefficient  in 
the  equations  must  be  divided  by  n. 

The  value  of  Aa,  derived  by  taking  the  difference  between  the 
computed  and  the  observed  place,  is  affected  by  the  uncertainty 
necessarily  incident  to  the  determination  of  a  by  observation.  The 
unavoidable  error  of  observation  being  supposed  the  same  in  the  cade 
of  a  as  in  the  case  of  d,  when  expressed  in  parts  of  the  same  unit, 
it  is  evident  that  an  error  of  a  given  magnitude  will  produce  a 
greater  apparent  error  in  a  than  in  <5,  since  in  the  case  of  a  it  is 
measured  on  a  small  circle,  of  which  the  radius  is  cos  d ;  and  hence, 
in  order  that  the  difference  between  computation  and  observation  in 
a  and  o  may  have  the  same  influence  in  the  determination  of  the 
corrections  to  be  applied  to  the  elements,  we  introduce  cos  d  Aa 
instead  of  Aa.  The  same  principle  is  applied  in  the  case  of  the 
longitude  and  of  all  corresponding  spherical  co-ordinates. 
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52.  The  formula;  already  given  will  determine  also  the  variations 
of  the  geocentric  longitude  and  latitude  corresponding  to  small  in- 
crements assigned  to  the  elements  of  the  orbit  of  a  heavenly  body. 
In  this  case  we  put  e  =  0,  and  compute  the  values  of  A,  B,  sin  a, 
and  sin  6  by  means  of  the  equations  (94)r  We  have  also  C=0, 
sin  c  =  sini,  and,  in  place  of  a  and  3,  respectively,  we  write  /  and  ,9. 
But  when  the  elements  are  referred  to  the  same  fundamental  plane 
as  the  geocentric  places  of  the  body,  the  formula;  which  depend  on 
tin'  position  of  the  plane  of  the  orbit  may  be  put  in  a  form  which  is 
more  convenient  for  numerical  application. 

If  we  differentiate  the  equations 

x'  =  r  cos  u  cos  Q,  —  r  sin  u  sin  Q,  cos  i, 
y'  =r  cos  w  sin  Q  -f-  r  sin u cos  Q  cost, 
£  =r  sin  u  sin  i, 
we  obtain 

x< 
dx'  =  —dr  —  r  (sin  u  cos  Q  +  cos  u  sin  ft  cos  i)  du 
r 

—  r  (cos  u  sin  Q,  +  sin  u  cos  &  cos  i)dQ  -f-  r  sin  u  sin  &  sin  i  di, 

v' 

dxf  =  —dr  —  r  (sin  u  sin  SI  —  cos  u  cos  Q  cos  i)  du 

-f-  r  (cos  u  cos  Q  —  sin  u  sin  &  cos  i)d&  —  r  sin  u  cos  Q  sin  i  di,  (46) 

4  . 

dd  =  -  dr  -f-  r  cos  u  sin  i  du  -{-  r  siuu  cos  t  e?£, 

in  which  x',  y',  z'  are  the  heliocentric  co-ordinates  of  the  body  in 
reference  to  the  ecliptic,  the  positive  axis  of  x  being  directed  to  the 
vernal  equinox.  Let  us  now  suppose  the  place  of  the  body  to  be 
referred  to  a  system  of  co-ordinates  in  which  the  ecliptic  remains  as 
the  plane  of  xy,  but  in  which  the  positive  axis  of  x  is  directed  to  the 
point  whose  longitude  is  Q, ;  then  we  shall  have 

dx  =  dx'  cos  Si  +  di/  sin  Q , 
dy  =  —  dx'  sin  ft  +  dy'  cos  Q, , 
dz  =  dz , 

and  the  preceding  equations  give 

dx  =  -dr  —  r  sin  u  du  —  r  sin  u  cos  i  d  Q , 
r 

dy  =  -dr-{-rcosu  cos i  du  -f-  r  cos  u dQ  —  r  sin u  sin  t  di,    (47) 
r 

dz  =  -  dr  +  r  cos  u  sin  i  du  +  r  sin  u  cos  i  di. 
r 
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This  transformation,  it  will  be  observed,  is  equivalent  to  diminishing 
the  longitudes  in  the  equations  (46)  by  the  angle  ft  through  which 
the  axis  of  x  has  been  moved. 

Let  X„  Y„  Z,  denote  the  heliocentric   co-ordinates  of  the  earth 
referred  to  the  same  system  of  co-ordinates,  and  we  have 

x  -f-  X,  =  A  cos  /9  cos  (X  —  ft  ), 
y-f-  Y,=  A  cos/9  sin {X  —  ft), 
z  4-  Z,  =  A  sin  /9, 

in  which  X  is  the  geocentric  longitude  and  /9  the  geocentric  latitude. 
In  differentiating  these  equations  so  as  to  find  the  relation  between 
the  variations  of  the  heliocentric  co-ordinates  and  the  geocentric  lon- 
gitude and  latitude,  we  must  regard  ft  as  constant,  since  it  indicates 
here  the  position  of  the  axis  of  x  in  reference  to  the  vernal  equinox, 
and  this  position  is  supposed  to  be  fixed.     Therefore,  we  shall  have 

dz  =  cosft  cos  (X  —  ft  )  dA —  A  sin  /?  cos  (X  —  ft)  d,3  —  A  cos  /9  sin  (X — ft )  dX, 
dy  =  cos,?  sin  (A  —  ft  )dA  —  A  sin/9  sin  {X  — ft)  d/9  -f  A  cos/?  cos  (X  —  &)dX, 
dz  =sin  /9  dA  -f-  A  cos  /9  d,3, 

from  which,  by  elimination,  we  find 

cos^=-sin('7aWc08(A7ft)<». 

,a          sin^cosCA—  ft)           sin  ^  sin  (A — ft)  cos/9 

d/9= j d# ^ dy  +  — ^prfz. 

These  equations  give 

DdX  sin  (A  — ft)  rf/9  sin  (3  cos  (A  —  ft ) 

C0S/9^  = J '  dx  = J ' 

.  dX       cos(A  —  ft)  dp  sin/?sin(A — ft)    ,.ON 

cos/7-j— '= ; 1  -j- = -A — >  (4o; 

dy  A  dy  A 

n  dX        .  d/S       cos  /9 

COS^z=0'  ^=-J- 

If  we  introduce  the  distance  co  between  the  ascending  node  and  the 
place  of  the  perihelion  as  one  of  the  elements  of  the  orbit,  we  have 

du  =  dv  -f-  dto, 

and  the  equations  (47)  give 

dx       x  dy       v  dz       z        .         .    . 

-j — =_  =  cosw,  -7-=-  =  sin«cosi.      —j —  =  -  =  smii  sin /; 

dr        r  dr       r  dr       r 

dx        dx  dy        dy  .     dz        dz  .    . 

— 5—  =  -.—  =  —  rsinu,  —,—  =  -,- =r  cos  wcost,  — j— = -=—  =rcos«sint; 
dv       dto  dv       da>  dv       ow 
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dx  .  .      dy  dz        _  ...„ 

gg-^-rsmncos.,   ^frcos*  ^-  =  0;  (49) 

dx       .  rfy  .        .    .         dz  . 

— ^-  =  0,  — ,.— = —  rsmusint,      — — -=r  sin  w  cost, 

at  at  dx 

If  we  introduce  .t,  the  longitude  of  the  perihelion,  we  have 

du  =  dv  -f-  d-  —  dQ, , 

and  hence  the  expressions  for  the  partial  differential  coefficients  of* 
the  heliocentric  co-ordinates  with  respect  to  tt  and  &  become 

dx  .  dy  dz 


r  sin  u,  —f—  =  r  cos  u  cos  i,         —5 —  =  r  cos  w  sin  1 ; 


7  •?  d;       ™ 

dx         •      .  dy  .  ....      M 

-r=-  =  2r  sin  it  sin2  it,     -^-~-  =  2r  cos  it  sur^i,     -j— -  =  —  rcoswsint. 

d&  ~        dQ,  ~        d& 

When  the  direct  inclination  exceeds  90°  and  the  motion  is  regarded 
as  being  retrograde,  we  find,  by  making  the  necessary  distinctions  in 
regard  to  the  algebraic  signs  in  the  general  equations, 

dx       A  dy  .     .  dz  .  .         ,     . 

-rr  s=  0,         — , .-  =  r  sin  u  sin  1,         -=r  =  —  r  sin  u  cos  1 ;      (01 ) 
di  di  di 

dx    dx      dx      dv 
and  the  expressions  for  -r-i  -=-)  -r^r>  -3-,  &c.  are  derived  directly 

from  (49)  by  writing  180°  —  i  in  place  of  i.     If  we  introduce  the 
longitude  of  the  perihelion,  we  have,  in  this  case, 

du  =  dv  —  d~  -f-  dQ, , 
and  hence 

dx  dy  dz  .    . 

— - —  =s  r  sin  n,  /    =  r  cos  u  cos  ?.,       —* —  =  —  r  cos  u  sin  1: 

d*  d-  d~  ,' 

J  A  A  (52) 

dx  .  dy  .  ...     dz 

-y=-  ==  —  2r  sin  m  sin2  ^t,  -~-  =  2r  cos  m  sin2  It.  -=— -  =  r  cos  w  sin  *. 

But,  to  prevent  confusion  and  the  necessity  of  using  so  many  for- 
mulae, it  is  best  to  regard  i  as  admitting  any  value  from  0°  to  180°, 
and  to  transform  the  elements  which  are  given  with  the  distinction 
of  retrograde  motion  into  those  of  the  general  case  by  taking 
180°  —  i  instead  of  ?,  and  2Q,  — tc  instead  of  ;r,  the  other  elements 
remaining  the  same  in  both  cases.  * 

53.  The  equations  already  derived  enable  us  to  form  those  for  the 
differential  coefficients  of  X  and  /9  with  respect  to  r,  v,  ft,  i,  and  <o  or 
-,  by  writing  successively  I  and  /9  in  place  of  6,  and   ft,  1,  &c.  in 

10 
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place  of  -  in  equation  (2).  Hie  expressions  i <  > r  the  differentia]  coeffi- 
cients of  /•  and  r,  with  reaped  t<>  the  elements  which  determine  the 
form  of  the  orbit  ami  the  })«»it ion  of  the  body  in  it>  orbit,  being 
independent  of  the  position  of  the  plane  <»i"  the  orbit,  arc  the  same  as 
those  already  given;  ami  hence,  according  t<>  (42)  and  (43),  we  may 
derive  the  values  of  the  partial  differential  coefficients  of  i  ami  .-i 
with  respect  to  these  elements.  The  numerical  application,  however, 
i<  facilitated  by  the  introduction  of  certain  auxiliary  quantities. 
Thus,  it*  we  substitute   the  values  given   by   (48)  and   (49)   in  the 

equations 

.  <W  .  dX     dx    ,  .  dl     (h 

cos  /?  -=-  —  cos  p  -r-  •  -j — \-  cos  p—j-  •  -—-, 
dv  dx     dv  dy    dv 


and  put 


dj3 dft     dx    '    dft     dy       dtS     dz 

dv        dx     dv       dy     dv        dz     dv' 

cos  i  cos  (^  —  Q  )  =  A0  sin  A, 
sin  (A  —  Q)  —.  A0  cos  A, 
sin?'  =  //  sin  X. 
—  sin  (A  —  Q  )'  cos  i  =  n  cos  if, 


(53) 


in  which  A0  and  n  are  always  positive,  they  become 

0dX  0  dl       r         .    ,  N 

cos  p  -r-  =  cos  p  -j—  =  —  .40  sin  (J.  +  w), 
av  aw        J 

dS  dB       t 

-y-=  -y-  —  -j  (sin  /9  cos  (A  —  &  )  sin  w  +  n  cos  tt  sin  (N  4-  ft)  ). 

at;  aui        A 


Let  us  also  put 

n  sin  (if  +  /?)  =  i?0  sin  i?, 

sin  /?  cos  (<*  —  £1)  =  B0  cos  5, 

and  we  have 

0  dl  d).       r         .    ,  . 

cos  p  -=—  =  cos  /9  -=—  =  —  Aa  sin  (J.  4-  w ) 
dv  do       A 

d(*  dp      »•        . 

dv  du>       A    ° 


(54) 


(55) 


The  expressions  for  cos/9-r-  and  ~-  give,  by  means  of  the  same 
auxiliary  quantities, 

cos8-J7== f  cos  (A  +  w)' 

(56) 

f  =  _^eos(i(  +  «). 
In  the  same  manner,  if  we  put 
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we  obtain 


cos  (A  —  &)  =  C0  sin  C, 
cos  i  sin  (X  —  SI)  =  C0  cos  C; 
cos  i  =  D0  sin  D, 
sin  (A  —  £ )  sin  i  =  D0  cos  i>; 


f57) 


dSl 


C0SP-Jn=-}  Ccsin(C+u), 


jjjr  =  —jAsinP  cos (^  +  *) ; 

a   dX  r    .    .   .  ,.       ^ , 

cos  ,*  — rr-  =  —  -7  sin  i  sin  tt  cos  (/  —  & ;, 

-^-  =  -  D0  sin  w  sin  (D  +  ,3). 

If  we  substitute  the  expressions  (55)  and  (56)  in  the  equations 

0dX  dX     dr    .  .  dX     dv 

cos  t3  -r—  =  cos  /?  -= ; h  cos  /?  -i j— , 

d<p  dr    dtp  dv    d<p 


(58) 


and  put 


dj3  _  d,3     dr        d$     dv 

d<p  dr     d<p        dv    d<p} 


dv 
—  -y—  =/  sin  F  =  a  cos  <p  cos  v, 

dv       t        v      I     2      ,  *  \      • 

r  ^—  =  j  cos  i«  =  I \-  tan  <?  cos  v  )  r  sin  v, 

d(f  \cos?>  / 


(59) 


we  get 


^  =  ^B0sin(B  +  F+u). 

In  a  similar  manner,  if  we  put 
dr 

— ~jw = & sm  ® = — a  tan  ^  s*n  v» 

dv  ~       a*  cos  <p 


(60) 


4c 


=  h  sin H=  —la  t&n?  svav(t  —  20  —  7p 206264.8 V 


v  (61) 


dv         i         rr      a*  cos  c>  ,.       _N 
r  ~^T  =  h  ^  H  =  —^  (*  ~  T)> 
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we  obtain 

coBPjjf=^A0Bm(A+  G  +  u), 

-£L==ff-B08in(B+G  +  uy, 

til  h 

cos/9— y—  =  —  A0  sin  (J.  +  JET+  u), 


(62) 


The  quadrants  in  which  the  auxiliary  angles  must  be  taken  are 
determined  by  the  condition  that  A0,  B0,  Cwf,g,  and  h  are  always 
positive. 

54.  If  the  elements  T,  q,  and  e  are  introduced  in  place  of  Mw  p, 
and  f,  we  must  put 

r  •     et  dr  .        _,         dv 

fsmF==-w        fcosF=r-d? 

•    n  dr  ~         dv  ,„.. 

g8inG=  —  j^,  gcos  G=rjy,  (63) 

,    .     rj.  dr  dv 

ham  11= z-,  A  cos  2i  =  r -=-, 

dq  dq 

and  the  equations  become 

coaP-^=  jjA0sin  (A +  F-\-u), 

g=^0sin(5  +  ^+W); 

cosPj==£A0sm(A+  G  +  u), 

A  a  (64) 

J|=|i?0  sin  (£+(?  +  «); 

cos  p  -y1  =  —.  A0  sin  (J.  -f-  H  +  «), 
^=±B»Sm{B  +  H+u). 

In  the  numerical  application  of  these  formulae,  the  values  of  the 
second  members  of  the  equations  (63)  are  found  as  already  exem- 
plified for  the  cases  of  parabolic  orbits  and  of  elliptic  and  hyperbolic 
orbits  in  which  the  eccentricity  differs  but  little  from  unity.  In  the 
same  manner,  the  differential  coefficients  of  X  and  ft  with  respect  to 
any  other  elements  which  determine  the  form  of  the  orbit  may  be 
computed. 
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In  the  ca.se  of  a  parabolic  orbit,  if  the  parabolic  eccentricity  is 
supposed  to  be  invariable,  the  terms  involving  c  vanish.  Further, 
in  the  case  of  parabolic  elements,  we  have 

.     ~  dr       ks'mv  .    dv 

gsmG  =  —  -j7jv=     , —  =  —  r  tan  ^-777,, 
dT       y  2q  '   dT 

dv 
gcosG  =  r^, 

which  give 

tan  G  =  —  tan]  v. 

Hence   there   results   G  —  180° — ^v,  and  g  =  k\—,  which  is  the 

expression  for  the  linear  velocity  of  a  comet  moving  in  a  parabola. 
Therefore, 

cos  l3jj,=  —  -J-T--  Ao  sm  ( A  +  u  —  lv). 

/-  (65) 

dT=~Jv7  °sm    +u~*v)- 

For  the  case  in  which  the  motion  is  considered  as  being  retrograde, 
180°  — i  must  be  used  instead  of  i  in  computing  the  values  of  A0. 
A,  n,  N,  C0,  and  C,  and  the  equations  (55),  (56),  and  the  first  two 
of  (58),  remain  unchanged.  But,  for  the  differential  coefficients  with 
respect  to  i,  the  values  of  D0  and  D  must  be  found  from  the  last  two 
of  equations  (57),  using  the  given  value  of  i  directly ;  and  then  we 
shall  have 

n  dX       r   .    .  .  f ,        _ . 

cos  p  -T-r  =  -7  sin  %  sin  u  cos  (/  —  Q  ), 

55.  Examples. — The  equations  thus  derived  for  the  difi'erential 
coefficients  of  X  and  /9  with  respect  to  the  elements  of  the  orbit, 
referred  to  the  ecliptic  as  the  fundamental  plane,  are  applicable  when 
any  other  plane  is  taken  as  the  fundamental  plane,  if  we  consider  / 
and  j3  as  having  the  same  signification  in  reference  to  the  new  plane 
that  they  have  in  reference  to  the  ecliptic,  the  longitudes,  however, 
being  measured  from  the  place  of  the  descending  node  of  this  plane 
on  the  ecliptic.  To  illustrate  their  numerical  application,  let  it  be 
required  to  find  the  differential  coefficients  of  the  geocentric  right 
ascension  and  declination  of  Eurynome  ®  with  respect  to  the  ele- 
ments of  its  orbit  referred  to  the  equator,  for  the  date  1865  February 
24.5  mean  time  at  Washington,  using  the  data  given  in  Art.  41. 
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En  the  first  place,  the  elements  which  are  referred  to  the  ecliptic 
must  be  referred  to  the  equator  as  the  fundamental  plane;  and,  by 
means  of  the  equations  (109),,  we  obtain 

ft'  =  353°  45'  35".87,        i'  =  19°  26'  25".76,        to0  =  212°  32'  11". 11, 

and 

«/  =  to  +  to0  =  50°  10'  7".29, 

which  are  the  elements  which  determine  the  position  of  the  orbit  in 
space  when  the  equator  is  taken  as  the  fundamental  plane.  These 
elements  are  referred  to  the  mean  equinox  and  equator  of  1865.0. 
Writing  a  and  d  in  place  of  /  and  /?,  and  ft',  i',  io'  in  place  of  ft,  i, 
and  to,  respectively,  we  have 

A0sinA  =cos(a —  ft')  cost',  A0  cos  A  =  sin  (a  —  ft'); 

n  siniV=sint',  n   cosN=  —  cost' sin  (a — ft'); 

B0  sin  B  =  n  sin  (N  +  d),  B0  cos  B  =  sin  3  cos  (a  —  ft ') ; 

C0  sin  C=cos(a  —  ft'),  C0cos  C=sin(o  —  ft')  cost'; 

D9  sin  D  =  cos  t',  Z>0  cos  D  =  sin  t'  sin  (a  —  ft ') ; 
/  sin  F  =  a  cos  <p  cos  v, 

f  cos  F=  ( (-  tan  <p  cos  v  }  r  sin  v; 

J  \COSf  / 

gsin  G=  —  a  tan  ^  sin  v, 

~      a1  cos  <p 
a  cos  (*  = ; 

A  sin H=  —  (  a  tan  <p  s'mv(t  — T) —~  206264.8 ) , 

a2  cos  <p  ,  . 

h  cos  H  = (t  —  T). 

r 

The  values  of  A^,  w,  B0,  (70,  D0,f,  g,  and  /t  must  always  be  positive, 
thus  determining  the  quadrants  in  which  the  angles  A,  B,  &c.  must 
l>e  taken  ;  and  these  equations  give 

log  A0  =  9.97497,  A  =  262°  10'  40", 

logJ?0  =  9.52100,  B=   75  48  35, 

log  C0  =  9.99961,  C  =  263  2    6, 

log  D0  — 9.97497,  D=   92  35  47, 

log/  =0.62946,  F  =  m  14     0, 

log?  =0.34593,  G=350  11  16, 

log  h  =  2.97759,  H=   14  30  48  , 
u'  =  v-f-«/=179°  13' 58". 
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Substituting  these  values  in  the  equations  (55),  (58),  (60),  and  (62), 
and  writing  a  and  d  instead  of  /  and  ti,  and  u'  in  place  of  it,  we  find 

cos  S  -^r  =  +  1  -4235,  -^  =  —  0.4890, 


and  hence 


cos  S  -^?-=  +  1.5098,  ^  =  +  0.0176, 

cos  *-£-  =  +  0.0067,  -^-  =  +  0.0193, 

di  at 

cos  5  -^-  =  +  1.9940,  4^-  =  —  0.6530, 

a<p  d<p 

cos  *-^=+  1^1300,  4ir  =  —  0.3802, 

cos  3  -j—  =  -|-  507.2o,  -j—  ■=  —  179.34  ; 


cos  5  Aa  =  +  1.4235  Aw'  +  1.5098  a £'  +  0.0067  Ai'  -f  1.9940  Ap 
+  1.1300  Aif0  +  507.25  a,*, 
a<J  =  —  0.4890  Aw'  +  0.0176  a  £'  +  0.0193  Ai'  —  0.6530  a? 
—  0.3802  a M0  —  179.34  A/i. 
If  we  put 

Aw'  =  —  6".64,  a  Q '  =  —  14".12,  At' «  —  8".86, 

Ac*  =  -f  10",  a3/0  =  +  10",  am  ==  +  0".01, 

we  get 

cos  d  Aa  =  +  5".47,  a<5  =  —  9".29 ; 

and  the  values  calculated  directly  from  the  elements  corresponding  to 
the  increments  thus  assigned,  are 

cos  3  Ao  =  +  5".50,  Ar5  =  —  9".02. 

The  agreement  of  these  results  is  sufficiently  close  to  prove  the  cal- 
culation of  the  coefficients  in  the  equations  for  cos  o  ago  and  ao. 

When  the  values  of  aw',  a&',  and  Ai'  are  small,  the  correspond- 
ing values  of  aw,  a&,  and  Ai  may  be  determined  by  means  of 
differential  formulae.  From  the  spherical  triangle  formed  by  the 
intersection  of  the  planes  of  the  orbit,  ecliptic,  and  equator  with  the 
celestial  vault,  we  have 

cos  t  =  cos  i'  cos  e  -f-  sin  i'  sin  e  cos  Q ', 
sin  i  cos  Q  =  —  cos  i'  sin  e  -f-  sin  i'  cos  e  cos  Q,', 
sin  i  sin  Q  =  sin  i'  sin  &',  (,67) 

sin  i  sin  w0  =  sin  Q,'  sin  e, 
sin  i  cos  w0  as  cos  £  sin  i'  —  sin  e  cos  i'  cos  &  \ 
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from  which  the  values  of  ft,  i,  and  to0  may  be  found  from  those  of 
ft '  and  i'.  If  we  differentiate  the  first  of  these  equations,  regarding 
e  as  constant,  and  reduce  by  means  of  the  other  given  relations,  we 

get 

di  —  cos  w0  di'  +  sin  w0  sin  i'  dQ'.  (68) 

Interchanging  i  and  180°  —  i',  and  also  ft  and  SI',  we  obtain 

dC  =  cos  to0  di  —  sin  w0  sin  i  dQ . 
Eliminating  di  from  these  equations,  and  introducing  the  value 

sin  i' sin  ft 

sini       shift'' 

the  result  is 

,  sin  ft  .     ,       sinw 

d  &  =  ^T77'  cos  %  d&  —  TT^7  rfl  •  (69> 

sin  ft  sin  i 

If  we  differentiate  the  expression  for  cos  to0  derived  from  the  same 
spherical  triangle,  and  reduce,  we  find 

d<o0  =  cos  i  dQ  —  cos  i'  dQ.'. 

Substituting  for  dQ  its  value  given  by  the  preceding  equation,  and 
reducing  by  means  of 

sin  ft'  cos  i'  =  sin  ft  cos  w0  cos  i  —  cos  ft  sin  w0, 
we  get 

du}° = ir^ cos  a  d&  -  is£r cos  »  *  ™ 

sin  S6  sin  t 

The  equations  (68),  (69),  and  (70)  give  the  partial  differential  co- 
efficients of  ft ,  i,  and  (o0  with  respect  to  ft '  and  i',  and  if  we  sup- 
pose the  variations  of  the  elements,  expressed  in  parts  of  the  radius 
as  unity,  to  be  so  small  that  their  squares  may  be  neglected,  we  shall 
have 

sinwn         _     >»i       sinw.         .     ., 

AW.  =  -r— — °,  COS  ft  A  ft' ;— *  cos  x  M> 

em  ft  sin  i 

_       sin  ft  sinw       .,  ,_->. 

Aft=-v— °°>C0Sw    Aft' =— ^-At',  (71) 

sin  ft'  °  sint 

At  =  sin  w0  sin  t'  a  ft '  -f-  cos  w0  Ai', 

Aw  =  Aw'  —  Aw 

If  we  apply  these  formula?  to  the  case  of  Eurynome,  the  result  is 

Aw0  =  —  4.420a  ft'  -f  6.665Ai', 

a  ft  =  —  3.488a  ft'  +  6.686ai", 

ai  =  —  0.179a  ft'  —  0.843a;'  : 
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and  if  we  assign  the  values 

a£'  =  —  14".12,  Ai'  =  — 8".86,  aw'  =  -  6".64, 

we  get 

ao.0  =  +  3".36,       a  Q,  =  —  10".0,       At  =  +  10".0,       aw  =  —  10".0, 

and,  hence,  the  elements  which  determine  the  position  of  the  orbit  in 
reference  to  the  ecliptic. 

The  elements  «/,  Q,',  and  V  may  also  be  changed  into  those  for 
which  the  ecliptic  is  the  fundamental  plane,  by  means  of  equations 
which  may  be  derived  from  (109)!  by  interchanging  Q,  and  Q,'  and 
180°  —  i'  and  i. 

56.  If  we  refer  the  geocentric  places  of  the  body  to  a  plane  whose 
inclination  to  the  plane  of  the  ecliptic  is  i,  and  the  longitude  of  whose 
ascending  node  on  the  ecliptic  is  &, — which  is  equivalent  to  taking 
the  plane  of  the  orbit  corresponding  to  the  unchanged  elements  as 
the  fundamental  plane, — the  equations  are  still  further  simplified. 
Let  x' ,  y' ,  z'  be  the  heliocentric  co-ordinates  of  the  body  referred  to 
a  system  of  co-ordinates  for  which  the  plane  of  the  unchanged  orbit 
is  the  plane  of  xy,  the  positive  axis  of  x  being  directed  to  the  as- 
cending node  of  this  plane  on  the  ecliptic;  and  let  x,  y,  z  be  the 
heliocentric  co-ordinates  referred  to  a  system  in  which  the  plane  of 
xy  is  the  plane  of  the  ecliptic,  the  positive  axis  of  x  being  directed 
to  the  point  whose  longitude  is  Q, .     Then  we  shall  have 

dx'  =  dx, 

dy1  =  dy  cos  i  '-J-  dz  sin  i, 

dz'  =  —  dy  sin  i-\-  dz  cos  i. 

Substituting  for  dx,  dy,  and  dz  their  values  given  by  the  equations 

(47),  we  get 

dz'  =  —  dr  —  r  sin  u  du  —  r  sin  u  cos  i  d£X , 
r 

V 

dy"  =  —  dr  -\-r  cos  u  du  -\-  r  cos  u  cos  i  dQ , 
r 

z1- 
dz'  =-  dr  —  r  cos  u  sin  i  dQ  -f-  r  sm  u  di. 
r 

It  will  be  observed  that  we  have,  so  long  as  the  elements  remain 
unchanged, 

a/  =  r  cos  u,  y"  =  r  sin  u,  z'  =  0, 
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and  bunco,  omitting  the  accents,  so  that  x,  y,  z  will  refer  to  the  plane 
of  the  unchanged  orbit  as  the  plane  of  xy,  the  preceding  equations 
give 

dx  =  cos  u  dr  —  r  sin  u  du  —  r  sin  u  cos  i  dQ , 
dy  =  sin  u  dr  +  r  cos  u  du  +  r  cos u  cos  i  dQ, , 
dz  =  —  r  cos  u  sin  i  dQ  -f-  r  sin  w  di. 

The  value  of  «>  is  subject  to  two  distinct  changes,  the  one  arising 
fiom  the  variation  of  the  position  of  the  orbit  in  its  own  plane,  and 
the  other,  from  the  variation  of  the  position  of  the  plane  of  the  orbit. 
Let  us  take  a  fixed  line  in  the  plane  of  the  orbit  and  directed  from 
the  centre  of  the  sun  to  a  point  the  angular  distance  of  which,  back 
from  the  place  of  the  ascending  node  on  the  ecliptic,  we  .shall  desig- 
nate by  a;  and  let  the  angle  between  this  fixed  line  and  the  semi- 
transverse  axis  be  designated  by  j£.     Then  we  have 

x  =  u>  +  a. 

The  fixed  line  thus  taken  is  supposed  to  be  so  situated  that,  bo  long 
as  the  position  of  the  plane  of  the  orbit  remains  unchanged,  we  have 

But  if  the  elements  which  fix  the  position  of  the  plane  of  the  orbit 
are  supposed  to  vary,  we  have  the  relations 

da  =cosi  dQ, 

dto  =  dx  —  cos  idQ,,  (72) 

dn  =  d/p  +  (1  —  cos  i)  dR  =  dx  +  2  sinJ  J»  dQ. 

Now,  since  u  =  v  -f-  to,  we  have 

u  =  v  +  x  —  ffy 
and 

du  =  dv  +  dx  —  da  =  dv  -\-  dx  —  cos  i  d  £1 . 

Substituting  this  value  of  du  in  the  equations  for  dx,  dy,  dz,  they 

reduce  to 

dx  =  cos  u  dr  —  r  sin  u  dv  —  r  sin  u  dy, 

dy  =  sin  u  dr  -f-  r  cos  u  dv  -f-  r  cos  u  dx,  (73) 

dz  =  —  r  cos  u  sin  i  dQ  -f~  r  sm  u  "''• 

The  inclination  is  here  supposed  to  be  susceptible  of  any  value  from 
0°  to  180°,  and  if  the  elements  are  given  with  the  distinction  of 
retrograde  motion  we  must  use  180°  —  i  instead  of  i. 

Let  us  now  denote  by  d  the  geocentric  longitude  of  the  body  mea- 
sured in  the  plane  of  the  unchanged  orbit  (which  is  here  taken  as  the 
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fundamental  plane)  from  the  ascending  node  of  this  plane  on  the 
ecliptic,  and  let  the  geocentric  latitude  in  reference  to  the  same  plane 
be  denoted  by  rj.     Then  we  shall  have 

x  -f-  X=  A  cos  7)  cos  0, 
y  -J-  Y—  A  cos  r)  sin  0, 
z  +  Z  =  A  sin  -q, 

in  which  X,  Y,  Z  are  the  geocentric  co-ordinates  of  the  sun  referred 
to  the  same  system  of  co-ordinates  as  x,  y,  and  z.  These  equations 
give,  by  differentiation, 

dx  =  cos  tj  cos  0  d J  —  A  sin  rj  cos  0  dy  —  A  cos  rj  sin  0  do, 
dy  =  cos  rj  sin  0  d A  —  A  sin  rj  sin  0  drj  -\-  A  cos  rj  cos  0  dO, 
dz  =  sin  rj  dA  -\-  A  cos  rj  drt ; 

and  hence  we  obtain 

tm            sin  0           cos  0  . 
cos  rj  dO  = —  dx  -j —  dy, 

7              sin  5j  cos  0   7         sin  ij  sin  0  7     .   cos  7)  . 
rfij  = -^ dx  —  - dy  +  -j-'  dz. 

These  give 

dO  sinO  dO       cosO  do 

COST) -j- = — ,  COSTj  ==  ,  COS  3J -,-  =  (); 

dx  A  dy  A  dz 

drj  _         sin  rj  cos  0         drj  sin  rj  sin  0  drj  cos  ^  ' 

lix~  A  dy  ~  A  dz  ~      A    ' 

and  from  (73)  we  get 

dx  dy  .  dz        n 

— = —  =  cos  u,  —f—  =  sin  u,  7     —  0 : 

dr  dr  dr 

dx        dx  .  dy         du  dz         dz    ' 

-7—  =  -,—  =  —  rsinw,     — f-  =  -j-  =  r  cos  w,        ,     ~ -_-  =  (); 
ov         a/  av         a/  av         a/ 


dx        .  dy        n  dz 

=  u,  "j^t  =: "»  "jTn-  ==  —  r  cos  w  S1D  ■• 


(7# 


d&  e*£   "       '  d£ 

dx        A  dy        n  dz 

—  0,  -7*t-  =  0, 


di  '  (ft        "'  <fc   — '  ""*• 

Substituting  the  values  thus  found,  in  the  equations 

d0  _     ,  d(L  dx                do  dy 

'  <h  dx  dv                dy  dv' 

drj  drj  dx  drj  dy        drj     dz 

dv        dx  dv  '    dy  dv        dz     dv1 
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do  dd       r  . 

cos  rj  -j-  =  cos.  rj  -j-  =  —  cos  (0  —  u). 
dv  a/       J 

dr)        drj  r    .        .    ,  N 

-r-  =  -r-  =  —  —  sin  rj  sin  (0  —  u ). 
dv        dy  A 


(76) 


In  a  similar  manner,  we  derive 
do  1    .    ejt        s 

COS  rj  —j—  =  —  -SID  (0 u), 


COS  rj 


dr 
dd 


—  —  sin  7}  cos  (0  —  u), 


da 
do 


=  0, 


cos  1)  -jj~  =  0, 


dr/ 
~dr~ 

-~  =  —  —  cos x  sin  1  cos u,   (7n 
oft  ^ 

&       ,     r 

— r-  =  +  —  COS  59  Sin  XL 

di         ~  J        ' 


It'  we  introduce  the  elements  <p,  M0,  and  /*,  which  determine  r  and  t, 
we  have,  from 

dO  dO    dr    ,  do     dv 

COS  rj  -j—  =  COS  rj  -j-  •  -5 1-  COS  rj  -j-  .  -j— , 

d<f>  dr    d*p  dv    d<p 

drj drj     dr       drj     dv 

dtp       dr    d<p        dv    dy' 

if  we  introduce  also  the  auxiliary  quantities /and  F,  as  determined 
by  means  of  the  equations  (59), 

Aft  $  Ji  f 

cos  rj  -j-  =  I  cos  (0  —  u  —  F),    5  =  —  4  sin  V  sin  (0  —  u  —  F).    (78) 

d<p         A  dtp  A 

Finally,  using  the  auxiliaries  g,  h}  G,  and  H,  according  to  the  equa- 
tions (61),  we  get 

drj 


d0        9        ,» 

COS  7?  -y,7r  =  t_  COS  (0  —  U 

djL       J 


G), 


dMn 


d0  h  fn  XT\ 

COS  rj  — —  =  _  cos  (0  —  u  —  H ), 


=  —  -?  sin  7j  sin  (0  —  u  —  G), 

dv  h    .        .    , „  T_N 

-T-  =  —  -r  sin  rj  sin  (0  —  u  —  H ). 
dp.  J 


If  we  express  r  and  v  in  terms  of  the  elements  T,  q,  and  e,  the 
values  of  the  auxiliaries  /,  g,  h,  F,  &c.  must  be  found  by  means  of 
(64);  and,  in  the  same  manner,  any  other  elements  which  determine 
the  form  of  the  orbit  and  the  position  of  the  body  in  its  orbit,  may 
be  introduced. 

The  partial  differential  coefficients  with  respect  to  the  elements 
having  been  found,  we  have 

do         ,  do  do      __    ,  dO 

COS  rj  A0  =  COS  rj  -3—  Ay  -f-  COS  rj  — -  Ap  -j-  COS  rj  — —  Aitf0  -f-  COS  rt  -1—  A//, 

d%  dip  dM0  d/i 


(ITj 

dQ, 


drj 
di 


drj 
~d* 


^  =  ~jk  A ^  +  -JI  *i  +  ^;  *X  +  ~{  *<p  •-}    -££r  A M0  +  5^  A/*, 
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from  which  it  appears  that,  by  the  introduction  of  £  as  one  of  the 
elements  of  the  orbit,  when  the  geocentric  places  are  referred  directly 
to  the  plane  of  the  unchanged  orbit  as  the  fundamental  plane,  the 
variation  of  the  geocentric  longitude  in  reference  to  this  plane  depends 
on  only  four  elements. 

57.  It  remains  now  to  derive  the  formula?  for  finding  the  value* 
of  7)  and  6  from  those  of  X  and  ft.  Let  x0,  y0,  z0  be  the  geocentric  co- 
ordinates of  the  body  referred  to  a  system  in  which  the  ecliptic  is 
the  plane  of  xy,  the  positive  axis  of  x  being  directed  to  the  point 
whose  longitude  is  ft ;  and  let  xQf,  y0f,  z0'  be  the  geocentric  co-ordi- 
nates of  the  body  referred  to  a  system  in  which  the  axis  of  x  remains 
the  same,  but  in  which  the  plane  of  the  unchanged  orbit  is  the  plane 
of  xy;  then  we  shall  have 

x0  =  A  cos  ft  cos  (A  —  ft),  x0'  =  A  cos  rj  cos  0, 

y0  =  A  cos  ft  sin  (A  —  ft ),  yQ'  —  A  cos  i?  sin  d, 


z  =  A  sin  ft,  z0'  =  A  sin  rh 


and  also 


x'  =  xn 


Hence  we  obtain 


"0>  t 

z0'  =  —  2/0sini-(-z0cosi. 


cos  ij  cos  0  =  cos  ft  cos  (A  —  ft ), 

cos  7]  sin  6  =  cos  ft  sin  (/  —  ft  )  cos  i  +  sin  ft  sin  i,  (80) 

sin  -q  =. —  cos  /3  sin  (A  —  ft  )  sin  i  -f-  sin  ft  cos  ?'. 

These  equations  correspond  to  the  relations  between  the  parts  of  a 
spherical  triangle  of  which  the  sides  are  ?',  90°  —  y,  and  90°  —  ft, 
ih<>  angles  opposite  to  90° — rj  and  90° — ft  being  respectively 
90°  +  (X  —  ft)  and  90°  —  0.  Let  the  other  angle  of  the  triangle  be 
denoted  by  y,  and  we  have 

cos  iy  sin  ^  =  sin  i  cos  (X  —  ft  ), 

cos  -q  cos  y  =■  sin  i  sin  (A  —  ft  )  sin  ft  -f-  cos  i  cos  ft.  ^     ' 

The  equations  thus  obtained  enable  us  to  determine  rn  6,  and  y  from 
i  and  ft.  Their  numerical  application  is  facilitated  by  the  intro- 
duction of  auxiliary  angles.     Thus,  if  we  put 

n  sin  i\r=  sin/?, 

wcosiV=  cos  ft  sin  (A  —  ft), 
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in  which  n  is  always  potttive,  we  get 

cos  yj  cos  0  =  cos  ,?  cos  (A  —  ft ), 
cos  >?  sin  0  =  n  cos  (N —  i), 
sin  ij  =  n  sin  (2V  —  i), 

from  which  7t  and  0  may  be  readily  found.     If  we  also  put 


we  shall  have 


ri  sin  N'  =  cos  i, 

n'  cos  N'  =  sin  i  sin  (A  —  ft ), 


cot  2V  =  tan  i  sin  (A 

cosiV' 
tany 


8), 

cot  (/—ft). 


cos  (N'  +  y?) 
If  t*  is  small,  it  may  be  found  from  the  equation 

sin  i  cos  {X  —  ft  ) 


sin?' 


COSTJ 


(83) 


(84) 


(85) 


(86) 


The  quadrants  in  which  the  angles  sought  must  be  taken,  are  easily 
determined  by  the  relations  of  the  quantities  involved  ;  and  the 
accuracy  of  the  numerical  calculation  may  be  checked  as  already 
illustrated  for  similar  cases. 

If  we  apply  Gauss's  analogies  to  the  same  spherical  triangle,  we  get 

sin  (45°  —  Jfr)  sin  (45°  —  |  (0  +  y))  = 

~  cos (45°  4-  i  (A  -  ft))  sm  (45°  —  \  (0  +  i)\ 
sin  (45°  —  fyj)  cos  (45°  —  J  -  (0  +  r))  = 

'  sin  (45°  +  |  (/  -ft))  sin  (45°  -  J  (ft  -  Q), 
cos  (45°  —  J?)  sin  (45°  —  j  (0  —  r))  =  (87) 

;  cos  (45°  +  H*  ~  ft  ))  cos  (45°  -  |  (0  +  *•)), 
cos  (45°  —  |?)  cos  (45°  —  A  (0  —  r))  = 

sin  (45°  +  U;  —  ft );  cos (45°  —  |  (ft  -  0), 

from  which  we  may  derive  7],  6,  and  r. 

When  the  problem  is  to  determine  the  corrections  to  be  applied  to 
the  elements  of  the  orbit  of  a  heavenly  body,  in  order  to  satisfy 
given  observed  places,  it  is  necessary  to  find  the  expressions  ibr 
±>i  and  a;?  in  terms  of  cos/9  a/  and  a;9.  If  we  differentiate  the 
first  and  sec&nd  of  equations  (80),  regarding  ft  and  i  (which  here 
determine  the  position  of  the  fundamental  plane  adopted)  as  con- 
stant^ eliminate  the  terms  containing  <lrt  from  the  resulting  equations, 
and  reduce  by  means  of  the  relations  of  the  parts  of  the  spherical 
triangle,  we  get 
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cos  y  do  =  cos  y  cos  ft  dX  -j-  sin  j'  d,3. 

Differentiating  the  last  of  equations  (80),  and  reducing,  we  find 

dr)  =  —  sin  y  cos  ft  dl  -f-  cos  y  dfi. 

The  equations  thus  derived  give  the  values  of  the  differential  co- 
efficients of  d  and  r{  with  respect  to  ),  and  ft ;  and  if  the  differences 
a/  and  a,9  are  small,  we  shall  have 

cos  t)  A0  =  cos  y  cos  /3  A^  -j-  sin  y  A/3, 

Aij  =  —  sin  ^  cos  ft  aA  -f  cos  ^  A/?.  ^     ' 

The  value  of  y  required  in  the  application  of  numbers  to  these 
equations  may  generally  be  derived  with  sufficient  accuracy  from 
(86),  the  algebraic  sign  of  eosf  being  indicated  by  the  second  of 
equations  (81) ;  and  the  values  of  q  and  d  required  in  the  calculation 
of  the  differential  coefficients  of  these  quantities  with  respect  to  the 
elements  of  the  orbit,  need  not  be  determined  with  extreme  accuracy. 

58.  Example. — Since  the  spherical  co-ordinates  which  are  fur- 
nished directly  by  observation  are  the  right  ascension  and  declina- 
tion, the  formulae  will  be  most  frequently  required  in  the  form  for 
finding  rt  and  6  from  a  and  o.  For  this  purpose,  it  is  only  necessary 
to  write  a  and  o  in  place  of  /  and  ,3,  respectively,  and  also  Q,',  if, 
co',  %f,  and  u'  in  place  of  Q,,  i,  (o,  y,  and  u,  in  the  equations  which 
have  been  derived  for  the  determination  of  y  and  0,  and  for  the 
differential  coefficients  of  these  quantities  with  respect  to  the  elements 
of  the  orbit. 

To  illustrate  this  clearly,  let  it  be  required  to  find  the  expressions 
for  cos  7)  A0  and  &q  in  terms  of  the  variations  of  the  elements  in  the 
case  of  the  example  already  given ;  for  which  we  have 

«/  =  50°  10'  7".29,         £'  =  353°  45'  35".87,        i'  =  19°  26'  25".76. 

These  are  the  elements  which  determine  the  position  of  the  orbit  of 
Eurynome  ©,  referred  to  the  mean  equinox  and  equator  of  1865.0. 
We  have,  further, 

log/=  0.62946,  log?  =  0,34593,  log  h  =  2.97759, 

F=  339°  14'  0",  G  =  350°  11'  16",         H=  14°  30'  48", 

u'  =  179°  13'  58". 

In  the  first  place,  we  compute  ',  d,  and  y  by  means  of  the  formulae 
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(83)  and  (85),  or  by  means  of  (87),  writing  a,  d,  Q,',  and  i'  instead 
of  /,  [i,  &,  and  /,  respectively.     Hence  we  obtain 

0  =  188°  31'  9",  tj  =  —  1°  59'  28",  /  --=  — 19°  17'  7". 

Since  the  equator  is  here  considered  as  the  fundamental  plane,  the 
longitude  6  is  measured  on  the  equator  from  the  place  of  the  ascend- 
ing node  of  the  orbit  on  this  plane.  The  values  of  the  differentia] 
coefficients  arc  then  found  by  means  of  the  formula; 

d0  drj  r  .    .,  , 

cos  i}  -j—t  =  0,  -7—7  =  —  —  cos  tj  sin  1  cos  u , 

'  dQ,'         '  dQ'  A        ' 

d(>  dy  r  .       , 

cosjj-^.,-=:0,  -^- =  +  -  cos  1?  sin  « , 

do        t  dv  T 

cos  rj  — — -  =  —  cos  (0  —  w'),  — =— ,-  =  —  —  sin  -n  sin  (0  —  u'), 

(1/         A  d%  A 

cosiy-.  -  =  ^-cos(0 —  w'  —  J*1),        ~-  =  —  ^sinij  sin(0  —  w' — .F), 
d?        J  ay>  J 

cos  1?  j  =7-  =  ^  cos  (0  —  u'  —  G),       -tX-  =  —  ^  sin  tj  sin  (0  —  u'  —  G), 
dMQ       A  dM0  A 

do        h         .  .      _..  dr\  h    .        .    ,n        ,      t- 

cosjj  —j—  =—  cos(0 — u  — if),       — r—  =  —  —  sun?  sin  (0  —  u — If). 
d;i        A  dfi  A 

which  give 

r*r\a  vi 

dQ,'         '  d&' 

dO  _d^ 

di'  ~    '  di' 

f  =  +  1,o51,  | 

!$-*■«*$       $ 

£-■••»     A 

-^-  =  +  538.00,  S 

d;i  Oft 

Therefore,  the  equations  for  cos  rt  a#  and  aj?  become 


l-^r  =  0>  -^  =  +  0.0204, 

cos  7)  4°-  =  +  1-5051,  4V  =  +  0.0086, 
"Z  d/ 

j  -^-  =  4-  2.0978,  4*-  =  +  0.0422, 
dtp  d<p 

-,^  =  4-1.1922,  ^  =  +  °-0143' 

cos^-^-  =  +  538-00»  -^-  =  —1.71. 


cos  7  A0  =  4- 1.5051  a/  -f-  2.0978  a?  +  1.1922  aJ/0  +  538.00  A/*, 
aij  =  -f  0.0086  a/  -f  0.0422  a?  -f-  0.0143  a M0  —  1.71  a,u 
+  0.5072  a£'  -j-0.0204  a i'. 

If  we  assign  to  the  elements  of  the  orbit  the  variations 
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A-'=  —  6".64,  a£'  =  —  14".12,  Ai'  =  — 8".86, 

a?  =  +  10",  aJ/0  =  -J-  10",  *fl  =  +  0".01, 

we  have 

a/  =  a«/  +  cos  H  Aft'  =  — 19".96 ; 

and  the  preceding  equations  give 

cos  7]  a0  =  -f  8".24,  Aiy  =  —  6".96. 

With  the  same  values  of  aw',  a  ft',  &c,  we  have  already  found 

cos  9  Aa  =  +  5".47,  a<5  =  —  9".29, 

which,  by  means  of  the  equations  (88),  writing  a  and  d  in  place  of 
^  and  /?,  give 

cos  ^  Atf  =  +  8".23,  a?j  =  —  6".96. 

59.  In  special  cases,  in  which  the  differences  between  the  calcu- 
lated and  the  observed  values  of  two  spherical  co-ordinates  are  given, 
and  the  corrections  to  be  applied  to  the  assumed  elements  are  sought, 
it  may  become  necessary,  on  account  of  difficulties  to  be  encountered 
in  the  solution  of  the  equations  of  condition,  to  introduce  other  ele- 
ments of  the  orbit  of  the  body.  The  relation  of  the  elements  chosen 
to  those  commonly  used  will  serve,  without  presenting  any  difficulty, 
for  the  transformation  of  the  equations  into  a  form  adapted  to  the 
special  case.  Thus,  in  the  case  of  the  elements  which  determine  the 
form  of  the  orbit,  we  may  use  a  or  log  a  instead  of  p,  and  the 
equation 

k\/l  +  m 

ll  = i 

as 

gives 

d;i  =  —  l-da=  —  4  —  d  log  a,  (89) 

in  which  ?-0  is  the  modulus  of  the  system  of  logarithms.  Therefore, 
the  coefficient  of  a(u  is  transformed^  into  that  of  a  log  a  by  multiply- 
ing it  by  —  §-;  and  if  the  unit  of  the  mth  decimal  place  of  the  loga- 

0 
rithms  is  taken  as  the  unit  of  a  log  a,  the  coefficient  must  be  also 

multiplied  by  10_m.  The  homogeneity  of  the  equation  is  not  disturbed, 

since  //  is  here  supposed  to  be  expressed  in  seconds. 

If  we  introduce  logp  as  one  of  the  elements,  from  the  equation 

p  =  a  cos*  <p 
li 
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we  get 

d  \ogp  =  —  §  -  dfx  —  2-*0  tan  <p  d<p, 


or 


d/JL  =  —  |  r  d  \ogp  —  3/i  tan  <p  dtp.  (90) 


Hence  it  appears  that  the  coefficients  of  a  logp  are  the  same  as  those 
of  a  log  a,  but  since  p  is  also  a  function  of  <p,  the  coefficients  of  &<p 

are  changed;  and  if  we  denote  by  cos  o  1  -^ —  I  and  I  -r-  J  the  values  of 

the  partial  differential  coefficients  when  the  element  n  is  used  in  con- 
nection with  <p,  we  shall  have,  for  the  case  under  consideration, 

,  da  .  I  da  \        _  ft .  ,  da 

cos  o  -=—  =  cos  o  I  -y-  I  —  3  -  tan  <p  cos  o  -j-, 
d<p  \d<p  J         s  a/j. 

dd  _  I  dd  \  _  „  A* .         fW 

dtp  \d<p  }         s  djt' 

in  which  s  =  206264".8.     If  the  values  of  the  differential  coefficients 

with  respect  to  ft  and  <p  have  not  already  been  found,  it  will  be  ad- 

dv    dv        dv  dv 

vantageous  to  compute  the  values  of  -5— >  -z—j  -r-j ,  and  -z-z by 

r  d<p    d<p    d  logp  d  iogp     * 

means  of  the  expressions  which  may  be  derived  by  substituting  in 

the  equations  (15)  the  value  of  d\i  given  by  (90),  and  then  we  may 

compute  directly  the  values  of  cos  d-z— ,  cos  d  -z-, ,  -z—>  and  ~n 

*  *  dtp  d  logjo    dtp  d  logp 

In  place  of  Mm  it  is  often  convenient  to  introduce  L0,  the  mean 

longitude  for  the  epoch;  and  since 

L0  =  M0  +  x, 
we  have 

dL0  =  dM0  +  *c=  dM0  +  da>  +  d&, 

and,  when  £  is  used, 

dL0  =  dM0  -f-  dx  +  (1  —  cos  i)  dQ, . 

Instead  of  the  elements  &  and  i  which  indicate  the  position  of  the 
plane  of  the  orbit,  we  may  use 

6  =  sinisin&,  c  =  sintcos&, 

and  the  expressions  for  the  relations  between  the  differentials  of  b 
and  c  and  those  of  i  and  &  are  easily  derived.  The  cosines  of  the 
angles  which  the  line  of  apsides  or  any  other  line  in  the  orbit  makes 
with  the  three  co-ordinate  axes,  may  also  be  taken  as  elements  of  the 
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orbit  in  the  formation  of  the  equations  for  the  variation  of  the  geo- 
centric place. 

60.  The  equations  (48),  by  writing  I  and  b  in  place  of  X  and  ft, 
respectively,  will  give  the  values  of  the  differential  coefficients  of 
the  heliocentric  longitude  and  latitude  with  respect  to  x,  y,  and  z. 
Combining  these  with  the  expressions  for  the  differential  coefficients 
of  the  heliocentric  co-ordinates  with  respect  to  the  elements  of  the 
orbit,  we  obtain  the  values  of  cos  b  &l  and  a6  in  terms  of  the  varia- 
tions of  the  elements. 

The  equations  for  dx,  dy,  and  dz  in  terms  of  du,  dQ,  and  di,  may 
also  be  used  to  determine  the  corrections  to  be  applied  to  the  co-or- 
dinates in  order  to  reduce  them  from  the  ecliptic  and  mean  equinox 
of  one  epoch  to  those  of  another,  or  to  the  apparent  equinox  of  the 
date.     In  this  case,  we  have 

du  =  dx  —  d  ft . 

When  the  auxiliary  constants  A,  B,  a,  b,  &c.  are  introduced,  to 
find  the  variations  of  these  arising  from  the  variations  assigned  to 
the  elements,  we  have,  from  the  equations  (99)x, 

cot  A  —  —  tan  ft  cos  i, 

cot  B  =  cot  ft  cos  i  —  sin  i  cosec  ft  tan  e, 

cot  C  =  cot  ft  cos  i  -\-  sin  i  cosec  ft  cot  e, 

in  which  i  may  have  any  value  from  0°  to  180°.  If  we  differentiate 
these,  regarding  all  the  quantities  involved  as  variable,  and  reduce 
by  means  of  the  values  of  sin  a,  sin  b,  and  sin  c,  we  get 

j.        cosi    T_        sin  J.    .     _    .    .  7. 

aA  =    .  ,    aft : sin  ft  sin x  dx, 

sura  sin  a 

COS  £ 

dB  =    .  , .  (cos  x  cos  e  —  sin  x  sin  e  cos  ft  )  a"  ft 
sin^i 

sinU  ,  .    .  .  .  sinisinft   , 

H — = — r-  Ccos  ft  sin  x  cos  e  +  cos  i  sin  e)  dx  A T-n —  de, 

sin  b  ■  '        sin*  b 

dC=    .  ,    (cos  i  sin  e  4-  sin  *  cos  e  cos  ft  )  dQ 

■    sin  C  .  ...  .         .sinisinft  , 

H = (cos  ft  sin  t  sin  e  —  cos  x  cos  e)  dx  -\ 5-3 dt : 

sine  J        '        sin'e 

and  these,  by  means  of  (101)u  reduce  to 
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.  .        cos  i    .  _  .  . . 

a  A  =    .  .    dQ  —  sin  A  cot  a  at. 
sin*  a 

Jr>      cosecose  .  .    D        ...       cosa   ,  /r... 

rti?  = — .  .,     dQ — sin  i?  cot  o  at  4-    .  „ .  aV,  (91) 

sin' 6  sin^ 

,~  sinecosi  ,  .    -,  .cosa 

aO  = rrs — aft  — sin (7 cote  at  4-    .  ■     ae. 

sin1  c  sin*  c 

Let  us  now  differentiate  the  equations  (101)!,  using  only  the  upper 
sign,  and  the  result  is 

da=  —  sin  i  sin  A  dQ  -\-  cos  A  di, 

db  =  —  sin  i  sin  B  dQ  +  cos  B  di-\-  cos  c  cosec  b  dz, 

de  =  —  sin  i  sin  C  dQ  4-  cos  C  di  —  cos  b  cosec  c  de. 

If  we  multiply  the  first  of  these  equations  by  cot  a,  the  second  by 
cot  b,  and  the  third  by  cot  c,  and  denote  by  ^0  the  modulus  of  the 
system  of  logarithms,  we  get 

d  log  sin  a  =  — ^0  sin  i  cot  a  sin  A  dQ  +  ^0  cot  a  cos  A  di, 

d  log  sin  b  = — L  sin  i  cot  b  sin  B  dQ  4-  -L  cot  b  cos  B di  4-  1, r—n —  d*. 

sin-'o 

d  log  sine  =  —  ^0  sin  i  cot  c  sin  CdQ  4-  ^  cote  cos  Cdi — ^0 — , de. 

(92) 

The  equations  (91)  and  (92)  furnish  the  differential  coefficients  of 
Ay  By  C,  log  sin  a,  &c.  with  respect  to  Q}  i,  and  e;  and  if  the  varia- 
tions assigned  to  Q,  i,  and  e  are  so  small  that  their  squares  may  be 
neglected,  the  same  equations,  writing  aA,  aQ,  a/,  &c.  instead  of 
the  differentials,  give  the  variations  of  the  auxiliary  constants.  In 
the  case  of  equations  (92),  if  the  variations  of  Q,  i,  and  £  are  ex- 
pressed in  seconds,  each  term  of  the  second  member  must  be  divided 
by  206264.8,  and  if  the  variations  of  log  sin  a,  log  sin  6,  and  log  sine 
are  required  in  units  of  the  with  decimal  place  of  the  logarithms,  each 
term  of  the  second  member  must  also  be  divided  by  10"*. 

If  we  differentiate  the  equations  (81)i,  and  reduce  by  means  of  the 
same  equations,  we  easily  find 

cos  bdl  =  cos i  sec  b  dn  +  cos  b  dQ  —  sin  b  cos  (I  —  Q  )  di,     /<*.;> . 
db  =  sin  i  cos  (I  —  Q  )  du  +  sin  (I  —  Q  )  di, 

which  determine  the  relations  between  the  variations  of  the  elements 
of  the  orbit  and  those  of  the  heliocentric  longitude  and  latitude. 
By  differentiating  the  equations  (88),,  neglecting  the  latitude  of 


DIFFERENTIAL   FOBMUUE.  165 

the  sun,  and  considering  /,  ft,  J,  and  O  as  variables,  we  derive,  after 
reduction, 

cos ,?  di  =  —  cos  (A  —  ©  )  e/O , 

R  (94) 

d/9  =  —  _  sin  /5  sin  (A  —  ©  )  dQ , 

which  determine  the  variation  of  the  geocentric  latitude  and  longitude 
arising  from  an  increment  assigned  to  the  longitude  of  the  sun.  Ii 
appears,  therefore,  that  an  error  in  the  longitude  of  the  sun  will 
produce  the  greatest  error  in  the  computed  geocentric  longitude  of  a 
heavenly  body  when  the  body  is  in  opposition. 
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CHAPTER  III. 

INVESTIGATION  OF  FORMULAE  FOR  COMPUTING  THE  ORBIT  OF  A  COMET  MOVING  IN 
A  PARABOLA,  AND  FOR  CORRECTING  APPROXIMATE  ELEMENTS  BY  THE  VARIATION 
OF  THE  GEOCENTRIC  DISTANCE. 

61.  The  observed  spherical  co-ordinates  of  the  place  of  a  heavenly 
body  furnish  each  one  equation  of  condition  for  the  correction  of  the 
elements  of  its  orbit  approximately  known,  and  similarly  for  the 
determination  of  the  elements  in  the  case  of  an  orbit  wholly  unknown ; 
and  since  there  are  six  elements,  neglecting  the  mass, — which  most 
always  be  done  in  the  first  approximation,  the  perturbations  not 
being  considered, — three  complete  observations  will  furnish  the  six 
equations  necessary  for  finding  these  unknown  quantities.  Hence, 
the  data  required  for  the  determination  of  the  orbit  of  a  heavenly 
body  are  three  complete  observations,  namely,  three  observed  longi- 
tudes and  the  corresponding  latitudes,  or  any  other  spherical  co- 
ordinates which  completely  determine  three  places  of  the  body  as 
seen  from  the  earth.  Since  these  observations  are  given  as  made  at 
some  point  or  at  different  points  on  the  earth's  surface,  it  becomes 
necessary  in  the  first  place  to  apply  the  corrections  for  parallax.  In 
the  case  of  a  body  whose  orbit  is  wholly  unknown,  it  if  impossible 
to  apply  the  correction  for  parallax  directly  to  the  place  of  the  body ; 
but  an  equivalent  correction  may  be  applied  to  the  places  of  the 
earth,  according  to  the  formulae  which  will  be  given  in  the  next 
chapter.  However,  in  the  first  determination  of  approximate  ele- 
ments of  the  orbit  of  a  comet,  it  will  be  sufficient  to  neglect  entirely 
the  correction  for  parallax.  The  uncertainty  of  the  observed  places 
of  these  bodies  is  so  much  greater  than  in  the  case  of  well-defined 
objects  like  the  planets,  and  the  intervals  between  the  observations 
which  will  be  generally  employed  in  the  first  determination  of  the 
orbit  will  be  so  small,  that  an  attempt  to  represent  the  observed  places 
with  extreme  accuracy  will  be  superfluous. 

When  approximate  elements  have  been  derived,  we  may  find  the 
distances  of  the  comet  from  the  earth  corresponding  to  the  three 
observed  places,  and  hence  determine  the  parallax  in  right  ascension 
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and  in  declination  for  each  observation  by  means  of  the  usual  formula. 
Thus,  we  have 

itp  cos  <p'    sin  (o  —  0) 


Aa  = 


tan^  = 


A  cos<J 

tany' 


cos  (a  —  0)' 

r.p  sin  <p '    sin  (j S) 


1  sin^ 

in  which  a  is  the  right  ascension,  d  the  declination,  A  the  distance 
of  the  comet  from  the  earth,  <pf  the  geocentric  latitude  of  the  place 
of  observation,  0  the  sidereal  time  corresponding  to  the  time  of 
observation,  p  the  radius  of  the  earth  expressed  in  parts  of  the 
equatorial  radius,  and  ~  the  equatorial  horizontal  parallax  of  the 
sun. 

In  order  to  obtain  the  most  accurate  representation  of  the  observed 
place  by  means  of  the  elements  computed,  the  correction  for  aberra- 
tion must  also  be  applied.  When  the  distance  A  is  known,  the 
time  of  observation  may  be  corrected  for  the  time  of  aberration; 
but  if  A  is  not  approximately  known,  this  correction  may  be  neglected 
in  the  first  approximation. 

The  transformation  of  the  observed  right  ascension  and  declination 
into  latitude  and  longitude  is  effected  by  means  of  the  equations 
which  may  be  derived  from  (92)x  by  interchanging  a  and  X,  d  and  ,3, 
and  writing  — £  instead  of  £.     Thus,  we  have 

tan  $ 

tan  N=  - — , 
sin  a 

,  C0S(JV — e)    .  .... 

tan  X  = ^^tano,  (1) 

cosiv 


and  also 


tan  ,3  =  tan  ( JV  —  £  )  sin  /, 

cos  (JV —  e) cos  /?  sin  A 

cos  N  cos  <J  sin  o ' 


which  will  serve  to  check  the  numerical  calculation  of  /  and  /?. 
Since  cos  ft  and  cos  d  are  always  positive,  cos^  and  cos  a  must  have 
the  same  sign,  thus  determining  the  quadrant  in  which  /  is  to  be 
taken. 

62.  As  soon  as  these  preliminary  corrections  and  transformations 
have  been  effected,  and  the  times  of  observation  have  lxxni  reduced 
to  the  same  meridian,  the  longitudes  having  been  reduced  to  the 
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same  equinox,  we  are  prepared  to  proceed  with  the  determination  of 
the  elements  of  the  orbit.  For  this  purpose,  let  t,  I',  t"  be  the  timei 
of  observation,  r,  r',  r"  the  radii-vectores  of  the  body,  and  u,  u',  u" 
the  corresponding  arguments  of  the  latitude,  11,  R',  R"  the  distant  tea 
of  the  earth  from  the  sun,  and  O,  O',  O"  the  longitudes  of  the  sun 
corresponding  to  these  times. 

Let  [rr']  denote  double  the  area  of  the  triangle  formed  between 
the  radii-vectores  r,  r'  and  the  chord  of  the  orbit  between  the  cone* 
sponding  places  of  the  body,  and  similarly  for  the  other  triangles 
thus  formed.  The  angle  at  the  sun  in  this  triangle  is  the  difference 
between  the  corresponding  arguments  of  the  latitude,  and  we  shall 

have 

[rr']   =  rr'  sin  (v!  —  u), 

[rr"]  =  rr"  sin  (u"  —  u),  (2) 

[rV]  =  r'r"  sin  (u"  —  u'), 

If  we  designate  by  x,  y,  z,  x',  y',  z',  x",  y",  z"  the  heliocentric  co- 
ordinates of  the  body  at  the  times  t,  t',  and  t",  we  shall  have 

x  =  r  sin  a  sin  (A  +  tt)> 
x'  r=  r'  sin  a  sin  {A  -\-  u'), 
x"  =  r"  sin  a  sin  (A  +  u"), 

in  which  a  and  A  are  auxiliary  constants  which  are  functions  of  the 
elements  Q,  and  i,  and  these  elements  may  refer  to  any  fundamental 
plane  whatever.  If  we  multiply  the  first  of  these  equations  by 
sin  (u'f  —  uf),  the  second  by  —  sin  (uf/  —  u),  and  the  third  by 
sin  (u'  —  w),  and  add  the  products,  we  find,  after  reduction, 

x  x'  x" 

-  sin  Qii"  —  v!) -,  sin  (u"  —  u)  -f-  —  sin  (V  —  u)  =  0, 

r  r  r 

which,  by  introducing  the  values  of  [rr''],  [rr"],  and  [r' >"],  becomes 

[r'r"]  x  —  \rr"]  x'  +  [rr']  x"  =  0. 


If  we  put 
we  get 


nx  —  x'  +  n"x"  =  0.  (4) 

In  precisely  the  same  manner,  we  find 


ny-y'  +  n"f  =  0, 
nz  —  z'  +  ri'z"  =  0. 


tf) 
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Since  the  coefficients  in  these  equations  are  independent  of  the  posi- 
tions of  the  co-ordinate  planes,  except  that  the  origin  is  at  the  centre 
of  the  sun,  it  is  evident  that  the  three  equations  are  identical,  ana 
express  simply  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun ;  and  the  last  two  might  have  been  derived 
from  the  first  by  writing  successively  y  and  z  in  place  of  x. 

Let  X,  X't  I"  be  the  three  observed  longitudes,  /?,  fi'}  ft"  the  corre- 
sponding latitudes,  and  J,  Af,  A"  the  distances  of  the  body  from  the 
earth ;  and  let 

Acosfi^p,  4*coB#  =  j,  A"  cos  f  =  P", 

which  are  called  curtate  distances.     Then  we  shall  have 

x  =  p  cos  X  —  R  cos  © ,  x'  —  p'  cos  X'  —  JR'  cos  0 ', 

y  =  p  sin  X  —  R  sin  © ,  %j  =  p'  sin  X'  —  R'  sin  ©', 

z  =p  tan ft,  z1  =  p'  tan (ft 

x"  =  p"cosX"  —  R"cosQ", 

y"  =  P"  sin X"  — R"  sin  O", 

z"  =p"tanP", 

in  which  the  latitude  of  the  sun  is  neglected.  The  data  may  be  se 
transformed  that  the  latitude  of  the  sun  becomes  0,  as  will  be  ex- 
plained in  the  next  chapter ;  but  in  the  computation  of  the  orbit  of 
a  comet,  in  which  this  preliminary  reduction  has  not  been  made,  it 
will  be  unnecessary  to  consider  this  latitude  which  never  exceeds  1", 
while  its  introduction  into  the  formulae  would  unnecessarily  com- 
plicate some  of  those  which  will  be  derived.  If  we  substitute  these 
values  of  x,  x',  &c.  in  the  equations  (4)  and  (5),  they  become 

0  =  n  (p  cos  X  —  R  cos  © )  —  (p'  cos  X'  —  R  cos  ©') 

+  n"(p"cosX"  —  R'CosO"), 
0  =  n  (p  sin  X  —  R  sin  ©  )  —  0'  sin  X'  —  R'  sin  ©')"  (6) 

+  n"(P"sinX"  —  R'sinQ"), 
0  =  np  tan  /?  —  p'  tan  p  +  ri'p"  tan  §P. 

These  equations  simply  satisfy  the  condition  that  the  plane  of  the 
orbit  passes  through  the  centre  of  the  sun,  and  they  only  become 
distinct  or  independent  of  each  other  when  n  and  n"  are  expressed 
in  functions  of  the  time,  so  as  to  satisfy  the  conditions  of  undisturbed 
motion  in  accordance  with  the  law  of  gravitation.  Further,  they 
involve  five  unknown  quantities  in  the  case  of  an  orbit  wholly 
unknown,  namely,  n,  n",  p>  />',  and  p" ;  and  if  the  values  of  n  and 
n"  are  first  found,  they  will  be  sufficient  to  determine  p,  p',  and  p" . 
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The  determination,  however,  of  n  and  n"  to  a  sufficient  degree  of 
accuracy,  !>y  means  of  the  intervals  of  time  between  the  obeei vatioofl, 

reqaires  that  p'  should  l>e  approximately  known,  and  In  nee.  in 
p'neral,  it  will  hecome  necessary  to  derive  first  the  values  of  a,  a", 
and  ;/;  after  which  those  of  p  and  //'  may  he  found  from  equation! 
(6)  by  elimination.  But  since  the  number  of  equations  will  then 
ed  the  number  of  unknown  quantities,  we  may  combine  them  in 
BOofa  a  manner  as  will  diminish,  in  the  greatest  degree  possible,  the 
effect  of  the  errors  of  the  observations.  In  special  oases  in  which 
the  conditions  of  the  problem  are  such  that  when  the  ratio  of  two 
curtate  distances  is  known,  the  distances  themselves  may  be  deter- 
mined, the  elimination  must  be  so  .performed  as  to  give  this  ratio 
with  the  greatest  accuracy  practicable. 

63.  If,  in  the  first  and  second  of  equations  (6),  we  change  the 
direction  of  the  axis  of  x  from  the  vernal  equinox  to  the  place  of  the 
sun  at  the  time  t',  and  again  in  the  second,  from  the  equinox  to  the 
second  place  of  the  body,  we  must  diminish  the  longitudes  in  these 
equations  by  the  angle  through  which  the  axis  of  x  has  been  moved, 
and  we  shall  have 


0  =  n(p  cos(>l  —  ©')  —  i?cos(©'—  ©))  —  0'  cos(A'—  ©')  —  R') 

+  n"(P"  cos  (A"—  ©')  —  R"  cos(©"-  ©')), 
0  =  n(Psm(X  —  Qf)  +  2*sin(©'  —  ©))—/>'  sin  (/—©') 

+  n"  (p"  sin  (X"  -  © ')  -  R"  sin  (  ©  "  -  © ')),  (7) 

0  —  n{p  sin(/  —  X)  +  R  sin(©  —  X'))  —  Rf  sin(©'—  X') 

—  n"  (P"  sin  (X"  —  X')  —  R"  sin  (©  "  —  />/)), 
0  =  np  tan  ,3  —  P'  tan  ft  +  n"p"  tan  ,3". 

If  we  multiply  the  second  of  these   equations   by  tan  ft',  and   the 
fourth  by  —  sin(/' —  ©'),  and  add  the  products,  wre  get 

0  =  ri'p"  Ctan  jSf  sin  (X"  —  © ')  —  tan  ,S"  sin  (J?  —  © ')) 

—  n"R"  sin  (©"—©')  tan  /?+ n/>  (tan  j?  sin  ( /■—©')—  tan/?  sin  (X'—Q'n 

4-niZ  sin  (©'—  ©)  tan  p. 

Let  us  now  denote  double  the  area  of  the  triangle  formed  by  the 
sun  and  two  places  of  the  earth  corresponding  to  R  and  R'  by  \_RIV~\, 
and  we  shall  have 

\_RR']  =  RR'BiniO'—  ©), 
and  similarly 

[RR"-\  =RR"  sin  (©"—©), 
[##']  =R'R" sin(©"-  ©'). 
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Then,  if  we  put 


[BR'}'  ~  lER'Y 

we  obtain 

i?"sin(O"-O0=i?sin(O'-O)^, 


(9) 


Substituting  this  in  the  equation  (8),  and  dividing  by  the  coefficient 
of  p",  the  result  is 

„  n      tan  ft  sin  (X  —  © ')  —  tan  p  sin  (X  —  © ') 

P  =P 


n"    tan  ft'  sin (/'—©')  —  tan  J  sin (/'—©') 

B  sin  (O'—Q)  tan  ft 


+ 


U"     ^/i 


'  tan  W  sin  (A'  —  ©')  —  tan  ft  sin  (/'  —  ©')' 
Let  us  also  put 

tan  /?  sin  (J  —  © ')  —  tan  /?  sin  (/  —  ©') 


M" 


tan  /9*  sin  (/  —  ©')  —  tan  J  sin  (A"  —  ©')' 
sin(©'  —  Q)tan,S' 


(10) 


tan  ft'  sin  (/'  —  ©')  —  tan  ft  sin  (X"  —  ©') ' 
and  the  preceding  equation  reduces  to 

We  may  transform  the  values  of  31'  and  J/"  so  as  to  be  better 
adapted  to  logarithmic  calculation  with  the  ordinary  tables.  Thus, 
if  w'  denotes  the  inclination  to  the  ecliptic  of  a  great  circle  passing 
through  the  second  place  of  the  comet  and  the  second  place  of  the 
sun,  the  longitude  of  its  ascending  node  will  be  ©',  and  we  shall 

have 

sin  Q!  —  ©')  tan  vt  =  tan  ft.  (12) 

Let  /90,  /90"  be  the  latitudes  of  the  points  of  this  circle  corresponding 
to  the  longitudes  I  and  X",  and  we  have,  also, 

tan  ft0  =  sin  (X  —  ©')  tan  w',  qq\ 

tan  0O"  =3  sin  (/"  —  ©')  tan  w. 

Substituting  these  values  for  tan/3',  sin(/  —  ©')  and  sin(/" — ©') 
in  the  expressions  for  31'  and  31'/,  and  reducing,  they  become 

M'=  sin(,9n—/i)    _  cos  ft'  cos  fa" 

sin  (ft'  —  /V')  '    cos  fa  cos  ft  '  ,^ 

**U                >    •    f^i        _  •,  cos '£"  cos  ,S  " 
M   =  tan  tv'  sin  (©'—©)  -r- f& jfc 
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When  the  value  of  — 7  has  been  found,  equation  (11)  will  give-  the 

relation  between  p  and  p"  in  terms  of  known  quantities.  It  is  evi- 
dent, however,  from  equations  (14),  that  when  the  apparent  path  of 
the  comet  is  in  a  plane  passing  through  the  second  place  of  the 

sun,  since,  in  this  case,  /?  — /?0  ana*  ft"—  ft0",  we  shall  have  M'=-x 
and  2f"=  oc.  In  this  case,  therefore,  and  also  when  (39  —  ft  and 
ti"  —  y?0"  are  very  nearly  0,  we  must  have  recourse  to  some  other 
equation  which  may  be  derived  from  the  equations  (7),  and  which 
does  not  involve  this  indetermination. 

It  will  be  observed,  also,  that  if,  at  the  time  of  the  middle  obser- 
vation, the  comet  is  in  opposition  or  conjunction  with  the  sun,  the 
values  of  M'  and  M"  as  given  by  equation  (14)  will  be  indeter- 
minate in  form,  but  that  the  original  equations  (10)  will  give  the 
values  of  these  quantities  provided  that  the  apparent  path  of  the 
comet  is  not  in  a  great  circle  passing  through  the  second  place  of  the 
sun.     These  values  are 

,_       sin(/  —  0Q  M„_       sin(Q'—  0) 

m~      sin  (A"— 00'  sin  (r- 00' 

Hence  it  appears  that  whenever  the  apparent  path  of  the  body  is 
nearly  in  a  plane  passing  through  the  place  of  the  sun  at  the  time  of 
the  middle  observation,  the  errors  of  observation  will  have  great 
influence  in  vitiating  the  resulting  values  of  M'  and  M" ;  and  to 
obviate  the  difficulties  thus  encountered,  we  obtain  from  the  third  of 
equations  (7)  the  following  value  of  p" : — 

,.  n      sin  (a'  —  X) 

P  =P 


n"    sin  (A"  —  /) 

^BBin(0-n-±7B?sin<iO'  —  X')+Ii,'sm(0'f-X')(1^ 
H  sincr  — x0  " 

We  may  also  eliminate  p  between  the  first  and  fourth  of  equa- 
tions (7).  If  we  multiply  the  first  by  tan/9',  and  the  second  by 
—  cos  (X' —  ©0,  and  add  the  products,  we  obtain 

0  =  n"P"  (tan  ft  cos  (/"  —  ©0  —  tan  j3"  cos  (A'  —  ©0) 

—n"i2"  tan /5'cos(©"— ©0 +n/>(tan/9'cos(A—O0  — tan /5cos(A'—©0) 

—  nR  tan  p  cos  (©'  —  ©)  +  R'  tan  ftt 

from  which  we  derive 


P   =PZjT 
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n      tan/?  cos  (A—  ©')  —  tan  0  cos  (A'—  ©') 


n"    tan/?"  cos  (A'  —  ©')  —  tan /?>  cos  (A"  —  ©')  (16) 

i^'tan/J' cos(©"— ©')  +  ^-Rtan/S'cosC©'— ©)  —  ^/7  iJ'tani? 
tan  /?"  cos  (A'  —  © ')  —  tan  /?  cos  (A"  —  ©') 

Let  us  now  denote  by  I'  the  inclination  to  the  ecliptic  of  a  great 
circle  passing  through  the  second  place  of  the  comet  and  that  point 
of  the  ecliptic  whose  longitude  is  ©' —  90°,  which  will  therefore  be 
the  longitude  of  its  ascending  node,  and  we  shall  have 

cos  (A'  —  ©')  tan  F  =  tan  ft ;  (17) 

and,  if  we  designate  by  /3,  and  /?„  the  latitudes  of  the  points  of  this 
circle  corresponding  to  the  longitudes  X  and  a",  we  shall  also  have 


tan/9,  =cos(A  — ©')tanJ', 
tan  ,?„  =  cos  (A"  —  ©')  tan  I'. 


(18) 


Introducing  these  values  into  equation  (16),  it  reduces  to 

„_      n      sin(/?, —  /?)      cos /9"  cos/?,, 
9  ~  P  nT  '  sin  (/?"  —  /?„) '  cos  /?  cos  /?,  (19) 

tan  I'cos/9"cos/?„  /  ,      _»        n.   „       ,-,      ^N      i2' \ 

from  which  it  appears  that  this  equation  becomes  indeterminate  when 
the  apparent  path  of  the  body  is  in  a  plane  passing  through  that 
point  of  the  ecliptic  whose  longitude  is  equal  to  the  longitude  of  the 
second  place  of  the  sun  diminished  by  90°.  In  this  case  we  may  use 
equation  (11)  provided  that  the  path  of  the  comet  is  not  nearly  in 
the  ecliptic.  When  the  comet,  at  the  time  of  the  second  observation, 
is  in  quadrature  with  the  sun,  equation  (19)  becomes  indeterminate 
iu  form,  and  we  must  have  recourse  to  the  original  equation  (16), 
which  .does  not  necessarily  fail  in  this  case. 

When  both  equations  (11)  and  (16)  are  simultaneously  nearly  in- 
determinate, so  as  to  be  greatly  affected  by  errors  of  observation,  the 
relation  between  p  and  pn  must  be  determined  by  means  of  equation 
(15),  which  fails  only  when  the  motion  of  the  comet  in  longitude  is 
very  small.  It  will  rarely  happen  that  all  three  equations,  (14), 
(15),  and  (16),  arc  inapplicable,-  and  when  such  a  case  does  occur  it 
will  indicate  that  the  data  are  not  sufficient  for  the  determination  of 
the  elements  of  the  orbit.  In  general,  equation  (16)  or  (19)  is  to  be 
used  when  the  motion  of  the  comet  in  latitude  is  considerable,  and 
equation  (15)  when  the  motion  in  longitude  is  greater  than  in  latitude. 
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64.  The  formulae  already  derived  arc  sufficient  to  determine  the 
relation  between  p"  and  p  when  the  values  of  n  and  n"  arc  known, 
and  it  remains,  therefore,  to  derive  the  expressions  for  these  quan- 
tities. 

If  we  put 

k(t  —  t)  =r", 

k(f  —  i')  =  T,  (20) 

k  (f  —  t)  =  r', 

and  express  the  values  of  x,  y,  z,  x",  y",  z"  in  terms  of  xf,  y'f  z'  by 
expansion  into  series,  we  have 

~  *  '     dt  '  k  +  1.2 '  de  '  F        1.2.3 '  d*8  '  It?  +       ' 

„_  dx'     r  1      dV      r*  1        dV    jr*  „  (      ^ 

*  ~*  +  d<  *T  +  1.2"  *  •  ¥  +1^3•  d<»  '  A»  "h<KC'' 

and  similar  expressions  for  y,  y",  z,  and  z".     We  shall,  however,  take 

the  plane  of  the  orbit  as  the  fundamental  plane,  in  which  case  z,  z', 

and  z"  vanish. 

The  fundamental  equations  for  the  motion  of  a  heavenly  body 

relative  to  the  sun  are,  if  we  neglect  its  mass  in  comparison  with 

that  of  the  sun, 

dV      &V 

dt2  +  /s  —  °> 


If  we  differentiate  the  first  of  these  equations,  we  get 

dV_3P^   & '       k>   <W 
dt'  ~   r«   '  dt       P*'  dt' 

Differentiating  again,  we  find 

dV_/^_12P/d/\s      3P   dV\   ,,6#    d/    dV 
d?  ~\r'6        /6  [dt}  +  i"  '  d**  r        »•'*  '  dt'  dt' 

dV 
Writing  y  instead  of  x,  we  shall  have  the  expressions  for  -jz   and 

dV  .  .... 

-r^-  Substituting  these  values  of  the  differential  coefficients  in  equa- 
tions (21),  and  the  corresponding  expressions  for  y  and  y",  and 
putting 
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a   -l-il^-il^-    *U   i/l_il(^V  +  A    ^V 

1  7»       ■  ytr'*  '  dt  +  2,\ r'«      JfcV6\  dt  J  ^  Pr'*'  dt*  )      '"' 

r"  t"8  t"*     dr' 

6  =T~«^rs_^vi' rfi"*-'  (22) 

*— *     *f»+*l^'^r+*\/i    Av»\d«)+ifcv*  dry--' 

t            r1  t4      rf/ 

A" _L l  J ii  r_L. 


A       6£r's   '   UV*     eft » 

we  obtain 

dJ  dy 

*  =  «*'  — 6^>  a;"  =  a'V-L6"—, 

dt  dt 

From  these  equations  we  easily  derive 

x'dy'  —  y'drf 


y'x  —  x'y  =  b 


dt 


y'W  _  yy  =  h"  *dy'-tf<ttt  (23) 

fx  _  x"y  =  (ab"  +  a"V)  ^MjZ-JJ'i, 

The  first  members  of  these  equations  are  double  the  areas  of  the 
triangles  formed  by  the  radii-vectores  and  the  chords  of  the  orbit 
between  the  places  of  the  comet  or  planet.     Thus, 

y>x_x>y=[fr>l         y»x>_xy=[yr"l         fx-x"y=[rS'l     (24) 

■ 

and  x'dy'  —  y'dx'  is  double  the  area  described  by  the  radius- vector 

x  dt/  -"—  7/  dx 
during  the  element  of  time  dt,  and,  consequently,  —  is 

double  the  areal  velocity.  Therefore  we  shall  have,  neglecting  the 
mass  of  the  body, 

in  which  p  is  the  semi-parameter  of  the  orbit.  The  equations  (23), 
therefore,  become 

[,V]  =  bk  i/p,  [rV']  =  b"k  yp,  [rr"]  =  (ab"  +  a"b)  k  ^p- 

Substituting  for  a,  6,  a",  b"  their  values  from  (22),  we  find,  since 
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to.-*  *s(i-»£+i£.£ )-        «> 

[V]-.  ^i,^i_5_-H_E?J_._...|. 

[r'r"~\  [rr'l 

From  these  equations  the  values  of  n  =  ).    „,    and  n"  =  =—5=  may 

[rr  J  [rr  J 

he  derived ;  and  the  results  are 

■  r|,M  fV  +  r)    ,    ,  t"(t/"  +  tt"-t»)    e*/        \ 

"--,[!  +  *         ^i—  +  i  pi  •-^-J> 

n-7\1  +  «       7*  ?  pi-     -'•^-•••j' 

which  values  are  exact  to  the  third  powers  of  the  time,  inclusive. 
In  the  case  of  the  orbit  of  the  earth,  the  term  of  the  third  01 

being  multiplied  by  the  very  small  quantity  — -zp  is  reduced  to  a 

superior  order,  and,  therefore,  it  may  be  neglected,  so  that  in  this 
case  we  shall  have,  to  the  same  degree  of  approximation  as  in  (26), 


(27) 


•  .  n        [rV'~\ 

From  the  equations  (26)  or  from  (25),  since  —  =  -= — =*,  we  find 

dr' 
Since  this  equation  involves  r'  and  -jr,  it  is  evident  that  the  value 

of  — ,  in  the  case  of  an  orbit  wholly  unknown,  can  be  determined 

only  by  successive  approximations.     In  the  first  approximation  to 
the  elements  of  the  orbit  of  a  heavenly  body,  the  intervals  between 
the  observations  will  usually  be  small,  and  the  series  of  terms  of 
will  converge  rapidly,  so  that  we  may  take 


n 


n  _    v 
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and  similarly 

N"  ~  t"' 
Hence  the  equation  (11)  reduces  to 

P"  =  ~M'P.  (29) 

It  will  be  observed,  further,  that  if  the  intervals  between  the  observa- 
tions  are   equal,  the  term  of  the   second   order   in   equation  (28) 

vanishes,  and  the  supposition  that  — ,  =  — ,  is  correct  to  terms  of  the 

third  order.  It  will  be  advantageous,  therefore,  to  select  observa- 
tions whose  intervals  approach  nearest  to  equality.  But  if  the 
observations  available  do  not  admit  of  the  selection  of  those  which 
give  nearly  equal  intervals,  and  these  intervals  are  necessarily  very 
unequal,  it  will  be  more  accurate  to  assume 


n 


N"1 


and  compute  the  values  of  N  and  N"  by  means  of  equations  (9), 
since,  according  to  (27)  and  (28),  if  r'  does  not  differ  much  from  R'> 
the  error  of  this  assumption  will  only  involve  terms  of  the  third 
order,  even  when  the  values  of  z  and  r"  differ  very  much. 

Whenever  the  values  of  p  and  p"  can  be  found  when  that  of  their 
ratio  is  given,  we  may  at  once  derive  the  corresponding  values  of  r 
and  r",  as  will  be  subsequently  explained. 

The  values  of  r  and  r"  may  also  be  expressed  in  terms  of  r'  by 
means  of  series,  and  we  have 

^  dt    k    '  ~  dt>    V  + a  ' 

from  which  we  derive 

"_    —  T  +  T"    ¥. 

r      r~     k     '  dV 
neglecting  terms  of  the  third  order.     Therefore 

12 
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and  when  the  intervals  are  equal,  this  value  is  exact  to  terms  of  the 
fourth  order.     We  have,  also, 


which  gives 


r'  =  \(r  +  r")  -  \  (r"  -  r)  T-=i  (31) 


Therefore,  when  r  and  r"  have  been  determined  by  a  first  approxi- 

mation,  the  approximate  values  of  r'  and  -rr  are  obtained  from  these 

n 
equations,  by  means  of  which  the  value  of  —  may  be  recomputed 

from  equation  (28).     We  also  compute 

N       i?J2"  sin  (©"  —  ©') 


N"~~  EI? sin (O'—O) 


(32) 


n  N  - 

and  substitute  in  equation  (11)  the  values  of  —  and  ™  thus  found. 

If  we  designate  by  M  the  ratio  of  the  curtate  distances  p  and  p", 
we  have 

f-f.'*^+f"(fr.*)J  '   C3S) 

In  the  numerical  application  of  this,  the  approximate  value  of  p  will 
be  used  in  computing  the  last  term  of  the  second  member. 

In  the  case  of  the  determination  of  an  orbit  when  the  approximate 

TV 

elements  are  already  known,  the  value  of  -^  may  be  computed  from 

lb 

n  _  rr" sin (v"  —  vf)  ,„.. 

¥'~"   rr'  sin  (/  —  v)  ' 

N 
and  that  of  -^,  from  (32) ;  and  the  value  of  M  derived  by  means  of 

these  from  (33)  will  not  require  any  further  correction. 

65.  When  the  apparent  path  of  the  body  is  such  that  the  value 
of  W ,  as  derived  from  the  first  of  equations  (10),  is  either  indeter- 
minate or  greatly  affected  by  errors  of  observation,  the  equations  (15) 
and  (16)  must  be  employed.  The  last  terms  of  these  equations  may 
be  changed  to  a  form  which  is  more  convenient  in  the  approximations 
to  the  value  of  the  ratio  of  p"  to  p. 

Let   Y}  Y',  Y"  be  the  ordinates  of  the  sun  when  the  axis  of 
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abscissas  is  directed  to  that  point  in  the  ecliptic  whose  longitude  is 

k'y  and  we  have 

Y  =B  sin(©   —X'), 
Y'  =R'  sin (©'—/), 

r"=ij"shHO"— ;.'). 

Now,  in  the  last  term  of  equation  (15),  it  will  be  sufficient  to  put 

n_      J[_ 
n"~  N"' 

and,  introducing  Y,  Y' ',  Y",  it  becomes 

(Fr"7r+r) cosec  {x"-k,)-  (35) 

It  now  remains  to  find  the  value  of  —jp     From  the  second  of  equa- 
tions (26)  we  find,  to  terms  of  the  second  order  inclusive, 

1  -t'(i   i^+^n 

n"~7t\         s        r'3        / 
We  have,  also, 

N"~7T\X      ff       B'3       J' 
and  hence 

Therefore,  the  expression  (35)  becomes 

But,  according  to  equations  (5), 

NY—Y'  +  N"Y"  =  0, 
and  the  foregoing  expression  reduces  to 

tt7^t    '\f«!      B«)     sin(r  —  X')    ' 

since  Y'  —  R'  sin(0'  —  A').     Hence  the  equation  (15)  becomes 

„_     n      sin(^  — ;)        ^  II         1   \iy8in(//-Q/)        ft. 

^_/"^"*sin(A"-A')~5V'  ^+^;\?»""^)    sin  (A" -A')  '    W 
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If  we  put 

xr n      sin  (A'  —  X)  . 

°~^y' s\n  {k"—k'y 

»     1       .»"    *  tJ  ,  _„>n(A'-Q')    Rll        1\ 
jP~1       8  n   *  t"  ^r_t"T  ;   8in(A'  — A)    *   p  \5*~~lH' 

we  have 

P1  =  M=M0F.  (37) 

Let  us  now  consider  the  equation  (16),  and  let  us  designate  by  A', 
X'}  X"  the  abscissas  of  the  earth,  the  axis  of  abscissas  being  directed 
to  that  point  of  the  ecliptic  for  which  the  longitude  is  ©',  then 

X  =R  cos (©  —  ©'), 
X'  =R', 

X"=B"cos(0"—  ©'). 

It  will  be  sufficient,  in  the  last  term  of  (16),  to  put 

n_      _# 

n"  ~  N" ' 

and  for  —  its  value  in  terms  of  N"  as  already  found.     Then,  since 

NX—  X'  +  N"X"=0, 
this  term  reduces  to 

-ii^+W1-^ **** ■ 

6  p  V   -f  T  )\  pi        jgs  )  tan  ft  CQS  (-;/_  0/)  _  tan  p  cos  (^_  0»)  ' 

and  if  we  put 

n       tan/?' cos  (X  —  ©')  —  tan /?  cos  (*' —  ©') 


M°'  ~~  n"  '  tan  /?"  cos  (A'  —  ©')  —  tan./?'  cos  (X"  —  ©')'  (38) 

_,  n"     rf  /  1  1_\ tan/?' i^ 

F— 1  — *  »   '  r"  (r  +  r  Hr'8       i2'Vtan/?'cos(X— ©')— tan /?  cos  (A'— ©') "   p  ' 

the  equation  (16)  becomes 

M=^-  =  M0'F'.  (39) 

P 

In  the  numerical  application  of  these  formulae,  if  the  elements  are 
not  approximately  known,  we  first  assume 

n         r 
when  the  intervals  are  nearly  equal,  and 
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V        _N_ 

n"  ~  N"  ' 

as  given  by  (32),  when  the  intervals  are  very  unequal,  and  negleet 
the  factors  .Panel  F'.  The  values  of  p  and  p"  which  are  thus  ob- 
tained, enable  us  to  find  an  approximate  value  of  r',  and  with  this  a 

more  exact  value  of  — jf  may  be  found,  and  also  the  value  of  F  or  F'. 

Whenever  equation  (11)  is  not  materially  affected  by  errors  of 
observation,  it  will  furnish  the  value  of  M  with  more  accuracy  than 
the  equations  (37)  and  (39),  since  the  neglected  terms  will  not  be  so 
great  as  in  the  case  of  these  equations.  In  general,  therefore,  it  is  to 
be  preferred,  and,  in  the  case  in  which  it  fails,  the  very  circumstance 
that  the  geocentric  path  of  the  body  is  nearly  in  a  great  circle,  makes 
the  values  of  F  and  F'  diiFer  but  little  from  unity,  since,  in  order 
that  the  apparent  path  of  the  body  may  be  nearly  in  a  great  circle, 
r'  must  differ  very  little  from  R'. 

66.  When  the  value  of  M  has  been  found,  we  may  proceed  to 
determine,  by  means  of  other  relations  between  p  and  p" ,  the  values 
of  the  quantities  themselves. 

The  co-ordinates  of  the  first  place  of  the  earth  referred  to  the  third, 

are 

x,  =  R" cos  O"  —  R cos  0 ,  s.q. 

y,  =  R'  sin  O"  —  R  sin  ©. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
corresponding  to  the  first  and  third  observations,  and  by  G  the  longi- 
tude of  the  first  place  of  the  earth  as  seen  from  the  third,  we  shall 
have 

x,  =  g  cos  G,  y<  =  9  sin  G, 

and,  consequently, 

R"cos(.0"—0)—R  =  9  cos  ((?—©),  r41v 

R"  sin  (©"  -  0)  =  g  sin  {G  —  ©). 

If  ^  represents  the  angle  at  the  earth  between  the  sun  and  comet 
at  the  first  observation,  and  if  we  designate  by  w  the  inclination  to 
the  ecliptic  of  a  plane  passing  through  the  places  of  the  earth,  sun, 
and  comet  or  planet  for  the  first  observation,  the  longitude  of  the 
ascending  node  of  this  plane  on  the  ecliptic  will  be  O,  and  we  shall 
have,  in  accordance  with  equations  (81)^ 

cos  -4-  =  cos  /?  cos  (X  —  O), 
sin  4-  cos  w  =  cos  /S  sin  (X  —  ©), 
sin  4  sin  w  =  sin  ft, 
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from  which 
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tanw  = 


tan/5 


tan  4  = 


sin  (A  —  ©)' 
tan(-i  — O) 


(42) 


COS  10 


Since  cos/?  is  always  positive,  cosi^  and  cos(^  —  ©)  must  have  the 
same  sign;  and,  further,  ^  cannot  exceed  180°. 

In  the  same  manner,  if  w"  and  ^"  represent  analogous  quantities 
for  the  time  of  the  third  observation,  we  obtain 


tan  w  = 


tan  fi" 


tan  4"  = 


sin  <7"  _  ©")' 
tan(x"-  ©") 


We  also  have 


cosw 
cos  4"  =  cos  ft*  cos  {X"  —  ©"). 


(43) 


r»=f|if_  2Ji2cos4, 
which  may  be  transformed  into 

rt=(psecp  —  R  cos  4)2  +  -K2  sin2  4 ; 
and  in  a  similar  manner  we  find 

r"2  =  (/>"  sec  /5"  —  R"  cos  4")'  +  -R"2  sin2  4". 


(44) 


(45) 


Let  x  designate  the  chord  of  the  orbit  of  the  body  between  the  first 
and  third  places,  and  we  have 


But 


x»  =  (z"  -  x)2  +  {f  -  y)>  +  (2"  -  z)\ 


x  =  p  cos  /  —  R  cos  O, 
y  =  p  sin  X  —  R  sin  0, 
z  =  p  tan  /?, 


and,  since  p"  =  Mp, 


a"  =  MP  cos  X"  —  R"  cos  ©", 
f  =  MP  sin  X"  —  R"  sin  ©", 
2"  =  MP  tan  /S" 

from  which  we  derive,  introducing  g  and  G} 

a"  —  a;  =  3f/9  cos  X"  —  p  cos  X  —  g  cos  (■?, 
y"  —  y  =  Mp  sin  X"  —  p  sin  X  —  g  sin  (?, 
2"  —  z  =  JW/o  tan/5"—  />  tan  /5. 


Let  us  now  put 
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Mp  cos  k"  —  p  cos  X  —  ph  cos  C  cos  H, 

Mp  sin  X"  —  p  sin  X  =  ph  cos  C  sin  H,  (46) 

J//o  tan  /8" —  p  tan  /3  =  ph  sin  C. 


Then  we  have 


x"  —  x  —  />/t  cos  C  cos  5" —  g  cos  6?, 
y"  —  y  =  ph  cos  C  sin  H —  g  sin  (?, 

z"  —  z  =  ph  sin  C. 

Squaring  these  values,  and  adding,  we  get,  by  reduction, 

x2  =  pW  —  2?  ph  cos  :  cos  (  G  —  IT)  +  g* ;  (47) 

and  if  we  put 

cos  C  cos  (  6?  —  if)  =  cos  y ,  (48) 

we  have 

x1  =  {ph  —  g  cos  <pf  -f  <jr2  sin2  f.  (49) 

If  we  multiply  the  first  of  equations  (46)  by  cos^/',  and  the 
second  by  sin  /",  and  add  the  products ;  then  multiply  the  first  by 
sin  /",  and  the  second  by  cos  //',  and  subtract,  we  obtain 

h  cos  C  cos (H—  X")  =  M—  cos (X"  —  X), 

h  cos  C  sin  (JE  —  X")  =  sin  (A"  —  X),  (50) 

h  sin  C  =  Jf  tan  /S"  —  tan  /?, 

by  means  of  which  we  may  determine  h,  £,  and  H. 
Let  us  now  put 

g  sin  <p  =  A, 
R  sin^  =  B,  h  cos  ft  =b, 

B"  sin  *''  =  J8",  ^^  =  b",  (51) 

<7  cos  ?>  —  6i2  cos  4  =  c,  g  co$<p  —  b"B"  cos  4/'  =  c", 

jo^.  —  <jr  cos  <p  =  d, 

and  the  equations  (44),  (45),  and  (49)  become 

x  =  Vd2  +  A\ 

.  '  r«^f(i+fjC4JV  (52) 

d  +  J'V  ,   Bn 


"-W*) 


The  equations  thus  derived  are  independent  of  the  form  of  the 
orbit,  and  are  applicable  to  the  case  of  any  heavenly  body  revolving 
around  the  sun.  They  will  serve  to  determine  r  and  r"  in  all  casefl 
in  which  the  unknown  quantity  d  can  be  determined.    If  p  is  known, 
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d  becomes  known  directly;  but  in  the  case  of  an  unknown  orbit, 
these  equations  are  applicable  only  when  p  or  d  may  be  determined 
directly  or  indirectly  from  the  data  furnished  by  observation. 

67.  Since  the  equations  (52)  involve  two  radii-vectores  r  and  /■" 
and  the  chord  x  joining  their  extremities,  it  is  evident  that  an  addi- 
tional equation  involving  these  and  known  quantities  will  enable  iu 
to  derive  d,  if  not  directly,  at  least  by  successive  approximations. 
There  is,  indeed,  a  remarkable  relation  existing  between  two  radii- 
vectores,  the  chord  joining  their  extremities,  and  the  time  of  describing 
the  part  of  the  orbit  included  by  these  radii-vectores.  In  general, 
the  equation  which  expresses  this  relation  involves  also  the  semi- 
transverse  axis  of  the  orbit;  and  hence,  in  the  case  of  an  unknown 
orbit,  it  will  not  be  sufficient,  in  connection  with  the  equations  (52), 
for  the  determination  of  d,  unless  some  assumption  is  made  in  regard 
to  the  value  of  the  semi-transverse  axis.  For  the  special  case  of 
parabolic  motion,  the  semi-trans  verse  axis  is  infinite,  and  the  result- 
ing equation  involves  only  the  time,  the  two  radii-vectores,  and  the 
chord  of  the  part  of  the  orbit  included  by  these.  It  is,  therefore, 
adapted  to  the  determination  of  the  elements  when  the  orbit  is  sup- 
posed to  be  a  parabola,  and,  though  it  is  transcendental  in  form,  it 
may  be  easily  solved  by  trial.  To  determine  this  expression,  let  us 
resume  the  equations 

k(t—  T) 


V2$ 

and,  for  the  time  t" , 

k(if'-T) 


tan  j}«  +  J  tan'  ^v 


=  tan  X  +  \  tan8  \v". 


l/29f 

Subtracting  the  former  from  the  latter,  and  reducing,  we  obtain 

%W  —  Q_sin^(y—  v)lt"      coa^ji/'—v)      r\ 
V2qi      ~  cos  lv"  cos  \v  \  "9~      cos  itv"  cos  h?      9  '' 

and,  since  r  =  q  sec2^,  this  gives 

Zktf'—t)      sin-Hi/'—v)-^^!     .    „.         .,,,       ,,/-\    >,«* 
— ^— = — -  = *-^ -7=-^- r-\-r  -\-  cos -},  (v — v)vrr    }•  (53) 

l/2  Vq  \  I 

But  we  have,  also,  from  the  triangle  formed  by  the  chord  x  and  the 
radii-vectores  r  and  r", 

x*=r2-\-  r"J  —  2rr"  cos  (Y'  —  v) 
=  (r  +  r")1  —  4rr"  cos2  ±  (t/'  —  v). 
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Therefore, 

«*<*-.)  =  ±  ^  +  ^X)Jr  +  ^ 

2l/rr" 
Let  us  now  put 

r  +  r"  -j-  x  =  m2,  r  -f-  r"  —  x  =  n2, 

m  and  n  being  positive  quantities.     Then  we  shall  have 

r  +  r"=£0*+n"), 

2  cos  2  («"  —  v)  l^rr"  =  ±  mn ; 

and,  since  m  and  w  are  always  positive,  it  follows  that  the  upper  sign 
must  be  used  when  v" —  v  is  less  than  180°,  and  the  lower  .sign  when 
t>" — v  is  greater  than  180°.  Combining  the  last  equation  with  (53), 
the  result  is 

U(f  _  0  =  ™W-v)VW  {m  +  ni  ±  mny  (.5) 

Xow  we  have 

sin  h  (t/'  —  v)  =  sin  \v"  cos  \v  —  cos  \v"  sin  \v. 
Squaring  this,  and  reducing,  we  get 

sin1  \  (v"  —  v)  =  cos2  \t  -f  cos2  -W'  —  2  cos  iv"  cos  h)  cos  \  (if     ■  v), 
or,  introducing  r  and  q, 

Therefore, 

sin  |  («"  — 1>)  =  --7=  (m  3=  »)• 

Introducing  this  value  into  equation  (55),  we  find 

6k(f—  t)=m3+n\ 

Replacing  in  and  n  by  their  values  expressed  in  terms  of  r,  r",  and 
x,  this  becomes 

Qlc  (if'  —  t)  =  (r  +  r"  +  x)l  q=  (r  +  r"  —  x)*,  (56) 

the  upper  sign  being  used  when  v"  —  v  is  less  than  180°.  This 
equation  expresses  the  relation  between  the  time  of  describing  any 
parabolic  arc  and  the  rectilinear  distances  of  its  extremities  from  each 
other  and  from  the  sun,  and  enables  us  at  once,  when  three  of  these 
quantities  are  given,  to  find  the  fourth,  independent  of  either  the 
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perihelion  distance  or  the  position  of  the  perihelion  with  reaped  to 
the  arc  described. 

68.  The  transcendental  form  of  the  equation  (56)  indicates  that. 
when  either  of  the  quantities  in  the  second  member  is  to  be  found, 
it  must  be  solved  by  successive  trials;  and,  to  facilitate  these  approxi- 
mations, it  may  be  transformed  as  follows: — 

Since  the  chord  x  can  never  exceed  r  -f  r",  we  may  put 

T=sinr\  :'" 


r  -f-  / 

and,  since  x,  r,  and  r"  are  positive,  sinf'  must  always  be  positive. 
The  value  of  y'  must,  therefore,  be  within  the  limits  0°  and  180°. 
From  the  last  equation  we  obtain 

(r  +  r")*  -  x2 
cosV=_____; 

and  substituting  for  x2  its  value  given  by 

x2  =  (r  +  r")2  —  4rr"  cos2  -\  (v"  —  v), 
this  becomes 

,  .      Arr"  cos2  UiT  —  v) 

c°s  y = — /  i  „n, — -■ 

Therefore,  we  have 

2l/rr" 
cos /  =  cos  -j  0"  —  v)  r      ^„  (58) 

and  also 

tan  /  =  — = — .  (59) 

2Vrr"cos^(v"  —  v) 

Hence  it  appears  that  when  v" — v  is  less  than  180°,  y'  belongs  to 
the  first  quadrant,  and  that  when  v" —  v  is  greater  than  180°,  cos^' 
is  negative,  and  y'  belongs  to  the  second  quadrant. 

If  we  introduce  y'  into  the  expressions  for  m2  and  n2,  they  become 

m,=  (r-fr")(l+sin/), 
ns  =  (r  +  r")(l— sin/), 
which  give 

ml=(r  +  r")(cosir'  +  sin^)2, 
w2  =  (r  +  r")  (  ±  cos  \y'  =F  sin  A/)2 ; 

and,  since  y'  is  greater  than  90°  when  v" — v  exceeds  180°,  the 
equation  (56)  becomes 

fir' 

=  (cos  \y'  +  sin  &')*  —  (cos  ^/  —  sin  £/f. 


(r  +  r")1 
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From  this  equation  we  get 

fir7 

=  6  cos*  tf  sin  y  +  2  sin5  tf, 


O  +  r") 
or 

=  6  sin  W  —  4  sin3  \y 

(r  +  r")* 

and  this,  again,  may  be  transformed  into 

6^         _  0  /  sin  \y'  \       J  sin  ty 
2f(r  +  r")f 

Let  us  now  put 


mnm- 


i„' 


fag  —  B^tf  (61) 

l/2 
or 

sin  ^/  =  V2  sin  a;, 
and  we  have 

— = r  =  3  sin  x  —  4  sin3  x  =  sin  3a;.  (62) 

l/2(r  +  r")l 

When  ?/' —  v  is  less  than  180°,  y'  must  be  less  than  90°,  and 
hence,  in  this  case,  sin  a;  cannot  exceed  the  value  \,  or  x  must  be 
within  the  limits  0°  and  30°.  When  v"  —  v  is  greater  than  180°, 
the  angle  y'  is  within  the  limits  90°  and  180°,  and  corresponding  to 
these  limits,  the  values  of  sin  a?  are,  respectively,  \  and  \\/~%.  Hence, 
in  the  case  that  v"  —  v  exceeds  180°,  it  follows  that  x  must  be  within 
the  limits  30°  and  45°. 

The  equation 

3^  . 

sin  d# 


V2(r  +  r")% 

is  satisfied  by  the  values  3a;  and  180°  —  Sx  ;  but  when  the  first  gives 
x  less  than  15°,  there  can  be  but  one  solution,  the  value  180°  — Sx 
being  in  this  case  excluded  by  the  condition  that  3a;  cannot  exceed 
135°.  When  x  is  greater  than  15°,  the  required  condition  will  be 
satisfied  by  3a;  or  by  180°  —  3a;,  and  there  will  be  two  solutions, 
corresponding  respectively  to  the  cases  in  which  v"  —  v  is  less  than 
180°,  and  in  which  v"  —  v  is  .greater  than  180°.  Consequently, 
wnen  it  is  not  known  whether  the  heliocentric  motion  during  the 
interval/" —  t  is  greater  or  less  than  180°,  and  we  find  3a;  greater 
than  45°,  the  same  data  will  be  satisfied  by  these  two  different 
solutions.     In  practice,  however,  it  is  readily  known  which  of  the 
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two  solutions  must  be  adopted,  since,  when  the  interval  t"  —  t  is  not 
very  large,  the  heliocentric  motion  cannot  exceed  180°,  unless  the 
perihelion  distance  is  very  small ;  and  the  known  circumstances  will 
generally  show  whether  such  an  assumption  is  admissible. 
We  shall  now  put 

0  -f  r")  ■ 


and  we  obtain 

"We  have,  also, 
and  hence 
Therefore 


sin  Sx  =  %L  (64) 

VS 

sin  \-/  =  -j/2  sin  x, 
cos  ly'  =  \/'l  —  2  sina  x  =  l/cos  2x. 


sin  /  =  2*  sin  x  V  cos  2x, 
and,  since  X  =  (r  +  r")  sin  y'}  we  have 

x  =  2^  (r  -f  r")  sin  a;  "|/cos  2a;. 


If  we  put 


3  sin  re    / =—  ,,,,-;. 

fi  =    .    0    V  cos  2z,  (bo) 

sin  3x 


the  preceding  equation  reduces  to 

2r' 


K  (r  +  r") 


(66) 


From  equation  (64)  it  appears  that  y  must  be  within  the  limits  0 
and  \\/%.  We  may,  therefore,  construct  a  table  which,  with  7j  as 
the  argument,  will  give  the  corresponding  value  of  fx,  since,  with  a 
given  value  of  jy,  3a;  may  be  derived  from  equation  (64),  and  then 
the  value  of  ft  from  (65).  Table  XI.  gives  the  values  of  p.  corre- 
sponding to  values  of  y  from  0.0  to  0.9. 

69.  In  determining  an  orbit  wholly  unknown,  it  will  be  necessary 
to  make  some  assumption  in  regard  to  the  approximate  distance  of 
the  comet  from  the  sun.  In  this  case  the  interval  t"  —  t  will  gene- 
rally be  small,  and,  consequently,  x  will  be  small  compared  with  r 
and  r" .  As  a  first  assumption  we  may  take  r  =  1,  or  r  -f-  r"  =  2, 
and  fi  =  1,  and  then  find  x  from  the  formula 

*  =  ^  V2- 
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With  this  value  of  x  we  compute  d,  r,  and  r"  by  means  of  the 
equations  (52).  Having  thus  found  approximate  values  of  r  and  r", 
\\v  compute  7)  by  means  of  (63),  and  with  this  value  we  enter  Table 
XI.  and  take  out  the  corresponding  value  of  //.  A  second  value 
for  x  is  then  found  from  (66),  with  which  we  recompute  r  and  r",  and 
proceed  as  before,  until  the  values  of  these  quantities  remain  un- 
changed. The  final  values  will  exactly  satisfy  the  equation  (56), 
and  will  enable  us  to  complete  the  determination  of  the  orbit. 

After  three  trials  the  value  of  r  +  r"  may  be  found  very  nearly 
correct  from  the  numbers  already  derived.  Thus,  let  y  be  the  true 
value  of  log  (r  +  r"),  and  let  a?/  be  the  difference  between  any 
assumed  or  approximate  value  of  y  and  the  true  value,  or 

'Jo  =  V  +  *V- 

Then  if  we  denote  by  y0'  the  value  which  results  by  direct  calculation 
from  the  assumed  value  yQ,  we  shall  have 

&'  —  y0  =/(y0)  =f(y  +  *y)- 

Expanding  this  function,  we  have 

yl  —  y0  —f($  +  A±y  +  B*y1-{-&c. 

But,  since  the  equations  (52)  and  (66)  will  be  exactly  satisfied  when 
the  true  value  of  y  is  used,  it  follows  that 

/(</)  =  0, 

and  hence,  when  Ay  is  very  small,  so  that  we  may  neglect  terms  of 
the  second  order,  we  shall  have 

yo—y0  =  A*y  =  A  (^  —  y)- 

Let  us  now  denote  three  successive  approximate  values  of  log  (r  +  r") 

by  yw  Vo,  y<>"> and  let 

y0'  —  yo  =  a,  y0"  —  yo=*'; 

then  we  shall  have 

a  =A(y0  —  y), 
a'  =  A{y;-y). 

Eliminating  A  from  these  equations,  we  get 

y  (a'  —  a)  =  a'y0  —  ay0', 
from  which 

,  aa!  „  a'*  .«_ 
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Unless  the  assumed  values  are  considerably  in  error,  the  value  utf 
y  or  of  log(r  +  r")  thus  found  will  be  sufficiently  exact;  bat  should 
it  be  still  in  error,  we  may,  from  the  three  values  which  approximate 
nearest  to  the  truth,  derive  y  with  still  greater  accuracy.  In  the 
numerical  application  of  this  equation,  a  and  a'  may  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  employed. 

The  solution  of  equation  (56),  to  find  t"  —  t  when  x  is  known,  is 
readily  effected  by  means  of  Table  VIII.     Thus  we  have 

3r'  .    _ 

sin  3x, 


l/2  (r  +  r")! 
and,  when  y'  is  less  than  90°,  if  we  put 

__      sin  Sx 
sin/ 
we  get 

t>  =  i  V%  N  sin  y'  (r  +  r")f »  (68) 

or 

When  y'  exceeds  90°,  we  put 

N'  =  sin  Zx, 
and  we  have 

T'  =  iV2N'(r  +  r")h  (69) 

in  which  log  Jj/jj  =  9.6733937.  With  the  argument  f  we  take 
from  Table  VIII.  the  corresponding  value  of  N  or  N7,  and  by 
means  of  these  equations  x'  =  k  (t"  —  t)  is  at  once  derived. 

The  inverse  problem,  in  which  z'  is  known  and  x  is  required,  may 
also  be  solved  by  means  of  the  same  table.  Thus,  we  may  for  a  first 
approximation  put 

*  =  ?'  \/% 

and  with  this  value  of  X  compute  d,  r,  and  r" .  The  value  of  y'  is 
then  found  from 

x 


sin/  = 


r  +  r"' 


and  the  table  gives  the  corresponding  value  of  Nor  iV7.     A  second 
approximation  to  x  will  be  given  by  the  equation 

8  ¥ 
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or  by 

3  r'sin/ 


l/2  '^Vr+  r"' 
3 
in  which  log  — =  —  0.3266063.     Then  we  recompute  d,  r,  and  r", 

and  proceed  as  before  until  x  remains  unchanged.     The  approxima- 
tions are  facilitated  by  means  of  equation  (67). 
It  will  be  observed  that  d  is  computed  from 


d 


Vx'—A', 


and  it  should  be  known  whether  the  positive  or  negative  sign  must 
be  used.     It  is  evident  from  the  equation 

d  =  ph  —  g  cos  <?, 

since  p,  h,  and  g  are  positive  quantities,  that  so  long  as  <p  (which 
must  be  within  the  limits  0°  and  180°)  exceeds  90°,  the  value  of  d 
must  be  positive ;  and  therefore  <p  must  be  less  than  90°,  and  g  cos  <p 
greater  than  ph,  in  order  that  d  may  be  negative.  The  equation  (47) 
shows  that  when  x  is  greater  than  g,  we  have 

<7  cos  0  <  \ph, 

and  hence  d  must  in  this  case  be  positive.  But  when  x  is  less  than 
g,  either  the  positive  or  the  negative  value  of  d  will  answer  to  the 
given  value  of  <p,  and  the  sign  to  be  adopted  must  be  determined 
from  the  physical  conditions  of  the  problem. 

If  we  suppose  the  chords  g  and  x  to  be  proportional  to  the  linear 
velocities  of  the  earth  and  comet  at  the  middle  observation,  we  have, 
the  eccentricitv  of  the  earth's  orbit  being  neglected, 


*  =  9\l 


which  shows  that  x  is  greater  than  g,  and  that  d  is  positive,  so  long 
as  r'  is  less  than  2.  The  comets  are  rarely  visible  at  a  distance  from 
the  earth  which  much  exceeds  the  distance  of  the  earth  from  the  sun, 
and  a  comet  whose  radius-vector  is  2  must  be  nearly  in  opposition  in 
order  to  satisfy  this  condition  of  visibility.  Hence  cases  will  rarely 
occur  in  which  d  can  be  negative,  and  for  those  which  do  occur  it 
will  generally  be  easy  to  determine  which  sign  is  to  be  used.  How- 
ever, if  d  is  very  small,  it  may  be  impossible  to  decide  which  of  the 
two  solutions  is  correct  without  comparing  the  resulting  elements 
with  other  and  more  distant  observations. 
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70.  When  the  values  of  r  and  r"  have  been  finally  determined,  as 
just  explained,  the  exact  value  of  d  may  be  computed,  and  then  we 
have 

_  d  -f-  g  cos  <p 
P~  h         '  (70) 

from  which  to  find  p  and  pn \ 

According  to  the  equations  (90)^  we  have 

r  cos  b  cos  (I  —  O)  ==  p  cos  (X  —  ©)  —  R, 
r  cos  b  sin  (I  —  ©)  =  p  sin  (X  —  ©),  (71) 

r  sin  b  =p  tan  /9, 

and  also 

r"  cos  b"  cos  (r  —  ©")  =  P"  cos  (*w  —  0")  —  R", 

r"  cos  b"  sin  (J"  —  ©")  ==  P"  sin  (/'  —  ©"),  (72) 

r"sin6"  =/>"tan/9", 

in  which  £  and  Z"  are  the  heliocentric  longitudes  and  b,  b"  the  corre- 
sponding heliocentric  latitudes  of  the  comet.  From  these  equations 
we  find  r,  r",  I,  I",  6,  and  b" ;  and  the  values  of?'  and  r"  thus  found, 
should  agree  with  the  final  values  already  obtained.  When  I"  is  less 
than  I,  the  motion  of  the  comet  is  retrograde,  or,  rather,  when  the 
motion  is  such  that  the  heliocentric  longitude  is  diminishing  instead 
of  increasing. 

From  the  equations  (82)^  we  have 

±  tan  i  sin  (I  —  Q)  =  tan  b,  /„q\ 

±  tan  i  sin  (I"—  &  )  =  tan  b", 

which  may  be  written 

±  tan  i  (sin  (I  — a;)  cos  (a;  —  ft)  -j-  sin  (a;  —  Q)  cos(l  — x))  =  tan  b, 
±  tan  i  (sin  {I" —  x)  cos  (a;  —  ft  )  -f-  sin  (x  —  ft  )  cos  (V —  x))  =  tan  b". 

Multiplying  the  first  of- these  equations  by  sin^" —  #),  and  the  second 
by  —  sin  (I  —  x),  and  adding  the  products,  we  get 

dz  tan  i  sin  (x  —  ft  )  sin  {?'  —  l)  =  tan  b  sin  (I"  —  a;)  —  tan  b"  sin  (I  —  x) ; 

and  in  a  similar  manner  we  find 

±z  tan  i  cos  {x  —  ft  )  sin  {V  —  I)  =  tan  b"  cos  (/  —  x)  —  tan  b  cos  (I"  —  x). 

Now,  since  x  is  entirely  arbitrary,  we  may  put  it  equal  to  I,  and  we 
have 
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tan  i  sin  (I  —  ft  )  =  ±  tan  b, 

.        ,.       ^           tan  6"—  tan  6  cos  (r—  0  (74> 

tan  %  cos  (I  —  ft)  =  ± ^-fjfi j? — , 

sin  (7  — I) 

the  lower  sign  being  used  when  it  is  desired  to  introduce  the  distinc- 
tion of  retrograde  motion. 

The  formulae  will  be  better  adapted  to  logarithmic  calculation  ii' 
we  put  x  =  \(l"+V)y  whence  I"  —  x=\{l"  —  I)  and  I  —x=\{l—l")) 
and  we  obtain 

.   .    /•  w ,/,  ,    »n       ^  ^  sin  (ft"  +  ft) 

tanum(Kr+0-ft)  =  ±2^i^^ 

•       ,*,„,  ,   »       ^  sin  (6"— 6)  (     ^ 

tantcosGa  +0-ft)  =  ±2cos6cos6,,gin,(/,_0. 

These  equations  may  also  be  derived  directly  from  (73)  by  addition 
and  subtraction.     Thus  we  have 

±  tan  i  (sin  (Z"  —  ft  )  +  sin  (I  —  ft  ))  =  tan  6"  -f  tan  b, 
±  tan  » (sin  (?'  —  ft  )  —  sin  (I  —  ft  ))  =  tan  b"  —  tan  b ; 

and,  since 

sin(r-  ft)  +  sin  a—  ft)  =  2  sin^"+  I-  2ft)  cos|(*"—  0, 
sin  (/"—  ft  )  —  sin  (J  —  ft  )  =  2  cos  \  (Z"+  J  —  2  ft  )  sin  g  (/"—  I), 

these  become 

i       •    •    extwt  i  ?>       o-k        j_  Mtan  ft"  +  tan  ft) 
tant«m(|(J  +0-a)  =  ±'  cos,(r_0    > 

'      +      •       ri^7"  i    7^        o-k       _._  2(tanft"~  tan/3) 
tan  t  cos  Q  {V  +  I)  —  ft)  =  ±      sini^>_^     » 

which  may  be  readily  transformed  into  (75).  However,  since  b  and 
b"  will  be  found  by  means  of  their  tangents  in  the  numerical  appli- 
cation of  equations  (71)  and  (72),  if  addition  and  subtraction  loga- 
rithms are  used,  the  equations  last  derived  will  be  more  convenient 
than  in  the  form  (75). 

As  soon  as  ft  and  i  have  been  computed  from  the  preceding  equa- 
tions, we  have,  for  the  determination  of  the  arguments  of  the  latitude 
u  and  u", 

,<,„,,        ,tan(/-ft)  ■        tan(r—  8) 

tan  if  =  ± . ,  tan  u  —  ± — -. (77) 

cos  i  cost 

Now  we  have 

u  =■  v  +  to, 

in  which  co  =  tz  —  ft  in  the  case  of  direct  motion,  and  oj  =  ft  —  it 

13 
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when  the  distinction  of  retrograde  motion  is  adopted;  and  we  shall 

have 

u"  —  u  =  v" V, 

and,  consequently, 

x»  =  r2  +  r"2  —  2rr"  cos  («"  —  u),  (78) 

or 

x»  =  (r"  —  r  cos  (u"  —  u))2  +  r1  sin2  (u"  —  u).  (79) 

The  value  of  x  derived  from  this  equation  should  agree  with  that 
already  found  from  (66). 
We  have,  further, 

r  =  q  sec2  \  (u  —  <«),  r"  =  q  sec2  £  (u"  —  w), 

or 

— r=  cos  £  («i  — •)=— t-»  —^cos^(w"—  <o)  =  — ==. 

I/?  Vr  V?  Vr" 

By  addition  and  subtraction,  we  get,  from  these  equations, 
i(cosK^--)  +  cos^(W-W))  =  -^  +  ^, 
^  (cos  £  (it"  —  to)  —  cos  \  (u  —  a>))  = 


from  which  we  easily  derive 

2  11 

-^-  COS  £  (i  (w"  -f  W)  —  a>)  COS  J  (V  —  w)  =  — j=  +  — ^ 

2  11 

sin  £  Q  (u"  -\-  u)  —  a>)  sin  \  (u'r  —  u) 


(80) 


Vq        *y*K       '      '         '        4V  '        l/r        |/V' 

But 

J___l_        1    /  «/ r"  _  * IT \ 

and  if  we  put 

« fr"" 
since  ^1 —  will  not  differ  much  from  1,  0'  will  be  a  small  angle;  and 

we  shall  have,  since  tan  (45°  +  0')  —  cot  (45°  +0')  =  2  tan  20', 
^-^  =  2^2*, 
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Therefore,  the  equations  (80)  become 

1      •    ,  „/  ,#  ,     s        ^  tan  2^ 

_  sin  |  (|(«r'+  «)-»)  =  -r™, 

1/  9  sin  I  (u  —  u)  vrr 

1  \t\r  »  i     n        -k  sec2^  

— -  COS  \  (.}<>   +  tt)  —  o,)  = — 4/         , 

V  ^  cos  I  (w  —  it)  k  rr 


(81) 


from  which  the  values  of  q  and  to  may  be  found.  Then  we  shall 
have,  for  the  longitude  of  the  perihelion 

*=•+  Si, 

when  the  motion  is  direct,  and 

x = a  —  «, 

when  i  unrestricted  exceeds  90°  and  the  distinction  of  retrograde 
motion  is  adopted. 

It  remains  now  to  find  T}  the  time  of  perihelion  passage.   We  have 

V  =  U  —  ui,  v"=  u"  —  ID. 

With  the  resulting  values  of  v  and  v"  we  may  find,  by  means  of 
Table  VI.,  the  corresponding  values  of  M  (which  must  be  distin- 
guished from  the  symbol  M  already  used  to  denote  the  ratio  of  the 
curtate  distances),  and  if  these  values  are  designated  by  M  and  M", 
we  shall  have 

M  M" 

t—T=-,  t"—T=—, 

m  m 

or 

m  m 

Q 

in  which  m  =  — f ,  and  log  C0  =  9.9601277.     When  v  is  negative,  the 

corresponding  value  of  M  is  negative.  The  agreement  between  the 
two  values  of  T  will  be  a  final  proof  of  the  accuracy  of  the  numerical 
calculation. 

The  value  of  T  when  the  true  anomaly  is  small,  is  most  readily 
and  accurately  found  by  means  of  Table  VIII.,  from  which  we 
derive  the  two  values  of  N  and  compute  the  corresponding  values 
of  T  from  the  equation 

2       , 
T=t  —  ^JVrSsinv, 

2 
in  which  iog~-,=  1.5883273.     When  v  is  greater  than  90°,  we  de- 
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rive  the  values  of  N'  from  the  table,  and  compute  the  corresponding 
values  of  T  from 

71.  The  elements  q  and  T  may  be  derived  directly  from  the  values 
of  r,  r" ',  and  x,  as  derived  from  the  equations  (52),  without  first 
finding  the  position  of  the  plane  of  the  orbit  and  the  position  of  the 
orbit  in  its  own  plane.  Thus,  the  equations  (80),  replacing  u  and  u" 
by  their  values  v  -\-  to  and  v  -\-  to",  become 


— =  sin  \  (v"  +  v)  sin  \  (v"  —  v)=-T- -=, 

Vq  Vr       V  r" 

2  11 

—^  cos|  (v"  +  v)  eos^  (v"  —  v)  =  — =  -f  -— . 
1/5  l/r      Fr" 

Adding  together  the  squares  of  these,  and  reducing,  we  get 

q  ■  sin2  }2  (y"  —  v) 

or 

rr"  sin2  ^  (v" —  v) 


9      r"  +  r  —  2  l/rr"  cos ,}  (v"  —  v)" 

Combining  this  equation  with  (59),  the  result  is 

_  rr"  sin2  ^  (v"  —  v) 
?—  r_j_r"_xcotr" 

and  hence,  since  x  =  (r  +  r")  sin  f', 


(82) 


9  =  —  sin2  4  (v"  —  v)  cot  4/.  (83^ 

We  have,  further,  from  (78), 

x2  =  (r"  —  r)2  +  4rr"  sin2  £  (v"  —  v), 

from  whichT  putting 

f" f 

sin  v  =  — ■ — ,  (84) 

we  derive 

2  Vrr" 
cos  v  = .  sin  i  (v"  —  v).  (85) 


Therefore,  the  equation  (83)  becomes 
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q  =  4  (r  +  r")  cos*  4/  cos*  >,  (86) 

by  means  of  which  q  is  derived  directly  from  r,  r",  and  x,  the  value 
of  v  being  found  by  means  of  the  formula  (84),  so  that  cosv  is 
positive. 

When  y'  cannot  be  found  with  sufficient  accuracy  from  the  equa- 
tion 

we  may  use  another  form.     Thus,  we  have 

,       r-fr"-f-x  r-f-r"  —  x 

l+sinr'=  ,  1—  sin/=  , 

r-f-r  r-f-r 

which  give,  by  division, 

tan  (45°  +  4/)  =  Jr  +  ^'  +  x-  (87) 

%  r  _j_  /' x 

In  a  similar  manner,  we  derive 

tan(45°  +  ^)  =  JZEgE4 
*  x  —  (r  —  r) 


(88) 


In  order  to  find  the  time  of  perihelion  passage,  it  is  necessary  first 
to  derive  the  values  of  v  and  v".  The  equations  (59)  and  (85)  give, 
by  multiplication, 

tan  ^  (v"  —  v)  =  tan  /  cos  v,  (89) 

from  which  v"  —  v  may  be  computed.     From  (82)  we  get 

lr"        „ 

\j 1 

tan  4  (</'  +  v)  tan  \  {v"  —  v)  =  -iX . 

Vr+1 

If  we  put 

tan/  =  JZ,  (90) 

*  r 
this  equation  reduces  to 

tan  \  (v"  +  t>)  =  tan  (/  —  45°)  cot  \  (v"  —  v),  (91) 

and  the  equations  (81)  give,  also, 

tan  \  (f  +  v)  =  cot  \  (v"  —  v)  sin  2^, 

either  of  which  may  be  used  to  find  v"  +  v. 
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From  the  equations 

cos^v *  1  cos^u" 


Vq         Vr  Vq  Vr" 

by  multiplying  the  first  by  sin  \v"  and  the  second  by  —  sin  \v,  add- 
ing the  products  and  reducing,  we  easily  find 

sin  A  (v"  —  v)  sin  lv cos  \  (v"  —  v)  1 

Vq  Vr  Vr"' 

Hence  we  have 


1     .    .         cot|(v"  —  v) 
— =  sin  lv  = ^-7= — t1 


Vq  Vr  i/r"8m$(v"  —  vy 

Vq  Vr 


(92) 


which  may  be  used  to  compute  q,  v,  and  v"  when  v"  —  v  is  known. 

When^(vr/  —  v)  and  \{v" -\- v),  and  hence  v"  and  vf  have  been 
determined,  the  time  of  perihelion  passage  must  be  found,  as  already 
explained,  by  means  of  Table  VI.  or  Table  VIII. 

It  is  evident,  therefore,  that  in  the  determination  of  an  orbit,  as 
soon  as  the  numerical  values  of  r,  r" ',  and  x  have  been  derived  from 
the  equations  (52),  instead  of  completing  the  calculation  of  the  ele- 
ments of  the  orbit,  we  may  find  q  and  T,  and  then,  by  means  of 
these,  the  values  of  r'  and  v'  may  be  computed  directly.  When  this 
has  been  effected,  the  values  of  n  and  n"  may  be  found  from  (3),  or 

that  of  — ,  from  (34).     Then  we  compute  p  by  means  of  the  first  of 

equations  (70),  and  the  corrected  value  of  M  from  (33),  or,  in  the 
special  cases  already  examined,  from  the  equations  (37)  and  (39).  In 
this  way,  by  successive  approximations,  the  determination  of  para- 
bolic elements  from  given  data  may  be  carried  to  the  limit  of  accuracy 
which  is  consistent  with  the  assumption  of  parabolic  motion.  In  the 
case,  however,  of  the  equations  (37)  and  (39),  the  neglected  terms 
may  be  of  the  second  order,  and,  consequently,  for  the  final  results 
it  will  be  necessary,  in  order  to  attain  the  greatest  possible  accuracy, 
to  derive 

P 

from  (15)  and  (16).  When  the  final  value  of  if  has  been  found,  the 
determination  of  the  elements  is  completed  by  means  of  the  formulae 
already  given. 


PARABOLIC   ORBIT.  199 

72.  Example. — To  illustrate  the  application  of  the  formulae  for 
the  calculation  of  the  parabolic  elements  of  the  orbit  of  a  comet  by 
a  numerical  example,  let  us  take  the  following  observations  of  the 
Fifth  Comet  of  1863,  made  at  Ann  Arbor: — 

Ann  Arbor  M.  T.                                  a  S 

1864  Jan.  10  6*  57*  20\5  19»  14»  4\92  -f  34°    6'  27".4, 

13  6   11    54.7  19   25    2.84  36    36  52  .8, 

16  6  35   11 .6  19  41    4 .54  +  39    41  26  .9. 

These  places  are  referred  to  the  apparent  equinox  of  the  date  and 
are  already  corrected  for  parallax  and  aberration  by  means  of 
approximate  values  of  the  geocentric  distances  of  the  comet.  But 
if  approximate  values  of  these  distances  are  not  already  known,  the 
corrections  for  parallax  and  aberration  may  be  neglected  in  the  first 
determination  of  the  approximate  elements  of  the  unknown  orbit  of 
a  comet.  If  we  convert  the  observed  right  ascensions  and  declina- 
tions into  the  corresponding  longitudes  and  latitudes  by  means  of 
equations  (1),  and  reduce  the  times  of  observation  to  the  meridian 
of  Washington,  we  get 

Washington  M.  T.  ■            1  ,3 

1864  Jan.  10  7*  24"    3*  .  297°  53'    7".6  -f  55°  46'  58".4, 

13  6   38    37  302    57  51  .3  57    39  35  .9, 

16  7     1    54  310    31  52  .3  +  59    38  18  .7. 

Next,  we  reduce  these  places  by  applying  the  corrections  for  pre- 
cession and  nutation  to  the  mean  equinox  of  1864.0,  and  reduce  the 
times  of  observation  to  decimals  of  a  day,  and  we  have 

t  =  10.30837,  X  =  297°  52'  51".  1,  p  =  +  55°  46'  58".4, 
H  =  13.27682,  X'  =  302  57  34  .4,  #  ==  57  39  35  .9, 
*"  =  16.29299,  ^  =  310    3135.0,  ,5"  =  +  59    38  18.7. 

For  the  same  times  we  find,  from  the  American  Nautical  Almanac, 

©    =290°    6'27".4,  logR  =9.992763, 

O'  =293     7  57  .1,  log  IT  =9.992830, 

0"  =  296    12  15.7,  log  #'  =  9.992916, 

which  are  referred  to  the  mean  equinox  of  1864.0.  It  will  gene- 
rally be  sufficient,  in  a  first  approximation,  to  use  logarithms  of  five 
decimals;  but,  in  order  to  exhibit  the  calculation  in  a  more  complete 
form,  we  shall  retain  six  places  of  decimals. 

Since  the  intervals  are  very  nearly  equal,  we  may  assume 
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n t        JV 

Then  we  have 

..      <"  —  if      tan^sin(/l  —  0')  — tan  y?  sin  (;/—©') 
Ja.  = 


t  —  t'  tan  /9"  sin  (A'  —  © ')  —  tan  ft  sin  (A"  —  ©')' 
and 

g  sin  (  G  —  ©)  =  B"  sin  (©"  —  ©), 

g  cos  ( G  —  ©)  =  B"  cos (©"  —  ©)  —  B; 

h  cos  C  cos  ( II—  X")  =M—cob (X"  —  X), 

h  cos  C  sin  (H—  X")  =  sin  {X"  —  X), 

h  sinC  =M tan/9"  —  tan/9; 

from  which  to  find  J/,  6r,  g,  H,  C,  and  A.     Thus  we  obtain 

log  M=  9.829827,  H=      94°  24'    1".8, 

G  =*=  22°  58'  1".7,  :  =  —  40    28  21  .9, 

log  g  =  9.019613,  log  h  =  9.688532. 

A"  C0S  y9 

Since  — p  =  3/ ■=)  =  0.752,  it  appears  that  the  comet,  at  the  time 

of  these  observations,  was  rapidly  approaching  the  earth.  The 
quadrants  in  which  G — ©  and  II — X"  must  be  taken,  are  deter- 
mined by  the  condition  that  g  and  h  cos  £  must  always  be  positive. 
The  value  of  31  should  be  checked  by  duplicate  calculation,  since  an 
error  in  this  will  not  be  exhibited  until  the  values  of  //  and  ft  are 
computed  from  the  resulting  elements. 
Next,  from 

cos  *  =  cos  /9  cos  {X  —  ©),  cos  4,"  =  cos  /9"  cos  (X" —  ©"), 

cos  (p  =  cos  C  cos  (  G  —  H), 

we  compute  cos  -^,  cos  i//',  and  cos  <p ;  and  then  from 

g  sin  <p      =  A,  h  cos  /?  =  b, 

n    .  „  h  cos  ft"        ,„ 

B  sin  4     =  B,  — ■—-  =  b", 

B"8in*"  =  B", 
g  cos  <p  —  bB  cos  4  =  c,  g  cos  <p  —  b"B"  cos  4"  =  c'', 

we  obtain  A,  B,  B",  &c.  It  will  generally  be  sufficiently  exact  to 
find  sin  ^  and  sin  ^"  from  cos  ^  and  cos  ty" ;  but  if  more  accurate 
values  of  ^  and  fy'  are  required,  they  may  be  obtained  by  means  of 
the  equations  (42)  and  (43).     Thus  we  derive 

log  A  =  9.006485,        log  B  =  9.912052,        log  B"  =  9.933366, 
log  b  =  9.438524,  log  b"  =  9.562387, 

c  =  —  0. 1 25067,  c"  =  —  0. 1 50562. 
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Then  we  have 

from  which  to  find,  by  successive  trials,  the  values  of  r,  r",  and  x, 
that  of  n  being  found  from  Table  XI.  with  the  argument  rr  First, 
we  assume 

log  x  =  log  (V  l/2)  =  9.163132, 

and  with  this  we  obtain   ' 

log  r  =  9.913895,        log  r"  =  9.938040,        log  (r  +  r")  =  0.227165. 

This  value  of  log(r  +  r")  gives  tj  =  0.094,  and  from  Table  XI.  we 
find  log//  =  0.000160.     Hence  we  derive 

log  x  =  9.200220,        log  r  =  9.912097,        log  r"  =  9.935187, 
log(r  +  r")  =  0.224825. 

Repeating  the  operation,  using  the  last  value  of  log  (r  +  r")}  we  get 

log  x  =  9.201396,        log  r  =  9.912083,        log  r"  =  9.935117, 
log(r  +  r")  =  0.224783. 

The  correct  value  of  log(r  -f-  r")  may  now  be  found  by  means  of  the 
equation  (67).  Thus,  we  have,  in  units  of  the  sixth  decimal  place  of 
the  logarithms, 

a  =  224825  —  227165  ==  —  2340,        a'  =  224783  —  224825  =  —  42, 

and  the  correction  to  the  last  value  of  log(r  +  r")  becomes 

a'2 

--^-  =  -0.8. 
a  — a 

Therefore, 

log(r  +  r")  =  0.224782, 

and,  recomputing  t],  /i,  x,  r,  and  r",  we  get,  finally, 

log  x  =  9.201419,        logr  =  9.912083,        log  r"  =  9.935116, 
log  (r  +  r")  =  0.224782. 

The  agreement  of  the  last  value  of  log(r  -f  r")  with  the  preceding 
one  shows  that  the  results  are  correct.     Further,  it  appears  from  the 
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values  of  r  and  r"  that  the  comet  had  passed  its  perihelion  and  was 
receding  from  the  sun. 

By  means  of  the  values  bf  rand  r"  we  might  compute  approxi- 
mate values  of  r'  and  -37  from  the  equations  (30)  and  (31),  and  thea 

n  V 

a  more  approximate  value  of  — r,  from  (28),  that  of  -—,-  being  found 

from  (32).     But,  since  r'  differs  but  little  from    *R'y  the  difference 

n  N 

between  —77  and  -^77  is  very  small,  so  that  it  is  not  necessary  to  con- 
sider the  second  term  of  the  second  member  of  the  equation  (33) J 
and,  since  the  intervals  are  very  nearly  equal,  the  error  of  the  as- 
sumption 

n  't 

is  of  the  third  order.  It  should  be  observed,  however,  that  an  error 
in  the  value  of  J/ affects  H,  £,  h,  and  hence  also  A,  b,  b",  c,  and  c", 
and  the  resulting  value  of  p  may  be  affected  by  an  error  which  con- 
siderably exceeds  that  of  M.  It  is  advantageous,  therefore,  to  select 
observations  which  furnish  intervals  as  nearly  equal  as  possible  in 
order  that  the  error  of  31  may  be  small,  otherwise  it  may  become 
necessary  to  correct  M  and  to  repeat  the  calculation  of  r,  r" ',  and  x. 
We  may  also  compute  the  perihelion  distance  and  the  time  of  peri- 
helion passage  from  r,  r",  and  x  by  means  of  the  equations  (86),  (89), 
and  (91)  in  connection  with  Tables  VI.  and  VIII.  Then  r'  and  v' 
may  be  computed  directly,  and  the  complete  expression  for  M  may 
be  employed. 

In  the  first  determination  of  the  elements,  and  especially  when  the 
corrections  for  parallax  and  aberration  have  been  neglected,  it  is  un- 
necessary to  attempt  to  arrive  at  the  limit  of  accuracy  attainable, 
since,  when  approximate  elements  have  been  found,  the  observations 
may  be  more  conveniently  reduced,  and  those  which  include  a  longer 
interval  may  be  used  in  a  more  complete  calculation.  Hence,  as  soon 
as  r,  r",  and  x  have  been  found,  the  curtate  distances  are  next  deter- 
mined, and  then  the  elements  of  the  orbit.     To  find  p  and  //',  we 

have 

d=  +  0.122395, 

the  positive  sign  being  used  since  x  is  greater  than  g,  and  the  form u  ho 

.     d  +  g  cos  9  ■    „     ,, 

p  = ^ 1  p  =*Mp, 

give 

log  P  =  9.480952,  log  p"  =  9.310779. 
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From  these  values  of  p  and  p",  it  appears  that  the  comet  was  very 
near  the  earth  at  the  time  of  the  observations. 

The  heliocentric  places  are  then  found  by  means  of  the  equations 
(71)  and  (72).     Thus  we  obtain 

I  =  106°  40'  50".5,        b  =  +  33°    1'  10".6,        logr  =  9.912082, 
I"  =112    31     9.9,        b"=  +  23    55     5.8,        log  r"=  9.935116. 

The  agreement  of  these  values  of  r  and  r'r  with  those  previously 

found,  checks  the  accuracy  of  the  calculation.     Further,  since  the 

heliocentric  longitudes  are  increasing,  the  motion  is  direct. 

The  longitude  of  the  ascending  node  and  the  inclination  of  the 

orbit  may  now  be  found  by  means  of  the  equations  (74),  (75),  or  (76); 

and  we  get 

&  =  304°  43'  11".5,  i  =  64°  31'  21".7. 

The  values  of  u  and  v/'  are  given  by  the  formulas 

+*™      tan(J— ft)  „      tan(r—  ft) 

tan  u  = ; ,  tan  u  = : , 

cos  %  cos i 

u  and  I  —  Q>  being  in  the  same  quadrant  in  the  case  of  direct  motion. 
Thus  we  obtain 

u  =  142°  52'  12".4,  u"=  153°  18'  49".4. 

Then  the  equation 

x2  =  (r"  —  r  cos  (u"  —  w))2  -f-  r2  sin2  (u"  —  u) 
gives 

log  a  =  9.201423, 

and  the  agreement  of  this  value  of  x  with  that  previously  found, 
proves  the  calculation  of  Q>,  i,  u,  and  u". 
From  the  equations 

tan  (45°  +  tf)  =  \/— , 
'   r 

1      .    ,/,/«  ,     s         -.  tan 20' 

—r  sin  I  (£  (uh  +  u)  —  to) 


Vq  sin |(w"— m)  Vrr" 

1  i/i/  jf  i     \         \  sec  20 

_=-cos-i(K^'  +  w)  -•)= — -17=, 

V  q  cos  4  (u  —  u)v  rr 

we  get 

0'  =  0°  22'  47".4,        w  =  115°  40'  6".3,        log  q  =  9.887378. 

Hence  we  have 

7t  =  a>  +  Q  =  60°  23'  17".8, 
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anil 

v  ==  u  —  a>  =  27°  1?  6".L,  v"  =  u"  —  io  =  37°  38'  43".l. 

Then  we  obtain 

logm  =  9.9601277  —  £,  log?  =  0.129061, 
and,  corresponding  to  the  values  of  v  and  v",  Table  VI.  gives 

log  M=  1.267163,  log  M"  =  1.424152. 

Therefore,  for  the  time  of  perihelion  passage,  we  have 


and 


T=t  ~*L  =  t  —  13.74364, 
m 


M" 
T=f——=f—  19.72836. 
m 


The  first  value  gives  T=  1863  Dec.  27.56473,  and  the  second  gives 
T=  Dec.  27.56463.  The  agreement  between  these  results  is  the  final 
proof  of  the  calculation  of  the  elements  from  the  adopted  value  of 

M=C 

P 

If  we  find  T  by  means  of  Table  VIII.,  we  have 

log  N  =  0.021616,  log  N"  =  0.018210, 

and  the  equation 

2  2 

T  =  t  —  g£  JVr*  sin  v  =  if'  —  %:  N"r"%  sin  v", 

o 
in  which  log^r^  1.5883273,  gives  for  T  the  values  Dec.  27.56473 

and  Dec.  27.56469. 

Collecting  together  the  several  results  obtained,  we  have  the  fol- 
lowing elements : 

T  =  1863  Dec.  27.56471  Washington  mean  time. 

*   =    60°23'17".8)    ^  ,.     . 

/-.       on  4    ao  11    el   liChptic  and  Mean 

^        J!    t ?l \   A      Equinox  1864.0, 
i    =   64    31  21  .7  J         ^ 

log  q  =  9.887378. 

Motion  Direct. 

73.  The  elements  thus  derived  will,  in  all  cases,  exactly  represent 
the  extreme  places  of  the  comet,  since  these  only  have  been  used  in 
finding  the  elements  after  p  and  p"  have  been  found.     If,  by  means 


NUMERICAL.   EXAMPLES.  205 

of  these  elements,  we  compute  n  and  n",  and  correct  the  value  of  31, 
the  elements  which  will  then  be  obtained  will  approximate  nearer 
the  true  values ;  and  each  successive  correction  will  furnish  more 
accurate  results.  When  the  adopted  value  of  31  is  exact,  the  result- 
ing elements  must  by  calculation  reproduce  this  value,  and  since  the 
computed  values  of  /,  X",  ft,  and  ft"  will  be  the  same  as  the  observed 
values,  the  computed  values  of  X'  and  ft'  must  be  such  that  when 
substituted  in  the  equation  for  31,  the  same  result  will  be  obtained 
as  when  the  observed  values  of  X'  and  ft'  are  used.  But,  according 
to  the  equations  (13)  and  (14),  the  value  of  31  depends  only  on  the 
inclination  to  the  ecliptic  of  a  great  circle  passing  through  the  places 
of  the  sun  and  comet  for  the  time  t',  and  is  independent  of  the  angle 
at  the  earth  between  the  sun  and  comet.  Hence,  the  spherical  co- 
ordinates of  any  point  of  the  great  circle  joining  these  places  of  the 
sun  and  comet  will,  in  connection  with  those  of  the  extreme  places, 
give  the  same  value  of  31,  and  when  the  exact  value  of  31  has  been 
used  in  deriving  the  elements,  the  computed  values  of  V  and  ft'  must 
give  the  same  value  for  w'  as  that  which  is  obtained  from  observa- 
tion. But  if  we  represent  by  ty  the  angle  at  the  earth  between  the 
sun  and  comet  at  the  time  t' ,  the  values  of  t//  derived  by  observation 
and  by  computation  from  the  elements  will  diifer,  unless  the  middle 
place  is  exactly  represented.  In  general,  this  difference  will  be  small, 
and  since  w'  is  constant,  the  equations 

cos  4'  =  cos  ft  cos  (if  —  ©'), 
sin  4-'  cosw/  =  cos  ?  sin  (jf  —  ©'),  (93) 

sin  4'  sin  vf  =  sin  ft , 

give,  by  differentiation, 

cos  ft  d)f  =  cos  w'  sec  fif  d^', 

d?  =  sin  w'  cos  (*  —  ©')  d*\  (     } 

From  these  we  get 

cos  fif  dif  _  tan  (if—  Q') 
dp      ~~        sini? 

which  expresses  the  ratio  of  the  residual  errors  in  longitude  and 
latitude,  for  the  middle  place,  when  the  correct  value  of  31  has  been 
used. 

Whenever  these  conditions  are  satisfied,  the  elements  will  be 
correct  on  the  hypothesis  of  parabolic  motion,  and  the  magnitude 
of  the  final  residuals  in  the  middle  place  will  depend  on  the  deviation 
of  the  actual  orbit  of  the  comet  from  the  parabolic  form.     Further, 
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when  elemental  have  been  derived  from  a  value  of  M  which  has  not 

been  finally  ewmaeied,  if  we  compute  /'  and  fi'  by  means  of  these 
elements,  and  then 

tan  w  =  -: — tt« — K,  (9o) 

sin  (A'  —  O'j  v     J 

the  comparison  of  this  value  of  tana/  with  that  given  by  observa- 
tion will  show  whether  any  further  correction  of  M is  necessary,  and 
if  the  difference  is  not  greater  than  what  may  be  due  to  unavoidable 
errors  of  calculation,  we  may  regard  M  as  exact. 

To  compare  the  elements  obtained  in  the  case  of  the  example 
given  with  the  middle  place,  we  find 

v'  s=  32°  31'  13".5,  v!  =  148°  11'  19".8,  log  /  =  9.922836. 

Then  from  the  equations 

tan  (J  —  & )  —  cos  i  tan  u', 

tan  V  =  tan  i  sin  (?  —  &), 
we  derive 

I'  =  109°  46'  48".3,  V  =  28°  24'  56".0. 

By  means  of  these  and  the  values  of  O'  and  jB',  we  obtain 

A'  =  302°  57'  41".l,  p  =  57°  39'  37".0 ; 

and,  comparing  these  results  with  the  observed  values  of  V  and  ft', 
the  residuals  for  the  middle  place  are  found  to  be 

Comp.  —  Obs. 
cos  /?  aA'  =  +  3".6,  A/9  =  +  l".l. 

The  ratio  of  these  remaining  errors,  after  making  due  allowance  for 
unavoidable  errors  of  calculation,  shows  that  the  adopted  value  of 
M  is  not  exact,  since  the  error  of  the  longitude  should  be  less  than 
that  of  the  latitude. 

The  value  of  w'  given  by  observation  is 

log  tan  w'  =  0.966314, 

and  that  given  by  the  computed  values  of  X'  and  /9'  is 

log  tan  w'  =  0.966247. 

The  difference  being  greater  than  what  can  be  attributed  to  errors  of 
calculation,  it  appears  that  the  value  of  M  requires  further  cor- 
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rectiou.     Sum  the  difference  is  small,  we  may  derive  the  correct 

ft 

value  of  M  by  using  the  same  assumed  value  of  — ,>  and,  instead  of 

the  value  of  tan  w'  derived  from  observation,  a  value  differing  as 

much  from  this  in  a  contrary  direction  as  the  computed  value  differs. 

Thus,  in  the  present  example,  the  computed  value  of  log  tan  w'  is 

0.000067  less  than  the  observed  value,  and,  in  finding  the  new  value 

of  Mt  we  must  use 

log  tan  w'  =  0.966381 

in  computing  j80  and  /90"  involved  in  the  first  of  equations  (14).  If 
the  first  of  equations  (10)  is  employed,  we  must  use,  instead  of  tan  ftf 
as  derived  from  observation, 

tan  j?  =  tan  to'  sin  (I'  —  O'), 
or 

log  tan  ft  =  0.966381  +  log  sin  (/'  —  ©')  =  0.198559, 

the  observed  value  of  /'  being  retained.     Thus  we  derive 

log  M=  9.829586, 

and  if  the  elements  of  the  orbit  are  computed  by  means  of  this 
value,  they  will  represent  the  middle  place  in  accordance  with  the 
condition  that  the  difference  between  the  computed  and  the  observed 
value  of  tan  w'  shall  be  zero. 

A    system  of   elements    computed    with    the    same    data    from 
log  M  =  9.822906  gives  for  the  error  of  the  middle  place, 

C  — O. 

cos  §f  a/.'  =  —  V  26".2,  A/'/  =  —  40".l. 

If  we  interpolate  by  means  of  the  residuals  thus  found  for  two  values 
of  M,  it  appears  that  a  system  of  elements  computed  from 

log  M  =9.829586 

will  almost  exactly  represent  the  middle  place,  so  that  the  data  are 
completely  satisfied  by  the  hypothesis  of  parabolic  motion. 
The  equations  (34)  and  (32)  give 

log  -^  =  0.006955,     •    «      log -^7  =  0.006831, 

and  from  (10)  we  get 

log  M'  =  9.822906,  log  M "  =  9.663729.. 


208  THEORETICAL  ASTRONOMY. 

Then  by  means  of  the  equation  (33)  we  derive,  for  the  corrected 
value  of  My 

log  M=  9.829582, 

which  differs  only  in  the  sixth  decimal  place  from  the  result  obtained 
by  varying  tan  to'  and  retaining  the  approximate  values  — >  =  —  —  ~W 

74.  When  the  approximate  elements  of  the  orbit  of  a  comet  are 
known,  they  may  be  corrected  by  using  observations  which  include 
a  longer  interval  of  time.  The  most  convenient  method  of  effecting 
this  correction  is  by  the  variation  of  the  geocentric  distance  for  the 
time  of  one  of  the  extreme  observations,  and  the  formulae  which 
may  be  derived  for  this  purpose  are  applicable,  without  modification, 
to  any  case  in  which  it  is  possible  to  determine  the  elements  of  the 
orbit  of  a  comet  on  the  supposition  of  motion  in  a  parabola.  Since 
there  are  only  five  elements  to  be  determined  in  the  case  of  parabolic 
motion,  if  the  distance  of  the  comet  from  the  earth  corresponding  to 
the  time  of  one  complete  observation  is  known,  one  additional  com- 
plete observation  will  enable  us  to  find  the  elements  of  the  orbit. 
Therefore,  if  the  elements  are  computed  which  result  from  two  or 
more  assumed  values  of  A  differing  but  little  from  the  correct  value, 
by  comparison  of  intermediate  observations  with  these  different  sys- 
tems of  elements,  we  may  derive  that  value  of  the  geocentric  distance 
of  the  comet  for  which  the  resulting  elements  will  best  represent  the 
observations. 

In  order  that  the  formulae  may  be  applicable  to  the  case  of  any 
fundamental  plane,  let  us  consider  the  equator  as  this  plane,  and, 
supposing  the  data  to  be  three  complete  observations,  let  A,  A',  A" 
be  the  right  ascensions,  and  D,  D',  D"  the  declinations  of  the  sun 
for  the  times  t,  V,  t".  The  co-ordinates  of  the  first  place  of  the  earth 
referred  to  the  third  are 

x  =  R"  cos  D"  cos  A"  —  R  cos  D  cos  A, 
y  =  R"  cos  D"  sin  A"  —  RcosD  sin  A, 
z=R"  sin  D"  —B  sin  D. 

If  we  represent  by  g  the  chord  of  the  earth's  orbit  between  the  places 
for  the  first  and  third  observations,  and  by  G  and  K,  respectively, 
the  right  ascension  and  declination  of  the  first  place  of  the  earth  as 
seen  from  the  third,  we  shall  have 

x  =  g  cos  K  cos  G, 
y  =  g  cos  K  sin  G, 
z  =  g  sin  K, 
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and,  consequently, 

g  cos  K  cos  (  G  —  A)  =  R"  cos  H'  cos  {A"  —  A)  —  R  cos  D, 

g  cos  K  sin  (  G  —  A)  =  B"  cos  D"  sin  (A"  —  A),  (96) 

$rsinJ$r  =jR"sinD"  —  RsinD, 

from  which  #,  iif,  and  G  may  be  found.  ■» 

If  we  designate  by  x„  yn  z,  the  co-ordinates  of  the  first  place  of 
the  comet  referred  to  the  third  place  of  the  earth,  we  shall  have 

x,  =  A  cos  8  cos  a  -f-  g  cos  K  cos  G, 
y,  =  A  cos  8  sin  a  -{-  g  cos  K  sin  G, 
=  A  sin  8  -j-  gr  sin  iT. 


Let  us  now  put 


and  we  get 


#,  =  A'  cos  C'  cos  17', 
y,  ^=  &'  cos  £'  sin  H ', 
z,  =  b!  sin  C, 


A'  cos  £'  cos  (IT  —  (?)  =  A  cos  5  cos  (o  —  G)  -\-  g  cos  IT, 

/i'  cos  C  sin  (H'  —G)  =  A  cos  i  sin  (a  —  G),  (97) 

/t'  sin  £'  =  A  sin  «5  -f  g  sin  IT, 

from  which  to  determine  H',  £',  and  A'. 

If  we  represent  by  <pf  the  angle  at  the  third  place  of  the  earth 
between  the  actual  first  and  third  places  of  the  comet  in  space,  we 
obtain 

cos  j/=  cos  £'  cos  H'  cos  8"  cos  a"-f-  cos  %' sin  1Z7  cos  <5"  sin  a"-f-  sin  C  sin  '5", 

or 

cos  ?'  ==  cos  :'  cos  (5"  cos  (a"  —  H')  +  sin  ?  sin  <J"  •  (98) 

and  if  we  put 

e  sin/  =  sin  8", 

e  cosf=  cos  8"  cos  (a"  —  H') 
this  becomes 

cos  <p'  =  e  cos  (C  — /).  (99) 

Then  we  shall  have 

x2  =  /4'2  +  A'*—  2h'A"cos<p' 
or 

x2  =  (J"  —  A'  cos  <pj  +  /i'2  sin2  <p',  (100) 

in  which  J"  is  the  distance  of  the'  comet  from  the  earth  correspond- 
ing to  the  last  observation.     We  have,  also,  from  equations  (44)  and 

(45), 

r2   ={A  —Ecos^y     +i?sin24,  aon 

r"2  =  (J"  —  iT  cos  +")2  +  R"'  sin2  V, 
u 
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in  which  y  is  the  angle  at.  the  earth  between  thesuo  ami  comet  at 
the  time  f,  and  tJ/' the  same  angle  at  the  time  t" .  To  find  their 
values,  we  have 

cos  4-  =  cos  D  cos  8  cos  (o  —  A)  -{-  sin  D  sin  8,  n  02") 

cos  4"=  cos  D"  cos  8"  cos  (a"—  .4")  +  sin  U'  sin  <5", 

which  may  be  still  further  reduced  by  the  introduction  of  auxiliary 
angles  as  in  the  case  of  equation  (98). 
Let  us  now  put 

h!  sin  <p'  =  C,  h'  cos  <p'  =  c, 

Rsin*  =  B,  Bcos*  =  b,  (103) 

K'  sin  4-"  =  B",  B"cos*"  =  b", 

and  we  shall  have 


x  =  V{A"—cyr+cT, 

r  =  V{A  —  by  +  B2,  (104) 

r"  =  V(A"  —  b'y  +  B"\ 

These  equations,  together  with  (56),  will  enable  us  to  determine  A" 
by  successive  trials  when  A  is  given. 

We  may,  therefore,  assume  an  approximate  value  of  A"  by  means 
of  the  approximate  elements  known,  and  find  r"  from  the  last  of 
these  equations,  the  value  of  r  having  been  already  found  from  the 
assumed  value  of  A.     Then  x  is  obtained  from  the  equation 

2r' 


Vr  +  r" 

fi  being  found  by  means  of  Table  XI.,  and  a  second  approximation 
to  the  value  of  A"  from 

A"  =  c±  V*l—C\  (105) 

The  approximate  elements  will  give  A"  near  enough  to  show  whether 
the  upper  or  lower  sign  must  be  used.  With  the  value  of  A"  thus 
found  we  recompute  r"  and  x  as  before,  and  in  a  similar  manner  find 
a  still  closer  approximation  to  the  correct  value  of  A".  A  few  trials 
will  generally  give  the  correct  result. 

When  A"  has  thus  been  determined,  the  heliocentric  places  are 
found  by  means  of  the  formulae 

r  cos  b  cos  (I  —  A)  =  A  cos  8  cos  (a  —  A)  —  B  cos  D, 

r  cos  b  sin  (I  —  A)  =  A  cos  d  sin  (a  —  A),  (106) 

r  sin  b  =  A  sin  3  —  R  sin  D; 
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r"  cos  b"  cos  (r  —  A")  =  A"  cos  3"  cos  (a"  -  A")  —  R"  cos  D", 

r"  cos  b"  sin  (/'  —  A")  =  J"  cos  3"  sin  (a"  —  4"),  (107) 

r"sin&"  =  J"sin<J"  —  R"smD", 

in  which  b,  b",  I,  I"  are  the  heliocentric  spherical  co-ordinates  re- 
ferred to  the  equator  as  the  fundamental  plane.  The  values  of  r  and 
r"  found  from  these  equations  must  agree  with  those  obtained  from 
(104). 

The  elements  of  the  orbit  may  now  be  determined  by  means  of  the 
('((nations  (75),  (77),  and  (81),  in  connection  with  Tables  VI.  and 
VIII.,  as  already  explained.  The  elements  thus  derived  will  be  re- 
ferred to  the  equator,  or  to  a  plane  passing  through  the  centre  of  the 
sun  and  parallel  to  the  earth's  equator,  and  they  may  be  transformed 
into  those  for  the  ecliptic  as  the  fundamental  plane  by  means  of  the 
equations  (109)!. 

75.  With  the  resulting  elements  we  compute  the  place  of  the  comet 
for  the  time  t'  and  compare  it  with  the  corresponding  observed  place, 
and  if  we  denote  the  computed  right  ascension  and  declination  by  a0' 
and  o0',  respectively,  we  shall  have 

a'  +  a'  =  %',  s'Jrd'  =  d0', 

in  which  a'  and  d'  denote  the  differences  between  computation  and 
observation.  Next  we  assume  a  second  value  of  A}  which  we  repre- 
sent by  A  +  dJ,  and  compute  the  corresponding  system  of  elements. 

Then  we  have 

a'  +  a"  =  a0',  8>  +  d"  =  d0', 

a"  and  d"  denoting  the  differences  between  computation  and  obser- 
vation for  the  second  system  of  elements.  We  also  compute  a  third 
system  of  elements  with  the  distance  A  —  oA,  and  denote  the  differ- 
ences between  computation  and  observation  by  a  and  d;  then  we  shall 
have 

a=f(d-3d),  <*'=/(  J),  a"=/(J  +  <5J), 

and  similarly  for  d,  d',  and  d" .  If  these  three  numbers  are  exactly 
represented  by  the  expression 


m  +  njA+°[ii)> 


in  which  A  +  x  is  the  general  value  of  the  argument,  since  the  values 
:>f  a,  a' ,  and  a"  will  be  such  that  the  third  differences  may  be  neg- 
lected, this  formula  may  be  assumed  to  express  exactly  any  value  of 
the  function  corresponding  to  a  value  of  the  argument  not  differing 


212  IHKORETICAL   ASTRONOMY. 

much   from  J,  or  within  the  limits  x  =  —  r>J  and  X       -f-  "^>  t li« 
sinned  valaefl  J       £ J.  J,  and  J  +  <5J  being  so  taken  that  the  correct 
value  of  J  shall  be  either  within  these  limits  or  very  nearly  so. 
To  find  the  coefficients  m,  n,  and  o,  we  ha\ 

m  —  n  +  o  =  a,  m=^a',  m-\-  n-\-  o  =  a", 

whence 

m  =  a\  n  =  ^  (a"  —  a),  o  =  \  (a"  -f-  <0  —  «'• 

Xiiw,  in  order  that  the  middle  place  may  be  exactly  represented  in 
right  ascension,  we  must  have 


•(£)'+*(£)+—* 


from  which  we  find 


JL  =  — g-  (»-  vV-4mo)  =  p, 

or 

z  —  pdJ  =  0. 

In  the  same  manner,  the  condition  that  the  middle  place  shall  be 
exactly  represented  in  declination,  gives 

x  — p'8A  =  0. 

In  order  that  the  orbit  shall  exactly  represent  the  middle  place,  both 
conditions  must  be  satisfied  simultaneously;  but  it  wrill  rarely  happen 
that  this  can  be  effected,  and  the  correct  value  of  x  must  be  found 
from  those  obtained  by  the  separate  conditions.  The  arithmetical 
mean  of  the  two  values  of  x  will  not  make  the  sum  of  the  squares 
of  the  residuals  a  minimum,  and,  therefore,  give  the  most  probable 
value,  unless  the  variation  of  cos  (5'  acc/,  for  a  given  increment  as- 
signed to  J,  is  the  same  as  that  of  ao'.  But  if  we  denote  the  value 
of  x  for  which  the  error  in  a'  is  reduced  to  zero  by  x'y  and  that  for 
which  ao'  =  0,  by  x"j  the  most  probable  value  of  x  will  be 

nV  +  ri'z"  Mrwo 

x  —  — r~7 — rT~> 
iv  -f-  n z 

in  which  n  =  \{a" —  a)  and  n'  =  \{d" —  d).  It  should  be  observed 
that,  in  order  that  the  differences  in  right  ascension  and  declination 
shall  have  equal  influence  in  determining  the  value  of  x,  the  values 
of  a,  a',  and  o"  inii»i  be  multiplied  by  cos  o'.  The  value  of  8A  \< 
most  conveniently  expressed  in  units  of  the  last  decimal  place  of  the 
logarithms  employed. 
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If  the  elements  are  already  known  so  approximately  that  the  first 
assumed  value  of  J  differs  so  little  from  the  true  value  that  the 
second  differences  of  the  residuals  may  be  neglected,  two  assumptions 
in  regard  to  the  value  of  J  will  suffice.     Then  we  shall  have  o  =  0, 

and  hence 

m  =  a',  n  =  a"  —  a'. 

The  condition  that  the  middle  place  shall  be  exactly  represented, 
gives  the  two  equations 

(a"-a')x  +  a'5J  =  0, 

(d"—d')z  +  d'SJ=,0.  ^uy-' 

The  combination  of  these  equations  according  to  the  method  of  least 
squares  will  give  the  most  probable  value  of  x,  namely,  that  for 
which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 

Having  thus  determined  the  most  probable  value  of  x,  a  final 
system  of  elements  computed  with  the  geocentric  distance  A  +  x, 
corresponding  to  the  time  t,  will  represent  the  extreme  places  exactly, 
and  will  give  the  least  residuals  in  the  middle  place  consistent  with 
the  supposition  of  parabolic  motion.  It  is  further  evident  that  we 
may  use  any  number  of  intermediate  places  to  correct  the  assumed 
value  of  J,  each  of  which  wrill  furnish  two  equations  of  condition 
for  the  determination  of  x,  and  thus  the  elements  may  be  found 
which  will  represent  a  series  of  observations. 

76.  Example. — The  formula?  thus  derived  for  the  correction  of 
approximate  parabolic  elements  by  varying  the  geocentric  distance, 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
a,  o,  A,  D,  &c.  have  the  same  signification  with  respect  to  this  plane 
that  they  have  in  reference  to  the  equator.  To  illustrate  their 
numerical  application,  let  us  take  the  following  normal  places  of 
the  Great  Comet  of  1858,  which  were  derived  by  comparing  an 
ephemeris  with  several  observations  made  during  a  few  days  before 
and  after  the  date  of  each  normal,  and  finding  the  mean  difference 
between  computation  and  observation : 

Washington  M.  T.  a  S 

1858  June  11.0  141°  18'  30".9  +  24°  46'  25".4, 

July  13.0  144    32  49  .7  27    48     0  .8, 

Aug.  14.0  .    152    14  12  .0  +  31    21  47  .9, 

which  are  referred  to  the  apparent  equinox  of  the  date.  These 
places  are  free  from  aberration. 
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We  shall  take  the  ecliptic  for  the  fundamental  plane,  and  con- 
verting these  right  ascensions  and  declinations  into  longitudes  and 
latitudes,  and  reducing  to  the  ecliptic  and  mean  equinox  of  1858.0, 
the  times  of  observation  being  expressed  in  days  from  the  beginning 
of  the  year,  we  get 

t  =  162.0,  X  =  135°  51'  44".2,  0  =  +    9°    6'  57".8, 

if  =  194.0,  H  =  137    39  41  .2.  ?  —      12    55    9  .0, 

f=  226.0,  /'  =  142    51  31  .8,  £"  =  +  18    36  28  .7. 

From  the  American  Nautical  Almanac  we  obtain,  for  the  true  places 
of  the  sun, 


©   =   80°  24'  32".4, 

logR  =0.006774, 

O'  =  110   55  51  .2, 

logiZ'  =0.007101, 

O"  =  141    33     2  .0, 

log  R"  =  0.005405, 

the  longitudes  being  referred  to  the  mean  equinox  1858.0. 

When  the  ecliptic  is  the  fundamental  plane,  we  have,  neglecting 
the  sun's  latitude,  D  —  0,  and  we  must  write  ),  and  /?  in  place  of  a 
and  d,  and  O  in  place  of  A,  in  the  equations  which  have  been  derived 
for  the  equator  as  the  fundamental  plane.     Therefore,  we  have 

<7  cos  ( G  —  ©)  =  R"  cos  (©"  —  O)  —  R, 
gsin(G—Q)  =  R"  sin  (0"  —  ©)  ; 
cos  4,  =  cos  /?  cos  (X  —  O),  cos  4"  =  cos  £"  cos  (/"  —  0") 

R  cos  4-  =  b,  R"  cos  4"  =  b", 

R  sin  4  =  B,  R"  sin  4"  =  B", 

from  which  to  find  G,  g,  b,  B,  b" ,  and  B",  all  of  which  remain 
unchanged  in  the  successive  trials  with  assumed  values  of  J.  Thus 
we  obtain 

G  =  201°  7'  57".4,        log  B  =  9.925092,        b  =  +  0.568719, 
log^  =  0.013500,  log  B"  =  9.510309,        b"  =  +  0.959342. 

Then   we  assume,   by   means   of  approximate   elements   already 

known, 

log  A  ==  0.397800, 

and  from 

h!  cos  C  cos  (H'  —  G)  =  J  cos  /?  cos  (A  —  G)  -f  g, 
h!  cos  p  sin  (H'  —G)  =  Acosp  sin  (X  —  G), 
h!  sin  C  =  J  sin  /?, 

we  find  H',  £',  and  A'.     These  give 
H'  =  153°  46'  20".5,         C  =  +  7°  24'  16".4,         log  h!  =  0.487484. 


NUMERICAL   EXAMPLE.  215 

Next,  from 

cos  <p'  =  cos  C'  cos  ,5"  cos  (X"  —  H')  -f-  sin  C  sin/3", 
h!  cos  ?>'  =  c,  h'  sin  ?>'  =  C, 

we  get 

log  C=  9.912519,  c=  +  2.961673: 

and  from 

r  =  v^a  —  by  +  B1, 

we  find 

logr  =  0.323446. 
Then  we  have 

A"  =  c  d=  VV—  C,  r"  =  l/(J"—  6")2  +  ^"2, 

T>  =  k(f_t)y  ,  *  *  =  —  !=,., 

from  which  to  find  A",  r",  and  x.     First,  by  means  of  the  approxi- 
mate elements,  we  assume 

log  J"  =  0.310000, 

which  gives  log  r"  =  0.053000,  and  hence  we  have 

,  =  0.3783,  log  ix  =  0.002706,  log  x  =  0.090511. 

With  this  value  of  x  we  obtain  from  the  expression  for  A",  the 
lower  sign  being  used,  since  A"  is  less  than  c, 

log  A"  =  0.309717. 

Repeating  the  calculation  of  r",  jjt,  and  x,  and  then  finding  A"  again, 

the  result  is 

log  A"  =  0.309647. 

Then,  by  means  of  the  formula  (67),  we  may  find  the  correct  value. 
Thus  we  have,  in  units  of  the  sixth  decimal  place, 

a  =  309717  —  310000  =  —  283,         a'  =  309647  —  309717  =  -  -  70, 

and  for  the  correction  to  the  last  result  for  log  A"  we  have 

*L  =  _28. 


Therefore, 

log  A"  =  0.309624. 


By  means  of  this  value  we  get 

log  r"  =  0.052350,  log  *  =  0.090628, 
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and  this  value  of  x  gives,  finally, 

log  J"  =  0.309623,  log  r"  =  0.052348. 

The  heliocentric  places  of  the  comet  are  now  found  from  the  equa- 
tions (71)  and  (72),  writing  Jcos/9  and  A"  cos  fi"  for  />  and  //', 
respectively.     Thus  we  obtain 

I  =  159°  43'  14".2,        b  =  +  10°  50'  14".0,        logr  =  0.323447, 
I"  =  144    17  47  .8,        b"  =  -f-  35    14  28  .7,        log  r"  =  0.052347. 

The  agreement  of  these  results  for  r  and  r"  with  those  already 
obtained,  proves  the  accuracy  of  the  calculation.     Since  the  helio- 
centric longitudes  are  diminishing,  the  motion  is  retrograde. 
Then  from  (74)  we  get 

ft  =  165°  17'  30".3,  i  =  63°  6'  32".5 ; 

and  from 

tan  (I— ft)  ,        „  tan  (r— ft) 

tan  u  — : ,  tan  u  = -. -, 

cos i  cos  i 

we  obtain 

«  —  12°  10'  12".6,  u"  =  40°  18'  51".2, 

the  values  of  —  u  and  I  —  ft  being  in  the  same  quadrant  when  the 
motion  is  retrograde.     The  equation   (79)  gives  log  y.  =  0.090630, 
which  agrees  with  the  value  already  found. 
The  formula?  (81)  give 

m  =  129°  6'  46".3,  log  q  =  9.760326. 

and  hence  we  have 

v  =  u  —  <o  =  —  116°  56'  33".7,  v"  =  u"  —  u>  =  —  88°  47'  55".l, 

from  which  we  get 

T=  1858  Sept.  29.4274. 

From  these  elements  we  find 

log  i>  =  0.212844,  .       v'  =  —  107°  7'  34".0,  vt  =  21°  59'  12".3, 

and  from 

tan  {t  —  ft  )  =  —  cos  i  tan  u', 

tan  b'  =  —  tan  i  sin  (J!  —  ft  ), 
we  get 

V  =  154°  56'  33".4,  V  =  +  19°  30'  22".l. 
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By  means  of  these  and  the  values  of  O'  and  R',  we  obtain 
k'  ==  137°  39'  13".3,  ft  =  +  12°  54'  45".3, 

and  comparing  these  results  with  observation,  we  have,  for  the  error 

of  the  middle  place, 

C  — O. 
cos  §t  aa'  =  —  27".2,  Lft  =  —  23".7. 

From  the  relative  positions  of  the  sun,  earth,  and  comet  at  the 
time  t"  it  is  easily  seen  that,  in  order  to  diminish  these  residuals,  the 
geocentric  distance  must  be  increased,  and  therefore  we  assume,  for 
a  second  value  of  J, 

log  J  =  0.398500, 
from  which  we  derive 


H'  —  153°  44'  57".6, 
log  C=  9.912587, 
log  J"  =  0.311054, 


#  =  +  7°  24'  26".l, 
log  c  =  0.472115, 
log  r"  =  0.054824, 


log  h'  =  0.488026, 
logr  =  0.324207, 
log  x  =  0.089922. 


Then  we  find  the  heliocentric  places 


/  =  159°  40'  33".8, 
I"  =  144    17  12  .1, 

and  from  these, 


b  =  +  10°  50'    8".6, 
b"  =  +  35      8  37  .8, 


logr  =0.324207, 
log/' =  0.054825, 


Q,  =  165°  15'  41".l, 

u  =    12    10  30  .8, 

to  =  128    54  44  .4, 

T=  1858  Sept.  29.8245, 

•  =  —  106°  55'  43".8, 

I  =      154    53  32  .3, 

;/=      137    39  39  .7, 


t  =  63°    2'49".2, 
u"  =  40    13  26  .0, 

log  q  =  9.763620, 

log/  =  0.214116, 

u'=  21°  59'  0".6, 
b'  =  +  19  29  31  .9, 
P  =  +  12    55     2  .9. 


Therefore,  for  the  second  assumed  value  of  J,  we  have 


C.-O. 


cos/5'AA'  =  — 1".5, 


A,?  =  —  6".l. 


Since  these  residuals  are  very  small,  it  will  not  be  necessary  to 
make  a  third  assumption  in  regard  to  J,  but  we  may  at  once  derive 
the  correction  to  be  applied  to  the  last  assumed  value  by  means  of 
the  equations  (109).     Thus  we  have 


—  1.5,        a"  =  —  27.2,        d'  =  —  6.1, 
S  log  A  =  —  0.000700, 


d"=  — 23.7, 
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and,  expressing  8  log  J  in  unite  of  the  sixth  decimal  place,  then 
equations  give 

25.7*  —  1050  =  0. 
17.6x  —  4270  =  0. 

Combining  these  according  to  the  method  of  least  squares,  we  get 

105.X  2.57  + 427  X  1.76, _ 

(2.57)'  +  (1.76)"         ~  r 

Hence  the  corrected  value  of  log  A  is 

log  A  =  0.398500  +  0.0*00106  =  0.398606. 

With  this  value  of  log  J  the  final  elements  are  computed  as  already 
illustrated,  and  the  following  system  is  obtained: — 

T=  1858  Sept.  29.88617  Washington  mean  time. 
x  =   36°  22'  36".9  "1      r 
q <ar-    15  24   8  I    -M-ean  Equinox  1858.0. 

i  =   63     2  14  .2 
log  q  =  9.764142 

Motion  Retrograde. 

If  the  distinction  of  retrograde  motion  is  not  adopted,  and  we  regard 
i  as  susceptible  of  any  value  from  0°  to  180°,  we  shall  have 

*  =  294°    8'  12".7, 
i  =  116    57  45  .8, 

the  other  elements  remaining  the  same. 

The  comparison  of  the  middle  place  with  these  final  elemente 
gives  the  following  residuals: — 

C  — O. 

cos  /?  Al  =  +  0".2,  a{3  =  —  4".3. 

These  errors  are  so  small  that  the  orbit  indicated  by  the  observed 
places  on  which  the  elemente  are  based  differs  very  little  from  a 
parabola. 

When,  instead  of  a  single  place,  a  series  of  intermediate  places  is 
employed  to  correct  the  assumed  value  of  J,  it  is  best  to  adopt  the 
equator  as  the  fundamental  plane,  since  an  error  in  a  or  d  will  affect 
both  X  and  /?;  and,  besides,  incomplete  observations  may  also  be  used 
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when  the  fundamental  plane  is  that  to  which  the  observations  are 
directly  referred.  Further,  the  entire  group  of  equations  of  con- 
dition for  the  determination  of  x,  according  to  the  formulas  (109), 
must  be  combined  by  multiplying  each  equation  by  the  coefficient  of 
x  in  that  equation  and  taking  the  sum  of  all  the  equations  thus 
formed  as  the  final  equation  from  which  to  find  x,  the  observations 
being  supposed  equally  good. 
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CHAPTER  IV. 

DETERMINATION,  FROM  THREE  COMPLETE  OBSERVATIONS,  OF  THE  ELEMENTS  OF 
THE  ORBIT  OF  A  HEAVENLY  BODY,  INCLUDING  THE  ECCENTRICITY  OU  FoKM  or 
THE   CONIC   SECTION. 

77.  The  formulae  which  have  thus  far  been  derived  for  the  deter- 
mination of  the  elements  of  the  orbit  of  a  heavenly  body  by  means 
of  observed  places,  do  not  suffice,  in  the  form  in  which  they  have 
been  given,  to  determine  an  orbit  entirely  unknown,  except  in  the 
particular  case  of  parabolic  motion,  for  which  one  of  the  elements 
becomes  known.  In  the  general  case,  it  is  necessary  to  derive  at 
least  one  of  the  curtate  distances  without  making  any  assumption  as 
to  the  form  of  the  orbit,  after  which  the  others  may  be  found.  But, 
preliminary  to  a  complete  investigation  of  the  elements  of  an  un- 
known orbit  by  means  of  three  complete  observations  of  the  body, 
it  is  necessary  to  provide  for  the  corrections  due  to  parallax  and  aber- 
ration, so  that  they  may  be  applied  in  as  advantageous  a  manner  as 
possible. 

When  the  elements  are  entirely  unknown,  we  cannot  correct  the 
observed  places  directly  for  parallax  and  aberration,  since  both  of 
these  corrections  require  a  knowledge  of  the  distance  of  the  body 
from  the  earth.  But  in  the  case  of  the  aberration  we  may  either 
correct  the  time  of  observation  for  the  time  in  which  the  light  from 
the  body  reaches  the  earth,  or  we  may  consider  the  observed  place 
corrected  for  the  actual  aberration  due  to  the  combined  motion  of  the 
earth  and  of  light  as  the  true  place  at  the  instant  when  the  light  left 
the  planet  or  comet,  but  as  seen  from  the  place  which  the  earth  occu- 
pies at  the  time  of  the  observation.  When  the  distance  is  unknown, 
the  latter  method  must  evidently  be  adopted,  according  to  which  we 
apply  to  the  observed  apparent  longitude  and  latitude  the  actual 
aberration  of  the  fixed  stars,  and  regard  this  place  as  corresponding 
to  the  time  of  observation  corrected  for  the  time  of  aberration,  to  be 
effected  when  the  distances  shall  have  been  found,  but  using  for  the 
place  of  the  earth  that  corresponding  to  the  time  of  observation.  It 
will  appear,  therefore,  that  only  that  part  of  the  calculation  of  the 


"  "0  ~T  -"V    .-r-r<J  wo 

,3  —  >30=  —  20".445sim 
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elements  which  involves  the  times  of  observation  will  have  to  be  re- 
peated after  the  corresponding  distances  of  the  body  from  the  earth 
have  been  found.  First,  then,  by  means  of  the  apparent  obliquity  of 
the  ecliptic,  the  observed  apparent  right  ascension  and  declination 
must  be  converted  into  apparent  longitude  and  latitude.  Let  ^0  and 
$,,  respectively,  denote  the  observed  apparent  longitude  and  latitude; 
and  let  O0  be  the  true  longitude  of  the  sun,  2'0  its  latitude,  and  R0 
its  distance  from  the  earth,  corresponding  to  the  time  of  observation. 
Then,  if  /  and  ft  denote  the  longitude  and  latitude  of  the  planet  or 
comet  corrected  for  the  actual  aberration  of  the  fixed  stars,  we  shall 
have 

+  20".445  cos  (X  —  ©0)  sec/?  +  0".343  cos (X  —  281°)  sec,?,  m 
—  20".445  sin  (X  —  ©0)  sin  0  —  0".343  sin  (A  —  281°)  sin  /?. l  < 

In  computing  the  numerical  values  of  these  corrections,  it  will  be 
sufficiently  accurate  to  use  ^0  and  ft0  instead  of  X  and  ft  in  the  second 
members  of  these  equations,  and  the  last  terms  may,  in  most  cases, 
be  neglected.  The  values  of  X  and  ft  thus  derived  give  the  true  place 
of  the  body  at  the  time  t  —  497s.78  J,  but  as  seen  from  the  place  of 
the  earth  at  the  time  t. 

When  the  distance  of  the  planet  or  comet  is  unknown,  it  is  impos- 
sible to  reduce  the  observed  place  to  the  centre  of  the  earth;  but  if 
Ave  conceive  a  line  to  be  drawn  from  the  body  through  the  true  place 
of  observation,  it  is  evident  that  were  an  observer  at  the  point  of 
intersection  of  this  line  with  the  plane  of  the  ecliptic,  or  at  any  point 
in  the  line,  the  body  would  be  seen  in  the  same  direction  as  from  the 
actual  place  of  observation.  Hence,  instead  of  applying  any  correc- 
tion for  parallax  directly  to  the  observed  apparent  place,  we  may 
conceive  the  place  of  the  observer  to  be  changed  from  the  actual  place 
to  this  point  of  intersection  with  the  ecliptic,  and,  therefore,  it  be- 
comes necessary  to  determine  the  position  of  this  point  by  means  of 
the  data  furnished  by  observation. 

Let  d0  be  the  sidereal  time  corresponding  to  the  time  t0  of  obser- 
vation, tp'  the  geocentric  latitude  of  the  place  of  observation,  and  //„ 
the  radius  of  the  earth  at  the  place  of  observation,  expressed  in  parts 
of  the  equatorial  radius  as  unity.'  Then  d0  is  the  right  ascension  and 
<p'  the  declination  of  the  zenith  at  the  time  t0.  Let  I0  and  b0  denote 
these  quantities  converted  into  longitude  and  latitude,  or  the  longitude 
and  latitude  of  the  geocentric  zenith  at  the  time  t0.  The  rectangular 
co-ordinates  of  the  place  of  observation  referred  to  the  centre  of  the 
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earth  and  expressed  in  parts  of  the  mean  distance  of  the  earth   from 
the  sun  as  the  unit,  will  be 

*„  =  Po sin  "0  cos  K  cos  ^o. 
J/o  —  Po sin  "o  cos  b0  sin  lQ, 
zo  =  Po sin  ffo sin  K> 

in  which  tt0=8".571  16. 

Let  J0  be  the  distance  of  the  planet  or  comet  from  the  true  place 
of  the  observer,  and  A,  its  distance  from  the  point  in  the  ecliptic  to 
which  the  observation  is  to  be  reduced.  Then  will  the  co-ordinates 
of  the  place  of  observation,  referred  to  this  point  in  the  ecliptic,  be 


x,  =  (J,  —  J0)  cos  ft  cos  X, 
y,  =  (J,  —  J0)  cosy?  sin -l, 
z,=(Jf  —  J0)sin/9, 


the  axis  of  jc  being  directed  to  the  vernal  equinox.  Let  us  now 
designate  by  O  the  longitude  of  the  sun  as  seen  from  the  point  of 
reference  in  the  ecliptic,  and  by  R  its  distance  from  this  point.  Then 
will  the  heliocentric  co-ordinates  of  this  point  be 

X=  —  R  cos©, 
Y=—  jRsin©, 
Z  =  Q. 

The  heliocentric  co-ordinates  of  the  centre  of  the  earth  are 

X0  =  —  RQ  cos  I0  cos  ©  0, 
Y0  —  —  R0  cos  2*0  sin  ©  0, 
Z0  =  —  R0  sin  l'Q. 

But  the  heliocentric  co-ordinates  of  the  true  place  of  observation 

will  be 

X+s„  Y+y„  Z+z„ 

or 

X0  +  x0,  Y0  +  y0,  Z0  -f  z0, 

and,  consequently,  we  shall  have 

R  cos  ©  —  (J,  —  4,)  cos  ft  cos  X  =  R0  cos  I0  cos  ©0  —  p0  sin  tt0  cos  b0  cos  l0, 
R  sin  ©  —  (J,  —  J0)  cos  ft  sin  A  =  R0  cos  -0  sin  ©0  —  />„  sin  r0  cos  b0  sin  l0, 
—  (J,  —  J0)  sin  /9          =  i^0  sin  2'0  —  Po  sin  jt0  sin  b0. 

If  we  suppose  the  axis  of  x  to  be  directed  to  the  point  whose  longi- 
tude is  ©0,  these  become 
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E  cos  (O  —  O0)  —  (J,  —  J0)  cos  fi  cos  (A  —  O0)  = 

E0  cos  I0  —  p0  sin  r0  cos  b0  cos  (l0  —  ©0), 
E  sin  (©  —  O0)  —  (J,  —  4,)  cos  [i  sin  (A  —  ©0)  =  (2) 

—  p0  sin  -0  cos  b0  sin  (/0  —  ©0), 
—  (4  —  4>)  sin  /9  =  i?0  sin  I0  —  />0  sin  r0  sin  b0, 

from  which  it!  and  ©  may  be  determined.     Let  us  now  put 

(J,-J0)cos/5=:D;  (3) 

then,  since  -„,  -0,  and   ©  —  ©0  are  small,  these  equations  may  be 

reduced  to 

E  =  D  cos  (/  —  ©0)  —  r0  Po  cos  b0  cos  (/0  —  ©0)  +  E0, 
E  (©  —  ©0)  =  D  sin  (k  —  ©0)  —  rfl-/)0  cos  b0  sin  (l0  —  ©0), 
0  =  D  tan  y9  —  ff0  p0  sin  60  +  jR0  S0. 

Hence  we  shall  have,  if  tt0  and  2'0  are  expressed  in  seconds  of  arc, 

^sin&Q-i^Q 
n~        206264.8         COt/' 

i?=i?0  +  i)cos(;.-O0)-ii^^^=l^,  (4) 

206264.8  i)  sin  (A  -  ©0)  -  -0  Po  cos  b0  sin  (/0  -  Q0) 
W  —  U0i  n  » 

from  which  we  may  derive  the  values  of  ©  and  R  which  are  to  be 
used  throughout  the  calculation  of  the  elements  as  the  longitude  and 
distance  of  the  sun,  instead  of  the  corresponding  places  referred  to 
the  centre  of  the  earth.  The  point  of  reference  being  in  the  plane 
of  the  ecliptic,  the  latitude  of  the  sun  as  seen  from  this  point  is  zero, 
which  simplifies  some  of  the  equations  of  the  problem,  since,  if  the 
observations  had  been  reduced  to  the  centre  of  the  earth,  the  sun's 
latitude  would  be  retained. 

We  may  remark  that  the  body  would  not  be  seen,  at  the  instant 
of  observation,  from  the  point  of  reference  in  the  direction  actually 
observed,  but  at  a  time  different  from  t0,  to  be  determined  by  the 
interval  which  is  required  for  the  light  to  pass  over  the  distance 
A,  —  J0.  Consequently  we  ought  to  add  to  the  time  of  observation 
the  quantity 

(J,  —  J0)  497'.78"  =  497*.78  D  sec  ,9,  (5) 

which  is  called  the  reduction  of  the  time;  but  unless  the  latitude  of 
the  body  should  be  very  small,  this  correction  will  be  insensible. 
The  value  of  /  derived  from  equations  (1)  and  the  longitude  © 
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derived  from  (4)  should  be  reduced  by  applying  the  correction  for 
natation  to  the  mean  equinox  of  the  date,  and  then  both  these  and 
the  latitude  ;9  should  be  reduced  by  applying  the  correction  for  pre- 
cession to  the  ecliptic  and  mean  equinox  of  a  fixed  epoch,  for  which 
the  beginning  of  the  year  is  usually  chosen. 

In  this  way  each  observed  apparent  longitude  and  latitude  is  to  be 
corrected  for  the  aberration  of  the  fixed  stars,  and  the  corresponding 
places  of  the  sun,  referred  to  the  point  in  which  the  line  drawn  from 
the  body  through  the  place  of  observation  on  the  earth's  surface  in- 
tersects the  plane  of  the  ecliptic,  are  derived  from  the  equations  (4). 
Then  the  places  of  the  sun  and  of  the  planet  or  comet  are  reduced 
to  the  ecliptic  and  mean  equinox  of  a  fixed  date,  and  the  results  thus 
obtained,  together  with  the  times  of  observation,  furnish  the  data  for 
the  determination  of  the  elements  Of  the  orbit. 

When  the  distance  of  the  body  corresponding  to  each  of  the 
observations  shall  have  been  determined,  the  times  of  observation 
may  be  corrected  for  the  time  of  aberration.  This  correction  is 
necessary,  since  the  adopted  places  of  the  body  are  the  true  places 
for  the  instant  when  the  light  was  emitted,  corresponding  respectively 
to  the  times  of  observation  diminished  by  the  time  of  aberration, 
but  as  seen  from  the  places  of  the  earth  at  the  actual  times  of 
observation,  respectively. 

When  /3  =  0,  the  equations  (4)  cannot  be  applied,  and  when  the 
latitude  is  so  small  that  the  reduction  of  the  time  and  the  correction 
to  be  applied  to  the  place  of  the  sun  are  of  considerable  magnitude, 
it  will  be  advisable,  if  more  suitable  observations  are  not  available, 
to  neglect  the  correction  for  parallax  and  derive  the  elements,  nsing 
the  uncorrected  places.  The  distances  of  the  body  from  the  earth 
which  may  then  be  derived,  will  enable  us  to  apply  the  correction  for 
parallax  directly  to  the  observed  places  of  the  body. 

When  the  approximate  distances  of  the  body  from  the  earth  arc 
already  known,  and  it  is  required  to  derive  new  elements  of  the 
orbit  from  given  observed  places  or  from  normal  places  derived  from 
many  observations,  the  observations  may  be  corrected  directly  for 
parallax,  and  the  times  corrected  for  the  time  of  aberration.  We 
shall  then  have  the  true  places  of  the  body  as  seen  from  the  centre 
of  the  earth,  and  if  these  places  are  adopted,  it  will  be  necessary,  for 
the  most  accurate  solution  possible,  to  retain  the  latitude  of  the  sun 
in  the  formulae  which  may  be  required.  But  since  some  of  these 
formulae  acquire  greater  simplicity  when  the  sun's  latitude  is  not 
introduced,  if,  in  this  case,  we  reduce  the  geocentric  places  to  the 


DETERMINATION   OP   AN  ORBIT.  225 

point  in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plane,  the  longitude  of  the  sun 
will  remain  unchanged,  the  latitude  will  be  zero,  and  the  distance  R 
will  also  be  unchanged,  since  the  greatest  geocentric  latitude  of  the 
sun  does  not  exceed  1".  Then  the  longitude  of  the  planet  or  comet 
as  seen  from  this  point  in  the  ecliptic  will  be  the  same  as  seen  from 
the  centre  of  the  earth,  and  if  J,  is  the  distance  of  the  body  from 
this  point  of  reference,  and  ft,  its  latitude  as  seen  from  this  point,  we 

shall  have 

A,  cos  ft,  =  A  cos  ft, 

A,  sin  ft,  =  A  sin  ft  —  R0  sin  Z0, 

from  which  we  easily  derive  the  correction  ft, —  ft,  or  a/9,  to  be  applied 
to  the  geocentric  latitude.     Thus,  we  find 

a^-^cos/?,  (6) 

2"0  being  expressed  in  seconds.  This  correction  having  been  applied 
to  the  geocentric  latitude,  the  latitude  of  the  sun  becomes 

1=0. 

The  correction  to  be  applied  to  the  time  of  observation  (already 
diminished  by  the  time  of  aberration)  due  to  the  distance  A,  —  Jc 
will  be  absolutely  insensible,  its  maximum  value  not  exceeding 
0'.002.  It  should  be  remarked  also  that  before  applying  the  equa- 
tion (6),  the  latitude  2'0  should  be  reduced  to  the  fixed  ecliptic  which 
it  is  desired  to  adopt  for  the  definition  of  the  elements  which  deter- 
mine the  position  of  the  plane  of  the  orbit. 

78.  When  these  preliminary  corrections  have  been  applied  to  the 
data,  we  are  prepared  to  proceed  with  the  calculation  of  the  elements 
of  the  orbit,  the  necessary  formulae  for  which  we  shall  now  investi- 
gate. For  this  purpose,  let  us  resume  the  equations  (6)3;  and,  if  we. 
multiply  the  first  of  these  equations  by  tan  ft  sin//7  —  tan/5"  sin  A, 
the  second  by  tan/?''  cos  A  —  tan  ft  cos/",  and  the  third  by  sin  (I  —  //'), 
and  add  the  products,  we  shall  have 


(7; 


0  =  nR  (tan  ft"  sin  (A  —  ©)  —  tan  ft  sin  (/'  —  ©)) 

—  P'  (tan  ft  sin  Qt'—X)  —  tan  ft  sin'(A"  —  X)  +  tan  ft"  sin  (X*  —  X)) 

—  R  (tan  ft"  sin  (A  —  ©')  —  tan  ft  sin  (X"  —  ©')) 
+  n"R"  (tan  ft"  sin  (X  —  ©")  —  tan  ft  sin  (X"  —  ©")). 

It  should  be  observed  that  when  the  correction  for  parallax  is  applied 

15 
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to  the  place  of  the  sun,  //  is  the  projection,  <>n  the  plane  of  ili« 
ecliptic,  of  the  distance  of  the  Ixxlv  from  the  point  of  reference  to 
which  the  observation  has  been  reduced. 

Let  us  now  designate  by  A' the  longitude  of  the  ascending  node, 
and  by  /  the  inclination  to  the  ecliptic,  of  a  great  circle  passim: 
through  the  first  and  third  observed  places  of  the  body,  and  we  have 


tan  ft  =  sin  (X  —  K)  tan  7", 
tan  j 3"  =  sin  (X"  —  K)  tan/. 


(8) 


Introducing  these  values  of  tan ,9  and  tan/9"  into  the  equation  (7), 
since 

sin  (A  —  0)  sin  (JT  —  K)  —  sin  {X"  —  ©)  sin  {X  —  K)  = 

—  sin  (A"  —  X)  sin  (©  —  K), 
sin  (/  —  /)  sin  (/"  —  K)  +  sin  (A"  —  X')  sin  {X  —  K)  = 

+  sin  (/"  —  X)  sin  (//  —  JT), 
sin  (X  —  ©')  sin  (X"  —  K)  —  sin  (/"  —  ©')  sin  (X  —  K)  = 

—  sin  (X"  —  X)  sin  (©'  —  X), 
sin  (A  _  ©")  sin  {X"  —  IT)  —  sin  (X"  —  ©")  sin  (J  —  K)  = 

—  sin  (;."  — X)  sin  (©"  —  K), 

we  obtain,  by  dividing  through  by  sin  (A"  —  /)  tan  I, 

0  =  nR  sin  (©  —  K)  +  />'  (sin  (/  —  X")  —  tan  /?  cot  J) 


—  jR'  sin  (©'  —  K)  +  n"R"  sin  (©"  —  A"). 


(9) 


Let  /90  denote  the  latitude  of  that  point  of  the  great  circle  passing 
through  the  first  and  third  places  which  corresponds  to  the  longitude 
//,  then 

tan  /30  =  sin  Q!  —  K)  tan  I, 

and  the  coefficient  of  //  in  equation  (9)  becomes 

sin  (,90  —  f) 


Therefore,  if  we  put 
we  shall  have 


cos  ft0  cos  /?  tan  I' 


an  = 


sin  (/?-&) 
cos  A,  tan  /' 


T^sinC©'—  K)   \      Rsm(Q-K) 

f-  n 


+■* 


„22"sin(©"  —  K) 


(10) 


(11) 


This  formula  will  give  the  value  of  />',  or  of  J',  when  the  values  of 
n  and  n"  have  been  determined,  since  a0  and  K  are  derived  from  the 
data  furnished  by  observation. 
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To  find  iT  and  I,  we  obtain  from  equations  (8)  by  a  transformation 
precisely  similar  to  that  by  which  the  equations  (75)3  were  derived, 

tan  J  sin  (I  (A"  +  X)  r-  K)  =  sm^+^)  sec  J  (A"  -  A), 

V-  '         2  COS,*  COS  ,3  ~  .1Q. 

tan  I  cos  (.',  (A"  +  A)  —  K)  =  *m{'\  ~'^,  cosec  \  (A"  —  A). 
.  "       2  cos,*  cos/? 

We  may  also  compute  K  and  I  from  the  equations  which  may  be 
derived  from  (74)3  and  (76)3  by  making  the  necessary  changes  in  the 
notation,  and  using  only  the  upper  sign,  since  /is  to  be  taken  always 
loss  than  90°. 

Before  proceeding  further  with  the  discussion  of  equation  (11),  let 
us  derive  expressions  for  p  and  (>"  in  terms  of  f>r,  the  signification  of 
p  and  (>",  when  the  corrections  for  parallax  are  applied  to  the  places 
of  the  sun,  being  as  already  noticed  in  the  case  of  />'. 

79.  If  we  multiply  the  first  of  equations  (6)3  by  sin  ©"  tan/9", 
the  second  by  — cos  Q"  tan/3",  and  the  third  by  sin(/" —  ©")>  and 
add  the  products,  we  get 

0=Wjo(tan/5"sin  (©"—/)—  tan  ,S  sin  (©"—/"))— nR  tan  ,5"sin(©"— ©) 
—P'  (tan  ,S"  sin  (©"—/')— tan  ?  sin  (©"— )."))+R  tan  f  sin  (©"— ©'), 

(13) 
which  may  be  written 

O^^Ctan^sinCA"— ©")— tan;S"sin(A— ©"))— ??-Rtan;/'sin(©"— ©) 
+  P'  (tan  JF  sin  (/'  —  ©  ")  —  tan  ,?0  sin  (A"  —  ©  ")) 

—  P'  (tan  &  —  tan  /?0)  sin  (A"  —  ©  ")  +  R  tan  f  sin  ( © "  —  ©  '). 

Introducing  into  this  the  values  of  tan  /?,  tan  /J",  and  tan  /90  in  terms 
of  1  and  K,  and  reducing,  the  result  is 

0  =  nP  sin  (A"—  A)  sin  (©"—  K)  —  nR  sin  (©"-  ©)  sin  (A"—  K) 
—  P'  sin  (X"—X')  sin  (Q"—K)—  f/a0  sec /?  sin  (A"—  ©  ") 
+  R'  sin  (©  "  —  © ')  sin  (A"  —  JT). 

Therefore  we  obtain 

_//sin(A"—  A')  fy see?        sin (X"—Q")  \ 

P~n\  sin  (A"  —  A)  +  8in  (A"  —  A)  '  sin  (©"  —  K)  J 

sin  (A"— if)  J?sm(0"—0')—nRsm(Q"—0) 
n  '  sin  (A"  —  A)  sin  ( ©"  —  K) 

But,  by  means  of  the  equations  (9)3,  we  derive 
E  sin  (©"  —  ©')  —  nR  sin (©"  —  ©)  =  (JV—  n)  i?  sin  (©"  —  ©), 
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and  the  preceding  equation  redaoea  to 

,/,<;„,;."__/)  a  sec/?        sin (X"—Q") 


-( 


'  sin  (A"  —  X)  +  .sin  ( ./"  —  X)  '  sin  (  © 


■  —  O")  \ 
D"-  A     ' 


+ 


*-a 


JV\  A  sin  (©"_©)  sin  (/'  —  K) 


(14) 


sinU"  —  /;sin(0"  —  A') 


To  obtain  an  expression  for  p"  in  terms  of  pf,  if  we  multiply  the 

first  of  equations  (G)3  by  sin  ©  tan ,9,  the  second  by  — cos©  tan/?, 
and  the  third  by  sin  (X  —  O),  and  add  the  products,  we  shall  have 

0=nV/(tan/5sin(r—  ©)—  tan  /S"sin(;.— ©  ))—n"E"  tan  jS  sin  (©"—©; 
—/>' (tan /9sin  (/—©)— tany? sin  (A— ©))4-i?' tan  (^in  (©'—©;. 

Introducing  the  values  of  tan/9,  tan/9',  and  tan,?"  in  terms  of  A' and 
A  and  reducing  precisely  as  in  the  case  of  the  formula  already  found 
for  p,  we  obtain 

sin  (/•'  —  X) 


'"=£( 


o0  sec  /?        sin  (X  —  ©  ) 


sin  (A"  —  X)       sin  (/"  —  X)    sin  ( © 

N"  \  R"  sin  ( ©  "  —  © )  sin  (X  —  K) 


+ 


(^} 


(16) 


sin(A"  — A)sin(©  —  K) 
Let  us  now  put,  for  brevity, 


b  = 


B  sin  (Q  —  K) 


R'sm(0'—K) 


,      i2"sin(0"  — JT)       , 
»  = ~ >      J  : 


sec  // 


BE"  sin  (©"—©) 


sin  (/I"—  A)' 


a,  sin  {X"  —  X) 


,f_sin(A"  — a')   |     A"  sin  (A" -Q") 
1— sin (/"—/)    '  J  d 

M"  —  8^n  ^'  ~~  *1 f  ^  S*n  ^  —  ®  ^ 


(17) 


Mt  = 


sin  (A"  —  A) 
hsm(X"—K) 


M.r 


h  sin  CA  —  A") 


d  '  ~2  '  b 

and  the  equations  (11),  (14),  and  (16)  become 
(,'  sec  §f  ==  —  c  +  «&  +  n"^j 

,-k  4+j/3  (i-f), 


(18) 


If  n  and  n"  are  known,  these  equations  will,  in  most  cases,  be 
sufficient  to  determine  p,  //,  and  p". 
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80.  It  will  be  apparent,  from  a  consideration  of  the  equations 
which  have  been  derived  for  p,  p' ,  and  p",  that  under  certain  circum- 
stances they  are  inapplicable  in  the  form  in  which  they  have  been 
given,  and  that  in  some  cases  they  become  indeterminate.  When  the 
great  circle  passing  through  the  first  and  third  observed  places  of  the 
body  passes  also  through  the  second  place,  we  have  a0  =  0,  and 
equation  (11)  reduces  to 

n"R"  sin  (0"  —  K)  +  nR  sin  (©  —  K)  =  R'  sin(©'  —  K). 

If  the  ratio  of  n"  to  n  is  known,  this  equation  will  determine  the 
quantities  themselves,  and  from  these  the  radius-vector  r'  for  the 
middle  place  may  be  found.  But  if  the  great  circle  which  thus 
passes  through  the  three  observed  places  passes  also  through  the 
second  place  of  the  sun,  we  shall  have  K=  ©',  or  K=  180°  -f-  ©', 
and  hence 

ri'R"  sin (©"—©')  —nR sin (©'—  ©)  =  0, 
or 

n"        R  sin (©'— Q) 
n  ~~R" sin (©"—©')' 

from  which  it  appears  that  the  solution  of  the  problem  is  in  this 
case  impossible. 

If  the  first  and  third  observed  places  coincide,  we  have  X  =  X"  and 
ft  =  ft",  and  each  term  of  equation  (7)  reduces  to  zero,  so  that  the 
problem  becomes  absolutely  indeterminate.  Consequently,  if  the 
data  are  nearly  such  as  to  render  the  solution  impossible,  according 
to  the  conditions  of  these  two  cases  of  indetermination,  the  elements 
which  may  be  derived  will  be  greatly  affected  by  errors  of  observa- 
tion. If,  however,  X  is  equal  to  X"  and  ft"  differs  from  ft,  it  will  be 
possible  to  derive  p',  and  hence  p  and  p" ;  but  the  formulas  which 
have  been  given  require  some  modification  in  this  particular  case. 
Thus,  when  X  =  X",  we  have  K=X"  =  X,  1=  90°,  and  /30=90°, 

and  hence  a0,  as  determined  by  equation  (10),  becomes  -      Still,  in 

this  case  it  is  not  indeterminate,  since,  by  recurring  to  the  original 
equation  (9),  the  coefficient  of  p' ,  which  is  — a0  sec/97,  gives 

a0  =  sini5'cot/—  cos /?  sin  (A' —  K),  (19) 

and  when  A  =  X",  it  becomes  simply 

a0  =  —  cos  p  sin  (X —  K). 
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Whenever,  therefore,  the  difference  /"     /  is  very  small  compared 

with   the   motion  in  latitude.  Oj  should  1"'  computed   by  means  of  the 

equation   >.\{j\   or   by  means  of  the  expression  which   is   obtained 
directly  from  the  eoeilieient  of  <>'  iii  equation 

When  ).—X"  =  K,  the  values  of  J/,,  J/,",  }[,,  and  M,"  cannot 
be  found  by  means  of  the  e([iiations  |  17);  but  if  we  use  the  original 
form  of  the  expressions  for  p  and  ;/'  in  terms  of  <>',  as  given  by 
equations  (13)  and  (15),  without  introducing  the  auxiliary  angles, 
mc  shall  have 

_//    tan  ff  sin  {)."  —  Q")  —  tan  p"  sin  (X'  —  ©") 
9      n  '  tan  fi  sin  (X"  —  ©")  —  tan p"  sin  {X  —  ©") 


-r 


i*  tan /S"  sin (©"—©) 


9    ~rt> 


Hence 


'  tan  /9  sin  (/"  —  ©")  —  tan  ~jp  sin  (a  —  ©")' 
tan/9  sin  (X'  —  ©)  —  tan  ,3'  sin  (J  —  ©) 


tan  fi  sin  (/"  —  ©)  —  tan  p"  sin  (X  —  ©) 

,   /,        JT"\  2T'  tan  /S  sin  (©' 


©) 


JC 


1  "tan  ;5  sin  (/"  —  ©)  —  tan  p"  sin  (I  —  ©)' 


_  tan  p  sin  (X"  —  Q")  —  tan  /5"  sin  (//  —  Q") 


1//'  = 


tan,?  sin  (/"—©"; 
tan,?  sin('/'  —  ©") 


tan  ,5"  sin  (A—  ©")  ' 

tan  ,:'  sin  (X  —  ©) 


(20) 


tan  p  sin  (a"  —  ©)  —  tan  p"  Bin  (X  —  ©) ' 

i?tan/5"sin(Q"—  ©) 

2  ~~  tan  0  sin  (a"  —  ©" )  —  tan  &'  gin  (J  —  ©")' 
v„ irtan/3sin(Q"-  ©) 

-      "tan  0  sin  I  X"       ©)  —  tan  p"  sin  ( /  —  ©)  ' 

are  the  expressions  for  Mv  31/',  J/,,  and  Mt"  which  must  be  used 
when  A  =  A"  or  when  /  is  very  nearly  equal  to  //';  and  then  p  and  u" 
will  be  obtained  from  equations  (18).  These  expressions  will  also  be 
used  when  X" —  X  —  180°,  this  being  an  analogous  case. 

When  the  great  circle  passing  through  the  first  and  third  observed 
places  of  the  body  also  passes  through  the  first  or  the  third  place  of 
the  sun,  the  last  two  of  the  equations  (18)  become  indeterminate,  and 
other  formula?  must  be  derived.  If  we  multiply  the  second  of  equa- 
tions (7)3  by  tan/3"  and  the  fourth  by  — sin(//; —  ©'),  and  add  the 
products,  then  multiply  the  second  of  these  equations  by  tan/3  and 
the  fourth  by  — sin(^. —  ©'),  and  add,  and  finally  reduce  by  means 
of  the  relation 


we  get 


NRsm(Q'-Q)=N"E"  sin  (©"—©'), 
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p'_   tan  ft'  sin  (/  —  ©')  —  tan  p  sin  (/"  —  ©') 
n  '  tun ,?"  sin  (A  —  Q')  —  tan  ,?  sm  (/"  —  ©') 

i?"  tan  ,5"  sin  (©"—  0') 


+ 


In"  _N^\ 
\"n~       N  ) 


•  • 


tan  /9"  sin  (a  —  ©')  —  tan  fi  sin  (/"—  ©') 


„_£^   tan  ,¥  sin  (/  —  ©')  —  tan /?  sin  (/'  —  ©')  ..  . 

~  n"  '  tan  ,5"  sin  (A  —  © ')  —  tan  /?  sin  (/"  —  ©')  *    } 

I  nL_2^\ R tan fi sin (©'— Q) 

+  \  ?i"  3P  /  tan  /S"  sin  (A  —  ©')  —  tan  0  sin  (/"—  ©')' 
These  equations  are  convenient  for  determining  p  and  //'  from  p' ; 
but  they  become  indeterminate  when  the  great  circle  passing  through 
the  extreme  places  of  the  body  also  passes  through  the  second  place 
of  the  sun.  Therefore  they  will  generally  be  inapplicable  for  the 
cases  in  which  the  equations  (18)  fail. 

If  we  eliminate  p"  from  the  first  and  second  of  the  equations  (6)3 
we  get 

0  =  nP  sin  (A"  —  X)  —  nR  sin  (X"  —  ©)  —  p'  sin  (/"  —  /') 
+  R  sin  (A"  —  00  —  n"JR"  sin  (/"  —  ©"), 
from  which  we  derive 

/    sin  (A" -A') 
p~n    sm(X"-X)  Kll) 

nR  sin  (/"  —  Q)  —  R  sin  (A"  —  ©')  +  n"R"  sin  (A"  —  Q") 
+  n  sin  (A"  —  X) 

Eliminating  p  between  the  same  equations,  the  result  is 
,  _  P'    sin  (X'  —  X) 

nig  sin  (A  —  Q)  —  i?'  sin  {X  —  ©')  -f  ft"iT  sin  (A  —  Q") 
b"  sin  (A"  —  X) 
These  formula?  will  enable  us  to  determine  p  and  p"  from  p'  in  the 
special  cases  in  which  the  equations  (18)  and  (21)  are  inapplicable ; 
but,  since  they  do  not  involve  the  third  of  equations  (6)3,  they  are 
not  so  well  adapted  to  a  complete  solution  of  the  problem  as  the 
formulae  previously  given  whenever  these  may  be  applied. 

If  we  eliminate  successively  p"  and  p  between  the  first  and  fourth 
of  the  equations  (7)3,  we  get 


P    =17 


/    tan  ,3"  cos  (/'  —QQ—  tan  ^  cos  (X"  —  Q ') 
n  '  tan  ,5"  cos  (X  —  ©')  —  tan  ,3  cos  (/"  —  ©') 

tan  /S"    nR  cos  ( ©'—  Q  )  —  R  +  n"R"  cos  (  ©"—  ©') 


+      n      '     tan  f  cos  (X  —  © ')  —  tan  /S  cos  {X"  —  ©')    :  . 

„_p[_    tan  /  cos  (X  —  ©')  —  tan  /?  cos  (A'—  Q ')  (~  ' 

^  ~~  »" '  tan  f  cos  (A  —  © ')  —  tan  /?  cos  (A"—  ©' ) 

_tan£    nR  cos  (©'  —  Q)  —  R  +  n"#"  cos  (©"  —  ©') 
n"    '       tan  /S"  cos  (A  —  ©')  —  tan  ,?  cos  (/"  —  ©')      ' 
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■which  may  also  be  used  t«>  determine  p  and  y"  when  the  equations 
(18)  and  (21)  cannot  be  applied.  When  the  motion  in  latitude  Efl 
greater  than  in  longitude,  these  equations  are  to  be  preferred  instead 
of  (22)  and  (23.) 

81.  It  would  appear  at  first,  without  examining  the  quantities  in- 
volved in  the  formula  for  (>' ,  that  the  equations  (26)3  will  enable  04 
to  find  n  and  n"  by  successive  approximations,  assuming  first  that 

n—-r,  n  —-y, 

T  T 

and  from  the  resulting  value  of  //  determining  r',  and  then  carrying 
the  approximation  to  the  values  of-w  and  n"  one  step  farther,  so  as 
to  include  terms  of  the  second  order  with  reference  to  the  intervals 
of  time  between  the  observations.  But  if  we  consider  the  equation 
(10),  we  observe  that  a0  is  a  very  small  quantity  depending  on  the 
difference  $'  —  /90,  and  therefore  on  the  deviation  of  the  observed 
path  of  the  body  from  the  arc  of  a  great  circle,  and,  as  this  appears 
in  the  denominator  of  terms  containing  n  and  n"  in  the  equation 
(11),  it  becomes  necessary  to  determine  to  what  degree  of  approxi- 
mation these  quantities  must  be  known  in  order  that  the  resulting 
value  of  ft'  may  not  be  greatly  in  error. 

To  determine  the  relation  of  a0  to  the  intervals  of  time  between 
the  observations,  we  have,  from  the  coefficient  of  p'  in  equation  (7), 

a0  sec  ft  =  tan  /5  sin  (X"  —  //)  —  tan  &  sin  (X"  —  X)  -f  tan/3"  sin  (X'  —  X). 

We  may  put 

tan/?  =  tan/5'  —  At"  +  Br"*  —  ...., 
tan  ,3"  =  tan  ?  +  At  +  Br1  -f- . . . . , 

and  hence  we  have 

a0  sec  ft  =  (sin  Q!'  —  )!)  —  sin  (A"  —X)  +  sin  (A'  —  /))  tan  ft 
-f  (r  sin  (A'—;.)  —  t"  sin  (A"— //))  A+(?  sin  {X'— A)-f r"a  sin  {X"—X'))  B+. ., 

which  is  easily  transformed  into 

a0  sec  (?  =  4  sin  £  (X'  —  X)  sin  \  (X"  —  X')  sin  £  (X"—  X)  tan  ?      (25) 
-f  (t  sin  (/'-A)— i"  sin  (#»— V))JL+p  sin  (A'_ A)+t"«  sin  (X"-X'))B+. . . , 

If  we  suppose  the  intervals  to  be  small,  we  may  also  put 

8m^(X"-X)  =  i,(X"  —  X), 
and 

sin  (X"  —  X)  =  X"  —  X,  sin  (A'  —  X)  .■=  X'  —  X. 
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Further,  we  may  put 


X  =  X'  —  A'r"  +  B't"*  - 
k"  =  X'  +  A'r  +  B't*  + 


Substituting  these  values  in  the  equation  (25),  neglecting  terms  of 
the  fourth  order  with  respect  to  r,  and  reducing,  we  get 

a0  =  «y  QA'3  tan  /?  +  A'B  —  AB)  cos  ,3'. 

It  appears,  therefore,  that  a0  is  at.  least  of  the  third  order  with 
reference  to  the  intervals  of  time  between  the  observations,  and  that 
an  error  of  the  second  order  in  the  assumed  values  of  n  and  n"  may 
produce  an  error  of  the  order  zero  in  the  value  of  p'  as  derived  from 
equation  (11)  even  under  the  most  favorable  circumstances.  Hence, 
in  general,  we  cannot  adopt  the  values 

r  r" 

ft 

T  T 

omitting  terms  of  the  second  order,  without  affecting  the  resulting 
value  of  p'  to  such  an  extent  that  it  cannot  be  regarded  even  as  an 
approximation  to  the  true  value ;  and  terms  of  at  least  the  second 
order  must  be  included  in  the  first  assumed  values  of  n  and  n". 
The  equation  (28)3  gives 

dv 
omitting  the  term  multiplied  by  ~rr,  which  term  is  of  the  third  order 

with  respect  to  the  times ;  and  hence  in  this  value  of  -^  only  terms 

of  at  least  the  fourth  order  are  neglected.     Again,  from  the  equations 
(26)3  we  derive,  since  z'  =  r  +  r", 

n  +  n"  =  l  +  Z~«  (27) 

in  which  only  terms  of  the  fourth  order  have  been  neglected.     Now 
the  first  of  equations  (18)  may  be  written: 

b  +  —  d 

P'  sec  p  =  (n  +  *") ~  -  c,  (28) 

1  +  - 

u 
II 

in  which,  if  we  introduce  the  values  of  —  and  n  +  n"  as  given  bv 

n 

(26)  and  (27),  only  terms  of  the  fourth  order  with  respect  to  the 
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times  wlO  be  neglected,  and  consequently  the  resulting  value  of  [>' 
will  he  affected  with  only  an  error  of  the  second  order  when  a0  is  of 
the  third  order.  Further,  if  the  intervals  between  the  observations 
arc  not  very  unequal,  r2  —  z,n  will  be  a  quantity  of  an  order  superior 
to  r2,  and  when  these  intervals  are  equal,  we  have,  to  terms  of  the 

fourth  order, 

n"      r" 


The  equation  (27)  gives 


Hence,  if  we  put 


2r'8  (n  +  n"  —  1)  =  tt". 


n 


Q  =  2r's  (7i  +  n"  —  1), 
we  may  adopt,  for  a  first  approximation  to  the  value  of  p', 

P=-,  Q  =  tt", 


(29) 


(80) 


and  p'  will  be  affected  with  an  error  of  the  first  order  when  the  in- 
tervals are  unequal ;  but  of  the  second  order  only  when  the  intervals 
are  equal.  It  is  evident,  therefore,  that,  in  the  selection  of  the 
observations  for  the  determination  of  an  unknown  orbit,  the  in- 
tervals should  be  as  nearly  equal  as  possible,  since  the  nearer  they 
approach  to  equality  the  nearer  the  truth  will  be  the  first  assumed 
values  of  P  and  Q,  thus  facilitating  the  successive  approximations ; 
and  when  a0  is  a  very  small  quantity,  the  equality  of  the  intervals 
is  of  the  greatest  importance. 
From  the  equations  (29)  we  get 


•\     ^2r'3/' 


—  (1  +  -2- 
l-f-P\      r2r'3 


n"  =  nP; 


and  introducing  P  and  Q  into  (28),  there  results 
*       /i    ,     Q  \b  +  Pd 


(31) 


(32) 


This  equation  involves  both  p'  and  r'  as  unknown  quantities,  but 
by  means  of  another  equation  between  these  quantities  />'  may  be 
eliminated,  thus  giving  a  single  equation  from  which  r'  may  be 
found,  after  which  p'  may  also  be  determined. 
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82.  Let  ty  represent  the  angle  at  the  earth  between  the  sun  and 
planet  or  comet  at  the  second  observation,  and  we  shall  have,  from 
the  equations  (93)3, 

tan/?' 


tan  vf  = 


sin  (/'  —  ©') 


U^  =  U^X'-&\  (33) 

cos  w 

cos  4/  =  cos  i?  cos  (/'  —  O'), 

by  means  of  which  we  may  determine  ij/,  which  cannot  exceed  180°. 

Since  cos/3'  is  always  positive,  cos^/  and  cos  (A' —  ©')  must  have  the 

same  sign. 

We  also  have 

r'2  =  J'2  +  R*  —  2d'R  cos  V, 

which  may  be  put  in  the  form 

t»  =  (pf  sec  fi'  —  R  cos  4')2  +  R'2  sin2  +', 

from  which  we  get 


P'  sec  ft  =  R  cos  4'  ±  V  r'2  —  R2  sin2  4'.  (31) 

Substituting  for  p'  sec  ft'  its  value  given  by  equation  (32),  we  have 

For  brevity,  let  us  put 


and  we  shall  have 


_b+Pd 
C°  ~  1  +  P' 
1c 
■¥oQ  =  k 


(35) 


h0  —  ^  =  R  cos  *'  ±  vV»  —  R2  sin2  4'.  (36) 

When  the  values  of  P  and  Q  have  been  found,  this  equation  will 
give  the  value  of  r'  in  terms  of  quantities  derived  directly  from  the 
data  furnished  by  observation.  We  shall  now  represent  by  z'  the 
angle  at  the  planet  between  the  sun  and  earth  at  the  time  of  the 
second  observation,  and  we  shall  have 

/=*.""/.  (37) 

sinz 
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Substituting  this  value  of  /,  in  the  preceding  equation,  there  results 


R"8in»4 


i  i'' 


(38) 


(k0  —  R  cos  -4-')  sin  2'  =p  R  sin  4'  cos  z* 

ami  if  wo  put 

ij0  sin  Z  =  R'  sin  4', 

tj0  cos  C  =  £0  —  i?'  cos  4', 
m  — i 

the  condition  being  imposed  that  m0  shall  always  be  positive,  we 
have,  finally, 

sin  (2'  =F  C)  =  »fc  sin4  2'.  (40) 

In  order  that  m0  may  be  positive,  the  quadrant  in  which  £  is  taken 
must  be  such  that  ^0  shall  have  the  same  sign  as  l0,  since  sin  y'  is 
always  positive. 

From  equation  (37)  it  appears  that  sin  z'  must  always  be  positive, 
orc'<180°;  and  further,  in  the  plane  triangle  formed  by  joining 
the  actual  places  of  the  earth,  sun,  and  planet  or  comet  corresponding 
to  the  middle  observation,  we  have 


A'  = 


r  sin  (3'  +  4')       R'  sin  (V  +  4') 


Therefore, 


sin  4' 

_  R'  sin  (J  +  40 
sin/ 


cos/S7, 


(41) 


and,  since  />'  is  always  positive,  it  follows  that  sin  (2/  +  ^O  must  be 
positive,  or  that  z'  cannot  exceed  180°  —  i//- 

When  the  planet  or  comet  at  the  time  of  the  middle  observation  is 
both  in  the  node  and  in  opposition  or  conjunction  with  the  sun,  we 
shall  have  /5'  =  0,  i//  =  180°  when  the  body  is  in  opposition,  and 
a//  =  0°  when  it  is  in  conjunction.  Consequently,  it  becomes  impos- 
sible to  determine  r'  by  means  of  the  angle  z' ;  but  in  this  case  the 
equation  (36)  gives 

wrhen  the  body  is  in  opposition,  the  lower  sign  being  excluded  by  the 
condition  that  the  value  of  the  first  member  of  the  equation  must  be 
positive,  and  for  \J/  =  0, 

Ko      zn  —  ■"  —  r  > 


the  upper  sign  being  used  when  the  sun  is  between  the  earth  and  the 
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planet,  and  the  lower  sign  when  the  planet  is  between  the  earth  and 
the  sun.  It  is  hardly  necessary  to  remark  that  the  case  of  an  obser- 
vation at  the  superior  conjunction  when  /3'  =  0,  is  physically  impos- 
sible. The  value  of  r'  may  be  found  from  these  equations  by  trial ; 
and  then  we  shall  have 

when  the  body  is  in  opposition,  and 

P'  =  R'  —  r' 

when  it  is  in  inferior  conjunction  with  the  sun. 

For  the  case  in  which  the  great  circle  passing  through  the  extreme 
observed  places  of  the  body  passes  also  through  the  middle  place, 
which  gives  a0  =  0,  let  us  divide  equation  (32)  through  by  c,  and  we 
have 


\     ^  2r'3  /  1 


b  d 

_  p'  sec  /? 

J.   '  ■  i 


+  P 

The  equations  (17)  give 

6_i?sin(Q  —  K)  d_R"sm(Q"  —  K) 

~c~  B' sin (Q'—K)'  c  ~  i?'sin(0'  —  K)' 

and  if  we  put 


'.  +  pi 

c     '        c 


(-,}■ 


we  shall  have 


(*+£) 


e0-i  =  o, 


since  c  =  oo  when  a0  =  0.     Hence  we  derive 


=m 


(42) 


Co 

But  when  the  great  circle  passing  through  the  three  observed  places 
passes  also  through  the  second  place  of  the  sun,  both  c  and  C0  be- 
come indeterminate,  and  thus  the  solution  of  the  problem,  with  the 
given  data,  becomes  impossible. 

83.  The  equation  (40)  must  give  four  roots  corresponding  to  eacli 
sign,  respectively ;  but  it  may  be  shown  that  of  these  eight  roots  at 
least  four  will,  in  every  case,  be  imaginary.  Thus,  the  equation  may 
be  written 

m0  sin4  /  —  sin  z'  cos  C  =  =P  cos  z'  sin  C, 
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ami,  by  squaring  and  reducing,  this  become* 

»/»„'  sin8  z'  —  2ma  cos  C  sin5  2'  +  sin*  z'  —  sin*  C  =  0. 

When  £  is  within  the  limits  — 90°  and  +  90°,  cos£  will  be  positive 
and,  m„  being  always  positive,  it  appears  from  the  algebraic  sign-  of 
the  term  of  the  equation,  according  to  the  theory  of  equations,  that 
in  this  case  there  cannot  be  more  than  four  real  roots,  of  which  three 
will  be  positive  and  one  negative.  When  £  exceeds  the  limits  — 90c 
and  +  90°,  cos£  will  be  negative,  and  hence,  in  this  case  also,  there 
cannot  be  more  than  four  real  roots,  of  which  one  will  be  positive 
and  three  negative.  Further,  since  sin2  £  is  real  and  positive,  there 
must  be  at  least  two  real  roots — one  positive  and  the  other  negative 
— whether  cos  £  be  negative  or  positive. 

We  may  also  remark  that,  in  finding  the  roots  of  the  equation  (40), 
it  will  only  be  necessary  to  solve  the  equation 

sin  (2'  —:)=  m0  sin4  2',  (43) 

since  the  lower  sign  in  (40)  follows  directly  from  this  by  substituting 
180° — z'  in  place  of  z' ;  and  hence  the  roots  derived  from  this  will 
comprise  all  the  real  roots  belonging  to  the  general  form  of  the 
equation. 

The  observed  places  of  the  heavenly  body  only  give  the  direction 
in  space  of  right  lines  passing  through  the  places  of  the  earth  and 
the  corresponding  places  of  the  body,  and  any  three  points,  one  in 
each  of  these  lines,  which  are  situated  in  a  plane  passing  through  the 
centre  of  the  sun,  and  which  are  at  such  distances  as  to  fulfil  the 
condition  that  the  areal  velocity  shall  be  constant,  according  to  the 
relation  expressed  by  the  equation  (30)t,  must  satisfy  the  analytical 
conditions  of  the  problem.  It  is  evident  that  the  three  places  of  the 
earth  may  satisfy  these  conditions ;  and  hence  there  may  be  one  root 
of  equation  (43)  which  will  correspond  to  the  orbit  of  the  earth,  or 
give 

P'  =  0. 

Further,  it  follows  from  the  equation  (37)  that  this  root  must  be 

z'=180°  —  4'; 

and  such  would  be  strictly  the  case  if,  instead  of  the  assumed  values 
of  P  and  Q,  their  exact  values  for  the  orbit  of  the  earth  were  adopted) 
and  if  the  observations  were  referred  directly  to  the  centre  of  the 
earth,  in  the  correction  for  parallax,  neglecting  also  the  perturbations 
in  the  motion  of  the  earth. 
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In  the  case  of  the  earth, 


N  = 


BE"  sin  (©"—  ©)' 

ffiT  sin  (©"—©') 
RR'  sin  (©"—©)' 

and  the  complete  values  of  P  and  Q  become 

_   BR  sin (©'— Q) 
KB"  (sin  (©"—©')' 
„       „„„/##  sin(Q'-  Q)  +  ifi?"  sin(Q"-  ©')       i  \      - 
V_^\  i?iT  sin (©"-©)  /' 

and  since  the  approximate  values 

P=T,  Q  =  rr" 

differ  but  little  from  these,  as  will  appear  from  the  equations  (27)3, 
there  will  be  one  root  of  equation  (43)  which  gives  z'  nearly  equal 
to  180°  — ty.  This  root,  however,  cannot  satisfy  the  physical  con- 
ditions of  the  problem,  which  will  require  that  the  rays  of  light  in 
coming  from  the  planet  or  comet  to  the  earth  shall  proceed  from 
points  which  are  at  a  considerable  distance  from  the  eye  of  the 
observer.  Further,  the  negative  values  of  sin  z'  are  excluded  by  the 
nature  of  the  problem,  since  r'  must  be  positive,  or  z'  <  180°  ;  and 
of  the  three  positive  roots  which  may  result  from  equation  (43),  that 
being  excluded  which  gives  z'  very  nearly  equal  to  180°  —  -»]/,  there 
will  remain  two,  of  which  one  will  be  excluded  if  it  gives  z'  greater 
than  180°  —  ^/,  and  the  remaining  one  will  be  that  which  belongs, 
to  the  orbit  of  the  planet  or  comet.  It  may  happen,  however,  that 
neither  of  these  two  roots  is  greater  than  180°  — ^/,  in  which  case 
both  will  satisfy  the  physical  conditions  of  the  problem,  and  hence 
the  observations  will  be  satisfied  by  two  wholly  different  systems  of 
elements.  It  will  then  be  necessary  to  compare  the  elements  com- 
puted from  each  of  the  two  values  of  z'  with  other  observations  in 
order  to  decide  which  actually  belongs  to  the  body  observed. 

In  the  other  case,  in  which  cos  £  is  negative,  the  negative  roots 
being  excluded  by  the  condition  .that  r  is  positive,  the  positive  root 
must  in  most  cases  belong  to  the  orbit  of  the  earth,  and  the  three 
observations  do  not  then  belong  to  the  same  body.  However,  in  the 
case  of  the  orbit  of  a  comet,  when  the  eccentricity  is  large,  and  the 
intervals  between  the  observations  are  of  considerable  magnitude,  if 
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the  approximate  values  of  P  and  Q  are  computed  directly,  by  means 
of  approximate  element*  already  known,  from  the  equations 

p rr'  sin  (V —  u) 

o  =  2r/»  /  ^  sin  (tif-  n)  +  tV'  sin  (tif'-  it')      2  \ 
v  \  rr"  sin  (w" —  w)  / ' 

it  may  occur  that  cos£  is  negative,  and  the  positive  root  will  actually 
belong  to  the  orbit  of  the  comet.  The  condition  that  one  value  of 
:'  shall  be  very  nearly  equal  to  180°  — -v//,  requires  that  the  adopted 
values  of  P  and  Q  shall  differ  but  little  from  those  derived  directly 
from  the  places  of  the  earth;  and  in  the  case  of  orbits  of  small 
eccentricity  this  condition  will  always  be  fulfilled,  unless  the  intervals 
between  the  observations  and  the  distance  of  the  planet  from  the  sun 
are  both  very  great.  But  if  the  eccentricity  is  large,  the  difference; 
may  be  such  that  no  root  will  correspond  to  the  orbit  of  the  earth. 

84.  We  may  find  an  expression  for  the  limiting  values  of  m0  and 
£,  within  which  equation  (43)  has  four  real  roots,  and  beyond  which 
there  are  only  two,  one  positive  and  one  negative.  This  change  in 
the  number  of  real  roots  will  take  place  when  there  are  two  equal 
roots,  and,  consequently,  if  we  proceed  under  the  supposition  that 
equation  (43)  has  two  equal  roots,  and  find  the  values  of  m0  and  £ 
which  will  accord  with  this  supposition,  we  may  determine  the  limits 
required. 

Differentiating  equation  (43)  with  respect  to  z',  we  get 

cos  (z1  —  C)  =  4m0  sinV  cos  / ; 

and,  in  the  case  of  equal  roots,  the  value  of  z'  as  derived  from  this 
must  also  satisfy  the  original  equation 

sin  {z1  —  C)  =  m0  sin  V. 

To  find  the  values  of  m0  and  £  which  will  fulfil  this  condition,  if  we 
eliminate  m0  between  these  equations,  we  have 

sin  z1  cos  (/  —  C)  =  4  cos  /  sin  (z1  —  f ), 

from  which  we  easily  find 

sin  (2/  —  0  =  1  sin  t  (45) 

This  gives  the  value  of  £  in  terms  of  z'  for  which  equation  (43)  has 
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equal  roots,  and  at  which  it  ceases  to  have  four  real  roots.  To  find 
the  corresponding  expression  for  m0,  we  have 

_  sin  (z'  —  C) cos  (z'  —  C) 

0  ~       sin  V        —  4  sin  V  cos  z7' 

in  which  we  must  use  the  value  of  £  given  by  the  preceding  equation. 

Now,  since  sinks'  —  £)  must  be  within  the  limits  —  1  and  +  1,  the 

limiting  values  of  sin£  will  be  +  §  and  — f,  or  £  must  be  within  the 

limits  +  36°  52'.2  and  —  36°  52'.2,  or  143°  7'.8  and  216°  52'.2.     If 

£  is  not  contained  within  these  limits,  the  equation  cannot  have  equal 

roots,  whatever  may  be  the  value  of  ra0,  and  hence  there  can  only  be 

two  real  roots,  of  which  one  will  be  positive  and  one  negative.     If 

for  a  given  value  of  £  we  compute  z'  from  equation  (45),  and  call 

this  z0',  or 

sin  (>,'  —  C)=|  sin  C, 

we  may  find  the  limits  of  the  values  of  m0,  within  which  equation 
(43)  has  four  real  roots.  The  equation  for  z/  will  be  satisfied  by 
the  values 

2<-:,  180°  _(2z0'-:); 

and  hence  there  will  be  two  values  of  ra0,  which  we  will  denote  by 
mj  and  m2,  for  which,  with  a  given  value  of  £,  equation  (43)  will 
have  equal  roots.     Thus  we  shall  have 

_        sin(z0'  — C) 


and,  putting  in  this  equation  180°  —  (2z0' —  £)  instead  of  2z0'  —  £,  or 
90°  —  (V  —  C)  in  place  of  z0', 

cos  z0' 

w*~cos«  (*/-:)• 

It  follows,  therefore,  that  for  any  given  value  of  £,  if  m0  is  not 
within  the  limits  assigned  by  the  values  of  ml  and  m2,  equation  (43) 
will  only  have  two  real  roots,  one  positive  and  one  negative,  of 
which  the  latter  is  excluded  by  the  nature  of  the  problem,  and  the 
former  may  belong  to  the  orbit  of  the  earth.  But  if  P  and  Q  differ 
so  much  from  their  values  in  the  ease  of  the  orbit  of  the  earth  that 
.'  is  not  very  nearly  equal  to  180°  — ^f,  the  positive  root,  when  £ 
exceeds  the  limits  +  36°  52\2  and  —  36°  52'.2,  may  actually  satisfy 
the  conditions  of  the  problem,  and  belong  to  the  orbit  of  the  body 
observed. 

ic 
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When  C  "  within  the  limits  143°  7'.8  and  216°  52'.2,  there  will 
be  four  real  roots,  one  positive  and  three  negative,  if  m0  is  within  the 
limits  m,  and  m, ;  but,  if  tfr0  surpasses  these  limits,  there  will  be  only 
two  real  roots. 

Table  XII.  contains  for  values  of  C  from  —  36°  52'.2  to  +  36°  52'.2 
the  values  of  ml  and  m2,  and  also  the  values  of  the  four  real  roots 
corresponding  respectively  to  ml  and  ra2. 

In  every  case  in  which  equation  (43)  has  three  positive  roots  and 
one  negative  root,  the  value  of  m0  must  be  within  the  limits  indicated 
by  m,  and  m^  an(^  the  values  of  z'  will  be  within  the  limits  indicated 
by  the  quantities  corresponding  to  m,  and  m2  for  each  root,  which 
we  designate  respectively  by  z/,  z2',z3',  and  z/.  The  table  will  show, 
from  the  given  values  of  m0  and  180°  — ^',  whether  the  problem 
admits  of  two  distinct  solutions,  since,  excluding  the  value  of  z', 
which  is  nearly  equal  to  180°  — t^/,  and  corresponds  to  the  orbit  of 
the  earth,  and  also  that  which  exceeds  180°,  it  will  appear  at  once 
whether  one  or  both  of  the  remaining  two  values  of  z'  will  satisfy 
the  condition  that  z'  shall  be  less  than  180°  —  ty.  The  table  will 
also  indicate  an  approximate  value  of  z',  by  means  of  which  the 
equation  (43)  may  be  solved  by  a  few  trials. 

For  the  root  of  the  equation  (43)  which  corresponds  to  the  orbit 
of  the  earth,  we  have  p'  =  0,  and  hence  from  (36)  we  derive 

K°~  I?3 
Substituting  this  value  for  k0  in  the  general  equation  (32),  we  have 

p' sec /r  =  l0l^-3  —  -^y, 

and,  since  p'  must  be  positive,  the  algebraic  sign  of  the  numerical 
value  of  /0  will  indicate  whether  r'  is  greater  or  less  than  R' .  It  is 
easily  seen,  from  the  formulae  for  /0,  b,  d,  &c,  that  in  the  actual 
application  of  these  formula?,  the  intervals  between  the  observations 
not  being  very  large,  l0  will  be  positive  when  ft' — ft0  and  sin  (©' — K) 
have  contrary  signs,  and  negative  when  ft'  —  ft0  has  the  same  sign  as 
8^(0'  —  K).  Hence,  when  O'  —  K  is  less  than  180°,  r'  must  be 
less  than  R'  if  ft'  —  fi0  is  positive,  but  greater  than  R'  if  ft'  —  ft0  is 
negative.  When  O'  —  K  exceeds  180°,  r'  will  be  greater  than  R' 
if  ft'  —  ft0  is  positive,  and  less  than  R'  if  ft'  —  ft0  is  negative.  We 
may.  therefore,  by  means  of  a  celestial  globe,  determine  by  inspection 
whether  the  distance  of  a  comet  from  the  sun  is  greater  or  less  than 


DETERMINATION   OP   AN   ORBIT.  243 

that  of  the  earth  from  the  sun.  Thus,  if  we  pass  a  great  circle 
through  the  two  extreme  observed  places  of  the  comet,  r'  must  be 
greater  than  R'  when  the  place  of  the  comet  for  the  middle  observa- 
tion is  on  the  same  side  of  this  great  circle  as  the  point  of  the 
ecliptic  which  corresponds  to  the  place  of  the  sun.  But  when  the 
middle  place  and  the  point  of  the  ecliptic  corresponding  to  the  place 
of  the  sun  are  on  opposite  sides  of  the  great  circle  passing  through 
the  first  and  third  places  of  the  comet,  r'  must  be  less  than  R' . 

85.  From  the  values  of  //  and  r'  derived  from  the  assumed  values 

■ 
P  =  —  and   Q  =  tt",  we  mav  evidently  derive  more  approximate 

values  of  these  quantities,  and  thus,  by  a  repetition  of  the  calcula- 
tion, make  a  still  closer  approximation  to  the  true  value  of  //.  To 
derive  other  expressions  for  P  and  Q  which  are  exact,  provided  that 
r'  and  p'  are  accurately  known,  let  us  denote  by  s"  the  ratio  of  the 
sector  of  the  orbit  included  by  r  and  r'  to  the  triangle  included  by 
the  same  radii-vectores  and  the  chord  joining  the  first  and  second 
places ;  by  s'  the  same  ratio  with  respect  to  r  and  r"}  and  by  s  this  » 

ratio  with  respect  to  r'  and  r" .     These  ratios  s,  s',  s"  must  neces-         -,  &^) 
sarily  be  greater  than  1,  since  every  part  of  the  orbit  is  concave  y  & 

toward  the  sun.  According  to  the  equation  (30)u  we  have  for  the 
areas  of  the  sectors,  neglecting  the  mass  of  the  body, 

_  _ 

i*"i/p,  ¥Vp>  \tVv> 

and  therefore  we  obtain 

s"[rr']=T"l/p,  s'  [rV]  =  t'  ^p,  s  [r'r"]  =  r  y'p.      (46) 

Then,  since 


we  shall  have 
and,  consequently, 


n  — "jWT  ~"[rr"]' 


T      8'  „         t"     8' 

n  —  zr  •  — 

8  T       8 


n  =  7'7  n"  =  7-^>  W 


T"       8 
T      8" 


•-ZW+Sr-fy*  (48> 

Substituting  for  s,  sf,  and  s"  their  values  from  (46),  we  have 


[tV]  .  [rr"]  .  [rV]       8s"  v *' 
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The  angular  distance  between  the  perihelion  and  node  being  denoted 
by  w,  the  polar  equation  of  the  conic  section  gives 


—  =  1  +  e  cos  (u  —  to), 
r 

P 

±j  =  1  +  e  cos  (w'  —  o>), 
r 

P 
■^jj- ==  1  -\-  e  cos  (w"  —  (u). 


(50) 


If  we  multiply  the  first  of  these  equations  by  sin  {u" —  uf),  the  second 
by  — sin  [u"  —  u),  and  the  third  by  sin  (uf  —  u),  add  the  products 
and  reduce,  we  get 

*0  *d  jy 

—  sin  (V '  —  u')  —  —,  sin  (u"  —  u)  -f-  ~  sin  (u'  —  u)  =  sin  Qu"  —  it') 
r  r  r 


and,  since 


—  sin  (u"  —  u)  +  sin  (V  —  u)  ; 


sin  (u"  —  «')  =  2  sin  4  (w"  —  w')  cos  £  (ti"  —  u'), 

sin  (m" —  w)  —  sin  (V —  it)  =  2  sin  A  (u" —  u')  cos  £  (w"  +  w' —  2u), 

the  second  member  reduces  to 

4  sin  3  (w"  —  «')  sin  i  (w"  —  u)  sin  ^  (w'  —  it). 

Therefore,  we  shall  have 

4rr'r"  sin  ^  (w"  —  u')  sin  ^  (w"  —  u)  sin  2  (it'  —  u) 
r'r"  sin  (w" —  v!)  —  rr"  sin  (it" —  u)  -f-  vV  sin  (it' —  w)' 

If  we  multiply  both  numerator  and  denominator  of  this  expression 

by 

2rr'r"  cos  £-  (it"  —  it')  cos  \  (w"  —  u)  cos  -\  (u'  —  u), 

it  becomes,  introducing  [rr''],  [rr"],  and  [rV], 

[/r"]  .  [rr"-)  .  [rr']      1 

P  ~  [tV]  +  [rr"}  —  [rr"}  '  2rr'r"  cos  2  (it"— w')  cos  A  {u"—u)  cos  £  (V— it)' 

Substituting  this  value  of  p  in  equation  (49),  it  reduces  to 


«  =  5r 


7- 


««"  '  rr"  cos  g  (it"  —  u')  cos  2  (w"  —  u)  cos  2  (w'  —  u)' 


(51) 


86.  If  we  compare  the  equations  (47)  with  the  formula  (28)3,  we 
derive 


*" 
~  =  1 

a 


r- 


+i 


(t»  +  t"»)     rfr/ 


£r'* 


eft 


(52) 
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Consequently,  in  the  first  approximation,  we  may  take 


ii=i. 


If  the  intervals  of  the  times  are  not  very  unequal,  this  assumption 
will  differ  from  the  truth  only  in  terms  of  the  third  order  with  respect 
to  the  time,  and  in  terms  of  the  fourth  order  if  the  intervals  are 
equal,  as  has  already  been  shown.  Hence,  we  adopt  for  the  first 
approximation, 

T 

the  values  of  r  and  ~"  being  computed  from  the  uncorrected  times 
of  observation,  which  may  be  denoted  by  t0,  t0ff  and  t0".  "With  the 
values  of  P  and  Q  thus  found,  we  compute  r',  and  from  this  />',  p, 
and  p",  by  means  of  the  formulas  already  derived. 

The  heliocentric  places  for  the  first  and  third  observations  may 
now  be  found  from  the  formulas  (71)3  and  (72)3,  and  then  the  angle 
u"  —  u  between  the  radii-vectores  r  and  r"  may  be  obtained  in 
various  ways,  precisely  as  the  distance  between  two  points  on  the 
celestial  sphere  is  obtained  from  the  spherical  co-ordinates  of  these 
points.     When  u"  —  u  has  been  found,  we  have 

sin  (u" —  vT)  =  -*■  sin  (u"  —  u), 

ll'r"  (53) 

sin  (v!  —  u)  =  — j—  sin  (u"  —  u), 
r 

from  which  u"  —  u'  and  u'  —  u  may  be  computed.  From  thest 
results  the  ratios  s  and  s"  may  be  computed,  and  then  new  and  more 
approximate  values  of  P  and  Q.  The  value  of  u"  —  u,  found  by 
taking  the  sum  of  u"  —  u'  and  u'  —  u  as  derived  from  (53),  should 
agree  with  that  used  in  the  second  members  of  these  equations, 
within  the  limits  of  the  errors  which  may  be  attributed  to  the 
logarithmic  tables. 

The  most  advantageous  method  of  obtaining  the  angles  between 
the  radii-vectores  is  to  find  the  position  of  the  plane  of  the  orbit 
directly  from  I,  I",  b,  and  6",  and  then  compute  ?t,  u',  and  u"  directly 
from  Q  and  i,  according  to  the  first  of  equations  (82)!.  It  will  be 
expedient  also  to  compute  r',  V  and  b'  from  //,  )J,  and  /3',  and  the 
agreement  of  the  value  of  r',  thus  found,  with  that  already  obtained 
from  equation  (37),  will  check  the  accuracy  of  part  of  the  numerical 
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calculation.  Further,  since  the  three  places  of  the  body  must  be  in 
a  plane  passing  through  the  centre  of  the  sun,  whether  P  an«l  Q  an 
exact  or  only  approximate,  we  must  also  have 

tan  b'  =  tan  i  sin  (J!  —  & ), 

and  the  value  of  b'  derived  from  this  equation  must  agree  with  that 
computed  directly  from  p'}  or  at  least  the  difference  should  not  ex- 
what  may  be  due  to  the  unavoidable  errors  of  logarithmic  calcula- 
tion. 

We  may  now  compute  n  and  n"  directly  from  the  equations 

_rV"sin(w" — u')  „ rr'sin(w' — u)  .     . 

rr  sin  (w  —  u)  rr  sin  (u  —  u) 

but  when  the  values  of  u,  uf,  and  u"  are  those  which  result  from  the 
assumed  values  of  P  and  Q,  the  resulting  values  of  n  and  n"  will 
only  satisfy  the  condition  that  the  plane  of  the  orbit  passes  through 
the  centre  of  the  sun.  If  substituted  in  the  equations  (29),  they  will 
only  reproduce  the  assumed  values  of  P  and  Q,  from  which  they 
have  been  derived,  and  hence  they  cannot  be  used  to  correct  them. 
If,  therefore,  the  numerical  calculation  be  correct,  the  values  of  n 
and  n"  obtained  from  (54)  must  agree  with  those  derived  from  equa- 
tions (31),  within  the  limits  of  accuracy  admitted  by  the  logarithmic 
tables. 

The  differences  u"  —  u'  and  u'  —  u  will  usually  be  small,  and 
hence  a  small  error  in  either  of  these  quantities  may  considerably 
affect  the  resulting  values  of  n  and  n".  In  order  to  determine 
whether  the  error  of  calculation  is  within  the  limits  to  be  expected 
from  the  logarithmic  tables  used,  if  we  take  the  logarithms  of  both 
members  of  the  equations  (54)  and  differentiate,  supposing  only  n, 
n",  and  u'  to  vary,  we  get 

d  log.n   =  —  cot  (u"  —  v!)  du', 
d  logew"  =  +  cot  (v!  —  u)  du'. 

Multiplying  these  by  0.434294,  the  modulus  of  the  common  system 
of  logarithms,  and  expressing  du'  in  seconds  of  arc,  we  find,  in  units 
of  the  seventh  decimal  place  of  common  logarithms, 

d  log  n  =  —  21.055  cot  (n"  —  v!)  du', 
d  log  n"  =  -f-  21.055  cot  («'  —  u)  du'. 

If  we  substitute  in  these  the  differences  between  log  n  and  log  n"  as 
found  from  the  equations  (54),  and  the  values  already  obtained  by 
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means  of  (31),  the  two  resulting  values  of  du'  should  agree,  and  the 
magnitude  of  du'  itself  will  show  whether  the  error  of  calculation 
exceeds  the  unavoidable  errors  due  to  the  limited  extent  of  the 
logarithmic  tables.  When  the  agreement  of  the  two  results  for  n 
and  n"  is  in  accordance  with  these  conditions,  and  no  error  has  been 
made  in  computing  n  and  n"  from  P  and  Q  by  means  of  the  equa- 
tions (31),  the  accuracy  of  the  entire  calculation,  both  of  the  quan- 
tities which  depend  on  the  assumed  values  of  P  and  Q,  and  of  those 
which  are  obtained  independently  from  the  data  furnished  by  observa- 
tion, is  completely  proved. 

87.  Since  the  values  of  n  and  n"  derived  from  equations  (54) 
cannot  be  used  to  correct  the  assumed  values  of  P  and  Q,  from 
which  r,  r',  u,  u',  &c.  have  been  computed,  it  is  evidently  necessary 
to  compute  the  values  for  a  second  approximation  by  means  of  the 
series  given  by  the  equations  (26)3,  or  by  means  of  the  ratios  s  and 
s".  The  expressions  for  n  and  n"  arranged  in  a  series  with  respect 
to  the  time  involve  the  differential  coefficients  of  r'  with  respect  to  t, 
and,  since  these  are  necessarily  unknown,  and  cannot  be  conveniently 
determined,  it  is  plain  that  if  the  ratios  s  and  s"  can  be  readily  found 
from  r,  rf,  r",  u,  u' ,  u",  and  r,  r',  ~" ,  so  as  to  involve  the  relation 
between  the  times  of  observation  and  the  places  in  the  orbit,  they 
may  be  used  to  obtain  new  values  of  P  and  Q  by  means  of  equations 
(48)  and  (51),  to  be  used  in  a  second  approximation. 
•  Let  us  now  resume  the  equation 

31=  E —  e  sin  P, 
or 

h(t—  T) 


a* 

and  also  for  the  third  place 

k(tr—  T) 


E  —  e  sin  E, 


E"—esmE". 


a? 
Subtracting,  we  get 

4  =  E"  —  E  —  2e  sin  |  (E"  —  E)  cos  |  (P"  +  P).  (55; 

This  equation  contains  three  unknown  quantities,  a,  e,  and  the  dif- 
ference E"  —  E.  We  can,  however,  by  means  of  expressions  in- 
volving r,  r",  u,  and  u",  eliminate  a  and  e.  Thus,  since  p  =  a(l  — r), 
we  have 

JVp  =  aVl^1  (P"  —  P  —  2e sin | (P"  —  P)  eos  J  (E"  +  P)).  (56) 
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From  the  equations 

l/rsin  £ v  =  */a(l  +  e)  sin  I E,  VV'  sin  \ v"  =  i/o(l+e)  sin  £ £"', 

V"r cos \v  =  l/a(l— e)  cos AJ57,  l/r" cos |V  =  l/a(l— e) cos ££", 

since  »" —  v  =  un  —  ui  we  easily  derive 

VW  sin  £  (tt"  —  u)  =  aVT=?  sin  |  (£"  —  £),  (57) 

and  also 

a  cos  A  (E"  —E)  —  ae  cos  £  (£"  +  E)  =  VW'  cos  \  (tt"  —  tt), 


or 


e  cos  £  (£"  +  E)  =  cos  |  CE"  —  E) 


l/rr"  cos  £ (vy—u) 


(58) 


Substituting  this  value  of  ecos$(.E'"+  E)  in  equation  (56),  we  get 

r'V~V  =  a'/r^i"2  (£"  —  £  —  sin  (J0"  —  £)) 

+  2a]/I^72  sin  &  (£"  —  £)  cos \  (tt"  —  u)  VW' , 

and  substituting,  in  the  last  term  of  this,  for  aV\  —  e2,  its  value  from 
(57),  the  result  is 

t'  V'p  =  aVT^2  (E"  —  E  —  sin  {E"  —  E))  +  rr"  sin  (tt"  —  tt).    (59> 
From  (57)  we  obtain 

^/T-?  -  -  -  (1/^  8in  *  {u"  ~  u)? 
sin3  $(E"-E)      ' 


J> 


or 


.      /      rr"  sin  (tt"  —  tt)      \8  1 

aVl  —  e1  =  \  2i/—r,  cos  ^  ^__  ^  |  ^  g.n,  ^  (£„  _ 


E) 


Therefore,  the  equation  (59)  becomes 


-      1    E"  —  E  —  8m(E"—E)i 
rfVp  =  -'-      B[U»£(E"  —  E) 


I  \rf  \ v 

\2VVr"  cos £(**"  —  «)/ 


Let  x'  be  the  chord  of  the  orbit  between  the  first  and  third  places, 
and  we  shall  have 

x'2  =  (r  +  r")2  —  4rr"  cos1  -}  (tt"  —  w). 
Now,  since  the  chord  xf  can  never  exceed  r  +  r"}  we  may  put 

x'  =  (r  +  r")sinr',  (61) 

and  from  this,  in  combination  with  the  preceding  equation,  we  derive 

iVr?'  cos  \  (m"  —  tt)  =  (r  +  r")  cos  y.  (fiZ) 
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T*    /- 

Substituting  this   value,   and   [rr"']  =  -7  V p,   in   equation    (60),   it 

reduces  to 

E"-E-sin(E"-E)  r"  1        1  _ 

sin*  i  (.E"  —  E)         '  (r  +  r")8  cos8  /  *  7*  "^  i7  ~~  ^     ; 

The  elements  a  and  e  are  thus  eliminated,  but  the  resulting  equation 
involves  still  the  unknown  quantities  E" — bands'.  It  is  neces- 
sary, therefore,  to  derive  an  additional  equation  involving  the  same 
unknown  quantities  in  order  that  E" — E  maybe  eliminated,  and 
that  thus  the  ratio  sr,  which  is  the  quantity  sought,  may  be  found. 
From  the  equations 

r  =  a  —  ae  cos  E,  r"  =  a  —  ae  cos  E", 

we  get 

r"  +  r  =  2a  —  2ae  cos  A  {E"  +  E)  cos  ±  {E"  —  E). 

Substituting  in  this  the  value  of  e  cos$(jE,//+  E)  from  (58),  we  have 

r"  +  r  =  2a  sin2 1  (E"  —  E)  +  2V rr77  cos  a  («?  —  tt)  cos  I  (E"  —  E), 
and  substituting  for  sin  £(-£"" —  E)  its  value  from  (57),  there  results 

r"+  r==2^'sm40"  —  ^)  _j_  2l/^7 cog ^  ^_ w)  (1_2 gin2 ^  (Ei__K)y 

But,  since  . 

2rr"smmu"—  u)  _  ({rr"])*  _2r'2  / 1 vJ 

i>  ~~  2prr"  cos2  £  (u"  —  u)  ~  s'2  \  2Vr7'  cos  A  (u"—u)  ) ' 

we  have 

r  +  ^  ~  l£  •  (r  +0>  cos2  /  +  (r  +  /0  C0S  r' (1  ~  2  sin'  *  (  J"  ~  g»' 

from  which  we  derive 

sin2  i  (£"  -  £)  =  4  •  ,     ,     C      ,  ,  ~  B^r>  (64) 

s  *     (r  -j-  r  )3  cos*  f         cos  / 

which  is  the  additional  equation  required,  involving  E" — i?and  s' 
as  unknown  quantities. 
Let  us  now  put 

,  sinHCE"  —  E) 

V~E"  —  E—sm(E"  —  E)' 

(05) 


(r  +  r")»cosV 

sin2 .],/ 
cos/ 
af  =  Binii(E"—  E), 


J  = 3-» 

cos  y 
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and  the  equations  (63)  and  (64)  become 

af  —  —  —  f 


(66) 


When  the  value  of  y'  is  known,  the  first  of  these  equations  will 
enable  us  to  determine  $',  and  hence  the  value  of  x',  or  sin2\(E,f — K), 
from  the  last  equation. 

The  calculation  of  y'  may  be  facilitated  by  the  introduction  of  an 
additional  auxiliary  quantity.     Thus,  let 


tan/ 


-£ 


(67) 


and  from  (62)  we  find 


2l/rr" 
cos  y'  =  cos  I  (u"  —  w)     „  =  2  cos  £  («"  —  w)  cos2/  tan  /, 


or 

We  have,  also, 
which  gives 


cos  /  =  sin  2/'  cos  |  (w"  —  u). 
x'*  =  (r  -f-  r")2  —  4rr"  cos2 1  (u"  —  w), 
x'2  =  0  —  r")2  +  4rr"  sin2 1  (w"  —  w). 


(68) 


Multiplying  this  equation  by  cos2£(m" —  u)  and  the  preceding  one 
by  sin2£(w" —  v),  and  adding,  we  get 

x'2  =  (r  +  r")2  sin2  J  (w"  —  «)  -f  (r  —  r")2  cos2  £  (w"  —  it).       (69) 


From  (67)  we  get 
and,  therefore, 


cos2/ 


r  -j-  r 


sin2/ 


r  +  t 


>/' 


cos  2/  = 


r  —  r 


r  -f-  r"' 


so  that  equation  (69)  may  be  written 

x'2 
-, — — ttt-  ss  sin2  /  =  sin2 1  (u"  —  u)  +  cos2  2/  cos2  A  (w"  —  w). 
(r  +  r  y 

We  may,  therefore,  put 

sin  •/  cos  6?'  =  sin  h  (it!'  —  u), 

sin  /sin  6r '  =  cos  },  (u"  —  u)  cos  2/, 

cos  /  =  cos  i  (w"  —  w)  sin  2/, 


(70) 


DETERMINATION   OF   AN   ORBIT.  251 

from  which  f  may  be  derived  by  means  of  its  tangent,  so  that  sin  yf 
shall  be  positive.  The  auxiliary  angle  G'  will  be  of  subsequent  use 
in  determining  the  elements  of  the  orbit  from  the  final  hypothesis  for 
P  and  Q. 

88.  We  shall  now  consider  the  auxiliary  quantity  y'  introduced 
into  the  first  of  equations  (66).     For  brevity,  let  us  put 

g  =  l{E"-E), 
and  we  shall  have 

,  sin3  a 


2g  —  sin  2g 
This  gives,  by  differentiation, 


jf  J    J       2g  —  sm2g 

or 

di/ 

-jL.  =  3^'  cot  g  —  4y'2  cosec  g. 

The  last  of  equations  (65)  gives  x'=si\\2\g,  and  hence 

-~  =  2  cosec  q. 
dx1  * 

Therefore  we  have 

dxf  _  6/  cos  g  —  Sy'2  _  3  (1  —  2aQ  xf  —  \y"1 


dx'  sXtfg  2x,(l  —  x') 

It  is  evident  that  we  may  expand  y'  into  a  series  arranged  in  refer- 
ence to  the  ascending  powers  of  x',  so  that  we  shall  have 

xf  =  a  +  &  +  yx'2  +  dx'3  +  exu  +  Cz'5  +  &c. 

Differentiating,  we  get 

%  =  ,3  +  2rx>  +  BSx"'  +  4sx'3  +  5Ca/*  +  &c, 
ax 

dxf 
and  substituting  for  -A  the  value  already  obtained,  there  results 

2px'  +  (4r  —  2?)  x"  +  (6*  —  Ay)  x'3  +  (8e  —  68)  x"  +  (10:  —  8s )  x'*+  &c. 
=  (3o  —  4a2)  +  (3,5  —  6a  —  8a/9)  x'  +  (Sy  —  6/9  —  4/5>  —  8ay)  X* 
+  (3<J  —  6y  —  8j3r  —  8a8)  x'3  +  (8t  —  68  —  4f  —  8,38  —  8a£)  x'* 
+  (3C  —  6r  —  8r8  —  8/3*  —  8aC)  x'&  +  &c. 

Since  the  coefficients  of  like  powers  of  x'  must  be  equal,  we  nave 

3a  —  4a2  =  0,  3/9  —  6a  —  8o/9  =  2/9, 

3r  —  6/3  —  4,3J  —  8*y  =  2  (2r  —  fi),  &c. ; 
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and  hence  we  derive 


•  =  |»  fi  =  —  vft, 

*=ifii!»  c- 

Therefore  we  have 


;?«> 


;.,. 


3*1 


0  —  B75» 

</2  4 


+  2-mf?</l^^6  +  &c.  (71) 

If  we  multiply  through  by  ig0,  and  put 


we  obtain 


& 2    JJJ 52      ~'S     I       1384    r'*     I        59088     ~'5 

+  3?38Il«8^f^'6  +  &c,  (72) 

W-g +*'  =  £'•  (73) 

Combining  this  with  the  second  of  equations  (66),  the  result  is 


If  we  put 
we  shall  have 


W +  £  =  §+/  +  *'. 


l+7+r 

'<.'* 


(74) 


Vo 


m 


V  8 


But  from  the  first  of  equations  (6Q)  we  get 


m 


and  therefore  we  have 


(75) 


As  soon  as  rf  is  known,  this  equation  will  give  the  corresponding 
value  of  s'. 

Since  £'  is  a  quantity  of  the  fourth  order  in  reference  to  the  differ- 
ence \  (E"  —  E),  we  may  evidently,  for  a  first  approximation  to  the 
value  of  r/,  take 


m 


v  =r 


+/ 


and  with  this  find  «'  from  (75),  and  the  corresponding  value  of  x' 
from  the  last  of  equations  (66).  With  this  value  of  x'  we  find  the 
corresponding  value  of  £',  and  recompute  rf ',  s',  and  a;' ;  and,  if  thfl 
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value  of  £'  derived  from  the  last  value  of  x'  differs  from  that  already 
used,  the  operation  must  be  repeated. 

It  will  be  observed  that  the  series  (72)  for  £'  converges  with  great 
rapidity,  and  that  for  E" —  J^=94°  the  term  containing  x'6  amounts 
to  only  one  unit  of  the  seventh  decimal  place  in  the  value  of  £'.  Table 
XIV.  gives  the  values  of  £'  corresponding  to  values  of  x'  from  0.0 
to  0.3,  or  from  E"  —  E=0  to  £"  —  £=132°  50'.6.  Should  a 
case  occur  in  which  E"  —  E  exceeds  this  limit,  the  expression 

y       E"— E  — sin  (E"—E) 

may  then  be  computed  accurately  by  means  of  the  logarithmic  tables 
ordinarily  in  use.  An  approximate  value  of  x'  may  be  easily  found 
with  which  y'  may  be  computed  from  this  equation,  and  then  £'  from 
(73).  With  the  value  of  £'  thus  found,  rf  may  be  computed  from 
(74),  and  thus  a  more  approximate  value  of  x'  is  immediately 
obtained. 

The  equation  (75)  is  of  the  third  degree,  and  has,  therefore,  three 
roots.  Since  s'  is  always  positive,  and  cannot  be  less  than  1,  it 
follows  from  this  equation  that  r/  is  always  a  positive  quantity.  The 
equation  may  be  written  thus :  /w-W 

and  there  being  only  one  variation  of  sign,  there  can  be  only  one 
positive  root,  which  is  the  one  to  be  adopted,  the  negative  roots  being 
excluded  by  the  nature  of  the  problem.  Table  XIII.  gives  the 
values  of  logs'2  corresponding  to  values  of  rf  from  ?/=0  to  ^'=0.6. 
When  r/  exceeds  the  value  0.6,  the  value  of  s'  must  be  found  directly 
from  the  equation  (75). 

89.  We  are  now  enabled  to  determine  whether  the  orbit  is  an 
ellipse,  parabola,  or  hyperbola.  In  the  ellipse  x  =  sin2  \  {E"  —  E) 
is  positive.  In  the  parabola  the  eccentric  anomaly  is  zero,  and  hence 
x  =  0.  In  the  hyperbola  the  angle  which  we  call  the  eccentric 
anomaly,  in  the  case  of  elliptic  motion,  becomes  imaginary,  and 
hence,  since  sin  \  {E"  —  E)  will  be  imaginary,  x'  must  be  negative. 
It  follows,  therefore,  that  if  the  value  of  x'  derived  from  the  equa- 
tion 

J—  — _  9 

is  positive,  the  orbit  is  an  ellipse ;  if  equal  to  zero,  the  orbit  is  a 
parabola ;  and  if  negative,  it  is  a  hyperbola. 


v^~"V 
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For  the  ease  of  parabolic  motion  we  have  x'  =  0,  and  the  second 
of  equations  (66)  gives 

""---  (76) 


m 

=7 


If  we  eliminate  s'  by  means  of  both  equations,  since,  in  this  case, 
y'  —  f,  we  get 

»'*=/* +  -J/I. 

Substituting  in  this  the  values  of  m  and  I  given  by  (65),  we  obtain 
3r' 


which  gives 


(r  -f  r")! 
6r' 


—  =  3  sin  \r'  cos  r'  +  4  sin3  \y, 


— — -  =  6  sin  y  cos*  y  +  2  sin8  ^, 
(r  -f-  r  )* 


or 


6r' 


—  =  (sin  i/  +  cos  y')s  +  (sin  \y'  —  cos  A/)8. 


(r  +  f")s 
This  may  evidently  be  written 

^^  =  (l  +  sin/)^(l-sin/)l, 

the  upper  sign  being  used  when  -f  is  less  than  90°,  and  the  lower 
sign  when  it  exceeds  90°.  Multiplying  through  by  (r  +  »*")£,  an(^ 
replacing  (r  +  r")  sin  f  by  x,  we  obtain 

6r'  =  (r  +  r"  +  *)l ■  =f  (f  +  **  -  *)*, 

which  is  identical  with  the  equation  (56)3  for  the  special  case  of 
parabolic  motion. 

Since  x'  is  negative  in  the  case  of  hyperbolic  motion,  the  value  of 
c'  determined  by  the  series  (72)  will  be  different  from  that  in  the 
case  of  elliptic  motion.  Table  XIV.  gives  the  value  of  c'  corre- 
sponding to  both  forms;  but  when  x'  exceeds  the  limits  of  this  table, 
it  will  be  necessary,  in  the  case  of  the  hyperbola  also,  to  compute  the 
value  of  £'  directly,  using  additional  terms  of  the  series,  or  we  may 
modify  the  expression  for  y'  in  terms?  of  E"  and  E  so  as  to  be 
applicable. 

If  we  compare  equations  (44)x  and  (56),,  we  get 

tan  \E  =  V^l  tan  ^F; 
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and  hence,  from  (58),, 


g  —  1 
•+"1 


tan^=   T-^4V~—i. 


We  have,  also,  by  comparing  (65)x  with  (41)^  since  a  is  negative  in 
the  hyperbola, 

COS  E  =  — t; , 

which  gives 

sin£=^=- V=^i. 
2<r 

Now,  since 

cos  E  +  i/=^l  sin  E  =  e  *~\ 

in  which  e  is  the  base  of  Naperian  logarithms,  we  have 

E  V~^\  =  loge (cos E  +  V—\  sin  .E), 
which  reduces  to 


or 


EV-l  =  \oge-, 
°  a 

E=V/:^llogtff. 


By  means  of  these  relations  between  E  and  <r,  the  expression  for  yf 
may  be  transformed  so  as  not  to  involve  imaginary  quantities.  Thus 
we  have 

E"-E=  (log, <r"  -  loge «)  l/=l  =  V^l  loge -, 

<7 


sin  (£"  —  JE)  =  sin  E"  cos  £  —  cos  E"  sin  £  =  e-—-J-V  —  1. 


From  the  value  of  cos  E  we  easily  derive 

2  l/(T  2  l/«T 


sin  ^  =  - — 2  l/—  1,  cos  IE  =  lii 


and  hence 

sin  J  (£"  —  E)  =  ^=4  l/=7l 

Therefore  the  expression  for  y'  becomes 


(l/<r<r")s  log.  —  —  4  v'™"' (<r"J—  a>) 


2r,6 
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Since  the  auxiliary  quantity  a  in  the  hyperbola  is  always  positive, 
let  us  now  put 


and  we  have 


=  A\ 


*=-  — 


(77) 


A'~-*log.A 


from  which  y'  may  be  derived  when  A  is  known. 
We  have,  further, 


sin 
and  therefore 

or 


<r"-f<r 


*=-A^~A-V2) 


4  V'to" 

J 

VA 


(78) 
(79) 


These  expressions  for  y'  and  #'  enable  us  to  find  £'  when  x'  exceeds 
the  limits  of  the  table.  Thus,  we  obtain  an  approximate  value  of  x' 
by  putting 


■n  = 


+7 


from  which  we  first  find  sf  and  then  x'  from  the  second  of  equations 
(66).     Then  we  compute  A  from  the  formula  (79),  which  gives 


A  =  1  —  2x'  +  21/V2  —  x', 


(80) 


//  from  (77),  and  £'  from  (73).  A  repetition  of  the  calculation,  using 
the  value  of  £'  thus  found,  will  give  a  still  closer  approximation  to 
the  correct  values  of  x'  and  s' ;  and  this  process  should  be  continued 
until  £'  remains  unchanged. 

90.  The  formulae  for  the  calculation  of  «'  will  evidently  give  the 
value  of  s  if  we  use  r,  rr,  r",  ur,  and  u",  the  necessary  changes  in  the 
notation  being  indicated  at  once;  and  in  the  same  manner  using 
/•,  /',  u,  and  u',  we  obtain  s".  From  the  values  of  «  and  s"  tlni- 
found,  more  accurate  values  of  P  and  Q  may  be  computed  by  means 
of  the  equations  (48)  and  (51).  We  may  remark,  however,  that  if* 
the  times  of  the  observations  have  not  been  already  corrected  for  the 
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time  of  aberration,  as  in  the  case  of  the  determination  of  an  unknown 
orbit,  this  correction  may  now  be  applied  as  determined  by  means  of 
the  values  of  p,  />',  and  p"  already  obtained.  Thus,  if  t0,  t0',  and  t0" 
are  the  uncorrected  times  of  observation,  the  corrected  values  will  be 

t  =  t0  —  Cp  sec  ft 

t?=t0'-CP' sec?,  (81) 

r=to"—Cp"  secj", 

in  which  log  C=  7.760523,  expressed  in  parts  of  a  day;  and  from 
these  values  of  t,  t',  t"  we  recompute  r,  r',  and  r",  which  values  will 
require  no  further  correction,  since  p,  p' ,  and  p",  derived  from  the 
first  approximation,  are  sufficient  for  this  purpose.  With  the  new 
values  of  P  and  Q  we  recompute  r,  r',  r",  and  u,  u',  u"  as  before, 
and  thence  again  P  and  Q,  and  rf  the  last  values  differ  from  the  pre- 
ceding, we  proceed  in  the  same  manner  to  a  third  approximation, 
which  will  usually  be  sufficient  unless  the  interval  of  time  between 
the  extreme  observations  is  considerable.  If  it  be  found  necessary 
to  proceed  further  with  the  approximations  to  P  and  Q  after  the 
calculation  of  these  quantities  in  the  third  approximation  has  been 
effected,  instead  of  employing  these  directly  for  the  next  trial,  we 
may  derive  more  accurate  values  from  those  already  obtained.  Thus, 
let  x  and  y  be  the  true  values  of  P  and  Q  respectively,  with  which, 
if  the  calculation  be  repeated,  we  should  derive  the  same  values  again. 
Let  a.t  and  Ay  be  the  differences  between  any  assumed  values  of  x 
and  y  and  the  true  values,  or 

x0  =  x-\-  *x,  y0  =  y+  a?/. 

Then,  if  we  denote  by  x0',  y0f  the  values  which  result  by  direct  cal- 
culation from  the  assumed  values  x0  and  y0,  we  shall  have 

xo  —  *o  =/Oo,  y0)  =f(x  +  **,  y  +  Ay). 

Expanding  this  function,  we  get 
x*  —  xo  =/fe  y)  +  ^az  +  B±y  +  Caz2  +  Dax  Ay  +  Ely2  +...., 

and  if  &x  and  Ay  are  very  small,  we  may  neglect  terms  of  the  second 
order.  Further,  since  the  employment  of  x  and  y  will  reproduce  the 
same  values,  we  have 

/(*,  y)  =  o, 

and  hence,  since  ax  =  x0  —  x  and  Ay  =  y0  —  yy 

x0'-x0  =  A(x0  —  x)  +  £(y0  —  y). 
n 
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In  a  similar  manner,  we  obtain 

Vo  —  y0  =  A  Oo  —  *)  +  ■B'  (ft  —  y)- 

Let  us  now  denote  the  values  resulting  from  the  first  assumption  for 
P  and  Q  by  Pt  and  Qv  those  resulting  from  P„  Qx  by  P2,  ^2,  and 
from  Pv  Q2  by  P3,  Q3;  and,  further,  let 

P,-P  =  a,  P.-P^o',  Ps-P,  =  a", 

Qx~Q  =  b,  Qt-Ql  =  b',  Q3-Qt=b". 

Then,  by  means  of  the  equations  for  x0f — x0  and  y0f — y0,  we  shall 
have 

a  =  A(P-x)  +  B(Q-y),  ft-  =  A'(P  -x)  +  & (Q  -y), 

a'=A(P1-x)  +  B(Ql-y),  V  =  A'(P-x)  +  #(<?,-?), 

a"=^(P2-s)  +  P(&-3,),        "ft'^-l'CP.-^  +  ^Cft-y). 

If  we  eliminate  A,  B,  A',  and  B'  from  these  equations,  the  results 
are 

_  P(a'b"  —  a"b')  -f  P,  (q"ft  —  ab")  +  P2  (aft'  —  a'b) 
z  ~         (a'b"  —  a"ft')  +  (a"ft  —  aft")  +  (aft'  —  a'ft)      ' 

_  g  W  —  a"*' )  +  ft  (a"6  —  aft")  +  ft  (aft'  —  a'b) 
y  ~         ^a'b"  —  a"ft')  +  (a"ft  —  aft")  +  (ab'  —  a'b)       ' 

from  which  we  get 

(a"  +  a')  (a'b"  —  a"b')  +  a"  (a"b  —  ab") 


x  =  Pa 


(a'b"-.  a"V)  +  (a"b  —  ab")  +  (ab'  —  a'b)' 


(b"  +  b')  (a'b"  —  a"b')  +  b"  (a"b  —  ab") 
V  ~  Vs      (a'ft"—  a"ft')  +  (a"b  —  aft")  +  (aft'—  a'b)' 


(82) 


In  the  numerical  application  of  these  formula)  it  will  be  more  con- 
venient to  use,  instead  of  the  numbers  P,  P,,  P2,  Q,  Qv  &c.,  the  loga- 
rithms of  these  quantities,  so  that  a  =  log  P! —  logP,  6= log  ft — log  Q, 
and  similarly  for  a',  b',  a",  b", — which  may  also  be  expressed  in 
units  of  the  last  decimal  place  of  the  logarithms  employed, — and  we 
shall  thus  obtain  the  values  of  log  a;  and  logy.  With  these  values 
of  logo;  and  logy  for  logP  and  log  Q  respectively,  we  proceed  with 
the  final  calculation  of  r,  r',  r",  and  u,  w',  u". 

When  the  eccentricity  is  small  and  the  intervals  of  time  between 
the  observations  are  not  very  great,  it  will  not  be  necessary  to  employ 
the  equations  (82);  but  if  the  eccentricity  is  considerable,  and  if,  in 
addition  to  this,  the  intervals  are  large,  they  will  be  required.  It 
may  also  occur  that  the  values  of  P  and  Q  derived  from  the  last 
liyjwthcsis   as  corrected  by  means  of  these  formulae,  will  differ  so 
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much  from  the  values  found  for  x  and  y,  on  account  of  the  neglected 
terms  of  the  second  order,  that  it  will  be  necessary  to  recompute  these 
quantities,  using  these  last  values  of  P  and  Q  in  connection  with  the 
three  preceding  ones  in  the  numerical  solution  of  the  equations  (82). 

91.  It  remains  now  to  complete  the  determination  of  the  elements 
of  the  orbit  from  these  final  values  of  P  and  Q.  As  soon  as  &,  i, 
ami  u,  u',  u"  have  been  found,  the  remaining  elements  may  be  de- 
rived by  means  of  r,  r',  and  u' —  u,  and  also  from  r',  r",  and  u" — u' ; 
or,  which  is  better,  we  will  obtain  them  from  the  extreme  places,  and, 
if  the  approximation  to  P  and  Q  is  complete,  the  results  thus  found 
will  agree  with  those  resulting  from  the  combination  of  the  middle 
place  with  either  extreme. 

We  must,  therefore,  determine  s'  and  x'  from  r,  r",  and  u"  —  u, 
by  means  of  the  formulae  already  derived,  and  then,  from  the  second 
of  equations  (46),  we  have 

y=^w—)y,  (88) 

from  which  to  obtain  p.    If  we  compute  s  and  s"  also,  we  shall  have 
/  sr'r"  sin (u"  —  u')V      I  s"rr' sin  (u'  —  u)\2 

p=\ ; )  =\ p — ")' 

and  the  mean  of  the  two  values  of  p  obtained  from  this  expression 
should  agree  with  that  found  from  (83),  thus  checking  the  calcula- 
tion and  showing  the  degree  of  accuracy  to  which  the  approximation 
to  P  and  Q  has  been  carried. 
The  last  of  equations  (65)  gives 

sinJ.(£"—  E)=VP,  (84) 

from  which  E" — E  may  be  computed.  Then,  from  equation  (57), 
since  e  ==  sin  (p,  we  have 

sin  A  (u"  —  u)     / — T,  „-_% 

C0SP=SinjCE"-£)^  (85) 

for  the  calculation  of  a  cos  <p.     But  p  =  a  (1  —  e2)  =  a  cos2  <p,  whence 

cos  <p  =  -£—,  (86) 

a  cosy 

which  may  be  used  to  determine  <p  when  e  is  very  nearly  equal  to 
unity;  and  then  e  may  be  found  from 

e  =  l  —  2sina(45°  —  £?). 
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The  equations  (50)  give 

e  cos  (u  —  to)  =  £_  —  1, 
r 

P 
e  cos  (u"  —  w)=^r  —  1, 
r 

and  from  these,  by  addition  and  subtraction,  we  derive 

2e  cos  I  (u"  —  u)  cosQ  (u"  +  u)  —  w)  =1  +  ^  —  2, 

2e  sin  £  (it"  —  u)  sin  Q  («"  -{-  w)  —  <o)  =  |  —  ^, 

by  means  of  which  e  and  to  may  be  found. 

Since 

r  —  r"  .    n  ,       2\/r?1 

COS  2%'  — 

we  have 


(87) 


cos  W  =  ^+7""  sin  2*'  *-  7+7^' 


*  +  £_2  =  _^ 2, 

r^T7  i/rr"sin2/ 

^?      p  2p  cot  2/ 

and  from  equations  (70), 

_  ,      sin  i  (u"  —  u)  tan  G'  .    n  .  cos  / 

cot  2/  =  — — / ,  sm  2/  = 7-7-77 s 

*  cos/  cos  ^  (it" — tt) 

Therefore  the  formulae  (87)  reduce  to 

e  sin  (<o  —  $  (u"  +  it))  = £— =-_  tan  <?', 

cos  rVrr  (g8) 

e  cos  (w  —  £  (u"  +  w))  ss ;  —  sec  £  (w"  —  «j, 

cos^  k  rr 

from  which  also  c  and  <u  may  be  derived.     Then 

sin  <p  =  e, 

and  the  agreement  of  cos^>  as  derived  from  this  value  of  <p  with  that 
given  by  (86)  will  serve  as  a  further  proof  of  the  calculation.  The 
longitude  of  the  perihelion  will  be  given  by 

or,  when  i  exceeds  90°,  and  the  distinction  of  retrograde  motion  is 
adopted,  by  z  =  Si  —  «>• 
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To  find  a,  we  have 

p  (a  cos  <p)* 


cos'  <p  p 

or  it  may  be  computed  directly  from  the  equation 

t'2 
a  =  4s"rr"  cos^  (u"  —  u)  sin^  (E'  —  E)' 

which  results  from  the  substitution,  in  the  last  term  of  the  preceding 
equation,  of  the  expressions  for  a  cos  <p  and  p  given  by  (83)  and  (85). 
Then  for  the  mean  daily  motion  we  have 

k 
a* 

"We  have  now  only  to  find  the  mean  anomaly  corresponding  to  any 
epoch,  and  the  elements  are  completely  determined.  For  the  true 
anomalies  we  have 

v  =  u  —  a,  v  =u  —  (o,  v"  =  u"  —  ui ; 

and  if  we  compute  r,  ?•',  r"  from  these  by  means  of  the  polar  equa- 
tion of  the  conic  section,  the  results  should  agree  with  the  values  of 
the  same  quantities  previously  obtained.     According  to  the  equation 

(45)w  we  have 

tan  \E  5=  tan  (45°  —  \<f)  tan  \v, 

tan  \ E'  =  tan  (45°  —  \f)  tan  &',  (90) 

tan  %E"  =  tan  (45°  —  g?)  tan  W, 

from  which  to  find  E,  E',  and  E" .  The  difference  E"  —  E  should 
agree  with  that  derived  from  equation  (84)  within  the  limits  of 
accuracy  afforded  by  the  logarithmic  tables.  Then,  to  find  the  mean 
anomalies,  we  have 

M  =  E  —  e  sin  E, 

M'  =E'  —  e8mE',  (91) 

M"  =  E"—e8mE"; 

and,  if  M0  denotes  the  mean  anomaly  corresponding  to  any  epoch  T, 
we  have,  also, 

M0  =  M  —fi(t—T) 

=  M'  —  (i(f  —  T) 

=  M"-f*(r-T), 

"n  the  application  of  which  the  values  of  t,  t',  and  t"  must  be  those 
which  have  been  corrected  for  the  time  of  aberration.     The  agree- 
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nent  of  the  three  values  of  3T0  will  be  a  final  test  of  the  accuracy  of 
tin  entire  calculation.  If  the  final  values  of  P  and  Q  are  exact, 
this  proof  will  be  complete  within  the  limits  of  accuracy  admitted 
by  the  logarithmic  tables. 

When  the  eccentricity  is  such  that  the  equations  (91)  cannot  be 
solved  with  the  requisite  degree  of  accuracy,  we  must  proceed  accord- 
ing to  the  methods  already  given  for  finding  the  time  from  the  peri- 
helion in  the  case  of  orbits  differing  but  little  from  the  parabola. 
For  this  purpose,  Tables  IX.  and  X.  will  be  employed.  As  joon  u 
v,  v',  and  v"  have  been  determined,  we  may  find  the  auxiliary  angle 
V  for  each  observation  by  means  of  Table  IX.;  and,  with  Fas  the 
argument,  the  quantities  31,  31',  31"  (which  are  not  the  mean  anoma- 
lies) must  be  obtained  from  Table  VI.  Then,  the  perihelion  distance 
having  been  computed  from 

P 

we  shall  have 


(1     *  1+  e  C'^l  +  e  Gn     *  1  +  e 


(92) 


in  which  log  C0  —  9.96012771,  for  the  determination  of  the  time  of 
perihelion  passage.  The  times  t,  t' ,  t"  must  be  those  which  have 
been  corrected  for  the  time  of  aberration,  and  the  agreement  of  the 
three  values  of  T  is  a,  final  proof  of  the  numerical  calculation. 

If  Table  X.  is  used,  as  soon  as  the  true  anomalies  have  been  found, 
the  corresponding  values  of  log  B  and  log  C  must  be  derived  from 
the  table.     Then  w  is  computed  from 


,      .         tan$v    /  l  +  9e 
tan^-^scT+i)' 

and  similarly  for  w'  and  w"  ;  and,  with  these  as  arguments,  we  derive 
M,  M'f  31"  from  Table  VI.     Finally,  we  have 

T^_t  MBqi     _  =  t,  M'&ql         =f  M"B"ql 

Col/ t*6  (1  +  »«)  Cy-h  (1  +  »«)  Cy-fr  (1  +  9e)' 

(93) 

for  the  lime  of  perihelion  passage,  the  value  of  C0  being  the  same  as 
in  (92). 

When  the  orbit  is  a  parabola,  e  —  1  and  p  =  2q,  and  the  elements 
q  and  <o  can  be  derived  from  r,  r",  u,  and  u"  by  means  of  the  equa- 
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tions  (76),  (83),  and  (88),  or  by  means  of  the  formulae  already  given 
for  the  special  case  of  parabolic  motion. 

92.  Since  certain  quantities  which  are  real  in  the  ellipse  and  para- 
bola become  imaginary  in  the  case  of  the  hyperbola,  the  formula? 
already  given  for  determining  the  elements  from  r,  r",  u,  and  u" 
require  some  modification  when  applied  to  a  hyperbolic  orbit. 

"When  s'  and  x'  have  been  found,  p,  e,  and  to  may  be  derived  from 
equations  (83)  and  (87)  or  (88)  precisely  as  in  the  case  of  an  elliptic 
orbit.     Since  x'  =  sin2  \  (E"  —  E),  we  easily  find 


sin  I  {E"  —  E)=2Vx'  —  a/2, 

and  equation  (85)  becomes 

shU(w"—  u^VW*  .... 

a  cos  9  =  - --       _ =- (94) 

IV  x  — x3 

But  in  the  hyperbola  x'  is  negative,  and  hence  V x'  —  xn  will  be 
imaginary ;  and,  further,  comparing  the  values  of  p  in  the  ellipse 
and  hyperbola,  we  have  cos2^>  =  —  tan2^,  or 

cos  <p  —  V' —  1  tan  4. 
Therefore  the  equation  for  a  cos  <p  becomes 

a  tan  4-  =  — s-i —  — ,  (95) 

2Vx'i  —  x'  ' 

if  a  is  considered  as  being  positive,  from  which  a  tan  -^  may  be 
obtained.     Then,  since  p  =  a  tan2  ^,  we  have 

tan  4  =      p     ,,  (96) 

a  tan  4 

for  the  determination  of  t^,  and  the  value  of  e  computed  from 
e  =  sec  4-  =  V\  +  tan2  4 

should  agree  with  that  derived  from  equation  (88).  When  e  differs 
but  little  from  unity,  it  is  conveniently  and  accurately  computed 
from 

e  =  1  +  2  sin2  J4.  sec  4. 

The  value  of  a  may  be  found  from 

a=P  cot24  =  (-^^  (97) 

P 
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or  from 


16*'* rr"  qos1  £  (w"  —  u)  (*"  —  xj 


which  is  derived  directly  from  (89),  observing  that  the  elliptic  semi- 
transverse  axis  becomes  negative  in  the  case  of  the  hyperbola. 

As  soon  as  to  has  been  found,  we  derive  from  u,  u',  and  u"  the 
corresponding  values  of  v,  v't  and  v",  and  then  compute  the  values 
of  Ff  Ff,  and  F"  by  means  of  the  formula  (57), ;  after  which,  by 
means  of  the  equation  (69),,  the  corresponding  values  of  N,  N',  and 
N"  will  be  obtained.  Finally,  the  time  of  perihelion  passage  will 
be  given  by 

/•QfC  A0K  AQh 

wherein  log  >>0  k  =  7.87336575. 

The  cases  of  hyperbolic  orbits  are  rare,  and  in  most  of  those  which 
do  occur  the  eccentricity  will  not  differ  much  from  that  of  the  para- 
bola, so  that  the  most  accurate  determination  of  Twill  be  effected  by 
means  of  Tables  IX.  and  X.  as  already  illustrated. 
i 

93.  Example. — To  illustrate  the  application  of  the  principal  for- 
mulae which  have  been  derived  in  this  chapter,  let  us  take  the  follow- 
ing observations  of  Eurynome  @  : 


Ann  Arbor  M.  T. 

@a 

@6 

1863  Sept.  14  15*  53" 

37'.2 

1»    0m44*.91 

+  9° 

53'  30".8, 

21    9  46 

18.0 

0  57      3.57 

9 

13    5  .5, 

28    8  49 

29.2 

0  52    18.90 

+  8 

22    8  .7. 

The  apparent  obliquity  of  the  ecliptic  for  these  dates  was,  respect- 
ively, 23°  27'  20".75,  23°  27'  20".71,  and  23°  27'  20".65;  and,  by 
means  of  these,  converting  the  observed  right  ascensions  and  declina- 
tions into  apparent  longitudes  and  latitudes,  we  get — 


Ann  Arbor  M.  T. 

Longitude. 

Latitude. 

1863  Sept.  14  15*  53* 

37'.2 

17°  47'  37".60 

+  3°    8'43".19, 

21     9  46 

18.0 

16    41  36  .20 

2    52  27  .46, 

28    8  49 

29.2 

15    16  56  .35 

+  2    32  42  .98. 

For  the  same  dates  we  obtain  from  the  American  Nautical  Almanac 
the  following  places  of  the  sun : 
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True  Longitude. 

Latitude. 

log-Ro- 

172°     l'42".l 

—  0.07 

0.0022140, 

178    37  17  .2 

+  0.77 

0.0013857, 

185    26  54  .8 

+  0.67 

0.0005174. 

Since  the  elements  are  supposed  to  be  wholly  unknown,  the  places 
of  the  planet  must  be  corrected  for  the  aberration  of  the  fixed  .stars 
as  given  by  equations  (1).  Thus  we  find  for  the  corrections  to  be 
applied  to  the  longitudes,  respectively, 

—  18".48,  —  19".49,  —  20".8, 

and  for  the  latitudes, 

+  0".47,  +  0".30,  +0".14. 

When  these  corrections  are  applied,  we  obtain  the  true  places  of  the 
planet  for  the  instants  when  the  light  was  emitted,  but  as  seen  from 
the  places  of  the  earth  at  the  instants  of  observation. 

Next,  each  place  of  the  sun  must  be  reduced  from  the  centre  of 
the  earth  to  the  point  in  which  a  line  drawn  from  the  planet  through 
the  place  of  the  observer  cuts  the  plane  of  the  ecliptic.  For  this 
purpose  we  have,  for  Ann  Arbor, 

9'  =  42°  5'.4,  log  Po  as  9.99935 ; 

and  the  mean  time  of  observation  being  converted  into  sidereal  time 
gives,  for  the  three  observations, 

0O  =  3*  29-  1*,  00'  =  21»  48"  17',  0O"  =  21*  18-  55*, 

which  are  the  right  ascensions  of  the  geocentric  zenith,  of  which  <p' 
is  in  each  case  the  declination.  From  these  we  derive  the  longitude 
and  latitude  of  the  zenith  for  each  observation,  namely, 

Z0  =      60°  33'.9,  l0'  =    347°    0'.4,  l0"  =    342°  59'.2, 

60=  +  22    25.0,  V  =  +  50    15.8,  &0"=  +  53    41.6. 

Then,  by  means  of  equations  (4),  we  obtain 

A©0=:  — 18".92,  a©'  =  —  36".94,  a©"  =  —  25".76, 

a  log  R0  =  —  0.0001084,  "  a  log  i?/  =  —  0.0002201, 

a  log  i?0"  =  —  0.0002796. 

For  the  reduction  of  time,  we  have  the  values  +  0M5,  +  0\28,  and 
+  0*.34,  which  are  so  small  that  they  may  be  neglected. 
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Finally,  the  longitudes  of  both  the  sun  and  planet  are  reduced  to 
the  mean  equinox  of  1863.0  by  applying  the  corrections 

—  50".95,  —  51".52,  —  52".  14 ; 

and  the  latitudes  of  the  planet  are  reduced  to  the  ecliptic  of  the  same 
date  by  applying  the  corrections  — 0".15,  — 0".14,  and  — 0".li, 
respectively. 

Collecting  together  and  applying  the  several  corrections  thus  ob- 
tained for  the  places  of  the  sun  and  of  the  planet,  reducing  the  un- 
corrected times  of  observation  to  the  meridian  of  Washington,  and 
expressing  them  in  days  from  the  beginning  of  the  year,  we  have  the 
following  data : — 

t0  =257.68079,  ;.  =  17°  46'  28".17,  ,3  =  +  3°    8' 43".51, 

C  =  264.42570,  /'  =  16    40  25  .19,  ?  =      2    52  27  .62, 

t0"  =  271.38625,  X"  =  15    15  44.03,  /S"=  +  2    32  42.98, 

O   =172°    0'32".23,  log  22  =0.0021056, 

O'  =178    35  48  .74,  log!?  =0.0011656, 

©"=185    25  36.90,  log  2T  =  0.0002378. 

The  numerical  Aralues  of  the  several  corrections  to  be  applied  to 
the  data  furnished  by  observation  and  by  the  solar  tables  should  be 
checked  by  duplicate  calculation,  since  an  error  in  any  of  these  re- 
ductions will  not  be  indicated  until  after  the  entire  calculation  of  the 
elements  has  been  effected. 

By  means  of  the  equations 

i 

•     N=KK,nn(0"—0')  N^_  2?2?  sin  (©'-  ©) 


2*2*"  sin  (©"—  ©)'  ~2?22"  sin  (©"—  O)' 

,  tan,?  ,      tan  (/—©') 

tan  vf  =   .    ,  , — jr,  tan  4'  = -, , 

sin  (/  —  ©  )  cos  w 

we  obtain 


log  N  =  9.7087449,  log  N"  =  9.6950091 , 

4'  sa  161°  42'  13".16, 

log  (R  sin  40  =  9.4980010,  log  (R  cos  4')  =  9.9786355n. 

The  quadrant  in  which  ^  must  be  taken  is  determined  by  the  con- 
ditions that  1//  must  be  less  than  180°,  and  that  cos-v//  and  cos  (A' —  ©') 
must  have  the  same  sign.     Then  from 
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tan  /sin  ( '  (*■  + X)  -  JT)  -  ffi  +  gi  sec  J  0-  -  A), 
tan  JcosQ  (/"  +  i)~ JQ  =  *^$  ««ci  (A"- A); 

tan,?0  =  sin(A'-iOtanI,  °o  =  8-^§ 

.       jRsin(0— JT)                             i?'sin(G'—  K) 
b  = ,  c  =e , 

i?'sin(Q"—  JQ  ,_       sec/?  •         i?iT  sin  (Q"—Q) 

a0  '         ^ "~  sin  (r-  A)'  a0sin(/"  —  Jl) 

we  compute  iT,  /,  $,,  a0,  b,  c,  d,  /,  and  h.  The  angle  J  must  be  less 
than  90°,  and  the  value  of  (30  must  be  determined  with  the  greatest 
possible  accuracy,  since  on  this  the  accuracy  of  the  resulting  elements 
principally  depends.     Thus  we  obtain 

K=  4°  47'  29".48,  log  tan  1=  9.3884640, 

ft,  =  2°  52'  59"f  j|,  log  a0  =  6.801 3583,,, 

log  b  =  2.5456342n,  log  c  a=  2.2328550n, 

log  d  =  1.2437914,  log/=  1.3587437n,  log  h  =  3.9247691- 


The  formulae 


give 


_sin(A"-yQ  l?"sin(A"-G") 

1   ~~  sin  (X"  —  X)  +-/  d  ' 

„  _  sin  (A'  —  A)  _    .Rsin(A  —  Q) 
^   —  sin  (A"  —  A)      *  b 

M.   = 5; >  M„  = = , 


log  Ml  =  9.8946712,  log  J/x"  =  9.6690383, 

log  ifa  =  1.9404111,  log  i/a"  =  0.7306625n. 


The  quantities  thus  far  obtained  remain  unchanged  in  the  suc- 
cessive approximations  to  the  values  of  P  and  Q. 
For  the  first  hypothesis,  from 

P=~,  $  =  rr", 


T 


b  +  Pd 
1+P' 


7jQ  sin  C  =  i?  sin  4/, 
ij0  cos  Z  =  k0  —  J?'  cos  4', 
h 
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we  obtain 

logr  =9.0782249,  log  t"  =  9.0645575, 

logP=  9.9863326,  log  Q  =  8.1427824, 

log  c0  =  2.2298567B,  log  k0  =  0.0704470, 

log  /0  =  0.0716091,  logi?0  ==  0.8326925, 

C  =  8°  24'  49".74,  logwj0  =  1.2449136. 

The  quadrant  in  which  £  must  be  situated  is  determined  by  the  con- 
dition that  )£0  shall  have  the  same  sign  as  /„. 

The  value  of  z'  must  now  be  found  by  trial  from  the  equation 

sin  (J  —  C)  =  m0  sinV. 

Table  XII.  shows  that  of  the  four  roots  of  this  equation  one  exceeds 
180°,  and  is  therefore  excluded  by  the  condition  that  sin  2/  must  be 
positive,  and  that  two  of  these  roots  give  z'  greater  than  180°  — ty, 
and  are  excluded  by  the  condition  that  z'  must  be  less  than  180° — fy '. 
The  remaining  root  is  that  which  belongs  to  the  orbit  of  the  planet, 
and  it  is  shown  to  be  approximately  10°  40' ;  but  the  correct  value 
is  found  from  the  last  equation  by  a  few  trials  to  be 

z'  =  9°  1'  22".96. 

The  root  which  corresponds  to  the  orbit  of  the  earth  is  18°  20'  41", 
and  differs  very  little  from  180°  —  ty. 
Next,  from 

,       iJ'sinV                         ,       i?  sin  (/+*')        - 
/==-ihT7-'  p  = slnV C0S^' 

we  derive 

log  /  =  0.3025672,  log  P'  =  0.01 23991, 

log  n  =  9.7061229,  log  n"  =  9.6924555, 

log  P  =  0.0254823,  log  P"  =  0.0028859. 

The  values  of  the  curtate  distances  having  thus  been  found,  the 
heliocentric  places  for  the  three  observations  are  now  computed  from 
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r  cos  b  cos  (I  —  O)        =  p  cos  (/  —  O)  —  R, 
r  cos  6  sin  (7 — ©)         =/>sin(^ — ©), 
r  sin  b  =  p  tan  ,3  ; 

r'  cos  6'  cos  (J  —  © ')     ==//  cos  (*  —  ©')  —  R', 

r1  cos  6'  sin  {V  —  ©')     =  />'  sin  (A'  —  © '), 

/  sin  b'  =  p'  tan  ft  ; 

r"  cos  6"  cos  (r  —  ©")  =  />"  cos  (k"  —  ©")  —  £", 

r"  cos  b"  sin  (l»  —  ©")  =  p"  sin  (A"  —  ©"), 

r"sin&"  =  />"tan/3", 

which  give 

I  =  5°14'39".53,  log  tan  b  =8.4615572,  logr  =0.3040994, 
V  =  7  45  11  .28,  log  tan  b'  =8.4107555,  log/  =0.3025673, 
I"  =  10    21  34  .57,        log  tan  b"  =  8.3497911,        log  r"  =  0.3011010. 

The  agreement  of  the  value  of  logr'  thus  obtained  with  that  already 
found,  is  a  proof  of  part  of  the  calculation.     Then,  from 

*      •    •    tin"  i    7^        n\        tan 6"  + tan 6 
tan,  sin  (>  a    +  0  -  Q)  =  2  cos,(r  _  ^ 

/-i /i//  ,    tn        ~-v        tan b" — tan b 

tantcososa  +*)-a)  =  28inKr_0, 

tan  (J  —  ft)      ,        ,      tan(r— Q)  „      tan  (J"—  ft) 

tan  w  = : — ->     tan  u  = -. ,     tan  u  = .        , 

cos  %  cos i  cos  % 

ft  =  207°  2'  38".16,  i  =  4°  27'  23".84, 

u  =  158°  8'  25".78,  u'  =  160°  39'  18".13,  u"  =  163°  16'  4".42. 


we  get 
u  =  15J 
The  equation 


tan  b'  =  tan  i  sin  (7'  —  ft  ) 


gives  log  tan  b'  =  8.4107514,  which  differs  0.0000041  from  the  value 
already  found  directly  from  pr.  This  difference,  however,  amounts 
to  only  0".05  in  the  value  of  the  heliocentric  latitude,  and  is  due  to 
errors  of  calculation.     If  we  compute  n  and  n"  from  the  equations 

rr"  sin  (u" —  u')  -M rr'  sin  («'  —  u) 


rr"  sin  (u"  —  u) '  rr"  sin  (u"  —  u) ' 

the  results  should  agree  with  the  values  of  these  quantities  previously 
computed  directly  from  P  and  Q.  Using  the  values  of  u,  «',  and 
u"  just  found,  we  obtain 

log  n  =  9.7061158,  log  n"  =  9.6924683, 
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which  <lifler  in  the  last  decimal  places  from  the  values  used  in  finding 
p  and  p" .     According  to  the  equations 

d  log  n  =  —  21.055  cot  (u"  —  v!)  du\ 
d  log  n"  =  +  21.055  cot  (v!  —  it)  du', 

the  differences  of  logw  and  logw"  being  eiprooood  in  units  of  the 
seventh  decimal  place,  the  correction  to  v!  necessary  to  make  the  two 
values  of  logw  agree  is  — 0".15;  but  for  the  agreement  of  the  two 
values  of  logw'',  u'  must  be  diminished  by  0".26,  so  that  it  appear* 
that  this  proof  is  not  complete,  although  near  enough  for  the  first 
approximation.  It  should  be  observed,  however,  that  a  great  circle 
passing  through  the  extreme  observed  places  of  the  planet  pat 
very  nearly  through  the  third  place  of  the  sun,  and  hence  the  values 
of  p  and  p"  as  determined  by  means  of  the  last  two  of  equations  (18) 
are  somewhat  uncertain.  In  this  case  it  would  be  advisable  to  com- 
pute p  and  />",  as  soon  as  p'  has  been  found,  by  means  of  the  equa- 
tions (22)  and  (23).     Thus,  from  these  equations  we  obtain 

log  P  =  0.025491 8,  log  P"  *=  0.0028874, 

and  hence 

I   =   5°14'40".05,         log  tan  b  =8.4615619,         log  r  =0.3041042, 
I"  =10    21  34.19,         log  tan  b"  =8.3497919,         log  r"=  0.3011017, 

&  =  207°  Z  32".97,  i  =  4°  27'  25".13, 

«  =  158°  8'  31".47,  it'  =  160°  39'  23".31,  u"  =  163°  16'  9".22. 

The  value  of  log  tan  6'  derived  from  X'  and  these  values  of  Q,  and  i, 

in  8.4107555,  agreeing  exactly  with  that  derived  from  p'  directly. 

The  values  of  n  and  n"  given  by  these  last  results  for  u,  u'  and  u", 

are 

log  n  =  9.7061144,  log  n"  =  9.6924640 ; 

and  this  proof  will  be  complete  if  we  apply  the  correction  du'=  —  0".18 
to  the  value  of  it',  so  that  we  have 

u"  —  it'  =  2°  36'  46".09,  u'  —  u  =  2°  30'  51".66. 

The  results  which  have  thus  been  obtained  enable  us  to  proceed  to 
a  second  approximation  to  the  correct  values  of  P  and  Q,  and  we 
may  also  correct  the  times  of  observation  for  the  time  of  aberration 
by  means  of  the  formulae 

t  =  t0—CpaecP,  H  =  t0'  —  CP'  sec  p,  f  =  t0"  —  CP"  sec  0", 

wherein  log  C=  7.760523,  expressed  in  parts  of  a  day.   Thus  we  grit 

t  =  257.67467,  ^  =  264.41976,  <"=  271.38044, 
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and  hence 

log  t  =  9.0782331,  log  r'  =  9.3724848,  log  t"  =  9.0645692. 

Then,  to  find  the  ratios  denoted  by  s  and  sfr,  we  have 

sin  y  cos  G  =  sin  {  (u"  —  u'), 

sin  y  sin  G  =  cos  h  (u"  —  v!)  cos  2/, 

cos  f  =  cos  ^  (w"  —  w')  sin  2% ; 


-tf 


tan/' 

*  *r 

sin  /'  cos  G"  =  sin  ^  (w'  —  w), 

sin  y"  sin  G"  =  cos  ^  («'  —  w)  cos  2/", 

cos  7-"  =s  cos  2  (V  —  u)  sin  2/' ; 

_  t2  .   sin2  Iy 

fV-j-  r")s  cos3/  cosy  ' 

„  t"»  .„      sin^/' 

(r  +  O8  cos3  /"  J   "  cos  f  ' 

from  which  we  obtain 

/  =  44°57'    6".00,  f  =  44°  56'  57".50, 

Y  =    1    18  35  .90,  r"=    1    15  40  .69, 

log  m  =  6.3482114,  log  m"  =  6.3163548, 

log./  =  6.1163135,  .           log/'  =  6.0834230. 

From  these,  by  means  of  the  equations 


+i  + 


m  ,,      m 


using  Tables  XIII.  and  XIV.,  we  compute  s  and  s".  First,  in  the 
case  of  s,  we  assume 

17  =-r-^U  =  0.0002675, 

and,  with  this  as  the  argument,  Table  XIII.  gives  log  s2  =  0.0002581. 
Hence  we  obtain  x'  =  0.000092,  and,  with  this  as  the  argument, 
Table  XIV.  gives  c  =  0.00000001 ;  and,  therefore,  it  appears  that  a 
repetition  of  the  calculation  is  unnecessary.     Thus  we  obtain 

logs  =0.0001290,  log  «"=  0.0001200. 

When  the  intervals  are  small,  it  is  not  necessary  to  use  the  formulae 
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in  the  complete  form  here  given,  since  these  ratios  may  then  be  found 
l)\  a  simpler  process,  as  will  appear  in  the  sequel.     Then,  from 

■*  —  n » 

T         S 

Q-^L £ 

v  ~~  88"    n"  cos  \  (it"  —  v!)  cos  I  {u"  —  u)  cos  \  (it'  —  uj 
we  find 

logP  =  9.9863451,  log  Q  =  8.1431341, 

with  which  the  second  approximation  may  be  completed.  We  now 
compute  c0,  k0,  l0,  z',  &c.  precisely  as  in  the  first  approximation;  but 
we  shall  prefer,  for  the  reason  already  stated,  the  values  of  p  and  //' 
computed  by  means  of  the  equations '  (22)  and  (23)  instead  of  those 
obtained  from  the  last  two  of  the  formulae  (18).  The  results  thus 
derived  are  as  follows : — 

log  c0  =  2.2298499n,  log  k0  =  0.0714280, 

log  lQ  =  0.0719540,  log  i?0  =  0.3332233, 

C  =  8°  24'  12".48,  log  m0  =  1.2447277, 

2'  =  9°0'30".84, 

log  /  =  0.3032587,  log  P'  =  0.0137621, 

log  n  =  9.7061153,  log  n"=  9.6924G04. 

logp  =  0.0269143,  logP"=  0.0041748, 

I   =   5°15'57".26,        log  tan  b  =8.4622524,         logr  =0.3048368, 

/'  =    7    46     2.76,        log  tan  V  =8.4114276,         log /=  0.3032587, 

I"  =  10    22     0  .91,        log  tan  b"  =  8.3504332,         log  r"  =  0.3017481 , 

Q,  =  207°  0'  0".72,  i  =  4°  28'  35".20, 

u  =  158°  127  19".54,         it'  =  160°  42'  45".82,         it"  =  163°  19'  7".14. 

The  agreement  of  the  two  values  of  logr'  is  complete,  and  the  value 
of  log  tan  b'  computed  from 

tan  b'  =  tan  i  sin  {V  —  Q, ), 

is  log  tan  b'  =  8.4114279,  agreeing  with  the  result  derived  directly 

from  p'.     The  values  of  n  and  n"  obtained  from  the  equations  (54) 

are 

log  n  =  9.7061156,  log  n"  =  9.6924603, 

which  agree  with  the  values  already  used  in  computing  p  and  p",  and 
the  proof  of  the  calculation  is  complete.     We  have,  therefore, 

u"—  u'  =  2°  36'  21".32,    u'—  u  =  2°  30'  26".28,    u"—  u  =  5°  6'  47".60. 

From  these  values  of  u" —  u'  and  u' —  w,  we  obtain 
log  8  =  0.0001284,  log«"  =  0.0001193, 
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and,  recomputing  P  and  Q,  we  get 

log  P  ==  9.9863452,  log  Q  =  8.1431359, 

which  differ  so  little  from  the  preceding  values  of  these  quantities 
that  another  approximation  is  unnecessary.   We  may,  therefore,  from 
the  results  already  derived,  complete  the  determination  of  the  elements 
of  the  orbit. 
The  equations 

-> 

sin  y  cos  G'  =  sin  %  (w"  —  u), 
sin  /  sin  G'  ==  cos  %  (w"  —  u)  cos  2/, 
cos  /  —  cos  i  (u"  —  u)  sin  2/, 

'  —  T'2  '  •'  — sin2  W 

m  ~  (r  +  r")3  cos3  f  :l  ~  cos  /  ' 

give 

/  =  44°  53'  53".25,         /  =  2°  33'  52".97,         log  tan  G  ==  8.9011435, 
•      log  m!  =  6.9332999,  log/  =  6.7001345. 

From  these,  by  means  of  the  formulae 

,  m'  ,       m'       .. 

,=  8+7+7'  X=7'~J- 

and  Tables  XIII.  and  XIV.,  we  obtain 

log  s'2  =  0.0009908,  log  x'  =■  6.5494116. 

Then  from 

Is'rr"  sin  (u"  —  u)  \2 

p=( ? ). 

we  get 

log;?  =  0.3691818. 

The  values  of  logp  given  by 

/  *rV"  sin  O"  —  v!)  V      (  s"rr'  sin  («'—  u)  \* 

are  0.3691824  and  0.3691814,  the  mean  of  which  agrees  with  the 
result  obtained  from  u"  —  u,  and  the  differences  between  the  separate 
results  are  so  small  that  the  approximation  to  P  and  Q  is  sufficient. 
The  equations 

sm\(E"-E)  =  Vx1, 


acos<p 


sinJ(«"-w)  VW; 


&m{{E"—E) 


P 

COS  <p  =  — , 

a  cos  9? 

18 
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give 

I  (£"  —  E)  =  1°  4'  42".903,  log  (a  cos  <p)  =  0.3770315, 

log  cos  y  =  9.9921503. 
Next,  from 

e  sin  (a>  —  $  (it"  -f  it))  = £-7=  tan  G', 

cos  YVrrf' 

e  cos  (w  —  £  (it"  -f  it))  = 7-7=7.  —  sec^  (it"  —  w), 

cosy  vir 

we  obtain 

a»  =  190°  15'  39".57,  log  e  =  log  sin  <p  =  9.2751434, 

f  =    10    51  39  .62,  *  =  a>  +  ft  =  37°  15'  40".29. 

This  value  of  (p  gives  log  cosy?  =  9.9921501,  agreeing  with  the  result 
already  found. 

To  find  a  and  //,  we  have 

p  k 

cosV  ar 

the  value  of  &  expressed  in  seconds  of  arc  being  log  k  =  3.5500066, 
from  which  the  results  are 

log  a  =  0.3848816,  log  (t  =  2.9726842. 

The  true  anomalies  are  given  by 

V  =  U  —  m,  1/  =  It'  —  (O,  v"  =  u" (a, 

according  to  which  we  have 

v  =  327°  56'  39".97,  1/  =  330°  27'  6".2o,  v"  =  333°  3'  27".57. 

If  we  compute  r,  r',  and  r"  from  these  values  by  means  of  the  polar 
equation  of  the  ellipse,  we  get 

log  r  =  0.3048367,  log  /  =  0.3032586,  log  r"  =  0.3017481, 

and  the  agreement  of  these  results  with  those  derived  directly  from 
p,  p\  and  p"  is  a  further  proof  of  the  calculation. 
The  equations 

tan  IE  =  tan  (45°  —  $<p)  tan  \v, 

tan  IE  =  tan  (45°  —  |?)  tan  \if, 

tan  IE'  =  tan  (45°  —  l<?)  tan  y 
give 

E  =  333°  17'  28".18,       E'  =  335°  24'  38".00,      E"  =  337°  36'  19".78. 
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The  value  of  \{E"  —  E)  thus  obtained  differs  only  0".003  from  that 
computed  directly  from  x'. 

Finally,  for  the  mean  anomalies  we  have 

M  =  E  —  e  sin  E,  M'  =  E'  —  e  sin  E,         M"  =  E"  —  e  sin  E" , 

from  which  we  get 

M  =  338°  8'  36".71,       M'  =  339°  54'  10".61,       M"  =  341°  43'  6".97 ; 

and  if  3f0  denotes  the  mean  anomaly  for  the  date  2  —  1863  Sept.  21.5 
Washington  mean  time,  from  the  formulae 

M=M  —,j.{t—T) 
=  M'  —tx{t—T) 
=  M"-v(t"-T), 

we  obtain  the  three  values  339°  55'  25".97,  339°  55'  25/,.96,  and 
339°  55'  25".96,  the  mean  of  which  gives 

M0  =  339°  55'  25".96. 

The  agreement  of  the  three  results  for  M0  is  a  final  proof  of  the 
accuracy  of  the  entire  calculation  of  the  elements. 

Collecting  together  the  separate  results  obtained,  we  have  the  fol- 
lowing elements : 

Epoch  =  1863  Sept.  21.5  Washington  mean  time. 
M=  339°  55'  25".96 
tt=    37    15  40  .291    ...    . 
ft  =  207      0     0  .72  \  *f  JP.tlc  an,dQ^eAan 
t=     4    28  35  .20 J      E(lumox  1863-°- 
<?=   10    51  39  .62 
log  a  =  0.3848816 
log /t  =  2.9726842 
ii  =  939".04022. 

If  we  compute  the  geocentric  right  ascension  and  declination  of 
the  planet  directly  from  these  elements  for  the  dates  of  the  observa- 
tions, as  corrected  for  the  time  of  aberration,  and  then  reduce  the 
observations  to  the  centre  of  the  earth  by  applying  the  corrections 
for  parallax,  the  comparison  of  the  results  thus  obtained  will  show 
how  closely  the  elements  represent  the  places  on  which  they  are 
based.  Thus,  we  compute  first  the  auxiliary  constants  for  the  equator, 
using  the  mean  obliquity  of  the  ecliptic, 

e  =  23°  27'  24".96f 
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and  the  following  expressions  for  the  heliocentric  co-ordinates  of  the 
planet  arc  obtained : 

x  =  r  [9.9997272]  sin  (296°  55'  46".05  +  u), 

'  y  =  r  [9.9744099]  sin  (206    12  42  .79  +  u), 

z  =  r  [9.5249539]  sin  (212    39  14  .62  +  u). 

The  numbers  enolosed  in  the  brackets  are  the  logarithms  of  sin  a, 
sin b,  mid  sine,  respectively;  and  these  equations  give  the  co-ordinates 
referred  to  the  mean  equinox  and  equator  of  1863.0. 

The  places  of  the  sun  for  the  corrected  times  of  observation,  and 
referred  to  the  mean  equinox  of  1863.0,  are 


True  Longitude. 

Latitude. 

Logi?. 

172°    0'  29".5 

—  0".07 

0.0022146, 

178    36     4.5 

+  0  .77 

0.0013864, 

185    25  42  .0 

+  0  .67 

0.0005182. 

If  we  compute  from  these  values,  by  means  of  the  equations  (104),, 
the  co-ordinates  of  the  sun,  and  combine  them  with  the  corresponding 
heliocentric  co-ordinates  of  the  planet,  we  obtain  the  following  geo- 
centric places  of  the  planet : 

o  =  15°  10'  29".06,  8  =  +  9°  53'  16".72,  log  A   =  0.0272U, 

a'  =  14    15     0  .22,  V  =      9    12  51  .29,  log  J'  =  0.01410, 

a"  =  13      3  49  .47,  «5"  =  +  8    21  54  .46,  log  J"  =  0.00433. 

To  reduce  these  places  to  the  apparent  equinox  of  the  date  of  obser- 
vation, the  corrections 

+  48".14,  +  48".54,  +  48".91, 

must  be  applied  to  the  right  ascensions,  respectively,  and 

+  18".55,  +  18".92,  +  19".31, 

to  the  declinations.     Thus  we  obtain  : 

Wellington  M.  T.  <'<>mp.  a.  Comp.  J. 

1863  Sept.  14.67467  P    0-  46M5  -+-  9°  53'  35".3, 

21.41976  0  57     3.25  9    13  10  .2, 

28.3-so-U  0   52    18.56  +8    22  13.8. 

The  corrections  to  be  applied  to  the  respective  observations,  in  order 
to  reduce  them  to  the  centre  of  the  earth,  are  -f-  0*.24,  —  0*.31,  —  0\34 
in  right  ascension,  and  -J-  4".5,  -f  4".8,  +  5".l  in  declination,  so 
that  we  have,  for  the  same  dates, 
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Observed  o. 
1»    0-45U5 
0  57      3.26 
0  52    18.56 


Observed  <5. 
+  9°  53'  35".3, 
9    13  10  .3, 

+  8    22  13  .8. 


The  comparison  of  these  with  the  computed  values  shows  that  the 
extreme  places  are  exactly  represented,  while  the  difference  in  the 
middle  place  amounts  tQ  only  0*.01  in  right  ascension,  and  to  O'M 
in  declination.  It  appears,  therefore,  that  the  observations  are  com- 
pletely satisfied  by  the  elements  obtained,  and  that  the  preliminary 
corrections  for  aberration  and  parallax,  as  determined  by  the  equa- 
tions (1)  and  (4),  have  been  correctly  computed. 

It  cannot  be  expected  that  a  system  of  elements  derived  from  ob- 
servations including  an  interval  of  only  fourteen  days,  will  be  so 
exact  as  the  results  which  are  obtained  from  a  series  of  observations 
or  from  those  including  a  much  longer  interval  of  time;  and  although 
the  elements  which  have  been  derived  completely  represent  the  data, 
yet,  on  account  of  the  smallness  of  [if  —  /90,  this  difference  being  only 
31".893,  the  slight  errors  of  observation  have  considerable  influence 
in  the  final  results. 

When  approximate  elements  are  already  known,  so  that  the  cor- 
rection for  parallax  may  be  applied  directly  to  the  observations,  in 
order  to  take  into  account  the  latitude  of  the  sun,  the  observed  places 
of  the  body  must  be  reduced,  by  means  of  equation  (6),  to  the  point 
in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth  to  the 
plane  of  the  ecliptic  cuts  that  plane.  The  times  of  observation  must 
also  be  corrected  for  the  time  of  aberration,  and  the  corresponding 
places  of  both  the  planet  and  the  sun  must  be  reduced  to  the  ecliptic 
and  mean  equinox  of  a  fixed  epoch;  and  further,  the  reduction  to 
the  fixed  ecliptic  should  precede  the  application  of  equation  (6). 

If  the  intervals  between  the  times  of  observation  are  considerable, 
it  may  become  necessary  to  make  three  or  more  approximations  to  the 
values  of  P  and  Q,  and  in  this  case  the  equations  (82)  may  be  applied. 
But  when  approximate  elements  are  already  known,  it  will  be  advan- 
tageous to  compute  the  first  assumed  values  of  P  and  Q  directly 
from  these  elements  by  means  of  the  equations  (44)  or  by  means  of 
(48)  and  (51) ;  and  the  ratios  s  and  s"  may  be  found  directly  from  the 
equations  (46).  In  the  case  of  very  eccentric  orbits  this  is  indispen- 
sable, if  it  be  desired  to  avoid  prolixity  in  the  numerical  calculation, 
since  otherwise  the  successive  approximations  to  P  and  Q  will  slowly 
approach  the  limits  required. 
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The  various  modifications  of  the  formula?  for  certain  special  cases, 
M  wvll  u  the  formula?  which  must  be  used  in  the  case  of  parabolic 
and  hyperbolic  orbits,  and  of  those  differing  but  little  from  the 
parabola,  have  been  given  in  a  form  such  that  they  require  no  fur- 
ther illustration. 

94.  In  the  determination  of  an  unknown  orbit,  if  the  intervals  are 
considerably  unequal,  it  will  be  advantageous  to  correct  the  first 
assumed  value  of  P  before  completing  the  first  approximation  in  the 
manner  already  illustrated.     The  assumption  of 

Q  =  tt" 

is  correct  to  terms  of  the  fourth  order  with  respect  to  the  time,  and 
for  the  same  degree  of  approximation  to  P  we  must,  according  to 
equation  (28)3,  use  the  expression 


which  becomes  equal  to  —  only  when  the  intervals  are  equal.  The 
first  assumed  values 

P=A  Q  =  TT", 

furnish,  with  very  little  labor,  an  approximate  value  of  r' ;  and  then, 
with  the  values  of  P  and  Q,  derived  from 

-"    /  T>  —  T"2  \ 

P=J7(l  +  h^-VEL-)>  9  =  <  (98) 

the  entire  calculation  should  be  completed  precisely  as  in  the  example 
given.     Thus,  in  this  example,  the  first  assumed  values  give 

log  r'  =  0.30257, 

and,  recomputing  P  by  means  of  the  first  of  these  equations,  we  get 

log  P  =  9.9863404,  log  Q  =  8.1427822, 

with  which,  if  the  first  approximation  to  the  elements  be  completed, 
the  results  will  differ  but  little  from  those  obtained,  without  this  cor- 
rection, from  the  second  hypothesis.  If  the  times  had  been  already 
corrected  for  the  time  of  aberration,  the  agreement  would  be  still 
closer. 

The  comparison  of  equations  (46)  with  (25)3  gives,  to  terms  of  the 
fourth  order, 
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t2  ,  r'2  „  t"2 

«  =  1  +  h~^  ^  =  !  +  J  -j/p  *"  =  1  +  5  ^F> 

and,  if  the  intervals  are  equal,  this  value  of  sf  is  correct  to  terms  of 
the  fifth  order.     Since 

we  have,  neglecting  terms  of  the  fourth  order, 

logs  =  ^~,  (99) 

in  which  log  ^0  =  8.8596330.  We  have,  also,  to  the  same  degree  of 
approximation, 

**'=£•  PP  logs"  =  6° '7^  (1°0) 

For  the  values 

log  r  =  9.0782331,  log  t>  =  9.3724848,  log  r"  =  9.0645692, 

log/ =  0.3032587, 
these  formulae  give 

log  s  =  0.0001277,  log  4  =  0.0004953,  log  s"  =  0.0001199, 

which  differ  but  little  from  the  correct  values  0.0001284,  0.0004954, 
and  0.0001193  previously  obtained. 
Since 

sec3  /  =  1  -J-  6  sin2 1/  +  &c, 

the  second  of  equations  (65)  gives 

t'*  6r'2 

(r  +  r  )3       (r  +  r  )s 

Substituting  this  value  in  the  first  of  equations  (66),  we  get 

If  we  neglect  terms  of  the  fourth  order  with  respect  to  the  time,  it 
will  be  sufficient  in  this  equation  to  put  y'  =  f ,  according  to  (71),  and 
hence  we  have 

and,  since  s'  —  1  is  of  the  second  order  with  respect  to  r',  we  have, 
to  terms  of  the  fourth  order, 

8'2(8'_l)=log.*'. 
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Therefore, 

»<*'»  4  ^^?7?  (101) 

which,  when  the  intervals  are  small,  may  be  used  to  find  s'  from  r 
and  r".     In  the  same  manner,  we  obtain 

log  s  =  i  X0  (r,+  r,,)8,  log  s"  =  ft  (r  +  ¥y         (102) 

For  logarithmic  calculation,  when  addition  and  subtraction  loga- 
rithms are  not  used,  it  is  more  convenient  to  introduce  the  auxiliary 
angles  %,  %',  and  y",  by  means  of  which  these  formulae  become 

log*  =  -$/0— p*-»     log*=^o — jr^.     log s"  =i*0 ^-,  (103) 

in  which  log  $?>0  =  9.7627230.     For   the   first   approximation  these 

equations  will  be  sufficient,  even  when  the  intervals  are  considerable, 

to  determine  the  values  of  s  and  s"  required  in  correcting  P  and  Q. 

The  values  of  r,  r',  r",  and  r"  above  given,  in  connection  with 

log  r  =  0.3048368,  log  r"  =  0.3017481, 

give 

log  s  ==  0.0.001284,  log  s'  =  0.0004951,  log  s"  =  0.000H93. 

These  results  for  log  8  and  log.s"  are  correct,  and  that  for  log  sf  differs 
only  3  in  the  seventh  decimal  place  from  the  correct  value. 
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CHAPTER  V. 

DETERMINATION  OF   THE   ORBIT   OF   A  HEAVENLY  BODY  FROM   FOUR   OBSERVATIONS, 
OF  WHICH   THE  SECOND  AND  THIRD   MVST  BE  COMPLETE. 

95.  The  formulae  given  in  the  preceding  chapter  are  not  sufficient 
to  determine  the  elements  of  the  orbit  of  a  heavenly  body  when  its 
apparent  path  is  in  the  plane  of  the  ecliptic.  In  this  case,  however, 
the  position  of  the  plane  of  the  orbit  being  known,  only  four  ele- 
ments remain  to  be  determined,  and  four  observed  longitudes  will 
furnish  the  necessary  equations.  There  is  no  instance  of  an  orbit 
whose  inclination  is  zero ;  but,  although  no  such  case  may  occur,  it  may 
happen  that  the  inclination  is  very  small,  and  that  the  elements 
derived  from  three  observations  will  on  this  account  be  uncertain, 
and  especially  so,  if  the  observations  are  not  very  exact.  The  diffi- 
culty thus  encountered  may  be  remedied  by  using  for  the  data  in  the 
determination  of  the  elements  one  or  more  additional  observations, 
and  neglecting  those  latitudes  which  are  regarded  as  most  uncertain. 
The  formulae,  however,  are  most  convenient,  and  lead  most  expe- 
ditiously to  a  knowledge  of  the  elements  of  an  orbit  wholly  unknown, 
when  they  are  made  to  depend  on  four  observations,  the  second  and 
third  of  which  must  be  complete ;  but  of  the  extreme  observations 
only  the  longitudes  are  absolutely  required. 

The  preliminary  reductions  to  be  applied  to  the  data  are  derived 
precisely  as  explained  in  the  preceding  chapter,  preparatory  to  a  de- 
termination of  the  elements  of  the  orbit  from  three  observations. 

Let  t,  t',  t",  t'"  be  the  times  of  observation,  r,  r',  r",  r'"  the  radii- 
vectores  of  the  body,  u,  u',  u",  u'"  the  corresponding  arguments  of 
the  latitude,  R,  R',  R",  R'"  the  distances  of  the  earth  from  the  sun, 
and  0,  ©',  O",  ©"'  the  longitudes  of  the  sun  corresponding  to 
these  times.     Let  us  also  put 


and 


[rV"]  =iV"sin(i4'"  —  u'), 
[rV"]  =W"  sin  (u"'  —  u"), 

~~  [rV"]  n         [rV"]*  W 
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Then,  according  to  the  equations  (5)3,  we  shall  have 

nx  ■*-  x'  -f  n"x"  =  0, 
ny  -tf  +n"f  =  0, 
n'x,  —  x"  +  n"'x"'  =  0,  W 

riy'  —  x"  +  n"y'  =  0' 

•  Let  X,  X',  X",  X"'  be  the  observed  longitudes,  /?,  fi',  fi",  ?"  the  ob- 
served latitudes  corresponding  to  the  times  t,  t' ,  t",  t'",  respectively, 
and  J,  J',  J",  A'"  the  distances  of  the  body  from  the  earth.  Further, 
let 

J'"  COS  £'":=//", 

and  for  the  last  place  we  have 

x'"  =  p'"  cos  Xm  —  R"  cos  ©"', 
f  —  P'"  sin  X'"  —  R"  sin  ©"'. 

Introducing  these  values  of  x'"  and  y'",  and  the  corresponding  values 
of  x,  x',  x" ,  y,  y'}  y"  into  the  equations  (2),  they  become 

0  =  n  (/>  cos  X  —  R  cos  O)  —  (/>'  cos  X'  —  R  cos  ©') 

+  w'V'cosx"  —  2?"  cos©"), 
0  =  n  (p  sin  X  —  R  sin  ©)  —  (//  sin  X  —  22'  sin  ©') 

+  n"(p"sinX"  —  22"  sin  0"), 
0  =  n'  (/>'  cos  A'  —  2?  cos  ©')  —  0"  cos  A"  —  R'  cos  ©")  (3) 

+  n'"  (P"f  cos  A'"  —  R"  cos  ©'"), 
0  ==  ri  (P'  sin  A'  —  R  sin  ©')  —  (/>"  sin  X"  —  R'  sin  ©") 

+  n'"  (p'"  sin  /'"  —  R"  sin  ©'")• 

If  we  multiply  the  first  of  these  equations  by  sin  X,  and  the  second 
by  —  cos  X,  and  add  the  products,  we  get 

0  =  nR  sin  (X  —  ©)  —  (P'  sin  (X  —  X)  +  R  sin  (X  —  ©')) 

+  n"  (//'  sin  (/"  — X)  +  R'  sin  (X  -  ©  ")) ;  (4) 

and  in  a  similar  manner,  from  the  third  and  fourth  equations,  wc 
find 

0  =  n'  (Pf  sin  {X'"  —  X')  —  R  sin  (iM  —  © '))  (5) 

—  (/>"  sin  (/"-  X")  —  R"  sin  {X'"—  ©"))  —  n'"R"  sin  (/"'—  ©'"). 

Whenever  the  values  of  n,  w',  n",  and  n'"  are  known,  or  may  be 
determined  in  functions  of  the  time  so  as  to  satisfy  the  conditions  of 
motion  in  a  conic  section,  these  equations  become  distinct  or  inde- 
pendent of  each  other;  and,  since  only  two  unknown  quantities  p' 
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and  p"  are  involved  in  them,  they  will  enable  us  to  determine  these 
curtate  distances. 
Let  us  now  put 

cos  p  sin  (/'  —  X)    =A,  cos  ft"  sin  (/'  —  A)  =  B, 

cos  ft"  sin  (/"'—  X")  =  C,  cos  &  sin  (/'"  —  X')  =  D, 

and  the  preceding  equations  give 


(6) 


AP'  sec  ft'  —  Bn"P"  sec  ft"  =  nBsm(X—Q)  —  B'  sin  (X  —  ©') 

+  n"B"  sin  (A-©"), 
D»V  sec  /?—  q»"  sec  /9"=  n'B'  sin  (A'"—  © ')  —  22"  sin  (A'"—  ©")        (7) 

+  »WJT  sin  (A'"  —  ©'"). 

If  we  assume  for  n  and  n"  their  values  in  the  case  of  the  orbit  of 
the  earth,  which  is  equivalent  to  neglecting  terms  of  the  second  order 
in  the  equations  (26)3,  the  second  member  of  the  first  of  these  equa- 
tions reduces  rigorously  to  zero ;  and  in  the  same  manner  it  can  be 
shown  that  when  similar  terms  of  the  second  order  in  the  corre- 
sponding expressions  for  n'  and  n"  are  neglected,  the  second  member 
of  the  last  equation  reduces  to  zero.  Hence  the  second  member  of 
each  of  these  equations  will  generally  diifer  from  zero  by  a  quantity 
which  is  of  at  least  the  second  order  with  respect  to  the  intervals  of 
time  between  the  observations.  The  coefficients  of  p'  and  p"  are  of 
the  first  order,  and  it  is  easily  seen  that  if  we  eliminate  p"  from 
these  equations,  the  resulting  equation  for  p'  is  such  that  an  error  of 
the  second  order  in  the  values  of  n  and  n"  may  produce  an  error  of 
the  order  zero  in  the  result  for  //,  so  that  it  will  not  be  even  an 
approximation  to  the  correct  value ;  and  the  same  is  true  in  the  case 
of  p".  It  is  necessary,  therefore,  to  retain  terms  of  the  second  order 
in  the  first  assumed  values  for  n,  n',  n",  and  n'" ;  and,  since  the 
terms  of  the  second  order  involve  r'  and  r",  we  thus  introduce  two 
additional  unknown  quantities.  Hence  two  additional  equations  in- 
volving r',  r",  p',  p"  and  quantities  derived  from  observation,  must 
be  obtained,  so  that  by  elimination  the  values  of  the  quantities  sought 
may  be  found. 

From  equation  (34)4  we  have 


P'  sec  p  =  B'  cos  V  ±  V  r'2  —  B'1  sin2  V,  (8) 

which  is  one  of  the  eauations  required ;  and  similarly  we  find,  for 
the  other  eouation. 


P"  sec  ft"  =  B"  cos  +"  ±  V  iJ,i—  B"'  sin*  4".  (9) 
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Introducing  these  values  into  the  equations  (7),  and  putting 
x'  =  db  VV1  —  i^sin'V, 


we  get 


aT=±  l/V"—  R"<  sin1  V,  (10) 


4a;'  —  Bn' 'x"  =  nR  sin  (X  —  ©)  —  R'  sin  (/I  —  ©') 

+  n"R"  sin  (A  —  ©")  —  AR!  cos  4'  +  n"BR"  cos  V, 
DnV  —  Cx"  =  n'i?'  sin  (/"  —  ©')  —  22"  sin  (X"f  —  ©") 

+  n"'R'"  sin  (A'"  —  ©'")  —  n'DR'  cos  +'  +  CR"  cos  +". 

Let  us  now  put 

2  =  h,  c=h> 

or 

„  _  cos /?' sin  (/' —  X)  _  cos/?  sin  (A'"— A') 

cos  §f  sin  (/  —  X) '  h  —  cos  /S"  sin  (X'"—  JFJ 

C 

.,_,,         „  .   U"  sin  (>l  —  ©")        ' 
h'R"  cos  4"  -\ ^ =^-f-  =  c', 

li  li  cos  4- y=j =  c  , 

i?sin(/l-Q)_J,  iTsin^'"— Q'") 

^  —  a>  ~C  ~ ' 

and  we  have 

a/  =  h'ri'x"  +  nd!  —  a'  +  ri'c', 
x"  =  h"rix'  +  n'"d"  —  a"  -f  n'c". 


(11) 


(12) 


These  equations  will  serve  to  determine  x'  and  x",  and  hence  r'  and 
/•",  as  soon  as  the  values  of  n,  n',  n" ,  and  n'"  are  known. 

96.  In  order  to  include  terms  of  the  second  order  in  the  values  of 
n  and  n",  we  have,  from  the  equations  (26)3, 

n=V\l  +  & ^i /'  *    -7^  +  5 -Tt /' 

and,  putting 

P>="  ^=(n +  „"_!)/.,  (i3) 

n 
these  give 
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r-r"\l        *       r's       /'  (14) 

Let  us  now  put 

r'"  =  k(r-n,  r;  =  k{r-t'\  (15) 

and,  making  the  necessary  changes  in  the  notation  in  equations  (26)s, 
we  obtain 

W  -T"7l    I    i^V  +  O   ,   ,t(t'  +  tt'"-t"")    dr"      v         Ub; 
From  these  we  get,  including  terms  of  the  second  order, 

and  hence,  if  we  put 

P"  =  ^,  $"=(n'  +  n'"  — l)r"»,  (17) 

we  shall  have,  since  r0'  =  r  +  r//r, 


^    —  T'"  \ X        5        /'s       J» 


(18) 


When  the  intervals  are  equal,  we  have 


—  p"  —  JL 


and  these  expressions  may  be  used,  in  the  case  of  an  unknown  orbit, 
tor  the  first  approximation  to  the  values  of  these  quantities. 
The  equations  (13)  and  (17)  give 


n  =  n"P'; 
•       n'-       '*        (l|g1 
n'"  =  riP"\ 

and,  introducing  these  values,  the  equations  (12)  become 


(19) 


286  THEORETICAL   ASTRONOMY. 

*"  =  Yq:-p>r  ( l + $)  (*V  +  p "dr  +  O  -  a". 

Let  us  now  put 

P'd'+C'  h' 

—    o  »  1     i     P'   — J  » 


(20) 


1  +  P'  ° '  1  +  P' 

1  +  J>"      -C»  '  1+P" 


(21) 


and  we  shall  have 

^l  +  ^)(/y'+c0')-a', 

^"  =  (l  +  ^')(/V+0-a". 

We  have,  further,  from  equations  (10), 

?•"  =  (z'3  +  R"  sinV)* , 
r"8=(x"1+P"2sinV)f, 


(22) 


(23) 


If  we  substitute  these  values  of  r,z  and  r"3  in  equations  (22),  the  two 
resulting  equations  will  contain  only  two  unknown  quantities  x'  and 
x",  when  P7,  P",  $',  and  §"  are  known,  and  hence  they  will  be 
sufficient  to  solve  /the  problem.  But  if  we  effect  the  elimination  of 
cither  of  the  unknown  quantities  directly,  the  resulting  equation 
becomes  of  a  high  order.  It  is  necessary,  therefore,  in  the  numerical 
application,  to  solve  the  equations  (22)  by  successive  trials,  which 
may  be  readily  effected. 

If  z'  represents  the  angle  at  the  planet  between  the  sun  and  t'  e 
earth  at  the  time  of  the  second  observation,  and  z"  the  same  angle  at 
the  time  of  the  third  observation,  we  shall  have 

,  _  IS  sin  V 

sin  z1    *  r24. 

r„^P"shn/'  U4; 

sin  z" 

Substituting  these  values  of  r'  and  r"  in  equations  (10),  we  get 

J-£""*  (25) 

a>"  =  r  cos  z  , 
and  hence 
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,       R  sin  +' 

tan  z  = -J , 

Vdm*  (26) 

x 

by  means  of  which  we  may  find  z'  and  z"  as  soon  as  x'  and  x"  shall 
have  been  determined;  and  then  r'  and  r"  are  obtained  from  (24)  or 
(25).  The  last  equations  show  that  when  x'  is  negative,  z'  must  be 
greater  than  90°,  and  hence  that  in  this  case  r'  is  less  than  R'. 

In  the  numerical  application  of  equations  (22),  for  a  first  approxi- 
mation to  the  values  of  xf  and  x",  since  Q'  and  Q"  are  quantities  of 
the  second  order  with  respect  to  r  or  r'",  we  may  generally  put 


and  we  have 


or,  by  elimination, 


q  =  Q,  Q"  =  0; 

x'=fx"  +<-«', 

y_v+/y-/«"-a' 

,  i-/r 

-       wr      • 

With  the  approximate  values  of  x'  and  a;"  derived  from  these  equa- 
tions, we  compute  first  r'  and  r"  from  the  equations  (26)  and  (24), 
and  then  new  values  of  x'  and  x"  from  (22),  the  operation  being 
repeated  until  the  true  values  are  obtained.  To  facilitate  these  ap- 
proximations, the  equations  (22)  give 

„„__     ar  +  q'         < 

7F> 


x  = 


x"  +  a"  c"  (27) 


r(i+S)  r 


Let  an  approximate  value  of  x'  be  designated  by  x0f,  and  let  the 
value  of  x"  derived  from  this  by  means  of  the  first  of  equations  (27) 
be  designated  by  x0".  With  the  value  of  xjf  for  x"  we  derive  a 
new  value  of  x'  from  the  second  of  these  equations,  which  we  denote 
by  x/.  Then,  recomputing  x"  and  x',  we  obtain  a  third  approximate 
value  of  the  latter  quantity,  which  may  be  designated  by  x%' ;  and, 
if  we  put 

X.  Xn  —  CL',  Xm  X.    —  Qn  t 
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we  shall  have,  according  to  the  equation  (67)3,  the  necessary  changes 
being  made  in  the  notation, 

x'  =  x'-  -ffi-ggg/—    /*»*■  .  (28) 

The  value  of  x'  thus  obtained  will  give,  by  means  of  the  first  of 
equations  (27),  a  new  value  of  x",  and  the  substitution  of  this  in  the 
last  of  these  equations  will  show  whether  the  correct  result  has  been 
found.  If  a  repetition  of  the  calculation  be  found  necessary,  the 
three  values  of  x'  which  approximate  nearest  to  the  true  value  will, 
by  means  of  (28),  give  the  correct  result.  In  the  same  manner,  if 
we  assume  for  x"  the  value  derived  by  putting  Q'  =  0  and  Q"  =  0, 
and  compute  xf,  three  successive  approximate  results  for  x"  will 
inable  us  to  interpolate  the  correct  value. 

When  the  elements  of  the  orbit  are  already  approximately  known, 
the  first  assumed  value  of  x'  should  be  derived  from 


a/  =  vV*—  ITsinV 

instead  of  by  putting  Q'  and  Q"  equal  to  zero. 

97.  It  should  be  observed  that  when  X'  =  X  or  X'"  =  X",  the  equa- 
tions (22)  are  inapplicable,  but  that  the  original  equations  (7)  give, 
in  this  case,  either  p"  or  p'  directly  in  terms  of  n  and  n"  or  of  n' 
and  n1"  and  the  data  furnished  by  observation.  If  we  divide  the 
first  of  equations  (22)  by  h',  we  have 


The  equations  (21)  give 

P'£  j_c- 

h!      1  -f  P'  h'         1  +  P'  ' 

and  from  (11)  we  get 

a!      R  cos  +'      R  sin  (X  —  ©') 


Then,  if  we  put 


h'  K        '  B 

—  =  k  cos*  H -g ,  (^y; 

d'      BsmjX  —  Q) 
~h'~  B 


ORBIT   FROM   FOUR   OBSERVATIONS.  289 

its  value  may  be  found  from  the  results  for  —,  and  p  derived  hy 
means  of  these  equations,  and  we  shall  have 


(30) 


When  X'  =  X,  we  have  h!  =  oo,  and  this  formula  becomes 
0=(l  +  ^)(*"+Co')-£(l  +  P'), 

the  value  of  p  being  given  by  the  first  of  equations  (29)      This 

equation  and  the  second  of  equations  (22)  are  sufficient  to  determine 
x'  and  x"  in  the  special  case  under  consideration. 

The  second  of  equations  (22)  may  be  treated  in  precisely  the  same 
manner,  so  that  when  I'"  =  /",  it  becomes 

0  =  (l+^)(*'+O-^(l+P"), 

and  this  must  be  solved  in  connection  with  the  first  of  these  equations 
in  order  to  find  x'  and  x" . 

98.  As  soon  as  the  numerical  values  of  x'  and  x"  have  been 
derived,  those  of  r'  and  r"  may  be  found  by  means  of  the  equations 
(26)  and  (24).     Then,  according  to  (41)4,  we  have 

#sin(/+40        =, 

P  = : 1 COS ;/, 

sm2 

,,      i?' gin  Of' +*")-,,  W 

p  = ^7' cos/5' 

The  heliocentric  places  are  then  found  from  p'  and  p"  by  means  of 
the  equations  (71)3,  and  the  values  of  r'  and  r"  thus  obtained  should 
agree  with  those  already  derived.  From  these  places  we  compute 
the  position  of  the  plane  of  the  orbit,  and  thence  the  arguments  of 
the  latitude  for  the  times  t'  and  t". 

The  values  of  r',  r",  u',  u",  n,  n",  n',  and  n'"  enable  us  to  deter- 
mine r,  r'"}  u}  and  u'" '.     Thus, -we  have 

[rV"]  =  rV"sin(u"  —  u'), 

and,  from  the  equations  (1)  and  (3),, 

19 


Therefore, 
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[rV"]=^[r'r"], 

rV"]  =  ^[rV']. 

?i" 
r  sin  (it'  —  u)       =  —  r"  sin  (u"  —  i/), 

r  sin  (it"  —  m)      =  -  /  sin  («"  —  it'), 
n 

r'"  sin  (u'"—  u")  =  4nr'  sin  (w"  —  it'), 

71 

r"'  sin  (u'"  —  u')=\  r"  sin  (it"  —  u'). 
n 

From  the  first  and  second  of  these  equations,  by  addition  and  sub- 
traction, we  get 

r'  -L  W'r" 
r  sin  {(u'  -u)  +  \  {u"  —  u'))  =     ^  sin  J  (it"  —  «'), 

,_*--  (33) 

r  cos  ((it'  —  u)  +  |  (it"  —  m'))  = —  cos  )  £«?  —  u'), 


(32) 


from  which  we  may  find  r,  it'  —  u,  and  u  =  uf  —  (m'  —  u). 

In  a  similar  manner,  from  the  third  and  fourth  of  equations  (32), 
we  obtain 

r"'  sin  ((u"f  -  u")  +  i  (it"  -  «0)  =  *"  "t,wV  sin  \  (u"  -  u'), 

,,n_   ,,  (34) 

r"'  cos  ((«'"  -  u")  +  |  (it"  —  u'))  =  - — £Z-  cos  £  (it"  —  it'), 

from  which  to  find  r'"  and  it'". 

When  the  approximate  values  of  r,  r',  r",  r'",  and  it,  it',  u"}  u'" 
have  been  found,  by  means  of  the  preceding  equations,  from  the 
assumed  values  of  P',  P",  Q',  and  Q",  the  second  approximation  to 
the  elements  may  be  commenced.  But,  in  the  case  of  an  unknown 
orbit,  it  will  be  expedient  to  derive,  first,  approximate  values  of  r' 
and  r",  using 

T  T 

P'  P"  _ 

r  —  7''  2    —  T'"' 

and  then  recompute  P'  and  P"  by  means  of  the  equations  (14)  and 
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(18),  before  finding  u'  and  u".  The  terms  of  the  second  order  will 
thus  be  completely  taken  into  account  in  the  first  approximation. 

99.  If  the  times  of  observation  have  not  been  corrected  for  the 
time  of  aberration,  as  in  the  case  of  an  orbit  wholly  unknown,  this 
correction  may  be  applied  before  the  second  approximation  to  the 
elements  is  effected,  or  at  least  before  the  final  approximation  is  com- 
menced. For  this  purpose,  the  distances  of  the  body  from  the  earth 
for  the  four  observations  must  be  determined;  and,  since  the  curtate 
distances  p'  and  {>"  are  already  given,  there  remain  only  p  and  p'"  to 
be  found.  If  we  eliminate  p'  from  the  first  two  of  equations  (3),  the 
result  is 

n  sin  (X'  —  A)  v     J 

nR  sin  (X' —  Q)  —  R'  sin  (X'—  Q')  +  n"  R"  sin  (X' —  Q")  _ 

+  wsin(x'  —  X)  ' 

and,  by  eliminating  p"  from  the  last  two  of  these  equations,  we  also 
obtain 

_       ii'8in(X"—X') 

P    —P  „>»*;„  at" W\  (-ao) 

n    gin  (/    —  /  ) 

riR  sin  (X"  -  QQ  —  R"  sin  (X"  —  Q")  +  n'"  R"'  sin  (X"  —  Q"') 

n'"sm{X'"  —  X") 

by  means  of  which  p  and  p'"  may  be  found.  The  combination  of 
the  first  and  second  of  equations  (3)  gives 

P=p-  cos  (X —x)  —  5lL  cos  (r — x)  (37) 

n  11 

nR  cos  (X  —  Q)—R  cos  (X  —  Q')  -f-  n"  R"  cos  (X  —  Q") 

w 
and  from  the  third  and  fourth  we  get 

ft"  =  ^  cos  (X'"  -  X")  -  -!!',-  cos  (X'" -  X')  (38) 

n'  R'  cos  (X"f—  GQ  —  R"  cos  (/"—  Q")  +  ri"  R"'  cos  (A'"—  Q '") 

Further,  instead  of  these,  any. of  the  various  formulae  which  have 
been  given  for  finding  the  ratio  of  two  curtate  distances,  may  be 
employed;  but,  if  the  latitudes  /?,  /9',  &c.  are  very  small,  the  values 
of  p  and  p'"  which  depend  on  the  differences  of  the  observed  longi- 
tudes of  the  body  must  be  preferred. 
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The  values  of  p'  and  p'"  may  also  be  derived  by  computing  the 
heliocentric  places  of  the  body  for  the  times  t  and  V"  by  means  of 
the  equations  (82),,  and  then  finding  the  geocentric  places,  or  those 
which  belong  to  the  points  to  which  the  observations  have  been 
reduced,  by  means  of  (90),,  writing  p  in  place  of  Jcos/9.  This 
process  affords  a  verification  of  the  numerical  calculation,  namely, 
the  values  of  X  and  X'"  thus  found  should  agree  with  those  furnished 
by  observation,  and  the  agreement  of  the  computed  latitudes  ft  and 
/9/"  with  those  observed,  in  case  the  latter  are  given,  will  show  how 
nearly  the  position  of  the  plane  of  the  orbit  as  derived  from  the 
second  and  third  observations  represents  the  extreme  latitudes.  If 
it  were  not  desirable  to  compute  X  and  X'"  in  order  to  check  the 
calculation,  even  when  /9  and  fif,f  are  given  by  observation,  we  might 
derive  p  and  //"  from  the  equations 

p    =  r  sin  u  sin  i  cot  /9, 
/>'"=-- r'"  sin  w'"  sin  t  cot  ,5"', 

when  the  latitudes  are  not  very  small. 

In  the  final  approximation  to  the  elements,  and  especially  when 
the  position  of  the  plane  of  the  orbit  cannot  be  obtained  with  the 
required  precision  from  the  second  and  third  observations,  it  will  be 
advantageous,  provided  that  the  data  furnish  the  extreme  latitudes 
{i  and  pi'",  to  compute  p  and  p'"  as  soon  as  p'  and  p"  have  been 
found,  and  then  find  /,  V",  b,  and  b'"  directly  from  these  by  means 
of  the  formula?  (71)3.  The  values  of  &  and  i  may  thus  be  obtained 
from  the  extreme  places,  or,  the  heliocentric  places  for  the  times  t' 
and  t'"  being  also  computed  directly  from  p'  and  p",  from  those 
which  are  best  suited  to  this  purpose.  But,  since  the  data  will  be 
more  than  sufficient  for  the  solution  of  the  problem,  when  the  extreme 
latitudes  are  used,  if  we  compute  the  heliocentric  latitudes  b'  and  b'" 
from  the  equations 

tan  V  =  tan  i  sin  (t  —  ft), 
tan  b"  =  tan'i  sin  (T  —  ft), 

they  will  not  agree  exactly  with  the  results  obtained  directly  from  p' 
and  p",  unless  the  four  observations  are  completely  satisfied  by  the 
elements  obtained.  The  values  of  r'  and  r",  however,  computed 
directly  from  p'  and  p"  by  means  of  (71)3,  must  agree  with  those 
derived  from  x'  and  x". 

The  corrections  to  be  applied  to  the  times  of  observation  on  account 
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of  aberration  may  now  be  found.     Thus,  if  t0,  t0'f  t0",  and  t0f"  arc 
the  uncorrected  times  of  observation,  the  corrected  values  will  be 

t    =t0  —  Cpsecft, 

f  =  t0'-Cp' sec?, 

t"  =t0"—CP"  sec/5",  ^4UJ 

t'"  =  t0"'—  CP'"  sec  ft"', 

wherein  log  C=  7.760523,  and  from  these  we  derive  the  corrected 
values  of  r,  r',  r",  r'",  and  r0'. 

100.  To  find  the  values  of  P',  P",  Q',  and  Q",  which  will  be 
exact  when  r,  r',  r",  r"f,  and  u,  u',  u",  u'"  are  accurately  known,  we 
have,  according  to  the  equations  (47)4  and  (51)4,  since  Q'  =  \Q, 

P'=-.- 


T  8 

rr"  r" 


(41) 

a  —  i " . : . 

^        ~  ss"    rr"  cos  ^  (u"  —  u')  cos  ^  (u"  —  u)  cos  A  (w  —  m) 


In  a  similar  manner,  if  we  designate  by  s"r  the  ratio  of  the  sector 
formed  by  the  radii-vectores  r"  and  r'"  to  the  triangle  formed  by 
the  same  radii-vectores  and  the  chord  joining  their  extremities,  we 
find 

Tilt T         S 

r'"  '   a  ' 

(42) 

V  —  2  ss'"  '  rV"  cos  \  {v!"  —  u")  cos  £  (u'"  —  «')  cos  j  (u"  —  u')' 

The  formulae  for  finding  the  value  of  s'"  are  obtained  from  those  for 
s  by  writing  #'",  f",  G'",  &c.  in  place  of  /,  y,  G,  &c,  and  using 
r",  r'",  u'"  —  u"  instead  of  rf,  r",  and  u"  —  uf,  respectively. 

By  means  of  the  results  obtained  from  the  first  approximation  to 
the  values  of  P',  P",  Q',  and  Q",  we  may,  from  equations  (41)  and 
(42),  derive  new  and  more,  nearly  accurate  values  of  these  quantities, 
and,  by  repeating  the  calculation,  the  approximations  to  the  exact 
values  may  be  carried  to  any  extent  which  may  be  desirable.  When 
three  approximate  values  of  P'  and  Q',  and  of  P"  and  Q",  have 
been  derived,  the  next  approximation  will  be  facilitated  by  the  use 
of  the  formulae  (82)4,  as  already  explained. 

When  the  values  of  P',  P",  Q',  and  Q"  have  been  derived  with 
sufficient  accuracy,  we  proceed  from  these  to  find  the  elements  of  the 
orbit.  After  ft,  i,  r,  r',  r",  r'"y  u,  u',  u",  and  u'"  have  been  found, 
the  remaining  elements  may  be  derived  from  any  two  radii-vectores 
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anil  the  corresponding  arguments  of  the  latitude     It  will  be  most 

accurate,    however,   to   derive   the   elements   from    r,  /•'",  ",  and    u'". 
If  the  values  of  P',  P",  <J',  and  (/'  have  been  obtained  with  great 
accuracy,  the  resnltfl  derived  from  any  two  places  will  agree  with 
those  obtained  from  the  extreme  places. 
In  the  first  place,  from 

//" 

sin^0  cos  G0  =  sin  A  (u'"  —  it),  (43) 

sin  ya  sin  G0  =  cos  ^  (V"  —  u)  cos  2/0, 
cos  y0  =  cos  }x  (v!"  —  u)  sin  2/0, 

we  find  r0  and  GQ.     Then  we  have 

r0  =  k(t'"-t), 

m  —  T"  i  — S1"  *r°  1 44^ 

0       (r  +  r   f  cos3  y0  cos^0 

mn  __  i\       . 

xo  —  Z  i        Jo> 


g  ~./o    i    "*o  "« 

from  which,  by  means  of  Tables  XIII.  and  XIV.,  to  find  s0  and  x0. 
We  have,  further, 

1 80rr'"  sin  (u'"—u)V 
P=\ r0 )' 

and  the  agreement  of  the  value  of  p  thus  found  with  the  separate 
results  for  the  same  quantity  obtained  from  the  combination  of  any 
two  of  the  four  places,  will  show  the  extent  to  which  the  approxima- 
tion to  P',  P",  Q',  and  Q"  has  been  carried.  The  elements  are  now 
to  be  computed  from  the  extreme  places  precisely  as  explained  in  the 
preceding  chapter,  using  r'"  in  the  place  of  r"  in  the  formula?  there 
given  and  introducing  the  necessary  modifications  in  the  notation, 
which  have  been  already  suggested  and  which  will  be  indicated  at 
once. 

101.  Example. — For  the  purpose  of  illustrating  the  application 
of  the  formulae  for  the  calculation  of  an  orbit  from  four  observations, 
let  us  take  the  following  normal  places  of  Eurynome  ©  derived  by 
comparing  a  series  of  observations  with  an  ephemeris  computed  from 
approximate  elements. 


Greenwich  M.  T. 

a 

A 

1863  Sept.  20.0 

14° 

30'  35".6 

+  9° 

23'  40".7, 

Dec.  9.0 

9 

54  17  .0 

2 

53  41  .8, 

1864  Feb.   2.0 

28 

41  34  .1 

9 

6  2  .8, 

April  30.0 

74 

29  58  .9 

+  19 

35  41  .5. 
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These  normals  give  the  geocentric  places  of  the  planet  referred  to  the 
mean  equinox  and  equator  of  1864.0,  and  free  from  aberration.  For 
the  mean  obliquity  of  the  ecliptic  of  1864.0,  the  American  Nautical 
Almanac  gives 

•  =  23°  27'  24".49, 

and,  by  means  of  this,  converting  the  observed  right  ascensions  and 
declinations,  as  given  by  the  normal  places,  into  longitudes  and  lati- 
tudes, we  get 

Greenwich  M.  T.  "k  p 

1863  Sept.  20.0  16°  59'    9".42  -f  2°  56'  44".58, 
Dec.      9.0  10    14  17  .57  —  1    15  48  .82, 

1864  Feb.      2.0  29    53  21  .99  2    29  57  .38, 
April  30.0  75    23  46  .90  —  3      4  44  .49. 

These  places  are  referred  to  the  ecliptic  and  mean  equinox  of  1864.0, 
and,  for  the  same  dates,  the  geocentric  latitudes  of  the  sun  referred 
also  to  the  ecliptic  of  1864.0  are 

+  0".60,  -f0".53,  +  0".36,  +  0".19. 

For  the  reduction  of  the  geocentric  latitudes  of  the  planet  to  th& 
point  in  which  a  perpendicular  let  fall  from  the  centre  of  the  earth 
to  the  plane  of  the  ecliptic  cuts  that  plane,  the  equation  (6)4  gives  the 
corrections  —  0".57,  —  0".38,  —  0".18,  and  —  0".07  to  be  applied  tc 
these  latitudes  respectively,  the  logarithms  of  the  approximate  dis- 
tances of  the  planet  from  the  earth  being 

0.02618,  0.13355,  0.29033,  0.44990. 

Thus  we  obtain 

t    =     0.0,  ;.    =  16°  59'    9".42,  /?    =  +  2°  56'  44".01, 

e  =   80.0,  X'  =  10    14  17  .57,  P  =  —  1    15  49  .20, 

f  =  135.0,  /"  =  29    53  21  .99,  /9"  =  —  2    29  57  .56, 

i"=  223.0,  X'"  =  75    23  46.90,  ,?"=  —  3     4  44.56; 

and,  for  the  same  times,  the  true  places  of  the  sun  referred  to  the 
mean  equinox  of  1864.0  are 

O    =177°    0'58".6,  logR    =0.0015899. 

O'  =256    58  35.9,  logi?  =9.9932638, 

©"  =312    57  49  .8,  log/J"  =9.9937748, 

©'"=   40    21  26.8,  log  R"  =  0.0035149, 
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From  the  equations 

tan^ 


t&nvt  = 

tanw"  = 
we  obtain 


sin  (A'—©') 
tan  ft" 

sin(A"— ©")' 


tan  V  = 
tan  4"  = 


tan  (A'—  ©') 

C08«/         ' 

tan  (A"  —  ©") 


COSW 


V  =  113°  15'  20".10, 

Y  =   76    56  17  .75, 


log  Off  cos  V)  =9.5896777,,, 
log  Off  sin +')  =9.9564624, 
log  (R"  cos  4")  =  9.3478848, 
log  (22"  sin  4")  =  9.9823904. 


The  quadrant  in  which  ty  must  be  taken,  is  indicated  by  the  condi- 
tion that  cosij/  and  cos(// — ©')  must  have  the  same  sign.  The 
same  condition  exists  in  the  case  of  ^/\     Then,  the  formulae 


A  =  cos  ft  sin  (A'  —  A), 

5  =  003/9"  sin  (A"  —  A), 

C=  cos  ft"  sin  (A'"—  /."), 

D  =  cos  ft  sin  (A'"—  A'), 

2  =  h, 

a'  =  R  cos  4'  + 

R 

.-in 

(i  -  ©') 

A                    » 

a"  =  JR"cos+"- 


22"  sin  (A'"—©") 


<f  = 


c'  =  A'22"cos4"  + 

c"  =  h"R  cosV  — 
.R  sin  (A  —  Q) 


c 

2Tsin(A— Q") 
22' sin  (A'"—©') 


d" 


give  the  following  results : — 

log  4  =  9.0699254,,, 
log  £  =  9.3484939, 
log  #  =  0.2785685,,, 
loga'  =  0.8834880„, 
logc'=0.9012910n, 
log  d'  =  0.4650841, 


22"' sin  (A"' —Q'") 

c * 


log  C  =  9.8528803, 
log  D=  9.9577271, 
log  h"  =  0.1048468, 
loga"  =  9.975291 5B, 
logc"=9.7267348B, 
logd"  =  9.9096469B. 


We  are  now  prepared  to  make  the  first  hypothesis  in  regard  to  the 
values  of  P',  Qf,  P",  and  Q".  If  the  elements  were  entirely  un- 
known, it  would  be  necessary,  in  the  first  instance,  to  assume  foj  these* 
quantities  the  values  given  by  the  expressions 
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P"  =  ^,  Q"  =  W"; 

then  approximate  values  of  rf  and  r"  are  readily  obtained  by  means 
of  the  equations  (27),  (26),  and  (24)  or  (25).  The  first  assumed 
value  of  x'  to  be  used  in  the  second  member  of  the  first  of  equations 
(27),  is  obtained  from  the  expression  which  results  from  (22)  by 
putting  Q'  =  0  and  Q"  =  0,  namely, 


x 


c0'+fc0"-fa"-a' 
1  -/'/" 


after  which  the  values  of  x'  and  x"  will  be  obtained  by  trial  from 
(27).  It  should  be  remarked,  further,  that  in  the  first  determination 
of  an  orbit  entirely  unknown,  the  intervals  of  time  between  the  ob- 
servations Avill  generally  be  small,  and  hence  the  value  of  x'  derived 
from  the  assumption  of  Q'  =  0  and  Q"  =  0  will  be  sufficiently  ap- 
proximate to  facilitate  the  solution  of  equations  (27). 

As  soon  as  the  approximate  values  of  r'  and  r"  have  thus  been 
found,  those  of  P'  and  P"  must  be  recomputed  from  the  expressions 

—  t"2\  _,  r   /.         .  rJ—  r"hi\ 


p-f(i-r^),      *-*i 


With  the  results  thus  derived  for  P'  and  P",  and  with  the  values  of 
Qf  and  Q"  already  obtained,  the  first  approximation  to  the  elements 
must  be  completed. 

When  the  elements  are  already  approximately  known,  the  first 
assumed  values  of  P' ',  P",  Q'}  and  Q"  should  be  computed  by  means 
of  these  elements.     Thus,  from 

r'r"  sin  (v"  —  v')  „  _     rr'  sin  (if  —  v) 

rr"  sin  (v"  —  v)  '  ~  rr"  sin  (v"  —  v) ' 

,  _  r"r'"s\n(v'"—v")  ,„  _  r'r"  sm(v"—v') 

n  ~  r'r"'  sin (v'"  —v')'  n    ~ r'r'"  sin  (v'"  —  7J 

we  find  n,  n'}  n",  and  n'".     The  approximate  elements  of  Eurynome 

give 

v    =322°  55'    9".3,  logr    =0.308327, 

if  =353    19  26  .3,  logr'  =0.294225, 

v"=    14    45     8.5,  logr"  =0.296088, 

v'"=   47    23  32.8,  log  r'"  =  0.317278, 
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and  hence  we  obtain 


log?i  =9.653052, 
log  n'=  9.825408, 


Then,  from 


P'  = 


■L  f) 

K 


we  get 


logP'  =9.846216, 
log  P"  =  9.807763, 


logn"=  9.806836, 
log  n'"=  9.633171. 


^=(n  +  n"-l)r'«, 
§"  =  (n'+n'"-l)r"s, 

log  q  =  9.840771, 
log  §"=9.882480. 


The  values  of  these  quantities  may  also  be  computed  by  means  of  the 
equations  (41)  and  (42). 


Next,  from 


K 


we  find 


P'd'  +  c' 
1  +  P" 

P"d"+  c" 
1  +  P"  ' 


f 


f"  = 


1+P'' 
k" 


1  +  P 


n> 


logc/=0.541344B, 
logc0"  =  9.807665n, 


log/'  =  0.047658., 
log/"  =  9.889385. 


Then  we  have 


x'  = 


a/  -fa' 
z"  +  a" 


/-(i+^)  r 


tanz'  = 
/  = 


P'  sin  V 
P/  sin  4' 


tan  z"  = 


si 
cos/ 


r  = 


iTsinj/' 
z"      ' 
P'sin*" 


sin/  cos/'  sinz"  cos/" 

from  which  to  find  r'  and  r".     In  the  first  place,  from 

3>  =  Vr'%—  P"sin2y, 
we  obtain  the  approximate  value 

log  *'  =  0.242737. 
Then  the  first  of  the  preceding  equations  gives 

logs"  =  0.237687. 
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From  this  we  get 

z"  =  29°  3'  11".7,  log  r"  s=  0.296092  ; 

and  then  the  equation  for  x'  gives 

log  x'  =  0.242768. 
Hence  we  have 

z'  =  27°  20'  59".6,  log  r'  =  0.294249 ; 

and,  repeating  the  operation,  using  these  results  for  x'  and  rr,  we  get 

log  x"  =  0.237678,  log  x'  =  0.242757. 

The  correct  value  of  log  a/  may  now  be  found  by  means  of  equation 
(28).     Thus,  in  units  of  the  sixth  decimal  place,  we  have 

a0  =  242768  —  242737  =  +  31,  a/ =  242757  —  242768  =  — 11, 

and  for  the  correction  to  be  applied  to  the  last  value  of  log  xr>  in 
units  of  the  sixth  decimal  place, 

a  logo/  = fi>?—  =  4-  3. 

«o  —  a0 

Therefore,  the  corrected  value  is 

log  x*  =  0.242760, 
and  from  this  we  derive 

log  x"  =  0.237681. 

These  results  satisfy  the  equations  for  x'  and  x",  and  give 

z'  =27°  21'    l'\2,  log/ =0.294242, 

z"  =  29      3  12  .9,  log  r"  =  0.296087. 

To  find  the  curtate  distances  for  the  first  and  second  observations, 
the  formulae  are 

>      ^sinCz'  +  V),^  „      irsin(z"  +  V)        # 

P  = r— -. COS  [I,  p    ~ t—j, COS  P  , 

sin  z  sin  z 

which  give 

log  />'  =  0.133474,  log  P"  =  0.289918. 

Then,  by  means  of  the  equations 
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r'  cos V  cos (J—©')     =  //cos(A'  —  ©')  —  R, 
r'  cos  6'  sin  (V  —  ©')     =  />'  sin  (X'  —  ©'), 
r'  sin  b'  =  p'  tan  (?, 

r"  cos  6"  cos  (r  —  ©")  =  />"  cos  (A"  —  ©")  —  R', 
r"  cos  6"  sin  (I"  —  O")  =  />"  sin  (/"  —  ©"), 
r"sin6"  =  />"tan/S", 

we  find  the  following  heliocentric  places : 

r  =  37°  35'  26"  .4,  log  tan  V  =  8.182861,,,  log  r'  =  0.294243, 

r  =  58    58  15  .3,  log  tan  b"  =  8.634209n,  log  r"  =  0.296087. 

The  agreement  of  these  values  of  logr'  and  logr"  with  those  obtained 
directly  from  x'  and  x"  is  a  partial  proof  of  the  numerical  calcula- 
tion. 

From  the  equations 

tan i  sin  (j  {I"  +  l')  —  Q)  =  ^  (tan  b"  +  tan  V)  sec  \  (t'  —  f)» 
tan  i  cos  (£  {V  +  O  —  Q  )  =  £  (tan  b"  —  tan  6')  cosec  h  (J"  —  O, 

tan(f-ft')  tan    »      tan(r-O) 

tan  u  = : ,  tan  u  = : , 

cos  x  cos  % 

we  obtain 

ft  =  206°  42'  24".0,  i    =     4°  36'  47".2, 

v!  =  190    55    6  .6  u"  =  212    20  53  .5. 

Then,  from 

n  _i  +  p"\i+?^)' 

we  get 

log  n"  =  9.806832,  logn    =9.653048, 

log  n'  =  9.825408,  log  »'"  =  9.633171, 

and  the  equations 

r  sin  ((«'  -r- it)  -f  |  (it"  -  «'))        =  /+n"r"  sin  J  («"  —  w'), 
r  cos  ((it'  -  it)  +  i  (w"  —  u'))        =  /"nV'  cos  J  («"  -  it'), 

r"'  sin  ((it"'  -  O  +'!<*:-  «0)  =  *"  ^>rV  sin  J  (it"  -  it'), 
/"  cos  ((it"'  - 1 •")  +  |  (•  -  «0)  =  y/,^iTV  cos  J  (it"  -  i/), 


n'"  =  n'P", 


give 
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logr    =0.308379,  u    =  160°  30'  57".6, 

log/"  =  0.317273,  u'"=2U    59  32.5. 


Next,  by  means  of  the  formulae 

tan(Z — Q)    =  cos  i  tan  u,  tan  6    =  tan  i  sin  (7 — Q), 

tan  (F"  —  ft ) .  =  cos  i  tan  u'",  tan  V"  =  tan  %  sin  (I*  —  Q  ), 

/o  cos (^  —  ©  )  =  r  cos  b  cos  (7  —  ©)-{--#, 

/>sin(^  —  O)  =  rcos&sin(£ — ©), 

p  tan  /?  =  r  sin  6 ; 

P'"  cos  (*'"  —  0"')  =  r'"  cos  &"'  cos  (?"—  ©'")  +  iT, 
/"  sin  (/"'  —  ©'")  =  r'"  cos  6'"  sin  (*"'  —  ©"'), 
r"'  sin  6"', 


we 

obtain 

1  = 

7° 

16' 

51" 

.8, 

6  = 

=  + 

1 

32 

14 

•4. 

X  E= 

16 

59 

9 

.0, 

,?  = 

=  + 

2 

56 

40 

.1, 

r 

5=B 

91° 

37' 

40" 

.0, 

V" 

= 

—  4 

10 

47 

■4, 

X"' 

= 

75 

23 

46 

.9, 

p" 

z= 

—  3 

4  43 

•4, 

p"' 



0.449258. 

logP  =  0.025707,  log/> 

The  value  of  a'"  thus  obtained  agrees  exactly  with  that  given  by 
observation,  but  X  differs  0".4  from  the  observed  value.  This  differ- 
ence does  not  exceed  what  may  be  attributed  to  the  unavoidable 
errors  of  calculation  with  logarithms  of  six  decimal  places.  The 
differences  between  the  computed  and  the  observed  values  of  /9  and 
fl"  show  that  the  position  of  the  plane  of  the  orbit,  as  determined 
by  means  of  the  second  and  third  places,  will  not  completely  satisfy 
the  extreme  places. 

The  four  curtate  distances  which  are  thus  obtained  enable  us,  in 
the  case  of  an  orbit  entirely  unknown,  to  complete  the  correction  for 
aberration  according  to  the  equations  (40). 

The  calculation  of  the  quantities  which  are  independent  of  P', 

P",  Q',  and  Q",  and  which  are  therefore  the  same  in  the  successive 

hypotheses,  should   be   performed   as   accurately  as  possible.     The 

c 
value  of  -7p  required   in   finding  x"  from   x't  may  be   computed 


directly  from 


d'         c' 
the  values  of  77  and  77  being  found  by  means  of  the  equations  (29) ; 
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C " 

and  i  similar  method  may  be  adopted  in  the  case  of   *„  •     Further, 

in  the  computation  of  x'  and  x",  it  may  in  some  cases  be  advisable 
to  employ  one  or  both  of  the  equations  (22)  for  the  final  trial.  Thus, 
in  the  present  case,  x"  is  found  from  the  first  of  equations  (27)  by 
means  of  the  difference  of  two  larger  numbers,  and  an  error  in  the 
last  decimal  place  of  the  logarithm  of  either  of  these  numbers  affeeti 
in  a  greater  degree  the  result  obtained.     But  as  soon  as  r"  is  known 

so  nearly  that  the  logarithm  of  the  factor  1  -\-  -^  remains  unchanged, 

the  second  of  equations  (22)  gives  the  value  of  x"  by  means  of  the 
sum  of  two  smaller  numbers.  In  general,  when  two  or  more  for- 
mula? for  finding  the  same  quantity  are  given,  of  those  which  are 
otherwise  equally  accurate  and  convenient  for  logarithmic  calculation, 
that  in  which  the  number  sought  is  obtained  from  the  sum  of  smaller 
numbers  should  be  preferred  instead  of  that  in  which  it  is  obtained 
by  taking  the  difference  of  larger  numbers. 

The  values  of  r,  r',  r",  r"',  and  u,  u',  u",  u'",  which  result  from 
the  first  hypothesis,  suffice  to  correct  the  assumed  values  of  P'}  P", 
Q',  and  Q".     Thus,  from 

r  =  k  (<"  —  o,  f  =  h  (f — t),  r'"  =  k  (r — r>. 

/    //         -  \j  \r'n 

tan  X  =  \  y>  tan  f  =  \-,  tan  f  =  \pr, 

sin  y  cos  G  —  sin  ^  (u" —  u'),  sin  /'  cos  G"  =  sin  h  (u' —  w), 

sin  y  sin  G  =  cos  \  (u" —  u')  cos  2x,     sin  /'  sin  G"  =  cos  £  (v! —  u)  cos  2/", 

cos  y  =  cos  \  (u" —  u')  sin  2/,     cos  /'  s  cos  £  («' —  u)  sin  2%", 

sin  f  cos  G'"  =  sin  J  (y!"  —  «"), 

sin  f  sin  G'"  =  cos  £  (v!"  —  u")  cos  2/" 

cos  f  =  cos  |  {v!"  —  u")  sin  2/"  ; 

rW*  »__^cosV  jjm'    ****?. 

m_r"cosV  ~   *-c".V"  "T^cosV"" 

_  sin'  j?  m  _  sin2  jr"  «»  _  sin'^'" 

*        cosr  cos/  *           cos  Y 


m  ,„ m 

^    —  6    i   z>i  i  e"'  '     —  5     i    ^w    i    Hfii* 


*  =  ;<-  —  h  *=7f*—J'  *    =7»i~J 


r 


«'"» 


in  connection  with  Tables  XIII.  and  XIV.  we  find  s,  s",  and  «'". 
The  results  are 
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log  r  =  9.9759441, 
*  =  45°    3'39".l, 
r  =  10   42  55  .9, 
logm  =  8.186217, 
log;  =  7.948097, 
logs  =0.0085248, 


log  t"=  0.1386714, 
/'=  44°  32'    1".4, 
/'=  15    13  45  .0, 
log  w"=  8.516727, 
log/'=  8.260013, 
log  s"=  0.0174621, 


log  r'"=  0.1800041, 
;r'"=45041'55".2, 
f'=  16  22  48  .5, 
log  m'"=  8.590596, 
log/"=  8.325365, 
log  *'"=  0.0204062. 


Then,  by  means  of  the  formulae 


P'  = 


*           "  t*         3   ' 

a—  i 

r" 

V~"**r"    rr"  cos  |(«"— 

1/')  cos  \  (it"  —  u)  cos  \  (V  —  w)' 

T          «'" 
p"               T         8 

—'" 

r"2 

ry  —  i       . 

v  '~*  ss'"   rV"co3  £(«*'"- 

-  u")  cos  I  (u"f  —  ttO  cos  ,}  iu"  — 

u'1 

obtain 

log  P'  =  9.8462100, 

log  ^  =a  9.8407536, 

log  P"  =  9.8077615, 

log  q'  =  9.8824728, 

with  which  the  next  approximation  may  be  completed. 

We  now  recompute  c/,  c^", /',/",  x',  x",  &c.  precisely  as  already 
illustrated;  and  the  results  are 


log  c0'  =  0.541 3485B, 
log/'  =  0.0476614n, 
log  x'  =0.2427528, 

^  =  27°  21'2".71, 
log/  =0.2942369, 
log  P'  =0.1334635, 
log  n  =9.6530445, 
log  n' =9.8254092, 


loge0"  =9.8076649^, 
log/"  =9.8893851, 
log*"  =0.2376752, 

z"  =  29°  3'  14".09, 
logr"  =0.2960826, 
logp"  =0.2899124, 
\ogn"  =9.8068345, 
logn'"  =  9.6331707. 


Then  we  obtain 

V  =  37°  35'  27".88, 
Z"=58    58  16  .48, 


log  tan  V  =  8.1828572H, 
log  tan  b"=  8.6342073", 


logr'  =0.2942369, 
logr"  =0.2960827. 


These  results  for  logr'  and  logr"  agree  with  those  obtained  directly 
from  z'  and  z",  thus  checking  the  calculation  of  1//  and  o|/'  and  of 
the  heliocentric  places. 
Next,  we  derive 


ft  =  206°  42'  25".89, 
u'  =  190    55     6  .27, 


i  =     4°  36'  47".20, 
u"=212    20  52  .96, 


l'"=      91° 

37'  41".20, 

b'"=—   4 

10  47  .36, 

X'"  =      75 

23  46  .99, 

j?"=—   3 

4  43  .33, 
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and  from  u" —  it',  r',  r",  n,  n",  n',  and  nw,  we  obtain 

logr    =0.3083734,  u    =  160°  30'  55".45, 

log  r"'  =  0.3172674, '  v!"  =  244    59  31  .98. 

For  the  purpose  of  proving  the  accuracy  of  the  numerical  results, 
we  compute  also,  as  in  the  first  approximation, 

1  =  7°16'51".54, 
b  =  +  1  32  14  .07, 
X  =  16  59  9  .38, 
/?=+  2  56  39  .54, 
log  P  =  0.0256960,  log  />'"  =  0.4492539. 

The  values  of  X  and  X'"  thus  found  differ,  respectively,  only  0".04 
and  0".09  from  those  given  by  the  normal  places,  and  hence  the 
accuracy  of  the  entire  calculation,  both  of  the  quantities  which  are 
independent  of  P',  P",  Qf,  and  Q",  and  of  those  which  depend  on 
the  successive  hypotheses,  is  completely  proved.  This  condition, 
however,  must  always  be  satisfied  whatever  may  be  the  assumed 
values  of  P',  P",  Q',  and  Q". 
From  r,  rr,  u,  u'}  &c.,  we  derive 

log  *  =  0.0085254,        log  «"  =  0.0174637,        log  «'"  =  0.0204076, 

and  hence  the  corrected  values  of  Pf,  P,f,  Qr,  and  Q"  become 

logP'  =  9.8462110,  log  q  =  9.8407524, 

log  P"  =  9.8077622,  log  Q'  =  9.8824726. 

These  values  differ  so  little  from  those  for  the  second  approximation, 
the  intervals  of  time  between  the  observations  being  very  large,  that 
a  further  repetition  of  the  calculation  is  unnecessary,  since  the  results 
which  would  thus  be  obtained  can  differ  but  slightly  from  those 
which  have  been  derived.  We  shall,  therefore,  complete  the  deter- 
mination of  the  elements  of  the  orbit,  using  the  extreme  places. 
Thus,  from 

r#«*(r—  0,  tan*,^/  — , 

sin  y0  cos  G0  =  sin  \  (w'"  —  u), 

sin  y0  sin  G0  =  cos  ■$  (u'"  —  u)  cos  2/0, 


■m0 


cos  y0            =  cos  I 

(W'"- 

-  u)  sin  2/0, 

_ 

sin"  Xro 
J          cos)'. 

(r-f-r'")8cos'r0' 

m0 

m0 
zo  —  "T7  ~  J» 

i  +/.+*.' 
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we  get 

log  r0  =  0.5838863,  log  tan  G0  =  8.0521953u, 
To  =  42°  14'  30".17,  log  m0  =  9.7179026, 

log  g*  =  0.2917731,  log  x0  =  8.9608397. 

The  formula 

_  /  s0rr'"am(u'"—u)  \» 

gives 

logjp  =  0.3712401; 

and  if  we  compute  the  same  quantity  by  means  of 

/  «rY'  sin  (V—  u')  \»     /  s"rr'  sin  («'—  xC)  V     I  a*VV"  sin  (V  "— v" )  \» 
P-(-      — )**\ pr-    -)=(-       -^r-  )> 

the  separate  results  are,  respectively,  0.3712397,  0.3712418,  and 
0.3712414.  The  differences  between  these  results  are  very  small,  and 
arise  both  from  the  unavoidable  errors  of  calculation  and  from  the 
deviation  of  the  adopted  values  of  P',  P",  Qf,  and  Q"  from  the 
limit  of  accuracy  attainable  with  logarithms  of  seven  decimal  places. 
A  variation  of  only  0".2  in  the  values  of  u' — u  and  u"' —  u"  wil1 
produce  an  entire  accordance  of  the  particular  results. 
From  the  equations 


sin 


\{E"'-E)  =  VxQ, 


aC0S,p  =  sinHE'"-E)yrr  ' 

P 
cosy  — 


Ave  obtain 


a  cosy 


I  (£".'  —  E)  =  17°  35'  42".12,  log  (a  cos  ?)  =  0.3796883, 

log  cos  <p  =  9.9915518. 
The  formulae 

e  sin  (•  —  |  <>'"  4-  «))  = ^— =  tan  GQ, 

cos  Yo  V  rr 

e  cos  {^  —  I (u'"  +  «))  = ^~y=  —  sec  I  («'"  —  «), 

cos  Yo  Vrr'" 
give 

«,  =  197°  38'  8".48,  log  e  =  log  sin  <p  =  9.2907881, 

<?  =  11°  15'  52".22,  '  -  =  m  +  Q,  =  44°  2V  34".37. 

This  result  for  <p  gives  log  cos  <p  =  9.9915521,  which  differs  only  3 
in  the  last  decimal  place  from  the  value  found  fromp  and  acos^. 
Then,  from 

20 
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P  & 

the  value  of  k  being  expressed  in  seconds  of*  arc,  or  log  k  =  3.5500066, 
we  get 

log  a  =  0.3881359,  log  p  =  2.9678027. 

For  the  eccentric  anomalies  we  have 

tan \E  =■  tan \{u  —  w)  tan (45°  —  \<p), 
tunhE'  =tan£(V  —  ui)  tan  (45°  —  if), 
tan  \E"  =  tan  \  (u"  —  <o)  tan  (45°  —  l<p), 
tan  IE'"  =  tan  ^  (m'"—  J)  tan  (45°  —  Jf ), 

from  which  the  results  are 

E  =  329°  11'  46".01,  E"  =  12°    5'  33".63, 

£'  =  354    29  11  .84,  j£'"  =  39    34  34  .65. 

The  value  of  \  (E"f  —  E)  thus  derived  differs  only  0".03  from  that 
obtained  directly  from  x0. 

For  the  mean  anomalies,  we  have 

M  =E  —  esinE,  M "  =  E"  —  e  sin  E", 

M'  =  E'  —  e  sin  E',  M'"  =  E'"  —  e  sin  E'", 

which  give 

M  =  334°  55'  39".32,  M"  =   9°  44'  52".82, 

M'  =  355    33  42  .97,  Jlf'"  =  32    26  44  .74. 

Finally,  if  JH0  denotes  the  mean  anomaly  for  the  epoch  T=  1864 
Jan.  1.0  mean  time  at  Greenwich,  from 

MQ  =  M—  tt(t  —  T)     =M'  —  t*(i!—T) 
=  M"  —  ,i  (f  —T)=  M'"  —  /i  (f  —  T), 

we  obtain  the  four  values 

M0  =  1°  29'  39".40 
39  .49 
39  .40 
39  .40, 

the  agreement  of  which  completely  proves  the  entire  calculation  of 
the  elements  from  the  data.  Collecting  together  the  several  results, 
\vc  have  the  following  elements: 
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Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 


Ecliptic  and  Mean 
Equinox  1864.0. 


M=     1°  29'  39" 

.42 

iz=   44  20  34 

.37 

ft  =  206  42  25 

.89 

i=     4  36  47 

.20 

<P=    11  15  52 

.22 

log  a  =  0.3881359 

log/x  =  2.9678027 

,j.  =  928".54447. 

102.  The  elements  thus  derived  completely  represent  the  four  ob- 
served longitudes  and  the  latitudes  for  the  second  and  third  places, 
which  are  the  actual  data  of  the  problem  ;  but  for  the  extreme  lati- 
tudes the  residuals  pre,  computation  minus  observation, 

kfi  =  —  4".47,  a,?"  ss  +  1".23. 

These  remaining  errors  arise  chiefly  from  the  circumstance  that  the 
position  of  the  plane  of  the  orbit  cannot  be  determined  from  the 
second  and  third  places  with  the  same  degree  of  precision  as  from 
the  extreme  places.  It  would  be  advisable,  therefore,  in  the  final 
approximation,  as  soon  as  p\  p",  n,  n",  n',  and  n'"  are  obtained,  to 
compute  from  these  and  the  data  furnished  directly  by  observation 
the  curtate  distances  for  the  extreme  places.  The  corresponding 
heliocentric  places  may  then  be  found,  and  hence  the  position  of  the 
plane  of  the  orbit  as  determined  by  the  first  and  fourth  observations. 
Thus,  by  means  of  the  equations  (37)  and  (38),  we  obtain 

log  P  =  0.0256953,  log  P'"  =  0.4492542. 

With  these  values  of  p  and  p'",  the  following  heliocentric  places  are 
obtained : 

I  =  7°16'51".54,  log  tan  b  =8.4289064,  logr  =0.3083732, 
r  =  9137  40.96,        logtan&'"  =  8.8638549n,       logr"' =  0.3172678. 

Then  from 

tan  i  sin  (^  {V"  +  I)  —  ft  )  =  }2  (tan  V"  +  tan  b)  sec  £  (f  —  I), 
tan  i  cos  (i  (I'"  +  0  —  ft  )  =  i  (tan  b'"  —  tan  b)  cosec  £  (#"  —  0, 

we  get 

ft  =  206°  42'  45".23,  i  =  4°  36'  49".76. 

For  the  arguments,  of  the  latitude  the  results  are 

u  =  160°  30'  35".99,  «'"  =  244°  59'  12".53. 
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The  equations 

tan  U  =  tan  i  sin  (7  —  Q  ), 
tan  b"  *t  tan  i  sin  (l"  —  £ ), 
give 

log  tan  6'  =  8.1827129n,  log  tan  b"  =  8.6342104B, 

and  the  comparison  of  these  results  with  those  derived  directly  from 
p'  and  p"  exhibits  a  difference  of  +  1".04  in  b',  and  of  —  0".06  in 
b".  Hence,  the  position  of  the  plane  of  the  orbit  as  determined  from 
the  extreme  places  very  nearly  satisfies  the  intermediate  latitudes. 

If  we  compute  the  remaining  elements  by  means  of  these  values 
of  r,  r"f,  and  u,  u"',  the  separate  results  are : 

log  tan  G0  =  8.0522282n,  log  m0  =  9.7179026, 

loga0»  =  0.2917731,  logz0  =  8.9608307, 

\ogp  =  0.3712405,  4,  (JE"  —  E)  =  17°  35'  42".12, 

log  (a  cos  <p)  =  0.3796884,  log  cos  <p  =  9.9915521, 
u>  =  197°  37'  47".72,  log  e  ==  9.2907906, 

?=    11    15  52.46,  log  cos  y>  =  9.9915520, 
log  a  =  0.3881365,  log  ft  =  2.9678019, 

E  =  329°  1 1'  47".24,  E'"  =  39°  34'  35".70, 

M  =  334    55  40  .46,  M'"  =  32    26  45  .49, 

M0=     1    29  40  .36,  jr0  =    1    29  40  .37. 

Hence,  the  elements  are  as  follows : 

Epoch  =  1864  Jan.  1.0  Greenwich  mean  time. 
M  =     1°  29'  40".36 

"  =  ott    'o^'ofl   Ecliptic  and  Mean 
0  =  206    42  45.23  V     Eqmnox  18640. 
i=     4    36  49  .76  J         H 
<P=    11    15  52  .46 
log  a  =  0.3881365 
,i  a  928".5427. 

It  appears,  therefore,  that  the  principal  effect  of  neglecting  the 
extreme  latitudes  in  the  determination  of  an  orbit  from  four  obser- 
vations is  on  the  inclination  of  the  orbit  and  on  the  longitude  of  the 
ascending  node,  the  other  elements  being  very  slightly  changed.  The 
elements  thus  derived  represent  the  extreme  places  exactly,  and  if 
we  compute  the  second  and  third  places  directly  from  these  elements, 
we  obtain 

M '  =  355°  33'  43".88,  M"  =   9°  44' 53".73, 

£'  =  354    29  12.93,  E"  =12     5  34.81.. 

jf    =  353    16  59  .07,  v"   =  14   42  45  .96. 
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log  r'  =  0.2942366,  log  r"  =  0.2960826, 

u'  =      190°  54'  46".79,  u"  =      212°  20'  33".68, 

|'  =        37    35  27  .75,  f'=        58    58  16  .50, 

b'  =  —     0    52  21  .25,  b"  =  —     2    27  59  .06, 

X'==        10    14  17  .35,  /'=        29    53  21  .99, 

/?  =  —      1    15  47  .67,  /*"  =  —     2    29  57  .62, 

log//  =  0.1334634,  log/>"=  0.2899122. 

Hence,  the  residuals  for  the  second  and  third  places  of  the  planet 
are — 

Comp.  —  Obs. 

a/'  =  —  0".22,  a/5'  ==  -f  1".53, 

aa"  =       0  .00,  a/S"  =  —  0  .06; 

and  the  elements  very  nearly  represent  the  four  normal  places.  Since 
the  interval  between  the  extreme  places  is  223  days,  these  elements 
must  represent,  within  the  limits  of  the  errors  of  observation,  the 
entire  series  of  observations  on  which  the  normals  are  based.  It 
may  be  observed,  also,  that  the  successive  approximations,  in  the 
case  of  intervals  which  are  very  large,  do  not  converge  with  the 
same  degree  of  rapidity  as  when  the  intervals  are  small,  and  that  in 
such  cases  the  numerical  calculation  is  very  much  abbreviated  by  the 
determination,  in  the  first  instance,  of  the  assumed  values  of  P',  P", 
Q',  and  Q"  by  means  of  approximate  elements  already  known.  For 
the  first  determination  of  an  unknown  orbit,  the  intervals  will  gene- 
rally be  so  small  that  the  first  assumed  values  of  these  quantities,  as 
determined  by  the  equations 


£=£(1-1^-^),  Q> 


Irr" 


will  not  differ  much  from  the  correct  values,  and  two  or  three 
hypotheses,  or  even  less,  will  be  sufficient.  But  when  the  intervals 
are  large,  and  especially  if  the  eccentricity  is  also  considerable,  several 
hypotheses  may  be  required,  the  last  of  which  will  be  facilitated  by 
using  the  equations  (82)4. 

The  application  of  the  formulae  for  the  determination  of  an  orbit 
from  four  observations,  is  not  confined  to  orbits  whose  inclination  to 
the  ecliptic  is  very  small,  corresponding  to  the  cases  in  which  the 
method  of  finding  the  elements  by  means  of  three  observations  fails, 
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or  at  least  becomes  very  uncertain.  On  the  contrary,  these  formula) 
apply  equally  well  in  the  case  of  orbits  of  any  inclination  whatever, 
and  since  the  labor  of  computing  an  orbit  from  four  observations 
does  not  much  exceed  that  required  when  only  three  observed  places 
are  used,  while  the  results  must  evidently  be  more  approximate,  it 
will  be  expedient,  in  very  many  cases,  to  use  the  formula)  given  in 
this  chapter  both  for  the  first  approximation  to  an  unknown  orbit 
and  for  the  subsequent  determination  from  more  complete  data. 
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CHAPTER  VI. 

INVESTIGATION  OF  VARIOUS  FORMULAE  FOR  THE  CORRECTION  OF  THE  APPROXIMATE 
ELEMENTS  OF   THE   ORBIT   OF   A   HEAVENLY  BODY. 

103.  In  the  case  of  the  discovery  of  a  planet,  it  is  often  conve- 
nient, before  sufficient  data  have  been  obtained  for  the  determination 
of  elliptic  elements,  to  compute  a  system  of  circular  elements,  an 
ephemeris  computed  from  these  being  sufficient  to  follow  the  planet 
for  a  brief  period,  and  to  identify  the  comparison  stars  used  in  dif- 
ferential observations.  For  this  purpose,  only  two  observed  places 
are  required,  there  being  but  four  elements  to  be  determined,  namely, 
Q, ,  i,  a,  and,  for  any  instant,  the  longitude  in  the  orbit.  As  soon  as 
a  has  been  found,  the  geocentric  distances  of  the  planet  for  the 
instants  of  observation  may  be  obtained  by  means  of  the  formula? 

A  =Rcos$   +  l/a*— -if'sin"*, 
A"  =  R"  cos  4-"  +  l/a»  — IT'sinV, 

the  values  of  ^  and  fyr  being  computed  from  the  equations  (42)3  and 
(43)3.     For  convenient  logarithmic  calculation,  we  may  first  find  z 

and  z"  from 

is!  sin  ^  .     ,,      .R"sin4"  ,AX 

sin  z  = ,  sin  2   = ,  (2) 

a  a 

since  the  formula?  will  generally  be  required  for  cases  such  that  these 
angles, may  be  obtained  with  sufficient  accuracy  by  means  of  their 
sines.     Then  we  have 

i?  sin  (s +  4)  _0  „      R"  Sin(z"  +  *")  _  „,       fVs 

P  — i cos  p,  p   = : — Tl cos  p  ,       (3) 

sin  z  sin  z 

from  which  to  find  p  and  p" .     These  having  been  found,  we  have 

*      a       ^-\  /?  sin  (A  — O) 

tan  {I  —  0)  —  — -— =, 

/?cos(A  —  O)—  R  . 

.    ,       />tan,9 

sin  b  = , 

a 

for  the  determination  of  I  and  6,  and  similarly  for  I"  and  b".     The 
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iiu'lination  of  the  orbit  and  the  longitude  of  the  ascending  node  are 
then  found  by  means  of  the  formula;  (75)3,  and  the  arguments  of  the 
latitude  by  means  of  (77)3.  -Since  u"  —  u  is  the  distance  <>n  the  eeles- 
tial  sphere  between  two  points  of  which  the  heliocentric  spherical 
co-ordinates  are  I,  6,  and  l"y  b" ',  we  have,  also,  the  equations 

sin  (u"  —  u)  sin  B  =  cos  b"  sin  (7"  —  I), 

sin  (u"  —  u)  cos  B  =  cos  b  sin  b"  —  sin  b  cos  b"  cos  (7"  —  I), 

cos  (w"  —  it)  =  sin  b  sin  b"  -f-  cos  b  cos  b"  cos  (I"  —  I), 

for  the  determination  of  u" — u,  the  angle  opposite  the  side  90°  —  b" 
of  the  spherical  triangle  being  denoted  by  B.  The  solution  of  these 
equations  is  facilitated  by  the  introduction  of  auxiliary  angles,  aa 
already  illustrated  for  similar  cases. 

In  a  circular  orbit,  the  eccentricity  being  equal  to  zero,  u" — u 
expresses  the  mean  motion  of  the  planet  during  the  interval  t" —  t, 
and  we  must  also  have 

t"-t  =  ~(u"-u),  (5) 

the  value  of  k  being  expressed  in  seconds  of  arc,  or  log  k  =  3.550006G. 
These  formulae  will  be  applied  only  when  the  interval  t" — t  is 
small,  and  for  the  case  of  the  asteroid  planets  we  may  first  assume 

a  =  2.7, 

which  is  about  the  average  mean  distance  of  the  group.  With  this 
we  compute  />  and  p"  by  means  of  the  equations  (2)  and  (3),  and  the 
corresponding  heliocentric  places  by  means  of  (4).  If  the  inclination 
is  small,  u" —  u  will  differ  very  little  from  I" —  I.  Therefore,  in  the 
first  approximation,  when  the  heliocentric  longitudes  have  been  found, 
the  corresponding  value  of  t" — t  may  be  obtained  from  equation  (5), 
writing  I" — I  in  place  of  w" — u.  If  this  comes  out  less  than  the 
actual  interval  between  the  times  of  observation,  we  infer  that  the 
assumed  value  of  a  is  too  small;  but  if  it  comes  out  greater,  the 
assumed  value  of  a  is  too  large.  The  value  to  be  used  in  a  repetition 
of  the  calculation  may  be  computed  from  the  expression 

log  a  =  %  (log  it"  -  t)  +  log  k  -  log  (W"  -  u)), 

the  difference  u" — u  being  expressed  in  seconds  of  arc.  With  this 
we  recompute  /o,  />",  I,  and  V,  and  find  also  b,  b",  Q,  i,  u,  and  u". 
Then,  if  the  value  of  a  computed  from  the  last  result  for  u" — u 
differs  from  the  last  assumed  value,  a  further  repetition  of  the  calcu- 
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lation  becomes  necessary.  But  when  three  successive  approximate 
values  of  a  have  been  found,  the  correct  value  may  be  readily  inter- 
polated according  to  the  process  already  illustrated  for  similar  cases. 

As  soon  as  the  value  of  a  has  been  obtained  which  completely 
satisfies  equation  (5),  this  result  and  the  corresponding  values  of  &, 
i,  and  the  argument  of  the  latitude  for  a  fixed  epoch,  complete  the 
system  of  circular  elements  which  will  exactly  satisfy  the  two  observed 
places.  If  we  denote  by  u0  the  argument  of  the  latitude  for  the  epoch 
jT,  we  shall  have,  for  any  instant  t, 

u  =  ua  +  ,j.(t-T), 

fx  being  the  mean  or  actual  daily  motion  computed  from 

>  h 

The  value  of  u  thus  found,  and  r  —  a,  substituted  in  the  formula?  for 
computing  the  places  of  a  heavenly  body,  will  furnish  the  approxi- 
mate ephemeris  required. 

The  corrections  for  parallax  and  aberration  are  neglected  in  the 
first  determination  of  circular  elements;  but  as  soon  as  these  approxi- 
mate elements  have  been  derived,  the  geocentric  distances  may  be 
computed  to  a  degree  of  accuracy  sufficient  for  applying  these  cor- 
rections directly  to  the  observed  places,  preparatory  to  the  determi- 
nation of  elliptic  elements.  The  assumption  of  r'  =  a  will  also  be 
sufficient  to  take  into  account  the  term  of  the  second  order  in  the  first 
assumed  value  of  P,  according  to  the  first  of  equations  (98)4. 

104.  When  approximate  elements  of  the  orbit  of  a  heavenly  body 
have  been  determined,  and  it  is  desired  to  correct  them  so  as  to  satisfy 
as  nearly  as  possible  a  series  of  observations  including  a  much  longer 
interval  of  time  than  in  the  case  of  the  observations  used  in  finding 
these  approximate  elements,  a  variety  of  methods  may  be  applied. 
For  a  very  long  series  of  observations,  the  approximate  elements 
being  such  that  the  squares  of  the  corrections  which  must  be  applied 
to  them  may  be  neglected,  the  most  complete  method  is  to  form  the 
equations  for  the  variations  of  any  two  spherical  co-ordinates  which 
fix  the  place  of  the  body  in  terms  of  the  variations  of  the  six  ele- 
ments of  the  orbit;  and  the  differences  between  the  computed  places 
for  different  dates  and  the  corresponding  observed  places  thus  furnish 
equations  of  condition,  the  solution  of  which  gives  the  corrections  to 
be  applied  to  the  elements      But  when  the  observations  do  not  in- 
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dude  a  very  long  interval  of  time,  instead  of  forming  the  equations 
for  the  variations  of  the  geocentric  places  in  terms  of  the  variations 
of  the  elements  of  the  orbit,  it  will  be  more  convenient  to  form  tin- 
equations  for  these  variations  in  terms  of  quantities,  lets  in  number, 
from  which  the  elements  themselves  are  readily  obtained.  If  no  at- 
sutnption  is  made  in  regard  to  the  form  of  the  orbit,  the  quantities 
which  present  the  least  difficulties  in  the  numerical  calculation  are 
the  geocentric  distances  of  the  body  for  the  dates  of  the  extreme 
observations,  or  at  least  for  the  dates  of  those  which  arc  best  adapted 
to  the  determination  of  the  elements.  As  soon  as  these  distances  are 
accurately  known,  the  two  corresponding  complete  observations  are 
sufficient  to  determine  all  the  elements-  of  the  orbit. 

The  approximate  elements  enable  us  to  assume,  for  the  dates  /  and 
t" ',  the  values  of  A  and  A" ' ;  and  the  elements  computed  from  these 
by  means  of  the  data  furnished  by  observation,  will  exactly  represent 
the  two  observed  places  employed.  Further,  the  elements  may  be 
supposed  to  be  already  known  to  such  a  degree  of  approximation  that 
the  squares  and  products  of  the  corrections  to  be  applied  to  the 
assumed  values  of  A  and  A"  may  be  neglected,  so  that  we  shall  have, 
for  any  date, 


»  .  Cia.        .  da,  ,. 

COS  8  Ao.  =  COS  8  -  —  A  J  -f  COS  0  - ■-■-  A  J   , 

aJ  dii 

dd        a     ,  d*  An 

A8=  dJAJ+  1J'^J- 


(6) 


If,  therefore,  we  compare  the  elements  computed  from  A  and  A"  with 
any  number  of  additional  or  intermediate  observed  places,  each  ob- 
served spherical  co-ordinate  will  furnish  an  equation  of  condition  for 
the  correction  of  the  assumed  distances.  But  in  order  that  the  equa- 
tions (6)  may  be  applied,  the  numerical  values  of  the  partial  differen- 
tial coefficients  of  a  and  d  with  respect  to  A  and  A"  must  be  found. 
Ordinarily,  the  best  method  of  effecting  the  determination  of  these  is 
to  compute  three  systems  of  elements,  the  first  from  A  and  A",  the 
second  from  A  +  D  and  A",  and  the  third  from  A  and  A"  -\-  D",  I) 
and  D"  being  small  increments  assigned  to  A  and  A"  respectively. 
If  now,  for  any  date  t',  we  compute  a/  and  Sf  from  each  system  of 
elements  thus  obtained,  we  may  find  the  values  of  the  differential 
coefficients  sought.  Thus,  let  the  spherical  co-ordinates  for  the  time 
('computed  from  the  first  system  be  denoted  by  a'  and  <$';  those 
computed  from  the  second  system  of  elements,  by  a'  +  a  sec  3f  and 
d'+  (I:  and  those  from  the  third  system,  by  a'+  a" seed'  and  !t'-\-  d". 
Then  we  shall  have 
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v  da!         a  dS        d 

C03*dJ=D'  dJ  =  D' 


dd"~jy,>         dA"~D" 


(7) 


and  the  equations  (6)  give 


COS  y  Aa'  =  -^  A  J  +  ~  A  J", 


(8) 


In  the  same  manner,  computing  the  places  for  various  dates,  for 
which  observed  places  are  given,  by  means  of  each  of  the  three  systems 
of  elements,  the  equations  for  the  correction  of  A  and  A",  as  deter- 
mined by  each  of  the  additional  observations  employed,  may  be 
formed. 

105.  For  the  purpose  of  illustrating  the  application  of  this  method, 
let  us  suppose  that  three  observed  places  are  given,  referred  to  the 
ecliptic  as  the  fundamental  plane,  and  that  the  corrections  for  parallax, 
aberration,  precession,  and  nutation  have  all  been  duly  applied.  By 
means  of  the  approximate  elements  already  known,  we  compute  the 
values  of  A  and  A"  for  the  extreme  places,  and  from  these  the  helio- 
centric places  are  obtained  by  means  of  the  equations  (71),  and  (72)3, 
writing  A  cos/9  and  A"  cos/9"  in  place  of  o  and  p".  The  values  of 
£2 ,  if  u,  and  u"  will  be  obtained  by  means  of  the  formulae  (76)3  and 
(77)3;  and  from  r}  r"  and  u"  —  u  the  remaining  elements  of  the 
orbit  are  determined  as  already  illustrated.  The  first  system  of  ele- 
ments is  thus  obtained.  Then  we  assign  an  increment  to  J,  which 
we  denote  by  D,  and  with  the  geocentric  distances  A  +  D  and  A" 
we  compute  in  precisely  the  same  manner  a  second  system  of  ele- 
ments. Next,  we  assign  to  A"  an  increment  D",  and  from  A  and 
A"  +  D"  a  third  system  of  elements  is  derived.  Let  the  geocentric 
longitude  and  latitude  for  the  date  of  the  middle  observation  com- 
puted from  the  first  system  of  elements  be  designated,  respectively, 
by  ^/  and  /9/ ;  from  the  second  system  of  elements,  by  /2'  and  ti.2' ; 
and  from  the  third  system,  by  Xz'  and  /93'.     Then  from 

«  =  (;-» -  V) cos  #.  d  =  K  -  v,  ,0x 

a"  =  (V-V)cos/9/,-  d"  =  &'-,?/, 

we  compute  a,  a",  d,  and  d"  >  and  by  means  of  these  and  the  values 
of  D  and  D"  we  form  the  equations 
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^&4  +  -^Al'=  COS /?  A/', 

A  J"  ^ 

JaJ  +  £,,aJ''  =  a^ 

for  the  determination  of  the  corrections  to  be  applied  to  the  first 
assumed  values  of  A  and  J",  by  means  of  the  differences  between 
observation  and  computation.  The  observed  longitude  and  latitude 
being  denoted  by  //  and  j3',  respectively,  we  shall  have 

cos  /S'  aA'  =  (X'  —  A/)  cos  /?, 

A,s'-/s'-/V,  ai) 

for  finding  the  values  of  the  second  members  of  the  equations  (10), 
and  then  by  elimination  we  obtain  the  values  of  the  corrections  aJ 
and  aJ"  to  be  applied  to  the  assumed  values  of  the  distances. 
Finally,  we  compute  a  fourth  system  of  elements  corresponding  to 
the  geocentric  distances  A  -f-  a  A  and  A"  +  &.A"  either  directly  from 
these  values,  or  by  interpolation  from  the  three  systems  of  elements 
already  obtained;  and,  if  the  first  assumption  is  not  considerably  in 
error,  these  elements  will  exactly  represent  the  middle  place.  It 
should  be  observed,  however,  that  if  the  second  system  of  elements 
represents  the  middle  place  better  than  the  first  system,  //  and  /92' 
should  be  used  instead  of  //  and  /?/  in  the  equations  (11),  and,  in 
this  case,  the  final  system  of  elements  must  be  computed  with  the 
distances  A  +  D  -f-  a  A  and  A"  +  &A" '.  Similarly,  if  the  middle 
place  is  best  represented  by  the  third  system  of  elements,  the  cor- 
rections will  be  obtained  for  the  distances  used  in  the  third  hy- 
pothesis. 

If  the  computation  of  the  middle  place  by  means  of  the  final  ele- 
ments still  exhibits  residuals,  on  account  of  the  neglected  terms  of 
the  second  order,  a  repetition  of  the  calculation  of  the  corrections 
aJ  and  aJ",  using  these  residuals  for  the  values  of  the  second 
members  of  the  equations  (10),  will  furnish  the  values  of  the  dis- 
tances for  the  extreme  places  with  all  the  precision  desired.  The 
increments  D  and  D"  to  be  assigned  successively  to  the  first  assumed 
values  of  A  and  A"  may,  without  difficulty,  be  so  taken  that  the 
true  elements  shall  differ  but  little  from  one  of  the  three  systems 
computed ;  and  in  all  the  formula}  it  will  be  convenient  to  use,  in- 
stead of  the  geocentric  distances  themselves,  the  logarithms  of  these 
distances,  and  to  express  the  variations  of  these  quantities  in  units 
of  the  last  decimal  place  of  the  logarithms. 

These  formula}  will  generally   be  applied   for  the  correction  of 
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approximate  elements  by  means  of  several  observed  places,  which 
may  be  either  single  observations  or  normal  places,  each  derived  from 
several  observations,  and  the  two  places  selected  for  the  computation 
of  the  elements  from  J  and  A"  should  not  only  be  the  most  accurate 
possible,  but  they  should  also  be  such  that  the  resulting  elements  are 
not  too  much  affected  by  small  errors  in  these  geocentric  places. 
They  should  moreover  be  as  distant  from  each  other  as  possible,  the 
other  considerations  not  being  overlooked.  When  the  three  systems 
of  elements  have  been  computed,  each  of  the  remaining  observed 
places  will  furnish  two  equations  of  condition,  according  to  equations 
(10),  for  the  determination  of  the  corrections  to  be  applied  to  the 
a-sumed  values  of  the  geocentric  distances;  and,  since  the  number 
of  equations  will  thus  exceed  the  number  of  unknown  quantities, 
the  entire  group  miist  be  combined  according  to  the  method  of  least 
Mjiiares.  Thus,  we  multiply  each  equation  by  the  coefficient  of  aJ 
in  that  equation,  taken  with  its  proper  algebraic  sign,  and  the  sum 
of  all  the  equations  thus  formed  gives  one  of  the  final  equations 
required.  Then  we  multiply  each  equation  by  the  coefficient  of  a  J" 
in  that  equation,  taken  also  with  its  proper  algebraic  sign,  and  the 
sum  of  all  these  gives  the  second  equation  required.  From  these 
two  final  equations,  by  elimination,  the  most  probable  values  of  aJ 
and  a  J"  will  be  obtained;  and  a  system  of  elements  computed  with 
the  distances  thus  corrected  will  exactly  represent  the  two  funda- 
mental places  selected,  while  the  sum  of  the  squares  of  the  residuals 
for  the  other  places  will  be  a  minimum.  The  observations  are  thus 
supposed  to  be  equally  good;  but  if  certain  observed  places  are 
entitled  to  greater  influence  than  the  others,  the  relative  precision 
of  these  places  must  be  taken  into  account  in  the  combination  of  the 
equations  of  condition,  the  process  for  which  will  be  fully  explained 
in  the  next  chapter. 

When  a  number  of  observed  places  are  to  be  used  for  the  correction 
of  the  approximate  elements  of  the  orbit  of  a  planet  or  comet,  it  will 
be  most  convenient  to  adopt  the  equator  as  the  fundamental  plane. 
In  this  case  the  heliocentric  places  will  be  computed  from  the  assumed 
values  of  J  and  J",  and  the  corresponding  geocentric  right  ascensions 
and  declinations  by  means  of  the  formulae  (106)3  and  (107)3;  and  the 
position  of  the  plane  of  the  orbit  as  determined  from  these  by  means 
of  the  equations  (76)3  will  be  referred  to  the  equator  as  the  funda- 
mental plane.  The  formation  of  the  equations  of  condition  for  the 
corrections  aJ  and  &.A"  to  be  applied  to  the  assumed  values  of  the 
distances  will  then  be  effected  precisely  as  in  the  case  of  X  and  ,?,  the 
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necessary  changes  being  made  in  the  notation.  In  a  similar  niaimi  r, 
the  calculation  may  be  effected  for  any  other  fundamental  plane  which 
may  be  adopted. 

It  should  be  observed,  further,  that  when  the  ecliptic  is  taken  M 
the  fundamental  plane,  the  geocentric  latitudes  should  be  oorftected 
by  means  of  the  equation  (6)4,  in  order  that  the  latitude!  of  the  sun 
shall  vanish,  otherwise,  for  strict  accuracy,  the  heliocentric  placet 
must  be  determined  from  J  and  J"  in  accordance  with  the  equations 
(8% 

106.  The  partial  differential  coefficients  of  the  two  spherical  co- 
ordinates with  respect  to  J  and  J"  may  be  computed  directly  by 
means  of  differential  formula?;  but,  except  for  special  cases,  the 
numerical  calculation  is  less  expeditious  than  in  the  case  of  the  indi- 
rect method,  while  the  liability  of  error  is  much  greater.  If  we 
adopt  the  plane  of  the  orbit  as  determined  by  the  approximate  values 
of  A  and  J"  as  the  fundamental  plane,  and  introduce  £  as  one  of  the 
elements  of  the  orbit,  as  in  the  equations  (72)2,  the  variation  of  the 
geocentric  longitude  6  measured  in  this  plane,  neglecting  terms  of  the 
second  order,  depends  on  only  four  elements;  and  in  this  case  the 
differential  formula?  may  be  applied  with  facility.  Thus,  if  we  ex- 
press r  and  v  in  terms  of  the  elements  <p,  M0,  and  [Jt,  we  shall  have 

dr dr    d<p         dr      dM0        dr     dp 

dd~~d?'dd  +  dM0  '  ~dJ  +  &'dd' 
and 

dv       dv    d<p         dv      dM0       dv     dp 


or 


dd       dip'  dd  +  dM0  '   dd   +  dp  '  dd' 

d  (v  +  %) d%        dv    dtp         dv      dM0       dv     dp 

dd~    ~dd^"d^"dd  +  1W0  '  Id'  ^  ~dji"ddy 

In  like  manner,  we  have 

dr^_d^_   d^       d^_    dM^.dr^    dp 
dd~  d<p'dd  +  dM0  '  dd  +  dp  '  dd' 

d(v"  +  x)  _dv"   df_       df_    dJj^.W    dp.dx_ 
dd         ~  d<p'  dd+  dM0  '  dd  +  dp  '  d J  +  dd' 

c   dr    d(v+x)    dr"         .   d(v"  +  x) 

As  soon  as  the  values  of   -rr»  — it, — »    T7>  and  y-. are 

dd         dd         dd  ./J 

known,  the  equations  necessary  for  finding  the  differential  coefficients 
of  the  elements  £,  <p,  3f0,  and  //  with  respect  to  J  are  thus  provided. 
In  the  case  under  consideration,  when  an  increment  is  assigned  to  J, 
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the  value  of  J"  remaining  unchanged,  r"  and  v"  +  £  are  not  changed, 
and  hence 

df__  d(v"  +  x)_() 

dd   ~U*  dd        ~ 

To  find  Tj  and  — ,     '  ,  from  the  equations 

d  cos  t)  cos  0  =  x  -\-  X, 
d  cos  tj  sin  0  =  y  +  F, 

in  which  rj  is  the  geocentric  latitude  in  reference  to  the  plane  of  the 
orbit  computed  from  J  and  J"  as  the  fundamental  plane,  and  X,  Y 
the  geocentric  co-ordinates  of  the  sun  referred  to  the  same  plane,  we 

get 

dx  =  cos  r)  cos  0  dd, 

dy  =  cos  rj  sin  0  dd, 

or,  substituting  for  dx  and  dy  their  values  given  by  (73)2, 

cos  tj  cos  0  dd  =  cos  u  dr  —  r  sin  u  d  (v  -f-  /), 
cos  i?  sin  0  dd  =  sin  t(  e?r  -{-  r  cos  it  d  (v  +  /). 


Eliminating,  successively,  d  (v  +  jf)  and  dr,  we  get 

cos  rj  cos  (0  —  w)> 


dr 
dd 

d(y+X)       1 


(12) 


dd 
Therefore,  we  shall  have 


cos  rj  sin  (0  —  u). 
r 


dx    ,     dv 
dd^"dV 

d<p         dv 
'  dd  +  d3/0 

dJl/jj         dv 

"dT"1"  ~d>r 

d,u 
'Id 

1              l    r*         s 

=  -  cos  rj  sin [0  —  u), 

r 

dr 

d<p 

d?          dr 

dM0         dr 
dd   +    d/JL 

d^ 
'dd 

=  cos  TJ  cos  (0  —  u), 

I 

dX        dv" 
dd    '     dy> 

d?>         dv" 
dJ  +  d3f0 

dM0        dv" 
dd   +   dp 

dn 
"dd 

=  0, 

d/' 

dp 

dy        dr" 

'dZ  +  di*r 

dM0        dr" 
dd   +    dfi 

d/x 
"dd1 

=  0; 

(13) 


and  if  we  compute  the  numerical  values  of  the  differential  coefficients 

of  r,  r",  v,  and  v"  with  respect  to  the  elements  <p,  M0,  and  /i,  these 

equations  will  furnish,  by  elimination,  the  values  of  the  four  un- 

t  d'/   d?    dMn        .  d;i 

known  quantities  -rr>  -y-p  ~Tj  '  an"  TT' 

In  precisely  the  same  manner  we  derive  the  following  equations 
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for  the  determination  of  the  partial  differential  coefficients  of  these 
elementi  with  respect  to  A":— - 

d/         tlr      df         dv      dM0       dv      d,u     _ . 
dd"'  +  ~dfc '  Ij*  +  TM>  '  ZF'"  +  ~djl '  Id17  ~~    ' 
dr      d<p  dr      dM0        dr      dp     _  ft 

l^'JIr  +  dM0'~dIr+'dlI'~dIr~    ' 
dx     ,  dv"     d<p     ,    dv"     dM0    ,   dv"     dfi  1  „    .    /afl       ( ■,;/ 

Since  the  geocentric  latitude  q  is  affected  chiefly  by  a  change  of  the 
position  of  the  plane  of  the  orbit,  while  the  variation  of  the  longitude 
6  is  independent  of  Q>  and  i  when  the  squares  and  products  of  the 
variations  of  the  elements  are  neglected,  if  we  determine  the  elements 
which  exactly  represent  the  places  to  which  A  and  A"  belong,  as  well 
as  the  longitudes  for  two  additional  places,  or,  if  we  determine  those 
which  satisfy  the  two  fundamental  places  and  the  longitudes  for  any 
number  of  additional  observed  places,  so  that  the  sum  of  the  squares 
of  their  residuals  shall  be  a  minimum,  the  results  thus  obtained  will 
very  nearly  satisfy  the  several  latitudes. 

Let  0'  denote  the  geocentric  longitude  of  the  body,  referred  to  the 
plane  of  the  orbit  computed  from  A  and  A"  as  the  fundamental  plane, 
for  the  date  t'  of  any  one  of  the  observed  places  to  be  used  for  cor- 
recting these  assumed  distances.  Then,  to  find  the  partial  differential 
coefficients  of  d'  with  respect  to  A  and  A",  we  have 

,  d<f  .dC     dx  ,d0'     dip     ,  ,  do'     dM0 

C0Sri-1J  =  C0Sr}-.^T+C0S^.-dT+  COS,  ^  .     g 

,  do'      dp 

+  COS,  -3 j-j-,  ,.,... 

d;i      dd  (lo) 

,  d&  ,d0'      dy  ,<fc?'     dip  ,  d<f      dM0 

cos,  ^r  =  cos,  -.^,  +  eos,  -.  —  -fcos,  ^.  ^ 

,  d(f      dn 

+  COS  ,  —  •  -j—, 

dfl     dd 
and  by  means  of  the  results  thus  derived,  we  form  the  equation 

COS  r!  btf  =  COS  ,'  —  A/J  -f-  COS  ,'  -.  <7>-  A  J".  I  KJ ) 

ad  a  J 

A  fourth  observed  place  will  furnish,  in  the  same  manner,  the  addi- 
tional equation  required  for  finding  a  J  and  a  J".     If  more  than  two 
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observations  are  used  in  addition  to  the  fundamental  places  on  which 
the  assumed  elements  as  derived  from  A  and  A"  are  based,  the  several 
longitudes  will  furnish  each  an  equation  of  condition,  and  the  most 
probable  values  of  aJ  and  aJ"  will  be  obtained  by  combining  the 
entire  group  of  equations  of  condition  according  to  the  method  of 
least  squares. 

107.  In  the  actual  application  of  these  formula?  to  the  correction 
of  the  approximate  elements,  after  all  the  preliminary  corrections 
have  been  applied  to  the  data,  we  select  the  proper  observed  places 
for  determining  the  elements  from  the  corresponding  assumed  dis- 
tances A  and  A",  according  to  the  conditions  which  have  already  been 
stated,  and  from  these  we  derive  the  six  elements  of  the  orbit.  Since 
the  data  furnished  directly  by  observation  are  the  right  ascensions 
and  the  declinations  of  the  body,  the  elements  will  be  derived  in 
reference  to  the  equator  as  the  plane  to  which  the  inclination  and  the 
longitude  of  the  ascending  node  belong.  These  elements  will  exactly 
represent  the  two  fundamental  places,  and,  if  the  assumed  distances 
A  and  A"  are  not  much  in  error,  they  will  also  very  nearly  satisfy 
the  remaining  places. 

We  now  adopt  as  the  fundamental  plane  the  plane  of  the  approxi- 
mate orbit  thus  determined,  and  by  means  of  the  equations  (83)2  and 
(85)2,  or  by  means  of  (87)2,  writing  a,  d,  Q,',  and  i'  in  place  of  X,  /?, 
£1,  and  i,  respectively,  we  compute  the  values  of  d,  '/],  and  y  for  the 
dates  of  the  several  places  to  be  employed.  Then  the  residuals  for 
each  of  the  observed  places  are  found  from  the  formulae 

cos  -q  A0  =  sin  y  A<5  -(-  COSf  cos  <5  Aa, 

Aij  =  cosrA<5 —  sin  f  cos  <J  Aa,  ^     ' 

the  values  of  Ava  and  a<?  for  each  place  being  found  by  subtracting 
i'rom  the  observed  right  ascension  and  declination,  respectively,  the 
right  ascension  and  declination  computed  by  means  of  the  elements 
derived  from  A  and  A".  The  values  of  d,  y,  and  y  being  required 
only  for  finding  cosjy  a#,  A-y,  and  the  differential  coefficients  of  d  and 
rn  with  respect  to  the  elements  of  the  orbit,  need  not  be  determined 

with  great  accuracy. 

dv            d  (v  -4—  y') 
Next,  we  compute  -j-.  and '-^- —  from  equations  (12),  and  from 

dv    dv      dv    dv      dv 
(16)2  the  values  of  — ,  -y-,  -7-,  -z— ,  -r^t  &c,  by  means  of  which, 
dtp    d<p     dtp    d<p    dM0 

using  the  value  of  u  in  reference  to  the  equator,  we  form  the  equa- 
tions (13).     The  accent  is  added  to  y  to  indicate  that  it  refers  to  the 

21 
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as  the  plane  for  defining  the  elements.  Thus  we  obtain  four 
equations,  from  which,  by  elimination,  the  values  of  the  differential 
coefficients  of  jr\  c,  -V«,  anof  u  with  respect  to  J  may  be  obtained. 
In  the  numerical  solution,  by  subtracting  the  third  equation  from 

the  first,  the  unknown  quantity  -7-r  is  immediately  eliminated,  so  that 

we  have  three  equations  to  find  the  three  unknown  quantities  ~* 

Y  dp.  dv  rfJ 

-=-p  and  -j-j-     These  having  been  found,  -7-:  may  be  obtained  from 

the  first  or  from  the  third  equation. 

In  the  same  manner  we  form  the  equations  (14),  and  thence  derive 

the  values  of  -v-p*  -rjs»  -rpr>  and  -^pj-  Then,  by  means  of  the  for- 
mula? (76V,  (78)j,  and  (79V  we  compute  for  the  date  of  each  place 
to  be  employed  in  correcting  the  assumed  distances  the  values  of 

df  df  dff 

cos*'  -ra  cos t.'  -r-?  <xe.,  and  hence  from  (lot  the  values  of  cost/  75 

«Z     tf    dc  dJ 

and  cos  r/  — — -     The  results  thus  obtained,  together  with  the  residuals 


iputed  by  means  of  the  equations  (17),  enable  us  to  form,  accord- 
ing to  (16),  the  equations  of  condition  for  finding  the  values  of  the 
corrections  aJ  and  a  J".  The  solution  of  all  the  equations  thus 
formed,  according  to  the  method  of  least  squares,  will  give  the  most 
probable  values  of  these  quantities,  and  the  system  of  elements  which 
corresponds  to  the  distances  thus  corrected  will  very  nearly  & 
the  entire  series  of  observations.  Since  the  values  of  cos  r/  a#'  are 
expressed  in  seconds  of  arc,  the  resulting  values  of  aJ  and  aJ"  will 
also  be  expressed  in  seconds  of  arc  in  a  circle  whose  radius  is  equal 
to  the  mean  distance  of  the  earth  from  the  sun.  To  express  them  in 
parts  of  the  unit  of  space,  we  must  divide  their  values  in  seconds  of 
arc  by  206264.8. 

The  corrections  to  be  applied  to  the  elements  computed  from  J  and 
J",  in  order  to  satisfy  the  corrected  values  J  —  a  J  and  J "  —  a  J", 
may  be  computed  by  means  of  the  partial  differential  coefficients 
already  derived.     Thus,  in  the  case  of  3^,  we  have 


from  which  to  find  Ay' ;  and  in  a  similar  manner  .  and  a/i 

may  be  obta 
we  compote 


rd(r-z  ,  d(v,^-xr) 

may  be  obtained.     11,  from  the  values  of  —  ,  and  — -7-p — , 
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and  apply  these  corrections  to  the  values  of  v  and  v"  found  from  A 
and  A",  we  obtain  the  true  anomalies  corresponding  to  the  distances 
A  +  a  A  and  A"  -\-  aA".  The  corrections  to  be  applied  to  the  values 
of  r  and  r"  derived  from  A  and  A"  are  given  by 

dr      .  „      dr"        .. 

If  aJ  and  aJ"  are  expressed  in  seconds  of  arc,  the  corresponding 
values  of  Ar  and  Ar'<  must  be  divided  by  206264.8.  The  corrected 
results  thus  obtained  should  agree  with  the  values  of  r  and  r"  com- 
puted directly  from  the  corrected  values  of  v,  v",  p,  and  e  by  means 
of  the  polar  equation  of  the  conic  section.     Finally,  we  have 

dz  =  sin  rt  dJ, 

and  similarly  for  dz" ;  and  the  last  of  equations  (73)2  gives 


r  sin  u  A  i'  —  r  cos  u  sin  i  A  Q, '         =  sin  t\  A  J, 
r"  sin  w"  A?v  —  r"  cos  tt"  sin  i'  A  & '  =  sin  r/'  A  J", 


(18) 


from  which  to  find  az'  and  a&',  u  and  it"  being  the  arguments  of 
the  latitude  in  reference  to  the  equator.     We  have  also,  according  to 

<72)"  ,  ,  ,        , 

Aw  =  Ay  —  COS  l   AQ  , 

a-' =  a/ +  2 sin2 ^' Aft', 

from  which  to  find  the  corrections  to  be  applied  to  to'  and  -'.  The 
elements  which  refer  to  the  equator  may  then  be  converted  into  those 
for  the  ecliptic  by  means  of  the  formulae  which  may  be  derived  from 
(109)1  by  interchanging  Q,  and  &'  and  180°  —  V  and  i. 

The  final  residuals  of  the  longitudes  may  be  obtained  by  substi- 
tuting the  adopted  values  of  a  J  and  aA"  in  the  several  equations  of 
condition,  or,  which  affords  a  complete  proof  of  the  accuracy  of  the 
entire  calculation,  by  direct  calculation  from  the  corrected  elements ; 
and  the  determination  of  the  remaining  errors  in  the  values  of  rf  will 
show  how  nearly  the  position  of  the  plane  of  the  orbit  corresponding 
to  the  corrected  distances  satisfies  the  intermediate  latitudes. 

Instead  of  <p,  Mw  and  //,  we  may  introduce  any  other  elements 
which  determine  the  form  and  magnitude  of  the  orbit,  the  necessary 
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changes  being  made  in  the  formula).    Thus,  If  we  use  the  elements 

'/',  '/,  :iiid  r,  these  must  be  written  in  place  of  M0i  u,  and  c,  res] 
ivclv,  in  the  equations  (13),  (14),  and  (15),  and  the  partial  differential 
coefficients  of  /•,  r",  v,  and  v"  with  respect  to  these  elements  must  he 
computed  by  means  of  the  various  differential  formulas  which  have 
already  been  investigated.  Further,  in  all  these  cases,  the  homo- 
geneity of  the  formula?  must  be  carefully  attended  to. 

108.  The  approximate  elements  of  the  orbit  of  a  heavenly  body 
may  also  be  corrected  by  varying  the  elements  which  fix  the  position 
of  the  plane  of  the  orbit.  Thus,  if  the  observed  longitude  and  lati- 
tude and  the  values  of  Q,  and  i  are-given,  the  three  equations  (91)t 
will  contain  only  three  unknown  quantities,  namely,  J,  /•,  and  v.,  and 
the  values  of  these  may  be  found  by  elimination.  When  the  observed 
latitude /9  is  corrected  by  means  of  the  formula  (6)4,  the  latitudes  of 
the  sun  disappear  from  these  equations,  and  if  we  multiply  the  first 
by  sin  (O —  Q)  sin  ft,  the  second  (using  only  the  upper  sign)  by 
—  cos  ( O  —  Q)  sin  ft,  and  the  third  by  —  sin  (/  —  O)  cos  ft,  and  add 
the  products,  we  get 

sin /S  sin  (O  —  Q)  . 

tan u  — — — 5 7-= =rr ; — : _  .    ,. -r-r»         (19) 

cos  x  sin  p  cos  (O  —  Q, )  —  sin  i  cos  /*  sin  (/  —  O) 

from  which  u  may  be  found.  If  we  multiply  the  second  of  these 
equations  by  sin/9,  and  the  third  by  —  cos  ft  sin  (X  —  &),  and  add  the 
products,  we  find 

i?sin(0  —  £) 


sin  u  (sin  i  cot  /9  sin  (A  —  Q  )  —  cos  i) 


(20) 


The  expression  for  r  in  terms  of  the  known  quantities  may  also  be 
found  by  combining  the  first  and  second,  or  by  combining  the  first 
and  third,  of  equations  (91)r     If  we  put 

n  cosN=  sin  /9  cos  (©  —  Q), 
n  sin  N=  cos  /5  sin  Q.  —  O), 

the  formula  for  u  becomes 

tanti=      °"^,.tan(0-fl).  (21) 

cos  \JS-\- 1 ) 

The  last  of  equations  (91)t  shows  that  sin  u  and  sin  ft  must  have  the 
same  sign,  and  thus  the  quadrant  in  which  u  must  be  taken  is  deter- 
mined.    Putting,  also, 

m  cos  M  =  sin«, 

m  sin  M  =  sin  u  cot  ft  sin  (X  —  Q  ), 
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we  have 

cosM       i?sin(0  —  SI)  .y. 


cos  (3/  -f-  i)  sin  u 

"When  any  other  plane  is  taken  as  the  fundamental  plane,  the 
latitude  of  the  sun  (which  will  then  refer  to  this  plane)  will  be  re- 
tained in  the  equations  (91)x  and  in  the  resulting  expressions  for  u 
and  r. 

The  value  of  u  may  also  be  obtained  by  first  computing  w  and  ^ 
by  means  of  the  equations  (42)3,  and  then,  if  z  denotes  the  angle  at 
the  planet  or  comet  between  the  earth  and  sun,  the  values  of  u  and 
z,  as  may  be  readily  seen,  will  be  determined  by  means  of  the  rela- 
tions of  the  parts  of  a  spherical  triangle  of  which  the  sides  are 
180°  —  (z  +  ^),  180°'+  O  —  £,  and  u,  the  angle  opposite  to  the 
side  u  being  that  which  we  designate  by  w,  and  the  side  180°  -f-  O  —  Q 
being  included  by  this  and  the  inclination  i.  Let  #=180°  —  (z  +  i//), 
and,  according  to  Napier's  analogies,  this  spherical  triangle  gives 


(23) 


from  which  S  and  u  are  readily  found.     Then  we  have 

z  =  180°  —  +—  S, 

tfsin*  (24) 

r  =  — : , 

sin  2 

to  find  r. 

If  we  assume  approximate  values  .of  SI  and  i,  as  given  by  a  system 
of  elements  already  known,  the  equations  here  given  enable  us  to  find 
r,  u,  r",  and  u"  from  X,  /9  and  X",  ft",  corresponding  to  the  dates  t 
and  t"  of  the  fundamental  places  selected,  and  from  these  results  for 
two  radii-veetores  and  arguments  of  the  latitude,  the  remaining 
elements  may  be  derived.  From  these  the  geocentric  place  of  the 
body  may  be  found  for  the  date  V  of  any  intermediate  or  additional 
observed  place,  and  the  difference  between  the  computed  and  the 
observed  place  will  indicate  the  degree  of  precision  of  the  assumed 
values  of  Q  and  t.  Then  we  assign  to  SI  the  increment  oSi,  i 
remaining  unchanged,  and  compute  a  second  system  of  elements,  and 
from  these  the  geocentric  place  for  the  time  V '.  We  also  compute  a 
third  system  from  SI  and  i  +  di,  and  by  a  process  entirely  analogous 
to  that  already  indicated  in  the  case  of  the  variation  of  two  geocentric 
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distances,  we  obtain  the  numerical  values  of  the  differential  coeffi- 
cients of  /'  and  ft  with  respect  to  Q>  and  /.    Tims  the  equations 

COS  §1  A;/  =  COS  &    vpr    A  Q,   -\-  COS  /S'  ^yr  A  I, 

,     if  *:  *r  . 

lor  finding  the  corrections  a&  and  A»  to  be  applied  to  the  a<>umed 
values  of  these  elements,  will  be  formed;  and  each  additional  obser- 
vation or  normal  place  will  furnish  two  equations  of  condition  for 
the  determination  of  these  corrections. 

If  the  observed  right  ascensions  and  declinations  are  used  directly 
instead  of  the  longitudes  and  latitudes,  the  elements  Q,  and  i  must 
be  referred  to  the  equator  as  the  fundamental  plane,  and  the  declina- 
tions of  the  sun  will  appear  in  the  formula;  for  u  and  /•  obtained  from 
the  equations  (91),,  thus  rendering  them  more  complex.  Their  deri- 
vation offers  no  difficulty,  being  similar  in  all  respects  to  tli: 
equations  (19)  and  (20),  and  since  they  will  be  rarely,  if  ever,  in- 
quired, it  is  not  necessary  to  give  the  process  here  in  detail.  In 
general,  the  equations  (23)  and  (24)  will  be  most  convenient  for 
finding  r  and  u  from  the  geocentric  spherical  co-ordinates  and  the 
elements  &  and  i,  since  w,  ^>,  w",  and  fy'  remain  unchanged  for  the 
three  hypotheses. 

When  the  equator  is  taken  as  the  fundamental  plane,  ^  is  the 
distance  between  two  points  on  the  celestial  sphere  for  which  the 
geocentric  spherical  co-ordinates  are  A,  D  and  a,  o,  those  of  the  BUD 
being  denoted  by  A  and  D.     Hence  we  shall  have 

sin  4  sin  B  =  cos  8  sin  (a  —  A), 

sin  4-  cos B  =  cos  D  sin  8  —  sin  D  cos  9  cos  (a  —  .1  . 

cos  4-  =  sin  D  sin  8  -\-  cos  Z)  cos  8  cos  (a  —  -1), 

from  which  to  find  \^  and  B,  the  angle  opposite  to  the  side  90  d 
of  the  spherical  triangle  being  denoted  by  B.  Let  K  denote  the 
right  ascension  of  the  ascending  node  on  the  equator  of  a  great  circle 
passing  through  the  places  of  the  sun  and  comet  or  planet  for  the 
time  t,  and  let  w0  denote  its  inclination  to  the  equator;  then  we  shall 

have 

sin  w0  cos  (A  —  K)  =  cos  B, 

sin  w0  sin  ( A  —  K)  =  sin  B  sin  D,  (27) 

cos  iv0  =  sin  B  cos  D, 

from  which  to  find  *>.  and  K.     In  a  similar  manner,  we  may  c»m- 
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pute  the  values  of  u"  —  u,  Q,  and  i  from  the  heliocentric  spherical 
co-ordinates  I,  b  and  I" ,  b" . 
From  the  equations 


(28) 


the  accents  being  added  to  distinguish  the  elements  in  reference  to 
the  equator  from  those  with  respect  to  the  ecliptic,  the  values  of  SQ 
and  u  (in  reference  to  the  equator)  may  be  found.  Let  s0  denote  the 
angular  distance  between  the  place  of  the  sun  and  that  point  of  the 
equator  for  which  the  right  ascension  is  K,  and  the  equation 

i     cot  s0  =  cos  w0  cot  {K —  A)  (29) 

gives  the  value  of  s0,  the  quadrant  in  which  it  is  situated  being  deter- 
mined by 'the  condition  that  coss0  and  cos(iiT — A)  shall  have  the 
same  sign.     Then  we  have  S=  S0  —  s0,  and 

z  =  180°  —  4  —  S.  +  s0, 

Rsin*  (*>) 

r  =  — -. , 

sin  2 

from  which  to  find  r. 

109.  In  both  the  method  of  the  variation  of  two  geocentric  dis- 
tances and  that  of  the  variation  of  Q,  and  i,  instead  of  using  the 
geocentric  spherical  co-ordinates  given  by  an  intermediate  observa- 
tion, in  forming  the  equations  for  the  corrections  to  be  applied  to  the 
assumed  quantities,  we  may  use  any  other  two  quantities  which  may 
be  readily  found  from  the  data  furnished  by  observation.  Thus,  if 
we  compute  r  and  u'  for  the  date  of  a  third  observation  directly 
from  each  of  the  three  systems  of  elements,  the  differences  between, 
the  successive  results  will  furnish  the  numerical  values  of  the  partial 
differential  coefficients  of  r'  and  u'  with  respect  to  -A  and  A",  or  with 
respect  to  Q  and  i,  as  the  case  may  be.  Then,  computing  the  values 
of  r'  and  u'  from  the  observed  geocentric  spherical  co-ordinates  by 
means  of  the  values  of  Q,  and  i  for  the  system  of  elements  to  be 
corrected,  the  differences  between  the  results  thus  derived  and  those 
obtained  directly  from  the  elements  enable  us  to  form  the  equations 


du'      .    ,    da'       ...  , 

d>r'      .    ,     dr        ...  , 


(31) 
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or  the  corresponding  expressions  in  the  case  of  the  variation  of  & 
and  ■/,  by  means  of  which  the  corrections  to  be  applied  to  the  as- 
sumed values  will  be  determined.  In  the  numerical  application  of 
these  equations,  au'  being  expressed  in  seconds  of  arc,  a?-'  should  also 
be  expressed  in  seconds,  and  the  resulting  values  of  a  J  and  a  J"  will 
be  converted  into  those  expressed  in  parts  of  the  unit  of  space  by 
dividing  them  by  206264.8. 

When  only  three  observed  places  are  to  be  used  for  correcting  an 
approximate  orbit,  from  the  values  of  r,  rr,  r"  and  u,  uf,  u"  obtained 
by  means  of  the  formula?  which  have  been  given,  we  may  find  p  and 

a  or the  latter  in  the  case  of  very  eccentric  orbits — from  the  first 

and  second  places,  and  also  from  the  first  and  third  places.  If  these 
results  agree,  the  elements  do  not  require  any  correction;  but  if  a 
difference  is  found  to  exist,  by  computing  the  differences,  in  the  case 
of  each  of  these  two  elements,  for  three  hypotheses  in  regard  to  A 
and  J"  or  in  regard  to  Q,  and  i,  the  equations  may  be  formed  by 
means  of  which  the  corrections  to  be  applied  to  the  assumed  values 
of  the  two  geocentric  distances,  or  to  those  of  &  and  i,  will  be 
obtained. 

110.  The  formula?  which  have  thus  far  been  given  for  the  correc- 
tion of  an  approximate  orbit  by  varying  the  geocentric  distances, 
depend  on  two  of  these  distances  when  no  assumption  is  made  in 
regard  to  the  form  of  the  orbit,  and  these  formula?  apply  with  equal 
facility  whether  three  or  more  than  three  observed  places  are  used. 
But  when  a  series  of  places  can  be  made  available,  the  problem  may 
be  successfully  treated  in  a  manner  such  that  it  will  only  be  necessary 
to  vary  one  geocentric  distance.  Thus,  let  x,  y,  z  be  the  rectangular 
heliocentric  co-ordinates,  and  r  the  radius-vector  of  the  body  at  the 
time  /,  and  let  X,  Y,  Z  be  the  geocentric  co-ordinates  of  the  sun  at 
the  same  instant.  Let  the  geocentric  co-ordinates  of  the  body  be 
designated  by  x0,  yQ,  z0,  and  let  the  plane  of  the  equator  be  taken  as 
the  fundamental  plane,  the  positive  axis  of  x  being  directed  to  the 
vernal  equinox.  Further,  let  p  denote  the  projection  of  the  radius- 
vector  of  the  body  on  the  plane  of  the  equator,  or  the  curtate  dis- 
tance with  respect  to  the  equator;  then  we  shall  have 

x0  =  p  cos  o,  y0  =  psma,  z0  — />tan<$.  (32) 

If  we  represent  the  right  ascension  of  the  sun  by  A,  and  its  declina- 
tion by  D,  we  also  have 
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X=i2  cosDcosvl,  r=i2cosZ>sin^l,  Z=B  sin  D.    (33) 

The  fundamental  equations  for  the  undisturbed  motion  of  the  planet 
or  comet,  neglecting  its  mass  in  comparison  with  that  of  the  sun,  are 

df  ~f~  r8  '  dt*  ~*~  r»  ~~    '  df^  Is"     ' 

but  since 

x  =  x0  —  X,  y  =  y0—Y,  z  =  z0  —  Z, 

and,  neglecting  also  the  mass  of  the  earth, 

dP  +  E>~   '  dt*  +  i?  —  °'  dt'  +  A*  ~   ' 


these  become 


d^x, 
~dl 


*  +  *+»*<i-y-*  CB4) 

Substituting  for  ar0,  y0,  and  z0  their  values  in  terms  of  a  and  £,  and 
putting 

K*4H     k'Y{i?-?)^     «"(»-*?)-*  (35) 

we  get 

_  +  _rCOs.  +  *  =  01 

•^  +  ^sina  +  ,  =  0,  (36) 

d\    .Vp 

Differentiating  the  equations  (32)  with  respect  to  t,  we  find 
dx.  dp  .       rfa 

-^OSa^-^Sina-, 

^  =  8ina^+/,COSa^,  (37) 
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DitVnvntiating  again  with  respect  to  t,  and  substituting  in  the  equa- 
tions (36)  the  values  thus  found,  the  results  arc 

(^  +  g)tan,  +  2seeMf.^2,Sec.tan,f  +  ,sec^+:=0. 

If  Ave  multiply  the  first  of  these  equations  by  sin  a,  and  the  second 
by  —  cos  a,  and  add  the  products,  we  obtain 

rf  gBin«-7C0B.-/>g 

(ft         -  da 

~dt 

Now,  from  (35)  we  get 

£  sin  o  —  7]  cos  a  s=  k2 1  -=j  —  —  J  E  cos  D  sin  (a  —  A), 

and  the  preceding  equation  becomes 


k2(  — )R  cos 2)  cos(a  —  J.)  — />- 

\  It3        r3 1  i 


dp_1"'\ii>~?!"{:va'iy™»K-a-yxj-f,d7* 

dt        2  da 

~dt 


(39) 


The  value  of  -sr  thus  found  is  independent  of  the  differential  co- 
efficients of  d  with  respect  to  t.     To  find  another  value  of  -.-,  using 

all  three  of  equations  (38),  we  multiply  the  first  of  these  equations 
by  sin  A  tan  d,  the  second  by  —  cos  A  tan  d,  and  the  third  by 
—  sin  (a  —  A).  Then,  adding  the  products,  since  £  sin  A  =  rj  cos  A, 
the  result  is 

/*.*  .  ,.<pa    ,         ,, lads'   ,  ,<W\\    ,    .      ., 

from  which  we  get 

^  ^-cot(a-^)-  +  8ec^(2-  +  cot^--)  +  -cot^ 

*       2/>"  Cot(a-,l)£-cot<W^ 


VARIATION   OF   ONE   GEOCENTRIC   DISTANCE.  331 

When  the  ecliptic  is  taken  as  the  fundamental  plane,  the  last  term 
of  the  numerator  of  the  second  member  of  this  equation  vanishes, 
and  the  equation  may  be  written 

f=C  (41) 

the  coefficient  C  being  independent  of  p, 

111.  When  the  value  of  p  is  given,  that  of  -.-  will  be  determined 

in  terms  of  the  data  furnished  directly  by  observation  and  of  the 
differential  coefficients  of  a  and  o  with  respect  to  t  from  equation 
(39),  or  from  (40),  the  latter  being  preferred  when  the  motion  of  the 

body  in  right  ascension  is  very  slow.     The  value  of  -7-  having  been 

found,  wa  may  compute  the  velocities  of  the  body  in  directions 
parallel  to  the  co-ordinate  axes.     Thus,  since 

z  4-  Z, 


*o  =  x  +  X* 

& = y  +  Y, 

z 

the  equations  (37)  give 

dx 

di^ 

:COS 

dp             .        da 

dX 
dt' 

dy  _ 
dt 

dp    ,                  da 

:sma- 

dY 

dt' 

dz 

.dp   ,           9d8 

dZ 

(42) 

dj=tan"di+psec28ii-ftf 

by  means  of  which  -77,  -~,  and  -7-  may  be  determined. 
'  dt    dt  dt        < 

To  find  the  values-of  —rr>  —rr>  and  —r;>  the  equations 
dt     dt  dt  * 

X=i2cos©, 
Y=  jRsin  ©  cose, 
Z  =  R  sin  O  sin  e, 
give,  by  differentiation, 

dX  ^dR       _  .     _,  dQ 

__  =  C0sO__jRsmO_, 

dY       .    ^         dR   ,    D        :_  dQ  ,ao. 

-jr  =  sin  O  cos  »-jr  +  »  cos  O  cos  £  ~jT>  (43) 

at  at  at 

dZ        .  "    '  dR  t    n        _    .      </© 

..  =  sin  O  sin  e    7j  +  it  cos  O  sin  s  -7-. 
ec£  eft  tft 
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Now,  according  to  equation  (52),,  we  have 

<lO_*l/(l  — p(l  +  «Q 
dt  '  R 


(44) 


m0  denoting  the  mass  of  the  earth,  and  e0  the  eccentricity  of  its  orbit. 
The  polar  equation  of  the  conic  section  gives 

dr  r'e  sin  v    dv 

dt  ~        p       '  dt' 

Let  r  denote  the  longitude  of  the  sun's  perigee,  and  this  equation 
gives 

dR      R* e0 sin (Q— Q    dQ       kVl+^       .  ■  .... 

~dt  = l=tf ■-dJ=-Vf^  ^m(O-r).     (45) 

If  we  neglect  the  square  of  the  eccentricity  of  the  earth's  orbit,  we 
have  simply 


dQ       kV\+m0    dR       .    /T— .     .  „s  ,^. 

-~  = jf—>  -^  =  kVl  +  m0e98in(O-r).  (46) 

The  values  of  -jr  and  -jr  having  been  found  by  means  of  these 

.  at  ^  ^-g  ^y 

formula;,  the  equations  (43)  give  the  required  results  for  — ,  — ,  and 
dZ  dt     dt 

■57,  and  hence,  by  means  of  (42),  we  obtain  the  velocities  of  the 

comet  or  planet  in  directions  parallel  to  the  co-ordinate  axes. 

112.  The  values  of  x,  y,  and  z  may  be  derived  by  means  of  the 
equations 

x  =  A  cos  3  cos  a  —  X, 
y=  A  cos  d  sin  a  —  Y, 
z  =  A  sin  d  —  Z, 

and  from  these,  in  connection  with  the  corresponding  velocities,  the 
elements  of  the  orbit  may  be  found.  The  equations  (32),  give  im- 
mediately the  values  of  the  inclination,  the  semi-parameter,  and  the 
right  ascension  of  the  ascending  node  on  the  equator.  Then,  the 
position  of  the  plane  of  the  orbit  being  known,  we  may  compute  r 
and  u  directly  from  the  geocentric  right  ascension  and  declination  by 
means  of  the  equations  (28)  and  (30).  But  if  we  use  the  values  of 
the  heliocentric  co-ordinates  directly,  multiplying  the  first  of  equa- 
tions (93)t  by  cos  &,  and  the  second  by  sin  Q,,  and  adding  the  pro- 
ducts, we  have 
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r  sin  u  =  z  cosec  i, 

r  cos  u  =  x  cos  Q  -\-  y  sin  Q, ,  *    • 

from  which  r  and  u  may  be  found,  the  argument  of  the  latitude  u 
being  referred  to  the  plane  of  xy  as  the  fundamental  plane.     The 

equation 

r*  =  x*  +  y1  +  s» 
gives 

(48; 


and,  since 

dr 
dt" 

_x    dx      y    dy      z 
r  '  dt       r    dt       r 

dz 

'di' 

dr 

r*< 

sin  v    dv                 dv 

kVp 

we  shall  have 

dt 

p        dt'                dt 
Vp    dr 

esmv  =  -T-dt' 

ecosi>  =  -  —  1, 
r 

r» 

(49) 


from  which  to  find  e  and  v.  Then  the  distance  between  the  peri- 
helion and  the  ascending  node  is  given  by 

to  =  U  —  v. 

The  semi-transverse  axis  is  obtained  from  p  and  e  by  means  of  the 

relation 

P 
1  —  e1 

Finally,  from  the  value  of  v  the  eccentric  anomaly  and  thence  the 
mean  anomaly  may  be  found,  and  the  latter  may  then  be  referred  to 
any  epoch  by  means  of  the  mean  motion  determined  from  a. 

In  the  case  of  very  eccentric  orbits,  the  perihelion  distance  will  be 
given  by 

P 

and  the  time  of  perihelion  passage  may  be  found  from  v  and  e  by 
means  of  Table  IX.  or  Table  X.,  as  already  illustrated. 

The  equation  (21)i  gives,  if  we  substitute  for  /  its  value  in  terms 
of  p,  denote  by  V  the  linear  velocity  of  the  planet  or  comet,  and  neg- 
lect the  mass, 

Let  ^0  denote  the  angle  which  the  tangent  to  the  orbit  at  the  ex- 
tremity of  the  radius-vector  makes  with  the  prolongation  of  this 
radius- vector,  and  we  shall  have 
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Tr  '//•  dx    ,      dxi    ,      dz 

rVco3*o=riu=x-dt+y  dt+z-di> 

so  that  the  preceding  equation  gives 

k*p  =  V  V  sin7  40. 
Hence  we  derive  the  equations 

Vr  sin  40  =  kVp, 

dx    ,       <fy    ,      d*  (5°) 

Frcos+0  =  x-rfT  +  y-^  +  ^, 

from  which  Vr  and  ^0  may  be  found.     Then,  since 

we  shall  have 

k1      Ik3 

_==  —  —  F1.  (51) 

a         r 

by  means  of  which  a  may  be  determined,  and  then  e  may  be  found 
by  means  of  this  and  the  value  of  p. 
The  equations  (49)  and  (50)  give 

V2 
e  sin  (u  —  <o)  =  —  r  sin  40  cos  40, 

F2 
e  cos  (w  —  w)  =  -p-  r  sin'  4,,  —  1, 

and,  since 

F»  _  2  _  1 
&*        r       a 

these  are  easily  transformed  into 

2ae  sin  (w  —  <o)  =  (2a  —  r)  sin  240, 

2ae  cos  (w  —  to)  =  —  (2a  —  r)  cos  2^0  —  r. 

If  we  multiply  the  first  of  these  equations  by  — cosw  and  the  second 
by  sin  w,  and  add  the  products ;  then  multiply  the  first  by  sin  w  and 
the  second  by  cos  u,  and  add,  we  obtain 

2ac  sin  to  =  —  (2a  —  r)  sin  (2-\0  +  w)  —  r  sin  u,  ,  ^n\ 

2ae  cosw  =  —  (2a  —  r)  cos (2+0  -f-  w)  —  r  cosw, 

These  equations  give  the  values  of  to  and  e. 

113.  We  have  thus  derived  all  the  formula?  necessary  for  finding 
the  elements  of  the  orbit  of  a  heavenly  body  from  one  geocentric 
distance,  provided  that  the  first  and  second  differential  coefficients  of 
tt  and  d  with  respect  to  the  time  arc  accurately  known.     It  remains, 
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therefore,  to  devise  the  means  by  which  these  differential  coefficients 
may  be  determined  with  accuracy  from  the  data  furnished  by  obser- 
vation. The  approximate  elements  derived  from  three  or  from  a 
small  number  of  observations  will  enable  us  to  correct  the  entire 
series  of  observations  for  parallax  and  aberration,  and  to  form  the 
normal  places  which  shall  represent  the  series  of  observed  place?. 
We  may  now  assume  that  the  deviation  of  the  spherical  co-ordinates 
computed  by  means  of  the  approximate  elements  from  those  which 
would  be  obtained  if  the  true  elements  were  used,  may  be  exactly 
represented  by  the  formula 

&0  =  A  +  Bh  +  Ch\  (53) 

h  denoting  the  interval  between  the  time  at  which  the  deviation  is 
expressed  by  A  and  the  time  for  which  this  difference  is  A0.  The 
differences  between  the  normal  places  and  those  computed  with  the 
approximate  elements  to  be  corrected,  will  then  suffice  to  form  equa- 
tions of  condition  by  means  of  which  the  values  of  the  coefficients 
A,  B,  and  C  may  be  determined.  The  epoch  for  which  h  =  0  may 
be  chosen  arbitrarily,  but  it  will  generally  be  advantageous  to  fix  it 
at  or  near  the  date  of  the  middle  observed  place.  If  three  observed 
places  are  given,  the  difference  between  the  observed  and  the  com- 
puted value  of  each  right  ascension  will  give  an  equation  of  condition, 
according  to  (53),  and  the  three  equations  thus  formed- will  furnish 
the  numerical  values  of  A,  B,  and  C.  These  having  been  deter- 
mined, the  equation  (53)  will  give  the  correction  to  be  applied  to  the 
computed  right  ascension  for  any  date  within  the  limits  of  the 
extreme  observations  of  the  series.  When  more  than  three  normal 
places  arc  determined,  the  resulting  equations  of  condition  may  be 
reduced  by  the  method  of  least  squares  to  three  final  equations,  from 
which,  by  elimination,  the  most  probable  values  of  A,  B,  and  C  will 
be  derived.  In  like  manner,  the  corrections  to  be  applied  to  the 
computed  latitudes  may  be  determined.  These  corrections  being 
applied,  the  ephemeris  thus  obtained  may  be  assumed  to  represent 
the  apparent  path  of  the  body  with  great  precision,  and  may  be  em- 
ployed as  an  auxiliary  in  determining  the  values  of  the  differential 
coefficients  of  a  and  d  with  respect  to  t. 

Let  f(a)  denote  the  right  ascension  of  the  body  at  the  middle 
epoch  or  that  for  which  h  —  0,  and  let/(a  ±  noi)  denote  the  value  of 
a  for  any  other  date  separated  by  the  interval  mo,  in  which  w  is  the 
interval  between  the  successive  dates  of  the  ephemeris.  Then,  if  we 
put  n  successively  equal  to  1,  2,  3,  &c,  we  shall  have 
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Function.  I.  Diff.  II.  Diff.  III.  Diff.         IV.  Difll  Y.  DiflT. 

/(a  -3a,) 


/(a  -f  3a>) 

The  series  of  functions  and  differences  may  be  extended  in  the  same 
manner  in  either  direction.  If  we  expand  f(a  +  nut)  into  a  series, 
the  result  is 

f(a  +  na>)  =  a  +  -^no>  +  A  ^wV  -f  J^nV  +  £  ^w4oi*  -f  &c, 

or,  putting  for  brevity  A  =  -j- »,  B  =  \-^-i  co2,  &c, 

/(a  +  wa>)  =  a  +  .An  +  Bn*  +  C?is  +  Dri  -h  &c. 

If  we  now  put  n  successively  equal  to  — 4,  — 3,  — 2,  — 1,  — 0,  -f- 1, 

&c,  we  obtain  the  values  of  f(a  —  4a)),f(a  —  3w), f(a  +  4«) 

in  terms  of  J.,  i?,  (7,  &c.  Then,  taking  the  successive  orders  of 
differences  and  symbolizing  them  as  indicated  above,  we  obtain  a 
m  lies  of  equations  by  means  of  which  A,  B,  C,  &c.  will  be  deter- 
mined in  terms  of  the  successive  orders  of  differences.  Finally,  re- 
placing A,  B,  C,  &c.  by  the  quantities  which  they  represent,  and 
putting 

W"  («  -  jHO  +  W"  (a  +  *-0  =/'"  («),  Ac, 
we  obtain 

f|  =  _L  (/'(a)  _  !/-(«)  +  ^  (a)  _  ^/"(a)  +  &c), 

w=^  (/" (a)  ~  T*/,T(a)  +  **/T,(a)  ~  ***/W  +  &c>' 

1?  =  -^  tTW  -  ^T(a>  +  t5u/tU(«)  -  &c.)f 

^  =  ^  (/*(•)  -  If  («)  +  lilf"  («)  -  &c.),  (54^ 

If-  ^ Xroo-iroo +**)» 


^  =  ^-(/vl  («)-!/"'(«)  + Ac), 

S  -  1  CTGO  "  Ac),  £.°  =  -i-  CT (•)  -  Ac.). 
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by  means  of  which  the  successive  differential  coefficients  of  a  with 
respect  to  t  may  be  determined.  The  derivation  of  these  coefficients 
in  the  case  of  d  is  entirely  analogous  to  the  process  here  indicated  for 
a.  Since  the  successive  differences  will  be  expressed  in  seconds  of 
arc,  the  resulting  values  of  the  differential  coefficients  of  a  and  3  with 
respect  to  t  will  also  be  expressed  in  seconds,  and  must  be  divided  by 
206264.8  in  order  to  express  them  abstractly. 

We  may  adopt  directly  the  values  of  -571  -gjp  -rr,  and  -777  determined 

by  means  of  the  corrected  ephemeris,  or,  if  the  observed  places  do 

not  include  a  very  long  interval,  we  may  determine  only  the  values 

_  (Pa  d*a    „      .  „.  .  .  , .  At        - '  -  dm  ■ .  ,  dla 

of  -j-j,  -?jp  &c.  by  means  ot  the  ephemeris,  and  then  find  ~rr  and  -rx 

directly  from. the  normal  places  or  observations.  Thus,  let  a,  a',  a" 
be  three  observed  right  ascensions  corresponding  to  the  times  t,  t',  t", 
and  we  shall  have 

»"=«'+^(f'-0+J^'(*"-*'),+j5-'(*"-C)'+3'4  7^'(!"-«'),+&c., 

which  give 

dt       iKt      t}dt*-t!-t       eCt      t}df^™{t     %)  dl<      &C''     K, 

4  ,        (55) 


da,     ,     .  ,.„       .,^d}a         a  — a  ,  , .„       ,^.(fa  .    , .„       .,~..d 

~dt 


+  I  V'-()ir=7=i-  J  (^O-tJF-A  C-^Ti?  "&c- 


These  equations,  being  solved  numerically,  will  give  the  values  of  -=r 

d2a 

and  — >  and  we  may  thus  by  triple  combinations  of  the  observed 

places,  using  always  the  same  middle  place,  form  equations  of  con- 
dition for  the  determination  of  the  most  probable  values  of  these 
differential  coefficients  by  the  solution  of  the  equations  according  to 
the  method  of  least  squares. 

In  a  similar  manner  the  values  of  -7-  and  -c  may  be  derived. 

114.  In  applying  these  formula?  to  the  calculation  of  an  orbit, 
after  the  normal  places  have  been  derived,  an  ephemeris  should  be 
computed  at  intervals  of  four  or  eight  days,  arranging  it  so  that  one 
of  the  dates  shall  correspond  to  that  of  the  middle  observation  or 
normal  place.     This  ephemeris  should  be  computed  with  the  utmost 

22 
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care,  since  it  is  to  be  employed  as  an  auxiliary  in  determining  quan- 
tities on  which  depends  the  accuracy  of  the  final  results.  The  com- 
parison of  the  ephemeris  with  the  observed  places  will  furnish,  by 
means  of  equations  of  the  form 

A  +  Bh  +  Ch2  =  Aa', 
A'  +  B'h  +  C'h*  =  A*, 

h  being  the  interval  between  the  middle  date  t'  and  that  of  the  place 
used,  the  values  of  A,  B,  C,  A',  &c;  and  the  corrections  to  be 
applied  to  the  ephemeris  will  be  determined  by 

A  +  Bnto  +  CW  =  Aa, 
A'  +  Bnw  +  C'nW  =  a«5. 

The  unit  of  h  may  be  ten  days,  or  any  other  convenient  interval, 
observing,  however,  that  nco  in  the  last  equations  must  be  expressed 
in  parts  of  the  same  unit.     With  the  ephemeris  thus  corrected,  we 

compute  the  values  of  -371  -m  j-,  and  -^  as  already  explained.     These 

differential  coefficients  should  be  determined  with  great  care,  since  it 
is  on  their  accuracy  that  the  subsequent  calculation  principally  de- 
pends.    We  compute,  also,  the  velocities  -tj-i  ~^r,  and  -j-  by  means 

do  dR 

of  the  formulae  (43),  —  and  —  being  computed  from  (46).     The 

quantities  thus  far  derived  remain  unchanged  in  the  two  hypotheses 
with  regard  to  A. 

Then  we  assume  an  approximate  value  of  J,  and  compute 

(j  =  A  COS  S  ; 

and  by  means  of  the  equation  (40)  or  (39)  we  compute  the  value  of 

dp 

-5-.     It  will  be  observed  that  if  we  put  the  equation  (40)  in  the  form 

di=Qp+QC0U> 

P 

the  coefficient  -~  remains  the  same  in  the  two  hypotheses.     The  three 

do 
equations  (38)  may  be  so  combined  that  the  resulting  value  of  -~ 

d2a  .  "' 

will  not  contain  -=jp     This  transformation  is  easily  effected,  and  may 

e/2a 

be  advantageous  in  special  cases  for  which  the  value  of  —  is  very 
uncertain. 

The  heliocentric  spherical  co-ordinates  will  be  obtained  from  the 
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assumed  value  of  A  by  means  of  the  equations  (106)3,  and  the  rec- 
tangular co-ordinates  from 

x  =  r  cos  b  cos  I, 
y  =  r  cos  b  sin  I, 
z  =  r  sin  b. 

The  velocities  -r-,  -jf-,  and  -=r  will  be  given  by  (42),  and  from  these 

and  the  co-ordinates  x,  y,  z  the  elements  of  the  orbit  will  be  com- 
puted by  means  of  the  equations  (32)15  (47),  (49),  &c.  With  the 
elements  thus  derived  we  compute  the  geocentric  places  for  the  dates 
of  the  normals,  and  find  the  differences  between  computation  and 
observation.  .  Then  a  second  system  of  elements  is  computed  from 
A  +  <J J,  and  compared  with  the  observed  places.  Let  the  difference 
between  computation  and  observation  for  either  of  the  two  spherical 
co-ordinates  be  denoted  by  n  for  the  first  system  of  elements,  and  by 
n'  for  the  second  system.  The  final  correction  to  be  applied  to  A,  in 
order  that  the  observed  place  may  be  exactly  represented,  will  be 
determined  by 

^(n'-fO  +  n  =  0.  (56) 

Each  observed  right  ascension  and  each  observed  declination  will 
thus  furnish  an  equation  of  condition  for  the  determination  of  aJ, 
observing  that  the  residuals  in  right  ascension  should  in  each  case  be 
multiplied  by  cos  d.  Finally,  the  elements  which  correspond  to  the 
geocentric  distance  A  +  a  A  will  be  determined  either  directly  or  by 
interpolation,  and  these  must  represent  the  entire  series  of  observed 
places. 

115.  The  equations  (52)3  enable  us  to  find  two  radii-vectores  when 
the  ratio  of  the  corresponding  curtate  distances  is  known,  provided 
that  an  additional  equation  involving  r,  r",  x,  and  known  quantities 
is  given.  For  the  special  case  of  parabolic  motion,  this  additional 
equation  involves  only  the  interval  of  time,  the  two  radii-vectores, 
and  the  chord  joining  their  extremities.  The  corresponding  equation 
for  the  general  conic  section  involves  also  the  semi-transverse  axis 
of  the  orbit,  and  hence,  if  the  ratio  M  of  the  curtate  distances  is 
known,  this  equation  will,  in  connection  with  the  equations  (52)3, 
enable  us  to  find  the  values  of  r  and  r"  corresponding  to  a  given 
value  of  a.     To  derive  this  expression,  let  us  resume  the  equations 
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^  =  E"-E-2e  sin  J  (E"  -  E)  cos  J  (£"  +  £),       (5?) 
r  +  r"  =  2a  —  2ae  cos  £  (£"  —  JE)  cos  £  (£"  +  JE). 
For  the  chord  x  we  have 

x2  ==  (r  -f  r")2  —  4rr"  cos*  £  (u"  —  u), 
which,  by  means  of  (58)4,  gives 

k»  =  (r  +  j-")1 

—  4a2  (cos1  i  (E"—E)—2e  cos  J  (E"—E)  cos  }  (JE//+.E)+e2  cos* }  (E"+E ))  ; 

and,  substituting  for  r  +  r"  its  value  given  by  the  last  of  equations 
(57),  we  get 

x2  =  4a2  sin2  -\  {E"  —  E){1  —  e2  cosM(£"  +  E)).  (58) 

Let  us  now  introduce  an  auxiliary  angle  A,  such  that 

cos  A  =  e  cos  £  (.E"  +  £), 

the  condition  being  imposed  that  A  shall  be  less  than  180°,  and  put 

g  =  HE"-E); 

then  the  equations  (57)  and  (58)  become 


—  =  2g  —  2  sin  g  cos  A, 
a* 

r  +  r"  =z  2a  (1  —  cos  g  cos  A), 

x  =  2a  sin  g  sin  A. 

Further,  let  us  put 

h  —  g  =  8,  A  +  g  =  e, 

and  the  last  two  of  equations  (59)  give 

r  +  t"  -j-  x  =  4a  sin3  ,Je, 
r  -|-  »""  —  x  =  4a  sin2  W. 


(59) 


(60) 


Introducing  8  and  £  into  the  first  of  equations  (59),  it  becomes 

Z-  =  (e  _  sin  e)  —  {9  —  sin  d).  (61) 

a» 

The  formulae  (60)  enable  us  to  determine  e  and  d  from  r  -f"  r,r,  x, 
and  a,  and  then  the  time  z'  =  k  (t"  —  t)  may  be  determined  from 
(61).     Since,  according  to  (58)4, 

Vrr"  cos  h  (u"  —  u)  =  a  (cos  g  —  cos  A)  =  2  sin  ^e  sin  %8, 
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and  since  sin  Js  is  necessarily  positive,  it  appears  that  -when  u"  —  u 
exceeds  180°,  the  value  of  sin  id  must  be  negative,  and  when 
u"  —  w^=180°,  we  have  <5  =  0;  and  thus  the  quadrant  in  which 
o  must  be  taken  is  determined.  It  will  be  observed  that  the  value 
of  \s,  as  given  by  the  first  of  equations  (60),  may  be  either  in  the 
first  or  the  second  quadrant;  but,  in  the  actual  application  of  the 
formulae,  the  ambiguity  is  easily  removed  by  means  of  the  known 
circumstances  in  regard  to  the  motion  of  the  body  during  the  in- 
terval t"  —  t 

In  the  application  of  the  equations  (52)3,  by  means  of  an  approxi- 
mate value  of  x  we  compute  d,  and  thence  r  and  r" .  Then  we  com- 
pute e  and  d  corresponding  to  the  given  value  of  a,  and  from  (61) 
we  derive  the  value  of 

k 

If  this  agrees  with  the  observed  interval  t"  —  t,  the  assumed  value 
of  x  is  correct;  but  if  a  difference  exists,  by  varying  x  we  may 
readily  find,  by  a  few  trials,  the  value  which  will  exactly  satisfy  the 
equations.  The  formulae  (70)3  will  then  enable  us  to  determine  the 
curtate  distances  p  and  p",  and  from  these  and  the  observed  spherical 
co-ordinates  the  elements  of  the  orbit  may  be  found. 

As  soon  as  the  values  of  u  and  u"  have  been  computed,  since 
e  —  o  —  E' —  E,  we  have,  according  to  equation  (85)^ 


sin-^(w"—  u)   /— 77 

cos  9  =  — ^"77 ^  Vrr", 

asmA(e  —  8) 


which  may  be  used  to  determine  <p  when  the  orbit  is  very  eccentric. 
To  find  p  and  q,  we  have 

p  =  a  cos2  f ,  q  =  2a  sin*  (45°  —  ^<p) ; 

and  the  value  of  to  may  be  found  by  means  of  the  equations  (87)4  or 
(88)4. 

116.  The  process  here  indicated  will  be  applied  chiefly  in  the  de- 
termination of  the  orbits  of  comets,  and  generally  for  cases  in  which 
a  is  large.  In  such  cases  the  angles  e  and  d  will  be  small,  so  that 
the  slightest  errors  will  have  considerable  influence  in  vitiating  the 
value  of  t" — t  as  determined  by  equation  (61);  but  if  we  transform 
this  equation  so  as  to  eliminate  the  divisor  a$  in  the  first  member,  the 
uncertainty  of  the  solution  may  be  overcome.    The  difference  e — sine 
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may  be  expressed  by  a  series  which  converges  rapidly  when  e  is  small. 
Thus,  let  us  put 

e  —  sin  e  =  y  sin8  %e,  x  =  sin*  \t, 

and  we  have 

-~  =  2  cosec  £e  —  %y  cot  £e, 

d*       a  i 

— —  =  4  cosec  m. 

dx  * 

Therefore 

dy  _ 8  —  6y cos^e _ 4  —  3y(l  —  2s) 
dx  sin*  £e  2x  (1  —  #) 

If  we  suppose  y  to  be  expanded  into  a  series  of  the  form 

y  —  a -\-  j3x -\- yx2  -\-  dx* -\-  &c, 
we  get,  by  differentiation, 

$L  =  /?  +  2rx  +  3teJ  +  &c, 

and  substituting  for  -~-  the  value  already  obtained,  the  result  is 

2j3x  -f  (4r  —  2/3)  a?  +  (6<J  —  Af)  s8  +  &c.  =  4  —  3a  +  (6a  —  ty*)  ■ 

-f  (6/3  —  Sy)  z2  +  (6r  —  3<5)  a*  +  &c. 
Therefore  we  have 

4  —  3a  =  0,  60—3/9=2,3, 

6/9  —  3r  —  4r  —  2/9,  6r  —  3<J  =  6<S  —  4r, 

from  which  we  get 

0      4.6  4.6.8         „      4.6.8.10, 

•=*'        fi  =  *JB?        r  =  3T5T7'        8=  3.5.7.9'&C* 
Hence  we  obtain 

c  — 8in»  =  JBin4cf  l+gBin'jc+g-^sin*je+5'  ?'  Q  sin8je  +  &c.|,  (62) 
and,  in  like  manner, 
^-sma=^in»^(l+f8in1^+^8in«i5+|^^sin«^+&c.),  (63) 

which,  for  brevity,  may  be  written 

e  —  sin  c  =  j  Q  sin8  £e,  ,^x 

3  —  sin<J  =  3§'sin8£<J, 
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Combining  these  expressions  with  (61),  and  substituting  for  sin  £e  and 
sin  ^d  their  values  given  by  the  equations  (60),  there  results 

W  =  Q  (r  +  r"  +  x)l  =F  <?  (r  +  r"  -  x)*f  (65) 

the  upper  sign  being  used  when  the  heliocentric  motion  of  the  body- 
is  less  than  180°,  and  the  lower  sign  when  it  is  greater  than  180°. 
The  coefficients  Q  and  Q'  represent,  respectively,  the  series  of  terms 
enclosed  in  the  parentheses  in  the  second  members  of  the  equations 
(62)  and  (63),  and  it  is  evident  that  their  values  may  be  tabulated 
with  the  argument  e  or  d,  as  the  case  may  be.  It  will  be  observed, 
however,  that  the  first  two  terms  of  the  value  of  Q  are  identical  with 
the  first  two  terms  of  the  expansion  of  (cos  \s)~  ?  into  a  series  of 
ascending  powers  of  sin  \s,  while  the  difference  is  very  small  between 
the  coefficients  of  the  third  terms.     Thus,  we  have 

(cos  }«)~V  =  (1  —  sin*  Je)~f  =  1  +  |  sin2 |e  +     '     '  sin4  |e 

§  =  — 7V>  (66) 

(COS  je)  * 


and  if  we  put 
we  shall  have 


*.  =  1  +  t**  sin*  \i  +  j&ft  sin«  is  +  Ac.  (67) 

In  a  similar  manner,  if  we  put 

Q=,    *''„»  (68) 

(cos|<5)3 

we  find 

B:  =  1  -}-  Tf  5  sin4 **  +  &&  sin«  \9  +  Ac.  (69) 

Table  XV.  gives  the  values  of  B0  or  J30'  corresponding  to  e  or  d  from 
0°  to  60°. 

For  the  case  of  parabolic  motion  we  have 

q  =  i,  q  =  i, 

and  the  equation  (65)  becomes  identical  with  (56)3. 

In  the  application  of  these  -formula?,  we  first  compute  £  and  8  by 
means  of  the  equations  (60),  and  then,  having  found  i?0  and  BJ  by 
means  of  Table  XV.,  we  compute  the  values  of  Q  and  Qf  from  (66) 
and  (68).  Finally,  the  time  r'=  k(t"  —  t)  will  be  obtained  from  (Qo)f 
and  the  difference  between  this  result  and  the  observed  interval  will 
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indicate  whether  the  assumed  value  of  x  must  be  increased  or  di- 
minished.    A  few  trials  will  give  the  correct  result. 

117.  Since  the  interval  of  time  t" — t  cannot  be  determined  with 
sufficient  accuracy  from  (65)  when  the  chord  x  is  very  small,  it 
becomes  necessary  to  effect  a  further  transformation  of  this  equation. 
Thus,  let  us  put 

Q  —  q  =  6P,  In  sin1  \e,  a/ =  sin2 \8, 

and  we  shall  have 

Now,  when  x  is  very  small,  we  may  put 

cos  \e  =  cos  \d, 

and  hence 

.        .  ,  ,  .  , , ,       sin2ie —  sin2A<5 

x  —  x'  =  sin'  \e  —  sin2  \d  = f 3  , 

4  4  4  cos2  |e 

which,  by  means  of  equations  (60),  becomes 

x 


8a  cos2  \e 
Therefore  we  have,  when  x  is  very  small, 

P  =  ^acVjs  (1  +  V  sin*  i£  +  H  sin*  i£  +  &c')  C7°) 

If  we  put 

,_t'  —  P(r  +  t"—  x)l 
70  ~  §  ' 


(71^ 


the  equation  (65)  becomes,  using  only  the  upper  sign, 

(r  +  r"  +  x)|  _  (r  +  r»  _  x)i  =  6r;,  (72) 

which  is  of  the  same  form  as  (56)3.     Hence,  according  to  the  equa- 
tions (63)3  and  (66)3,  we  shall  have 

«=^"'  (73) 

the  value  of  y.  being  found  from  Table  XI.  with  the  argument 

2r' 
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It  remains,  therefore,  simply  to  find  a  convenient  expression  for  r0', 
and  the  determination  of  x  is  effected  by  a  process  precisely  the  same 
as  in  the  special  case  of  parabolic  motion. 
Let  us  now  put 

P_    %_      N 
Q~ 40a' cos4 Je' 

and  we  shall  have 

^eos^  (1  +  2_88.n,,e  +  3^08in.,e+4_8^2s.n.,s+&c ) 

or,  substituting  for  Q  its  value  in  terms  of  sin  \s, 

N=;  1  +  A  *?  i£  +  &  sin*  |«  +  fltfft  sin«  $.  +  AC.        (75) 
Therefore,  if  we  put 

the  expression  for  r/  becomes 

V  =  ^-Ar0'.  (77) 

Table  XV.  gives  the  value  of  log  N  corresponding  to  values  of  s 
from  e  =  0  to  s  =  60°. 

If  the  chord  x  is  given,  and  the  interval  of  time  t"  —  t  is  required, 
we  compute  at/  by  means  of  (76),  and,  having  found  r0'  from 


,      v.Vr  +  r" 

•       T°= %, ' 

as  in  the  case  of  parabolic  motion,  we  have 

rC 

It  should  be  observed  that  although  equation  (76)  is  derived  for  the 
case  of  a  small  value  of  x,  yet  it  is  applicable  whenever  the  differ- 
ence e  —  d  is  very  small,  whatever  may  be  the  value  of  x.  For 
orbits  which  differ  but  little  from  the  parabolic  form,  it  will  in  all 
cases  be  sufficient  to  use  this  expression  for  Ar/;  and  for  cases  in 
which  the  difference  between  e  and  d  is  such  that  the  assumption  of 
cos  \e  =  cos  \d,  x  -+-  x'  =  2x,  &c,  made  in  deriving  equation  (70),  does 
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not  afford  the  required  accuracy,  we  may  compute  both  Q  and  Q* 
directly,  and  then  we  have 


^^""f  )(r  +  r"~X)l' 


AV=1    1--E-    0  + *•"-*)*•  (78) 


The  values  of  the  factor  J  I  1 ^-  1  may  be  tabulated  directly  with 

r  -4-  t"  x 

,       as  the  vertical  argument  and  -j-  as  the  horizontal  argument; 

but  for  the  few  cases  in  which  the  value  of  N given  by  the  equation 
(75)  is  not  sufficiently  accurate,  it  will  be  easy  to  compute  Q  and  Q' 
by  means  of  the  formulae  (66)  and  (68),  and  then  find  Ar0'  from  (78). 
Further,  when  there  is  any  doubt  as  to  the  accuracy  of  the  result 
given  by  (76),  for  the  final  trial  in  finding  x  from  r  +  r"  and  r0  by 
means  of  the  equations  (73)  and  (74),  it  will  be  advisable  to  compute 
at0'  from  (78). 

It  appears,  therefore,  that  for  nearly  all  the  cases  which  actually 
occur  the  determination  of  the  value  of  x,  corresponding  to  given 

values  of  a  and  31=  —,  is  reduced  by  means  of  the  equation  (72)  to 

the  method  which  is  adopted  in  the  case  of  parabolic  orbits. 

The  calculation  of  the  numerical  values  of  r-\-r"-\-n  and  r-\-r" — x 
will  be  most  conveniently  effected  by  the  aid  of  addition  and  sub- 
traction logarithms.  If  the  tables  of  common  logarithms  are  used, 
we  may  first  compute 

•     t  * 

sin  y  =  — | — r/' 

r  -f-  t 

and  then  we  have 

r  +  r"  +  x  =  2  (r  +  r")  sin1  (45°  +  jfoO, 
r  -f  r"  —  a  =  2  (r  +  r")  cosJ  (45°  +  A/). 

118.  In  the  case  of  hyperbolic  motion',  the  semi-transverse  axis  is 
negative,  and  the  values  of  sin  £e  and  sin  %d  given  by  the  equations 
(60)  become  imaginary,  so  that  it  is  no  longer  possible  to  compute 
the  interval  of  time  from  r  +  r"  and  X  by  means  of  the  auxiliary 
angles  e  and  d.     Let  us,  therefore,  put 

sinMe  =  —  m\  8in'^<5  =  —  n* ; 

then,  when  a  is  negative,  m  and  n  will  be  real.     Now  we  have 

£e  =  sin  ~  V —  m\  &d  =  sin  ~  V —  n*, 

and 

^  V—i  =  log.  (cos  |f  -f-  l/^l  sin  U\ 
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Hence  we  derive 

2 


e  =  2sin      V  —  m1=     , log.  {Vl  +  m2  -f  m), 

3  =  2  sin  -1 l/^»  =  —J—  log,  (l/l  -f-  n2  +  n). 
V— 1 

Substituting  these  values  in  the  equation  (61),  and  writing  —  a  in- 
stead of  a,  since 

sin  e  =  2m  V  —  1  •  l/l  +  m*, 
we  shall  have 

^  =  2m l/l  +  m»_  2  loge (l/l  +  ma  +  m)  (79) 

=F  (2n  l/l  +  n?  —  2  loge  (l/l+¥3  +  n)), 

the  upper  sign  being  used  when  the  heliocentric  motion  is  less  than 
180°,  and  the  lower  sign  when  it  is  greater  than  180°.  Therefore, 
if  we  compute  m  and  n  from 

\r  +  r"+  x  /T+T7^  ,Q„ 

m  =  \       4a       '  »~\   '4a    ''  (80) 

regarding  the  hyperbolic  semi-transverse  axis  a  as  positive,  the  for- 
mula (79)  will  determine  the  interval  of  time  Tf  =  k  (tff  —  t). 

The  first  two  terms  of  the  second  member  of  equation  (79)  may 
be  expressed  in  a  series  of  ascending  powers  of  m,  and  the  last  two 
terms  in  a  series  of  ascending  powers  of  n.     Thus,  if  we  put 

l°g«  (v/l  +  m*  +  m)  =  am  +  /5m*  -f-  ym?  +  dm*  +  &c, 
we  get,  by  differentiation, 

1 


=  a  +  2?3m  +  3rm?  -f  4<5ms  -f  5em*  +  &c. ; 


_  =  l-^  +  ll|m*-^|m«-f&e., 


we  have 

r  —  n  v  — j  .j  ,t  —  n  « —  i 

2-4 


.  =  1,         p  =  o,        r  =  -i-i,         3  =  0,         *  =  i|f|  Ac. 


Hence  we  obtain 


3-5 


2  log.  (y  1  +  m2  +  m)  =  2m  —  Jm1  +  i  •  |m6  —  ?  J7g  wT  +  &c. 
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"NVe  have,  also, 

2m  l/l+?7i,  =  2m  +  ms  — ■  ^m6  +  |l?  mT  —  &c. 
Therefore, 

2m  l/lH^m7—  2  log,  (l/'l  +  m*  -f  m)  == 
and  similarly 


2ra  l/l  +  n*  —  2  log,  (l/'l  +  n*  -f  n)  = 


(82) 


Substituting  these  values  in  the  equation  (79),  and  denoting  the 
series  of  terms  enclosed  in  the  parentheses  by  Q  and  Q',  respectively, 
we  get 

6r'  =  Q(r  +  r"  +  x)f  =p  q  (r  +  r"  -  x)*  (83) 

which  is  identical  with  equation  (65).  If  we  replace  m2  by  —  sin2£e 
and  n2  by  —  sin2^  in  the  expressions  for  Q  and  Q',  as  given  by  (81) 
and  (82),  we  shall  have  the  expressions  for  these  quantities  in  terms 
of  sin  \s  and  sin  \d,  respectively,  instead  of  sin  \e  and  sin  \d  as  given 
by  the  equations  (62)  and  (63),  namely, 

Q  =  1  +  !  •  I  sin«|«  +  I  |f|  sin*  |«  +  I  ^4  rin«i«  +  &c, 

i . «  1.3.5  (84) 

For  the  case  of  an  elliptic  orbit  it  is  most  convenient  to  use  the 
equations  (66)  and  (68)  in  finding  Q  and  Q' ;  but,  since  the  cases  of 
hyperbolic  motion  are  rare,  while  for  those  which  do  occur  the  eccen- 
tricity is  very  little  greater  than  that  of  the  parabola,  it  will  be  suf- 
ficient to  tabulate  Q  directly  with  the  argument  m.  The  same  table, 
using  n  as  the  argument,  will  give  the  value  of  Q'.  Table  XVI. 
gives  the  values  of  Q  corresponding  to  values  of  m  from  m  =  0  to 
m  =  0.2. 

When  the  values  of  r  +  r",  r',  and  a  are  given,  and  the  chord  % 
is  required,  we  may  compute  Ar0'  from  (78),  r0'  from  (77),  and  finally 
x  from  (73). 

It  may  be  remarked,  also,  that  the  formulae  for  the  relation  between 
t'}  r-\-r",  x,  and  a  suffice  to  find  by  trial  the  value  of  a  when  r-\-r" 
and  x  are  given.     Hence,  in  the  computation  of  an  orbit  from  assumed 
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values  of  A  and  J",  the  value  of  x  may  be  computed  from  r,  r",  and 
u"  —  u,  and  then  a  may  be  found  in  the  manner  here  indicated. 

If  we  substitute  in  the  equations  (84)  the  values  of  sin  is  and  sin^3 
in  terms  of  r  +  r",  x,  and  a,  and  then  substitute  the  resulting  values 
of  Q  and  Q'  in  the  equation  (65),  we  obtain 

M  (*"-*)  =  (r+r"+x)t=F(r+r"-x)i4-335  1  ((r+r"-fx)^q=(r+7-"-x)t) 

+  vh  J (('  +  l"  +  $  =F  (r  +  if  -*)*)  +  &c, 

the  lower  sign  being  used  when  u"  —  u  exceeds  180°.  When  the 
eccentricity  is  very  nearly  equal  to  unity,  this  series  converges  with 
great  rapidity.  In  the  case  of  hyperbolic  motion,  the  sign  of  a  must 
be  changed. 

119.  The  formulae  thus  derived  for  the  determination  of  the  chord  x 
for  the  cases  of  elliptic  and  hyperbolic  orbits,  enable  us  to  correct  an 
approximate  orbit  by  varying  the  semi-transverse  axis  a  and  the 
ratio  M  of  two  curtate  distances.  But  since  the  formula?  will  gene- 
rally be  applied  for  the  correction  of  approximate  parabolic  elements, 

or  those  which  are  nearly  parabolic,  it  will  be  expedient  to  use  -  and 

M  as  the  quantities  to  be  determined. 

In  the  first  place,  we  compute  a  system  of  elements  from  31  and 

jf=-;  and,  for  the  determination  of  the  auxiliary  quantities  pre- 
liminary to  the  calculation  of  the  values  of  r,  r",  and  x,  the  equa- 
tions (41)3,  (50)3,  and  (51)3  will  be  employed  when  the  ecliptic  is  the 
fundamental  plane.  But  when  the  equator  is  taken  as  the  funda- 
mental plane,  we  must  first  compute  g,  K,  and  G  by  means  of  the 
equations  (96)3.  Then,  "by  a  process  entirely  analogous  to  that  by 
which  the  equations  (47)3  and  (50)3  were  derived,  we  obtain 

h  COS  C  COS  (H —  a")  =  M —  COS  (a"  —  a), 

h  cos  C  sin  (H—  a")  =  sin  (a"  —  a),  (86) 

AsinC  =Mt&nd"  —  tan<J, 

from  which  to  find  H,  £,  and  h ;  and  also 

cos  <p  =  cos  C  cos  .fiT  cos  (  G  —  H)  4-  sin  Z  sin  K,  (87) 

from  which  to  find  <p.  In  this  case,  £  and  .fiT  will  be  referred  to  the 
equator  as  the  fundamental  plane.  The  angles  ^  and  ^"  will  be 
obtained  from  the  equations  (102)3,  or  from  equations  of  the  form 
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of  (26),  and  finally  the  auxiliary  (plant itics  A,  B,  B" ,  &c.  will  be 
obtained  from  (51)3,  writing  o  and  o"  in  place  of  fi  and  fi",  respect- 
ively. 

A*  soon  as  these  auxiliary  quantities  have  been  determined,  by 
means  of  (52)3  the  value  of  x  must  be  found  which  will  exactly 
>atisl\-  equation  (65).     To  effect  this,  we  first  compute  e  from 

sin  £e  =  i/.J/(r +  r"H-x), 

and,  if  it  be  required,  we  also  find  d  from 

sin  A<5  =  V\f(r  +  r"  —  x), 

using  approximate  values  of  r  +  r"  and  X.  Then  we  find  Q  from 
(66),  and  at0'  from  (76)  or  from  (78),  the  logarithms  of  the  auxiliary 
quantities  B0  and  N  being  found  by  means  of  Table  XV.  with  the 
argument  s.  The  value  of  r0'  having  been  found  from  (77),  the 
equations  (73)  and  (74),  in  connection  with  Table  XI.,  enable  us  to 
obtain  a  closer  approximation  to  the  correct  value  of  x.  With  this 
we  compute  new  values  of  r  and  r",  and  repeat  the  determination 
of  x.  A  few  trials  will  generally  give  the  correct  result,  and  these 
trials  may  be  facilitated  by  the  use  of  the  formula  (67)3.  It  will  be 
observed,  also,  that  Q  and  Ar0'  are  very  slightly  changed  by  a  small 
change  in  the  values  of  r  +  r"  and  x,  so  that  a  repetition  of  the 
calculation  of  these  quantities  only  becomes  necessary  for  the  final 
trial  in  finding  the  value  of  x  which  completely  satisfies  the  equa- 
tions (52)3  and  (65).  When  the  value  of  a  is  such  that  the  values 
of  Q  and  N  exceed  the  limits  of  Table  XA".,  the  equation  (61)  may 
be  employed,  and,  in  the  case  of  hyperbolic  motion,  when  Q  and  Qf 
exceed  the  limits  of  Table  XVI.,  we  may  employ  the  complete  ex- 
pression for  the  time  z'  in  terms  of  m  and  n  as  given  by  (79). 

The  values  of  r,  r",  and  x  having  thus  been  found,  the  equations 

d  =  Vx7  —  A\  p  =  — !~| -,  p  =Mp, 

will  determine  the  curtate  distances  p  and  p".  When  the  equator  is 
the  fundamental  plane,  we  have 

P  =  J  cos  S,  P"  =  A"  cos  d". 

From  p,  p",  and  the  corresponding  geocentric  spherical  co-ordinates, 
the  radii-vectores  and  the  heliocentric  spherical  co-ordinates  I,  I",  b, 
and  b"  will  be  obtained,  and  thence  SI,  i,  u,  u" ,  and  the  remaining 
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elements  of  the  orbit,  as  already  illustrated.  In  the  case  of  elliptic 
motion,  if  we  compute  the  auxiliary  quantities  e  and  d  by  means  of 
the  equations  (60),  we  shall  have 

.^KT  +  D^^ 

e  cos$(E"+E)  =  cos i  (e  +  9), 

from  which  e  and  \{E" +  E)  may  be  found,  and  hence,  since 
\{E"—E)  s=  Ke  —  *),  we  derive  E  and  .E".  The  values  of  q  and 
v  may  then  be  found  directly  from  these  and  quantities  already 
obtained.     Thus,  the  last  of  equations  (43)l  gives 

cos  $v cos  },E  cos  \v" cos  \E" 

Vq  Vr  Vq  Vr" 

Multiplying  the  first  of  these  expressions  by  sin  \v",  and  the  second 
by  —  sin  $r,  adding  the  products,  and  reducing,  we  obtain 

sin  ^  {v"  —  v)  sin  ^v cos  \  (y"  —  v)  cos  \E      cos  \E" 

Vq  Vr  Vr" 

Therefore,  we  shall  have 


1     .    ■  cos  IE  cos±E" 

-=  sin  iv  = 


Vq  Vrt&n$(u"—u)       Vr"sin±  (u"—  u) 

1         ,         cos  \E 
—7=  cos  \v  — 


(88) 


V'q  Vr    \ 

from  which  q  and  v  may  be  found  as  soon  as  cos  \E  and  cos  \E"  are 

known.     In  the  case  of  parabolic  motion  the  eccentric  anomaly  is 

equal  to  zero,  and  these  equations  become  identical  with  (92)3.     The 

angular  distance  of  the  perihelion  from  the  ascending  node  will  be 

obtained  from 

to  =  u  —  v. 

Since  r  =  a^ae cosE,  and  q  =  a(l  —  e),  we  have 

1-:        r-i 
cosE= — s-tM — , 


and  hence 


1-1  --1 

a  q 


L-l 

co*4jy=i-i|__ _, 

1 


(89) 


co*  kE"  =  1—1-2 


°-l 
9 
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When  the  eccentricity  is  nearly  equal  to  unity,  the  value  of  q  given 
by  approximate  elements  will  be  sufficient  to  compute  cos^E  and 
cos^E"  by  means  of  these  equations,  and  the  results  thus  derived 
will  be  substituted  in  the  equations  (88),  from  which  a  new  value  of 
q  results.  If  this  should  differ  considerably  from  that  used  in  com- 
puting cos $2?  and  cos\E",  a  repetition  of  the  calculation  will  give 
the  correct  result. 

In  the  case  of  hyperbolic  motion,  although  E  and  E"  are  imagi- 
nary, we  may  compute  the  numerical  values  of  cos  \E  and  cos$J£" 
from  the  equations  (89),  regarding  a  as  negative,  and  the  results  will 
be  used  for  the  corresponding  quantities  in  (88)  in  the  computation 
of  q  and  v  for  the  hyperbolic  orbit. 

Next,  we  compute  a  second  system  of  elements  from  J/ and/-}-  of, 
and  a  third  system  from  M  +  831  and/,  <5/and  831  denoting  the 
arbitrary  increments  assigned  to  /  and  31  respectively.  The  com- 
parison of  these  three  systems  of  elements  with  additional  observed 
places  of  the  comet,  will  enable  us  to  form  the  equations  of  condition 
for  the  determination  of  the  most  probable  values  of  the  corrections 
a3/ and  a/  to  be  applied  to  31  and  /respectively.  The  formation  of 
these  equations  is  effected  in  precisely  the  same  manner  as  in  the  case 
of  the  variation  of  the  geocentric  distances  or  of  Q  and  i,  and  it  does 
not  require  any  further  illustration.  The  final  elements  will  be  ob- 
tained from  M-\-  a 31,  and/-f-  a/,  either  directly  or  by  interpolation. 
We  may  remark,  further,  that  it  will  be  convenient  to  use  log  31  as 
the  quantity  to  be  corrected,  and  to  express  the  variations  of  log  31 
in  units  of  the  last  decimal  place  of  the  logarithms. 

When  the  orbit  differs  very  little  from  the  parabolic  form,  it  will 
be  most  expeditious  to  make  two  hypotheses  in  regard  to  31,  putting 

in  each  case  -  =  0,  and  only  compute  elliptic  or  hyperbolic  elements 

in  the  third  hypothesis,  for  which  we  use  31  and  /=  8f.  The  first 
and  second  systems  of  elements  will  thus  be  parabolic. 

120.  Instead  of  M  and  -  we  may  use  A  and  -  as  the  quantities  to 

be  corrected.  In  this  case  we  assume  an  approximate  value  of  A  by 
means  of  elements  already  known,  and  by  means  of  (96)3,  (98)3,  (102)3, 
and  (103)j,  we  compute  the  auxiliary  quantities  C,  B,  B" ,  &c,  re- 
quired in  the  solution  of  the  equations  (104)3.  We  assume,  also,  an 
approximate  value  of  A"  and  compute  the  corresponding  value  of  r" , 
the  value  of  r  having  been  already  found  from  the  assumed  value  of 
A.     Then,  by  trial,  we  find  the  value  of  x  which,  in  connection  with 
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the  assumed  value  of  -,  will  satisfy  the  equations  (104)3  and  (65)  or 
(61).     The  corresponding  value  of  A"  is  given  by 

A"  =  c  ±  l/V  —  C*. 

"When  A"  has  thus  been  determined,  the  heliocentric  places  will  be 
obtained  by  means  of  the  equations  (106)3  and  (107)3,  and,  finally, 
the  corresponding  elements  of  the  orbit  will  be  computed.  If  the 
ecliptic  is  taken  as  the  fundamental  plane,  we  put  D  =  0,  A  =  O, 
and  write  X  and  |9  in  place  of  a  and  d  respectively. 

If  we  now  compute  a  second  system  of  elements  from  J  +  dJ  and 

/— ->  and  a  third  system  from  J  and/+  8f,  the  comparison  of  the 

three  systems  of  elements  with  additional  observed  places  will  furnish 
the  equations  of  condition  for  the  determination  of  the  corrections 

a  J  and  a/  to  be  applied  to  J  and  -  respectively. 

When  the  eccentricity  is  very  nearly  equal  to  unity,  we  may  as- 
sume /— 0  for  the  first  and  second  hypotheses,  and  only  compute 
elliptic  or  hyperbolic  elements  for  the  third  hypothesis. 

121.  The  comparison  of  the  several  observed  places  of  a  heavenly 
body  with  one  of  the  three  systems  of  elements  obtained  by  varying 
the  two  quantities  selected  for  correction,  or,  when  the  required  dif- 
ferential coefficients  are  known,  with  any  other  system  of  elements 
such  that  the  squares  and  products  of  the  corrections  may  be  neg- 
lected, gives  a  series  of  equations  of  the  form 

mx  -f-  ivy  =p, 
m'x  -f-  n'y  ==p',  &c, 

in  which  x  and  y  denote  the  final  corrections  to  be  applied  to  the  two 
assumed  quantities  respectively.  The  combination  of  these  equations 
which  gives  the  most  probable  values  of  the  unknown  quantities,  is 
effected  according  to  the  method  of  least  squares.  Thus,  we  multiply 
each  equation  by  the  coefficient  of  x  in  that  equation,  and  the  sum 
of  all  the  equations  thus  formed  gives  the  first  normal  equation. 
Then  we  multiply  each  equation  of  condition  by  the  coefficient  of  y 
in  that  equation,  and  the  sum  of  all  the  products  gives  the  second 
normal  equation.     Let  these  equations  be  expressed  thus : — 

[mm]  x  -f-  [mri]  y  =  [mp], 

[mii]  x  -f-  [nn]  y  =  [np], 

23 
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in  which  [mm~]  =  m2-{-  m"+  m"2ji-  &c,  [mn]  =  mn+mV+m"fl"T<V<'., 
and  similarly  for  the  other  terms.  These  two  final  equation-  give, 
by  elimination,  the  most  probable  values  of  .if  and  y,  namely,  those 
for  which  the  sum  of  the  squares  of  the  residuals  will  be  a  minimum. 
It  is,  however,  often  convenient  to  determine  x  in  terms  of  y,  or  y 
in  terms  of  x,  so  that  we  may  find  the  influence  of  a  variation  of  one 
of  the  unknown  quantities  on  the  differences  between  computation 
and  observation  when  the  most  probable  value  of  the  other  unknown 
quantity  is  used.  Thus,  if  it  be  desired  to  find  x  in  terms  of  y,  the 
most  probable  value  of  x  will  be 

[mp]         [win] 

x  —  "■*"  •». 

[mm]        [mm] 

If  we  substitute  this  value  of  x  in  the  original  equations  of  condition, 
the  remaining  differences  between  computation  and  observation  will 
be  expressed  in  terms  of  the  unknown  quantity  y,  or  in  the  form 

A0  ==  m0  +  n0y.  (90) 

Then,  by  assigning  different  values  to  y,  we  may  find  the  correspond- 
ing residuals,  and  thus  determine  to  what  extent  the  correction  y  may 
be  varied  without  causing  these  residuals  to  surpass  the  limits  of  the 
probable  errors  of  observation. 

In  the  determination  of  the  orbit  of  a  comet  there  must  be  more 
or  less  uncertainty  in  the  value  of  a,  and  if  y  denotes  the  correction 

to  be  applied  to  the  assumed  value  of  -,  we  may  thus  determine  the 

probable  limits  within  which  the  true  value  of  the  periodic  time 
must  be  found.  In  the  case  of  a  comet  which  is  identified,  by  the 
similarity  of  elements,  with  one  which  has  previously  appeared,  if 
we  compute  the  system  of  elements  which  will  best  satisfy  the  series 
of  observations,  the  supposition  being  made  that  the  comet  has  per- 
formed but  one  revolution  around  the  sun  during  the  intervening 
interval,  it  will  be  easy  to  determine  whether  the  observations  arc 
better  satisfied  by  assuming  that  two  or  more  revolutions  have  been 
completed  during  this  interval.  Thus,  let  T  denote  the  periodic 
time  assumed,  and  the  relation  between  T  and  a  is  expressed  by 


in  which  z  denotes  the  semi-circumference  of  a  circle  whose  radius 
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is  unity.     Let  the  periodic  time  corresponding  to  -  -f-  y  be  denoted 

m  Ct 

by  —  ;  then  we  shall  have 
z 

1   .       1 

y  =  -zf  —  -» 

"a  a 

and  the  equations  for  the  residuals  are  transformed  into  the  form 

*0  =  (mo-n0f)  +  nJzl  (91) 

If  we  now  assign  to  z,  successively,  the  values  1,  2,  3,  &c,  the  re- 
siduals thus  obtained  will  indicate  the  value  of  z  which  best  satisfies 
the  series  of  observations,  and  hence  how  many  revolutions  of  the 
comet  have  taken  place  during  the  interval  denoted  by  T. 

122.  In  the  determination  of  the  orbit  of  a  comet  from  three  ob- 
served places,  a  hypothesis  in  regard  to  the  semi-transverse  axis  may 
with  facility  be  introduced  simultaneously  with  the  computation  of 
the  parabolic  elements.  The  numerical  calculation  as  far  as  the  form- 
ation of  the  equations  (52)3  will  be  precisely  the  same  for  both  the 
parabolic  and  the  elliptic  or  hyperbolic  elements.  Then  in  the  one 
case  we  find  the  values  of  r,  r",  and  %  which  will  satisfy  equation 
(56)3,  and  in  the  other  case  we  find  those  which  will  satisfy  the  equa- 
tion (65),  as  already  explained.     From  the  results  thus  obtained,  the 

two  systems  of  elements  will  be  computed.     Let  /—  -,  then  in  the 

case  of  the  system  of  parabolic  elements  we  have/=0,  and  the  com- 
parison of  the  middle  place  with  these  and  also  with  the  elliptic  or 
hyperbolic  elements  will  give  the  value  of 

do      0„  —  0, 


*        df  f 

in  which  0X  denotes  the  geocentric  spherical  co-ordinate  computed 
from  the  parabolic  elements,  and  d2  that  computed  from  the  other 
system  of  elements.  Further,  let  A0  denote  the  difference  between 
computation  and  observation  for  the  middle  place,  and  the  correction 
to  be  applied  to  /,  in  order  that  the  computed  and  the  observed 
values  of  0  may  agree,  will  be  given  by 

Hence,  the  two  observed  spherical  co-ordinates  for  the  middle  place 
will  give  two  equations  of  condition  from  which  a/  may  be  found, 
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and  the  corresponding  elements  will  be  those  which  best  represent 
the  observations,  assuming  the  adopted  value  of  31  to  be  correct. 

123.  The  first  determination  of  the  approximate  elements  of  the 
orbit  of  a  comet  is  most  readily  effected  by  adopting  the  ecliptic  as 
the  fundamental  plane.  In  the  subsequent  correction  of  these  ele- 
ments, by  varying  -  and  31  or  J,  it  will  often  be  convenient  to 

the  equator  as  the  fundamental  plane,  and  the  first  assumption  in 
regard  to  31  will  be  made  by  means  of  the  values  of  the  distances 
given  by  the  approximate  elements  already  known.  But  if  it  be 
desired  to  compute  31  directly  from  three  observed  places  in  reference 
to  the  equator,  without  converting  the  right  ascensions  and  declina- 
tions into  longitudes  and  latitudes,  the  requisite  formula?  may  be 
derived  by  a  process  entirely  analogous  to  that  employed  when  the 
curtate  distances  refer  to  the  ecliptic.  The  case  may  occur  in  which 
only  the  right  ascension  for  the  middle  place  is  given,  so  that  the 
corresponding  longitude  cannot  be  found.  It  will  then  be  necessary 
to  adopt  the  equator  as  the  fundamental  plane  in  determining  a 
system  of  parabolic  elements  by  means  of  two  complete  observations 
and  this  incomplete  middle  place.  If  we  substitute  the  expressions 
for  the  heliocentric  co-ordinates  in  reference  to  the  equator  in  the 
equations  (4)3  and  (5)3,  we  shall  have 

0  =  n  (p  cos  a  —  R  cos  D  cos  A)  —  (/>'  cos  a' —  R'  cos  U  cos  A') 

+  »"  0"  sin  a"—  R"  cos  D"  cos  A"), 

0  =  n(psma  —  RcosD  sin  .4)  —  (/>'  sin  a'—  R'  cos  &  sin  A')  (92) 

+  n"  0"  sin  a"—  R"  cos  D"  sin  A"), 

0  =  n  (P  tan  8  —  R  gin  D)  —  (/>'  tan  8—  R1  sin  U) 

+  n"  0"  tan  £"  —  R"  sin  D"), 

in  which  p,  pf,  p"  denote  the  curtate  distances  with  respect  to  the 
equator,  A,  A',  A"  the  right  ascensions  of  the  sun,  and  D,  Df,  D" 
its  declinations.  These  equations  correspond  to  (6)3,  and  may  be 
treated  in  a  similar  manner. 

From  the  first  and  second  of  equations  (92)  we  get 

0  =  n  (p  sin  (a'— a)  —  R  cos  D  sin  (a'— A))  +  R  cos  I?  sin  (a'— A') 

—  n"  (P"  sin  (a"—  a')  +  R"  cosD"  sin  (a'—  .4")), 
and  hence 

M=£=*.  6in,(°;-'?.  (93) 

p       n     sin(o  —  a ) 

nR  cos  D  sin  («/— ^i)—  Rf  cos H  sin  (a'—A')+n"R"  cosD"  sin  (o'— A") 

pn"  sin  (a"  —  a') 
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This  formula,  being  independent  of  the  declination  dr,  may  be  used 
to  compute  M  when  only  the  right  ascension  for  the  middle  place  is 
given.  For  the  first  assumption  in  the  case  of  an  unknown  orbit, 
we  take 

f  —  t     sin  (a'  —  a) 


M- 


H—t  '  Sin  (a"  — a')  : 


and,  by  means  of  the  results  obtained  from  this  hypothesis,  the  com- 
plete expression  (93)  may  be  computed.  By  a  process  identical  with 
that  employed  in  deriving  the  equation  (36)3,  we  derive,  from  (93), 
the  expression 

„         n      sin  (a— a)  .    . 

P   =f3»'mv/  *» 7\  (94) 

n      sin  (a  —  a  ) 

_,r/  "WA_     1  \R' cos  If  sin  (a— A') 

e  r>,  Kf  +  7  )\  Tn      Rn  J  gin  (a»  _  B/)  5 

and,  putting 

.,       n      sin  (o' — a) 


n"'  sin  (a"—  a')' 
*  &1      ***  "prirf*;        sin  (a' -a)  p  \r'3~W3}' 


we  have 


M=P-  =  M0F.  (95) 


The  calculation  of  the  auxiliary  quantities  in  the  equations  (52)3 
will  be  effected  by  means  of  the  formulas  (96)3,  (86),  (87),  (102)„  and 
(51)3.  The  heliocentric  places  for  the  times  t  and  t"  will  be  given 
by  (106)3  and  (107)3,  and  from  these  the  elements  of  the  orbit  will 
be  found  according  to  the  process  already  illustrated. 

124.  The  methods  already  given  for  the  correction  of  the  approxi- 
mate elements  of  the  orbit  of  a  heavenly  body  by  means  of  additional 
observations  or  normal  places,  are  those  which  will  generally  be 
applied.  There  are,  however,  modifications  of  these  which  may  be 
advantageous  in  rare  and  special  cases,  and  which  will  readily  suggest 
themselves.  Thus,  if  it  be  desired  to  correct  approximate  elements 
by  varying  two  radii-vectores  r  and  r",  we  may  assume  an  approxi- 
mate value  of  each  of  these,  and  the  three  equations  (88)t  will  con- 
tain only  the  three  unknown  quantities  J,  6,  and  /.  By  elimination, 
these  unknown  quantities  may  be  found,  and  in  like  manner  the 
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values  of  J",  6",  and  /".  It  will  be  most  convenient  to  compute 
the  angles  ^  and  ^",  and  then  find  z  and  z"  from 

R  sin  4  .     „      R"  sin  +" 

sinz  = ,  sin  2  = T, , 

r  r 

or,  putting  x2  =  rt  —  Ri  sin2^,  and  xm  =  r"2  —  R"2  sin2i//',  from 

i?  sin  4  .,      i?"  sin  4" 

tanz  = — ,  tan/  = ,. — . 

x  x 

The  curtate  distances  will  be  given  by  the  equations  (3),  and  the 
heliocentric  spherical  co-ordinates  by  means  of  (4),  writing  r  in  place 
of  a.  From  these  u"  —  u  may  be  found,  and  by  means  of  the  values 
of  r,  r",  and  u"  —  u  the  determination  of  the  elements  of  the  orbit 
may  be  completed.  Then,  assigning  to  r  an  increment  8r,  we  com- 
pute a  second  system  of  elements,  and  from  r  and  r"  +  dr"  a  third 
system.  The  comparison  of  these  three  systems  of  elements  with  an 
additional  or  intermediate  observed  place  will  furnish  the  equations 
for  the  determination  of  the  corrections  Ar  and  Ar"  to  be  applied  to 
r  and  r",  respectively.  The  comparison  of  the  middle  place  may  be 
made  with  the  observed  geocentric  spherical  co-ordinates  directly,  or 
with  the  radius-vector  and  argument  of  the  latitude  computed  directly 
from  the  observed  co-ordinates;  and  in  the  same  manner  any  number 
of  additional  observed  places  may  be  employed  in  forming  the  equa- 
tions of  condition  for  the  determination  of  Ar  and  Ar". 

Instead  of  r  and  r",  we  may  take  the  projections  of  these  radii- 
vectores  on  the  plane  of  the  ecliptic  as  the  quantities  to  be  corrected. 
Let  these  projected  distances  of  the  body  from  the  sun  be  denoted 
by  r0  and  r0",  respectively ;  then,  by  means  of  the  equations  (88)!, 
we  obtain 

sin  {I  —  /)  = -,  (96) 

from  which  I  may  be  found ;  and  in  a  similar  manner  we  may  find 

I".     If  we  put 

a:02  =  r0J-^sin2(^-O), 
we  have 

t^{l-X)  =  R*^X-°\  (97; 

Let  S  denote  the  angle  at  the  sun  between  the  earth  and  the  place 
of  the  planet  or  comet  projected  on  the  plane  of  the  ecliptic ;  then 
we  shall  have 
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S=lS0°  +  O  —  l, 

Bsm(l-O)  (98) 


P  = 


and 


sin  (J  —  X) 


tan6  =  /'-^^,  (99) 


by  means  of  which  the  heliocentric  latitudes  6  and  b"  may  be  found. 
The  calculation  of  the  elements  and  the  correction  of  r0  and  r0"  are 
then  effected  as  in  the  case  of  the  variation  of  r  and  r". 

In  the  case  of  parabolic  motion,  the  eccentricity  being  known,  we 
may  take  q  and  T  as  the  quantities  to  be  corrected.  If  we  assume 
approximate  values  of  these  elements,  r,  r',  r'f,  and  v,  vf,  v"  will  be 
given  immediately.  Then  from  r,  rr,  v"  and  the  observed  spherical 
co-ordinates  of  the  body  we  may  compute  the  values  of  u"  —  u'  and 
u'  —  u.  In  the  same  manner,  by  means  of  the  observed  places,  we 
compute  the  angles  u" — u'  and  uf — u  corresponding  to  q-\-oq  and  T> 
and  to  q  and  T '  -\-  3T,  oq  and  dT  denoting  the  arbitrary  increments 
assigned  to  q  and  T,  respectively.  The  comparison  of  the  helio- 
centric motion,  during  the  intervals  t"  —  t'  and  t'  —  t,  thus  obtained, 
in  the  case  of  each  of  the  three  systems  of  elements,  from  the  ob- 
served geocentric  places  with  the  corresponding  results  given  by 

u"  —  v!  =  v"  —  v',  u'  —  u  =  v  —  v, 

enables  us  to  form  the  equations  by  which  we  may  find  the  cor- 
rections Aq  and  &T  to  be  applied  to  the  assumed  values  of  q  and  T, 
respectively,  in  order  that  the  values  of  u"  —  u'  and  uf  —  u  computed 
by  means  of  the  observed  places  shall  agree  with  those  given  by  the 
true  anomalies  computed  directly  from  q  and  T. 
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CHAPTER  VII. 

METHOD  OF  LEAST  SQUARES,  THEORY  OF  THE  COMBINATION  OF  OBSERVATIONS,  AND 
DETERMINATION  OF  THE  MOST  PROBABLE  SYSTEM  OF  ELEMENTS  FROM  A  SERIES 
OF  OBSERVATIONS. 

125.  When  the  elements  of  the  orbit  of  a  heavenly  body  are  known 
to  such  a  degree  of  approximation  that  the  squares  and  products  of 
the  corrections  which  should  be  applied  to  them  may  be  neglected, 
by  computing  the  partial  differential  coefficients  of  these  elements 
witli  respect  to  each  of  the  observed  spherical  co-ordinates,  we  may 
form,  by  means  of  the  differences  between  computation  and  observa- 
tion, the  equations  for  the  determination  of  these  corrections.  Three 
complete  observations  will  furnish  the  six  equations  required  for  the 
determination  of  the  corrections  to  be  applied  to  the  six  elements  of 
the  orbit;  but,  if  more  than  three  complete  places  are  given,  tlie 
number  of  equations  will  exceed  the  number  of  unknown  quantities, 
and  the  problem  will  be  more  than  determinate.  If  the  observed 
places  were  absolutely  exact,  the  combination  of  the  equations  of 
condition  in  any  manner  whatever  would  furnish  the  values  of  these 
corrections,  such  that  each  of  these  equations  would  be  completely 
satisfied.  The  conditions,  however,  which  present  themselves  in  the 
actual  correction  of  the  elements  of  the  orbit  of  a  heavenly  body  by 
means  of  given  observed  places,  are  entirely  different.  When  the 
observations  have  been  corrected  for  all  known  instrumental  errors, 
and  when  all  other  known  corrections  have  been  duly  applied,  there 
still  remain  those  accidental  errors  which  arise  from  various  causes, 
such  as  the  abnormal  condition  of  the  atmosphere,  the  imperfections 
of  vision,  and  the  imperfections  in  the  performance  of  the  instrument 
employed.  These  accidental  and  irregular  errors  of  observation  cannot 
be  eliminated  from  the  observed  data,  and  the  equations  of  condition 
for  the  determination  of  the  corrections  to  be  applied  to  the  elements 
of  an  approximate  orbit  cannot  be  completely  satisfied  by  any  system 
of  values  assigned  to  the  unknown  quantities  unless  the  number  of 
equations  is  the  same  as  the  number  of  these  unknown  quantities. 
It  becomes  an  important  problem,  therefore,  to  determine  the  par- 
ticular combination  of  these  equations  of  condition,  by  means  of  which 


METHOD   OF   LEAST   SQUARES.  361 

the  resulting  values  of  the  unknown  quantities  will  be  those  which, 
while  they  do  not  completely  satisfy  the  several  equations,  will  afford 
the  highest  degree  of  probability  in  favor  of  their  accuracy.  It  will 
be  of  interest  also  to  determine,  as  iar  as  it  may  be  possible,  the 
degree  of  accuracy  which  may  be  attributed  to  the  separate  results. 
But,  in  order  to  simplify  the  more  general  problem,  in  which  the 
quantities  sought  are  determined  indirectly  by  observation,  it  will  be 
expedient  to  consider  first  the  simpler  case,  in  which  a  single  quantity 
is  obtained  directly  by  observation. 

126.  If  the  accidental  errors  of  observation  could  be  obviated,  the 
different  determinations  of  a  magnitude  directly  by  observation  would 
be  identical ;  but  since  this  is  impossible  when  an  extreme  limit  of 
precision  is  sought,  we  adopt  a  mean  or  average  value  to  be  derived 
from  the  separate  results  obtained.  The  adopted  value  may  or  may 
not  agree  with  any  individual  result,  since  it  is  only  necessary  that 
the  residuals  obtained  by  comparing  the  adopted  value  with  the 
observed  values  shall  be  such  as  to  make  this  adopted  value  the  most 
probable  value.  It  is  evident,  from  the  very  nature  of  the  case,  that 
we  approach  here  the  confines  of  the  unknown,  and,  before  we  pro- 
ceed further,  something  additional  must  be  assumed. 

However  irregular  and  uncertain  the  law  of  the  accidental  errors 
of  observation  may  be,  we  may  at  least  assume  that  small  errors  are 
more  probable  than  large  errors,  and  that  errors  surpassing  a  certain 
limit  will  not  occur.  We  may  also  assume  that  in  the  case  of  a  large 
number  of  observations,  errors  in  excess  will  occur  as  frequently  as 
errors  in  defect,  so  that,  in  general,  positive  and  negative  residuals 
of  equal  absolute  value  are  equally  probable.  It  appears,  therefore, 
that  the  relative  frequency  of  the  occurrence  of  an  accidental  error  A 
in  the  observed  value  will  depend  on  the  magnitude  of  this  error, 
and  may  be  expressed  by  <p  (A).  This  function  will  also  express  the 
probability  of  an  error  A  in  an  observed  value.  At  the  limit  beyond 
which  an  error  of  the  magnitude  A  can  never  occur,  we  must  have 
<p(A)  =  0:  when  A  =  0,  the  value  of  ip (A)  must  be  a  maximum,  and 
for  equal  positive  and  negative  values  of  A  the  values  of  <p  (A)  must 
be  the  same.  Hence,  in  a  given  series  of  observations,  the  number  m 
of  observations  being  supposed,  to  be  large,  the  number  of  times  in 
which  the  error  A  occurs  will  be  expressed  by  m<p(A),  and  the  number 
of  times  in  which  the  error  A'  occurs  will  be  expressed  by  mtp  (J'),  so 
that  we  shall  have 

m  =  m<p  (J)  -(-  m,<p  (J')  -f-  wif  (J")  +  &c., 
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or 

The  sum  2"  must  be  taken  between  the  limits  for  which  the  accidental 
errors  of  observation  are  considered  possible ;  but  since  the  assignment 
of  these  limits  is,  in  a  certain  sense,  arbitrary,  we  must  evidently 
have 

Jft^li  (1) 

A  =  —oo 

the  value  of  <p  (A)  being  absolutely  zero  for  the  limits  4-  oo  and  —  oo. 
Within  any  given  limits  there  are  an  infinite  number  of  values, 
any  one  of  which  may  possibly  be  the  true  value  of  A,  and  hence 
the  number  of  the  functions  expressed  by  <p  (A)  must  be  infinite. 
The  probability  of  an  error  A  is  expressed  by  <p  (A),  and  will  be  the 
same  as  the  probability  that  the  error  is  contained  within  the  limits  A 
and  A  +  dA.  The  latter  is  expressed  by  the  sum  of  all  the  functions 
<p  (A)  between  the  limits  A  and  A  +  dA,  or  by 

f(J)4A. 

We  conclude,  therefore,  that  the  probability  that  an  error  falls  between 
the  limits  a  and  b  is  expressed  by  the  integral 

f\(d)dJ, 

a 

and  this  integral,  taken  so  as  to  include  all  possible  accidental  errors 
of  observation,  is,  according  to  equation  (1), 

JV(J)dJ  =  l.  (2) 

—  00 

According  to  the  theory  of  probabilities,  the  probability  that  the 
errors  A,  J',  &c.  occur  simultaneously  is  equal  to  the  continued  pro- 
duct of  the  probabilities  of  the  occurrence  of  these  errors  separately. 
Let  P  denote  the  probability  that  these  errors  occur  at  the  same  time 
in  the  given  series  of  observed  values,  and  we  have 

P=f(J).KJ').?(^') (3) 

The  most  probable  value  of  the  quantity  sought,  which  we  will  de- 
note by  x,  must  evidently  be  that  which  makes  P  a  maximum.     If 
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we  take  the  logarithms  of  both  members  of  equation  (3),  and  differ- 
entiate, the  condition  of  a  maximum  gives 

=  d  log  ,  ( J)    dA       d  log  „  (J')    d*      &c 
dA  dx  dA'  dx 

Let  n,  n',  n",  &c.  be  the  observed  values  of  x,  and  m  the  number  of 
observations ;  then  we  have 

A  =  n  —  x,  A' =  n'  —  x,  A"  =  n"  —  x,  &c, 

and  hence 

M_<M_dA^         _ 

dx        dx        dx 

Therefore  the  equation  (4)  becomes 

Q  =  d log  y  (n-x)       d  log :<p  (n'  -x)       &c 
d{n  —  x)  din  —  x) 

This  equation  will  serve  to  determine  the  value  of  a;  as  soon  as  the 
form  of  the  function  symbolized  by  <p  is  known.  It  becomes  neces- 
sary, therefore,  to  make  some  further  assumption  in  regard  to  the 
errors  A,  Jf,  A",  &c,  in  order  that  the  form  of  this  function  may  be 
determined;  and,  although  the  hypothesis  which  presents  itself  gives 
directly  the  most  probable  value  of  x,  since  the  function  <p  (J)  is  sup- 
posed to  be  general,  we  may  thus,  by  the  special  case,  determine  the 
form  of  this  function ;  and  the  result  will  be  applicable  when,  instead 
of  the  value  of  a  single  quantity,  it  is  required  to  find  the  most  pro- 
bable values  of  several  unknown  quantities  determined  indirectly  by 
observation. 

127.  The  principle  may  be  received  as  an  axiom,  that  when  a 
series  of  observed  values  of  a  quantity  is  given,  if  the  circumstances 
under  which  the  separate  observations  were  made  are  similar,  so  that 
there  is  no  reason  for  preferring  one  result  to  another,  the  most  pro- 
bable value  of  the  quantity  sought  is  the  arithmetical  mean  of  the 
several  results.     Hence  we  have 

n  +  n'  +  n"-f  .... 


m 
m  being  the  number  of  observed  values.     This  expression  gives 

0  =  (n  —  x)  +  (n'  —  x)  +  (n"  —  x)  +  &c,  (6) 

from  which  it  appears  that  the  algebraic  sum  of  the  residuals  is  equal 
to  zero.     The  equation  (5)  may  be  written 
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°-^n      X\n-x)d(n-x)^(n       XUn'-z)d(n'-z)+&C" 

and  the  comparison  of  this  with  (6)  shows  that 

(flogy(n  —  x)    _    d\og<p(n!  —  x)  =jr.  ,~ 

(n  —  x)  d(n  —  x)      in'  —  x)  d(n'  —  x)  " 

k  being  a  constant  quantity.     Hence  we  derive 

d  log,  <p  (4)  =  kA  dd, 

the  integration  of  which  gives 

log.?  (4)  =  Ikd1  +  logec, 

log,  c  being  the  constant  of  integration.  From  this  equation  there 
results 

<?(A)  =  ceHkA\  (8) 

in  which  e  is  the  base  of  Naperian  logarithms.  Since  <p  (J)  diminishes 
as  A  increases,  the  quantity  k  must  be  essentially  negative,  and  if  we 
put  \k  =  —  h2,  we  shall  have 

*  (J)  =  «*-"*".  (9) 

If  we  substitute  this  value  of  cp  (J)  in  the  equation  (2),  we  have 

c\  e         dA  =  \, 

—  00 

or,  putting  also  t  =  hd, 

+  oo 

jife~ftdt  =  l.  (10) 


This  equation  will  give  the  value  of  the  constant  c,  provided  that  the 
value  of  the  integral 

is  known.  Since  the  definite  integral  is  independent  of  the  variable, 
let  us  multiply  it  by  a  similar  one,  in  which  y  is  the  variable ;  so 
that  we  have 

in  which  the  order  of  integration  is  indifferent.     If  we  put  y  =  tz, 
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we  have,  since  t  is  regarded  as  constant  in  the  integration  with  respect 

to  y, 

dy  =  tdz; 
and  hence 

( $?~*  dtV  =S~dzS*  "e_(1 + ** tdL 

Then,  since  we  have,  in  general, 

e-01*  xdx  =  7r-, 
o  2a 

the  preceding  equation  gives 

( ff  •)"  =X"2ot7j = *  ^-'<Z = * 

in  which  it  denotes  the  semi-circumference  of  a  circle  whose  radius  is 
unity.     Therefore  we  have 

■jV*«fc:±=iy*;  (11) 

and  the  equation  (10)  gives 

c  =  i  (12) 

Hence,  the  expression  for  <p  (J)  becomes 

<P(A)  =  ^pe-™  (13) 

The  constant  h,  according  to  the  relation  h2  =  —  \k,  must  depend  on 
the  nature  of  the  observations,  and  will  be  the  same  in  the  case  of 
systems  of  observations  in  which  the  probability  of  an  error  J  is  the 

same.     Since  A2 J2  must  necessarily  be  an  abstract  number,  A  and  r 

must  be  homogeneous. 

128.  In  a  given  series  of  observations,  the  probability  that  for  any 
observation  the  error  will  be  within  the  limits  —  d  and  -j-  $  will  be 
expressed  by 


V 


+  « 


=  JV»*M*;  (14) 


-8 

and  in  another  series  of  observations,  more  or  less  precise,  the  pro- 
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babilitv  that  the  error  of  an  observation  is  within  the  limits  — 3'  and 
4-  d'  will  be 

(15) 


Since 

h 


l-Ce-™dA  =  ±C  e~™  d  (hA), 


—  s  —?it 

it  appears  that  the  integrals  (14)  and  (15)  are  equal  when  hd  =  Ji'o'. 
Hence,  if  we  put  h'  =  2h,  these  integrals  will  be  equal  when  <5  =  2o', 
and  an  error  of  a  given  magnitude  in  the  first  series  will  have  the 
same  probability  as  an  error  of  half  that  magnitude  in  the  second 
series.  The  second  series  of  observations  will  therefore  be  twice  as 
accurate  as  the  first  series,  and  the  constant  h  may  be  called  the 
measure  of  precision  of  the  observations.  The  greater  the  degree  of 
precision  of  the  observations,  the  greater  will  be  the  value  of  h. 

The  relative  accuracy  of  two  series  of  observations  may  also  be 
determined  by  a  comparison  of  the  errors  which  are  committed  with 
equal  facility  in  each  series.  If  we  arrange  the  errors  of  the  several 
observations  in  each  series  in  the  order  of  their  absolute  magnitude 
without  reference  to  the  algebraic  sign,  the  errors  which  occupy  the 
same  position  in  reference  to  the  extremes  in  each  case  will  serve  to 
determine  the  relation  sought.  We  select  that,  however,  which  occu- 
pies the  middle  place  in  the  series  of  errors  thus  arranged,  and  since 
the  number  of  errors  which  exceed  this  is  the  same  as  the  number 
of  errors  less  than  this,  if  we  designate  the  error  which  occupies  the 
middle  place  by  r,  the  probability  that  an  error  is  within  the  limits 
—  r  and  +  r  will  be  equal  to  \.  The  probability  of  an  error  greater 
than  r  being  the  same  as  the  probability  of  an  error  less  than  r,  the 
error  r  is  called  the  probable  error. 

The  relation  between  r  and  h  is  easily  determined.     Thus,  we  have 

+r 
:    Ce-^dA  =  l 


or,  putting  h  J  — '  tf 


I 


dt  =  ^  =  0MBll.  (16) 


If  we  expand  e  °  into  a  series  of  ascending  powers  of  t,  multiply  by 
dt,  and  integrate  between  the  limits  0  and  T,  we  get 
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T 

J/-d(=r_.r.+  -_^_,„^+J__?!__&c.j     (17) 

which  converges  rapidly  when  T  is  small.  To  find  the  value  of  T 
which  corresponds  to  the  value  0.44311  assigned  to  the  integral,  we 
compute  the  value  of  the  series  (17)  for  the  values  0.45,  0.47,  and 
0.49  assigned  to  T,  successively,  and  from  the  results  thus  obtained 
it  is  easily  seen  that  when  the  sum  of  the  terms  of  the  series  is 

0.44311,  we  have 

T=hr  =  0.47694, 
or 

0.47694 
r  =  — *—'  (18) 

which  determines  the  relation  between  the  probable  error  and  the 
measure  of  precision. 

The  probability  that  the  error  of  an  observation,  without  regard  to 
sign,  does  not  exceed  nr,  is  expressed  by 


nhr 

-^fe-^dt,  (19) 


V* 

and  this  integral,  therefore,  indicates  the  ratio  of  the  number  of  obser- 
vations affected  with  an  error  which  does  not  exceed  nr  to  the  whole 
number  of  observations.  Hence,  if  we  assign  different  values  to  n, 
the  integral  (19)  computed  for  the  several  assumed  values  of 

nhr  =  0.47694n 

will  give  the  relative  number  of  errors  of  a  given  magnitude.  Thus, 
if  we  put  n  =  \,  we  obtain 

0.2385 

—  f  e-"dt  =  0.264. 

from  which  it  appears  that  in  a  series  of  1000  observations  there 
ought  to  be  264  observations  in  which  the  error  does  not  exceed  \r. 
It  has  been  found,  in  this  manner,  that  in  the  case  of  an  extended 
series  of  observations  the  number  of  errors  of  a  given  magnitude 
assigned  by  theory  agrees  very  closely  with  that  actually  given  by 
the  series  of  observations ;  and  hence  we  conclude  that  the  error  com- 
mitted in  extending  the  limits  of  the  summation  in  the  expression  (1) 
to  —  oo  and  +  oo,  instead  of  the  finite  limits  which  it  is  presumed 
that  the  actual  errors  cannot  exceed,  is  very  slight,  so  that  the  form 
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of  the  function  tp  (J)  which  has  been  derived  may  be  regarded  as  that 
which  best  satisfies  all  the  conditions  of  the  problem. 

129.  The  relative  accuracy  of  different  series  of  observations  may 
also  be  indicated  by  means  of  what  are  called  the  mean  error  and  the 
/man  of  the  errors  for  each  series,  the  former  being  the  error  whose 
square  is  equal  to  the  mean  of  the  squares  of  all  the  errors  of  the 
series,  and  the  latter  the  mean  of  these  errors  without  reference  to 
their  algebraic  sign. 

Let  £  denote  the  mean  error;  then,  since  the  number  of  observa- 
tions having  the  error  J  is  m<p  (J),  we  shall  have,  according  to  the 
definition, 

m 

But  the  number  of  possible  errors  being  infinite,  the  probability  of 
an  error  J  is  expressed  by  <p  (J)  dJ,  and  we  have 

+  <»  +00 

e«  =  f  JV  (J)  rfj  =  A  J"  e-*"  A*dd, 

00  00 

which  gives 


2A» 


Hence,  by  means  of  (18),  we  have 


Therefore,  we  have 

r,  =  1.1829r, 
r  =  0.8453>?, 

relation  between  r  and  tj. 


(20) 


e  =  -V  =  i.4826r, 

hV2  (21) 

r=0.67449e, 

which  determine  the  relation  between  e  and  r. 

Let  r]  denote  the  mean  of  the  errors,  and  we  shall  have 

,=    f  2J?(4><^  =  -^  f  e~™AdA, 
which  gives 

9  =  rV  (22) 


(23) 
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130.  Let  us  denote  by  v,  v',  v",  &e.  the  differences  between  any 

assumed  value  of  x  and  the  observed  values  for  a  given  series  of 

observations,  the  number  of  observations  being  denoted  by  m;  then 

if  we  put 

[w]  =  v*  +  v'%  +  v"*  +  &c.,  (24) 

and  similarly  in  the  case  of  the  sum  of  any  other  series  of  similar 
terms,  we  shall  have  for  the  probability  of  the  value  x„ 

P=-^Le~^m\  (25) 

vie* 

and  this  probability  will  be  a  maximum  when  [w]  is  a  minimum. 
Xow  we  have 

o  =  n  —  x„  v'  =  n'  —  x„  v"  =  n"  —  x„  &c, 

n,  nf,  n",  &c.  being  the  observed  values  of  x,  and  hence 

[vv]  =  [nri]  —  2  [?i]  x,  -\-  mx,3 

=  [nn]  —  =-=-  +  m  \  x,  —  ^^  )  . 
m  \  m  J 

It  appears,  therefore,  that  [yv~\  will  be  a  minimum  when 

*,  =  ™,  (26) 

and  this  is  a  necessary  consequence  of  the  assumption  that  the  arith- 
metical mean  of  the  observations  gives  the  most  probable  value  of  x, 
according  to  which  the  form  of  the  function  <p  (J)  was  derived.  But 
although  the  arithmetical  mean  is  the  most  probable  value,  yet  we 
cannot  affirm  that  this  is  the  exact  value,  so  long  as  the  number  of 
observations  is  finite.  It  becomes  important,  therefore,  to  determine 
the  degree  of  precision  of  the  arithmetical  mean. 

Let  xQ  denote  the  most  probable  value  of  x,  for  which  the  residuals 
are  v,  v',  v",  &c,  and  let  x0  +  d  be  any  other  value  of  x.     Then,  since 

we  may  put 

0]  =  v  +  vT  +  v"  +  . . . .  =  0, 
and 

[vv]  =  me1, 

the  probability  of  the  value  xQ  +  d  will  be 

T>,__h^_-mJfi(*  +  S*) 

JT    —      / —  e 

24 
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The  probability  that  the  error  of  the  arithmetical  mean  is  zero  is  in- 
dicated by 

P—      »        jT— — 

and  we  have 

P'  =  Pe-"*"1. 

In  the  case  of  a  single  observation,  if  P  denotes  the  probability  of 
the  error  zero,  and  P'  the  probability  of  the  error  d,  we  have 

P'  =  Pe~m\ 

Hence  it  appears  that  if  h0  denotes  the  measure  of  precision  of  the 
arithmetical  mean  of  m  observations,  the  relation  between  h0  and  h, 
the  measure  of  precision  of  an  observation,  is  given  by 

V  =  7nA2;  (27) 

and  if  r0  is  the  probable  error  of  the  arithmetical  mean,  and  e0  its 
mean  error,  we  have,  according  to  the  equations  (18)  and  (20), 


Vm  (28) 

e 


V 


m 


These  expressions  determine  the  probable  and  the  mean  error  of  the 
arithmetical  mean  of  a  number  of  observations  when  these  errors  in 
the  case  of  a  single  observation  are  known. 

131.  The  expressions  for  the  relation  between  the  mean  and  pro- 
bable errors  have  been  derived  for  the  case  of  a  very  large  number 
of  observations,  a  number  so  great  that  the  error  of  the  arithmetical 
mean  becomes  equal  to  zero.  In  the  case  of  a  limited  number  of 
observed  values  of  x,  the  residuals  given  by  comparing  the  arith- 
metical mean  with  the  several  observations  will  not,  in  general,  give 
the  true  errors  of  the  observations ;  but  the  greater  the  number  of 
observations,  the  nearer  will  these  residuals  approach  the  absolute 
errors.  If  J,  A',  J",  &c.  are  the  actual  errors  of  the  observations, 
and  v,  v',  v",  &c.  those  which  result  from  the  most  probable  value  of 
x,  we  shall  have,  denoting  the  arithmetical  mean  by  x0,  and  the  true 
value  by  xQ  -f-  d, 

A  =  v  —  d,  A'  =  v'  —  i,  A"  =  v"  —  5,  &c. ; 
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aj(l  hence 

wea  =  [J  J]  =  [w]  +  m8\  (29) 

Tli is  equation  will  enable  us  to  determine  the  mean  error  of  an  ob- 
servation when  d  is  given ;  but,  since  this  is  necessarily  unknown, 
some  assumption  in  regard  to  its  value  must  be  made.  If  we  assume 
it  to  be  equal  to  the  mean  error  of  the  arithmetical  mean,  the  re- 
maining error  will  be  wholly  insensible,  and  hence  the  equation  (29) 
becomes 

ms1  =  [yv]  +  ms02  =  [w]  +  s2- 


Therefore,  we  shall  have 

and,  according,  to  (21), 

r  =  0.6745  JJ^L.  (31) 

*m  —  1 

These  equations  give  the  values  of  the  mean  and  probable  errors  of 
a  single  observation  in  terms  of  the  actual  residuals  found  by  com- 
paring the  arithmetical  mean  with  the  several  observed  values. 

The  probable  and  the  mean  error  of  the  arithmetical  mean  will  be 
given  by 

_   I    w 

'-^(m-l)' 


=  0.6745  J-M- 
*  m.  ( m  — 


m(m  —  1)' 

When  the  number  of  observations  is  very  large,  the  probable  error 
of  an  observation  and  also  that  of  the  arithmetical  mean  may  be  de- 
termined by  means  of  the  mean  of  the  errors.  If  we  suppose  the 
number  of  positive  errors  to  be  the  same  as  the  number  of  negative 
errors,  the  mean  of  the  errors  without  reference  to  the  algebraic  sign 
gives 

w 

and  hence  we  have,  according  to  (23), 

r  =  0.8453  H.  (33) 

m 

For  the  mean  error  of  an  observation  we  have 

.  =  ,•£  =  1.2533  KL  (34) 
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If  the  number  of  observations  is  very  great,  the  results  given  by 
these  equations  will  agree  with  those  given  by  (30)  and  (31);  but  for 
any  limited  series  of  observed  values,  the  results  obtained  by  meaus 
of  the  mean  error  will  afford  the  greatest  accuracy. 

132.  The  relative  accuracy  of  two  or  more  observed  values  of  a 
quantity  may  be  expressed  by  means  of  what  are  called  their  weights. 
If  the  observations  are  made  under  precisely  similar  ciroamstei 
so  that  there  is  no  reason  for  preferring  one  to  the  other,  they  are  Mod 
to  have  the  same  weight.  The  weight  must  therefore  depend  on  the 
measure  of  precision  of  the  observations,  and  hence  on  their  probable 
errors.  The  unit  of  the  weight  is  entirely  arbitrary,  since  only  the 
relative  weights  are  required,  and  if  we  denote  the  weight  by  p,  the 
value  of  p  indicates  the  number  of  observations  of  equal  accuracy 
which  must  be  combined  in  order  that  their  arithmetical  mean  may 
have  the  same  degree  of  precision  as  the  observation  whose  weight  is 
p.  Hence,  if  the  weight  of  a  single  observation  is  1,  the  arithmetical 
mean  of  m  such  observations  will  have  the  weight  m.  Let  the  pro- 
bable error  of  an  observation  of  the  weight  unity  be  denoted  by  /•, 
and  the  probable  error  of  that  whose  weight  is  p'  by  r' ;  then,  ac- 
cording to  the  first  of  equations  (28),  we  shall  have 


w 

or 

r>=p'r'*. 

For  the  case  of  an  observation  whose  weight  is  p"  and  whose  pro- 
bable error  is  r",  we  have 

rl=p"r"*=pV', 

from  which  it  appears  that  the  weights  of  hco  observations  are  to  each 
other  inversely  as  the  squares  of  their  probable  or  mean  errors,  and, 
according  to  (18),  directly  as  the  squares  of  their  measures  of  jjrccision. 
Let  us  now  consider  two  values  of  x,  which  may  be  designated  by 
x'  and  x" ,  the  mean  errors  of  these  values  being,  respectively,  e'  and 

t" ;  then,  if  we  put 

X=z'±x" 

and  suppose  that  both  x'  and  x"  have  been  derived  from  a  large  num- 
ber m  of  observations  (and  the  same  number  in  each  case),  so  that  the 
re-i  duals  v,  v/,  v" ',  &c.  in  the  case  of  x'  and  the  residuals  v„  v/,  r,", 
&c.  in  the  case  of  x"  may  be  regarded  as  the  actual  errors  of  obser- 
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vation,  the  errors  of  the  value  of  X,  as  determined  from  the  several 
observations,  will  be 

v  ±  v„  v'  ±  v,'t  v"  ±  v",  &c. 

Let  the  mean  error  of  X  be  denoted  by  E;  then  we  have 
mE2  =  I(y  ±  v,)*  =  [w]  ±  2  [w,]  +  [t>,v,] ; 

and  since  the  number  of  observed  values  is  supposed  to  be  so  great 
that  the  frequency  of  negative  products  vv,  is  the  same  as  that  of  the 
similar  positive  products,  so  that  [vv,~\  =  0,  this  equation  gives 

mE2  =  ms'2+ms"2, 
or 

E2  =  e'2  +  e"2. 

Combining  X  with  a  third  value  x'"  whose  mean  error  is  e,ff,  the 
mean  error  of  *'  ±z  x"  ±  x'"  will  be  found  in  the  same  manner  to  be 
equal  to  t'2  +  e"z  +  s///2;  and  hence  we  have,  for  the  algebraic  sum 
of  any  number  of  separate  values, 


E=Ve*+  e'2  +  e"2  +  &c,  (35) 

and,  according  to  the  last  of  equations  (21), 

R  =  Vi*  +  r'2  +  r"2  +  &c,  C36) 

B  being  the  probable  error  of  the  algebraic  sum.     If  the  probable 
errors  of  the  several  values  are  the  same,  we  have 

r  =  rf==r,,  =  &c. 

and  the  probable  error  of  the  sum  of  m  values  will  be  given  by 

JB  =  rvm. 

Hence  the  probable  error  of  the  arithmetical  mean  of  m  observed 

values  will  be 

_R  _      r 

r° -./— ' 

m       V  m 


which  agrees  with  the  first  of  equations  (28). 

Let  P  denote  the  weight  of  the  sum  X,  p'  the  weight  of  xf,  and  p" 
that  of  x" ',  then  we  shall  have 

£  _  /*  +  r"»  p"  _  r'»  +  r"» 


P  r'1      '  P  ~       r"* 
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from  which  we  get 

p_    PY 
P'+p"' 

Since  the  unit  of  weight  is  arbitrary,  we  may  take 


(37) 


P 


P"  =  Ji2>&C-'> 


and  hence  we  have,  for  the  weight  of  the  algebraic  sum  of  any 

number  of  values, 

1  l 

P  =  IP  =  r"  +  r"*  +  r""  +  &c.'  (38) 

or,  whatever  may  be  the  unit  of  weight  adopted, 

1 


p,  T  p//  T  p>/,  T 


(39) 


In  the  case  of  a  series  of  observed  values  of  a  quantity,  if  we 
designate  by  r'  the  probable  error  of  a  residual  found  by  comparing 
the  arithmetical  mean  with  an  observed  value,  by  r  the  probable 
error  of  the  observation,  by  x0  the  arithmetical  mean,  and  by  n  any 
observed  value,  the  probable  error  of 


according  to  (36),  will  be 


n  =  xo  +  v, 


r2  =  r0*  -\-r' 
r0  being  the  probable  error  of  the  arithmetical  mean.   Hence  we  derive 


and  if  we  adopt  the  value 


»  m  —  1 


0.8453 


W 


the  expression  for  the  probable  error  of  an  observation  becomes 


0.8453 


Vmirn,  —  1) 


(40) 


in  which  \y~\  denotes  the  sum  of  the  residuals  regarded  as  positive, 
and  m  the  number  of  observations. 

133.  Let  n,  w',  n",  &c.  denote  the  observed  values  of  x,  and  let  p, 
p',p",  &c.  be  their  respective  weights;  then,  according  to  the  defi- 
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nition  of  the  weight,  the  value  n  may  be  regarded  as  the  arithmetical 
mean  of  p  observations  whose  weight  is  unity,  and  the  same  is  true 
in  the  case  of  n',  n",  &c.  We  thus  resolve  the  given  values  into 
P  +  p'  +  p"  +  • .  •  •  observations  of  the  weight  unity,  and  the  arith- 
metical mean  of  all  these  gives,  for  the  most  probable  value  of  x, 

pn+  p'ri  +  p"n"  +  &c.  _  Qti]  f 

°~      p+P'  +  p"+&c.         '   lp}  "  KUJ 

The  unit  of  weight  being  entirely  arbitrary,  it  is  evident  that  the 
relation  given  by  this  equation  is  correct  as  well  when  the  quantities 
P>  P'>  P">  &°'  are  fractional  as  when  -they  are  whole  numbers.  The 
weight  of  xQ  as  determined  by  (41)  is  expressed  by  the  sum 

p-hp'+p"+p'"  +  &c., 

and  the  probable  error  of  xQ  is  given  by 

r,  r, 


vp+p'+p"+...    vip-i 


(42) 


when  r,  denotes  the  probable  error  of  an  observation  whose  weight 
is  unity.  The  value  of  r,  must  be  found  by  means  of  the  observa- 
tions themselves.  Thus,  there  will  be  p  residuals  expressed  by 
n  —  x0,  p'  residuals  expressed  by  n'  —  xw.  and  similarly  in  the  case  of 
n",  n'"}  &c.     Hence,  according  to  equation  (31),  we  shall  have 

r,  =  0.6745  Vg,  (43) 

in  which  m  denotes  the  number  of  values  to  be  combined,  or  the 
number  of  quantities  n,  n',  n",  &c.  For  the  mean  error  of  x0,  we 
have  the  equations 

*m — 1 

/ — r^-i —  (U) 

0      V{p]       \(m_l)[j,]' 

If  different  determinations  of  the  quantity  x  are  given,  for  which 
the  probable  errors  are  r,  r',  r",  &c,  the  reciprocals  of  the  squares 
of  these  probable  errors  may  be  taken  as  the  weights  of  the  respective 
values  n,  nf,  n",  &c.,  and  we  shall  have 

2.  _l  »1  _i_  VlL  _l 

*a    r  rn    i^  r/n    \    •  •  •  • 

— ,  (45; 


L  +  -  +  -+.... 


f/2     '     f//* 
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■with  the  probable  error 

(46) 


/I.i.  .  _L  . 

"\/  r2  "T  r/j  ~r  r//j  "TV  •  •  • 


The  mean  errors  may  be  used  in  these  equations  instead  of  the  pro- 
bable errors. 

134.  The  results  thus  obtained  for  the  case  of  the  direct  observa- 
tion of  the  quantity  sought,  are  applicable  to  the  determination  of 
the  conditions  for  finding  the  most  probable  values  of  several  un- 
known quantities  when  only  a  certain  function  of  these  quantities  is 
directly  observed.  In  the  actual  application  of  the  formula?  it  will 
always  be  possible  to  reduce  the  problem  to  the  case  in  which  the 
quantity  observed  is  a  linear  function  of  the  quantities  sought.  Thus, 
let  V  be  the  quantity  observed,  and  £,  y,  £,  &c.  the  unknown  quan- 
tities to  be  determined,  so  that  we  have 

Let  £0,  <y0,  Co>  &c'  De  approximate  values  of  these  quantities  supposed 
to  be  already  known  by  means  of  previous  calculation,  and  let  x,  yt 
z,  &c.  denote,  respectively,  the  corrections  which  must  be  applied  to 
these  approximate  values  in  order  to  obtain  their  true  values.  Then, 
if  we  suppose  that  the  previous  approximation  is  so  close  that  the 
squares  and  products  of  the  several  corrections  may  be  neglected,  we 
have 

and  thus  the  equation  is  reduced  to  a  linear  form.  Hence,  in  general, 
if  we  denote  by  n  the  difference  between  the  computed  and  the  ob- 
served value  of  the  function,  and  similarly  in  the  case  of  each  obser- 
vation employed,  the  equations  to  be  solved  are  of  the  following 
form : — 

a*   +  ty  -f-  cz    -(-  du   -f-  ew   -{-ft   -{-  n  =0, 
a'x  +  b'y  +  c'z  +  d'u  +  e'w  +ft  +  n'  =  0,  (47) 

a"x  +  b"y  +  c"z  +  d"u  +  e"w  +f"t  +  n"  =  0, 
&c.  &c. 

which  may  be  extended  so  as  to  include  any  number  of  unknown 
quantities.  If  the  number  of  equations  is  the  same  as  the  number 
of  unknown  quantities,  the  resulting  values  of  these  will  exactly 
satisfy  the  several  equations;  but  if  the  number  of  equations  exceeds 
the  number  of  unknown  quantities,  there  will  not  be  any  system  of 
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values  for  these  which  will  reduce  the  second  members  absolutely  to 
zero,  and  we  can  only  determine  the  values  for  which  the  errors  for 
the  several  equations,  which  may  be  denoted  by  v,  v',  v",  &c,  will  be 
those  which  we  may  regard  as  belonging  to  the  most  probable  values 
of  the  unknown  quantities. 

Let  A,  Af,  A",  &c.  be  the  actual  errors  of  the  observed  quantities; 
then  the  probability  that  these  occur  in  the  case  of  the  observations 
used  in  forming  the  equations  of  condition,  will  be  expressed  by 

P=<P{A).9(A>).<p(J")....i 

and  the  most  probable  values  of  the  unknown  quantities  will  be  those 
which  make  P  a  maximum.  The  form  of  the  function  tp  (A)  has 
been  already  found  to  be 


and  hence  we  shall  have 


<P  (4)  =  -7=  e~ 

Viz 


hhh' "...    _  (;t2A2  -|_  VW*  +  A"2A"2  +  4c.) 

l/jr" 

m  being  the  number  of  observations  or  equations  of  condition.  In 
order  that  P  may  be  a  maximum,  the  value  of 

h?  A2  +  h'2  A'2  +  h"2  A"2  +  &c. 

must  be  a  minimum.  If  the  observations  are  equally  good,  the  ex- 
pression for  P  becomes 

p fr*       —  &2(A"  +  A*  +  A"»  +  Ac.) 

and  the  condition  of  a  maximum  probability  requires  that 
2P  _|_  j*  _|_  A"2  +  &c. 

shall  be  a  minimum.  Hence  it  appears  that  when  the  observations  are 
equally  precise,  the  most  probable  values  of  the  unknown  quantities 
are  those  which  render  the  sum  of  the  squares  of  the  residuals  a 
minimum,  and  that,  in  general,  if  each  error  is  multiplied  by  its 
measure  of  precision,  the  sum  of  the  squares  of  the  products  thus 
formed  must  be  a  minimum. 

If  we  denote  the  actual  residuals  by  v,  t/,  v",  &c.,  and  regard  the 
observations  as  having  the  same  measure  of  precision,  the  condition 
that  the  sum  of  their  squares  shall  be  a  minimum  gives 

dM=0  1W_0  <*M_Q  &. 

dx      ~U'  dy    ~U'  dz     —v>ac-> 
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or 


dv    .     ,  dv    ,     „  dv"   .  _ 

dv         ,dv'         „dv" 

.*+•£  +  •<!£  +  . ...  =  o. 


(48) 


dz 


dz 


&c. 


dz 
&c. 


If  we  differentiate  the  equations 


ax   -\-  by   -\-  cz   -\-  du   -\-  ew   -\-ft   +  n  =  v, 
dx  +  b'y  +  c'z  +  d'u  +  e'w  +f't  +  n'  =  v', 
d'x  +  b"y  +  c"z  +  d"u  +  e"w  +f"t  +  n"  =  v", 
&c.  &c. 


(49) 


with  respect  to  x,  y,  z,  &c.,  successively,  we  obtain 

<M_        .  dv" 

dx 

dy 


dv 
dx 
dv 
dy 


=  a, 


=  a', 


dx 
df_ 
dy 


=  a",  &c. 
=  b",  &c. 


(50) 


&c. 


&c. 


&c. 


Introducing  these  values  into  the  equations  (48),  and  substituting  for 
v,  vf,  v",  &c.  their  values  given  by  (49),  we  get 

[aa]  x  +  [ab]  y  +  [ac]  z  -\-  [ad]  u  +  [ae]  w  -\-  [af]  t  +  [an]  =  0, 

[ab]  x  +  [66]  y  +  [6c]  f  +  [bd]  u  +  [be]  w  +  [6/]  t  +  [bn]  =  0, 

[ac]  x  +  [6c]  y  +  [ce]  z  +  [erf]  w  +  [ce]  w  +  [c/]  t  +  [c?i]  =0, 
[arf]  x  +  [6d]  y  +  [cd]  z  +  [rfrf]  w  +  [de]  w  +  [d/]  t  +  [drc]  =  0,  ^01' 

[ae]  x  +  [6e]  y  -f  [ce]  3  -f  [de]  u  +  [ee]  w  4-  [<?/]  *  +  [<?"■]  =  0, 

[af]  x  +  [bf]y  +  [cf]  z  +  [<*/]  u  4-  [«/]  »  4"  [//] «  +  O]  =  0, 


in  which 


[oa]  =aa-\-  a! a!  -\-  a" a"  4* 
[a6]  =  a6  4-  a'6'  4-  a"b"  + 
[ac]  =  ac  4-  a'c'  4-  a"c"  4- 
[66]  =  66  4-  6'6'  4-  6"6"  + 
&c.  &c. 


(52) 


The  equations  of  condition  are  thus  reduced  to  the  same  number  as 
the  number  of  the  unknown  quantities,  and  the  solution  of  these 
will  give  the  values  for  which  the  sum  of  the  squares  of  the  residuals 
will  be  a  minimum.  These  final  equations  are  called  normal  equations. 
When  the  observations  are  not  equally  precise,  in  accordance  with 
the  condition  that  AV  +  A'V2  4-  li"H'n  4~  &c  shall  be  u  minimum, 
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each  equation  of  condition  must  be  multiplied  by  the  measure  of 
precision  of  the  observation ;  or,  since  the  weight  is  proportional  to 
the  square  of  the  measure  of  precision,  each  equation  of  condition 
must  be  multiplied  by  the  square  root  of  the  weight  of  the  observa- 
tion, and  the  several  equations  of  condition,  being  thus  reduced  to 
the  same  unit  of  weight,  must  be  combined  as  indicated  by  the  equa- 
tions (51). 

135.  It  will  be  observed  that  the  formation  of  the  first  normal 
equation  is  eifected  by  multiplying  each  equation  of  condition  by 
the  coefficient  of  x  in  that  equation  and  then  taking  the  sum  of  all 
the  equations  thus  formed.  The  second  normal  equation  is  obtained 
in  the  same  manner  by  multiplying  by  the  coefficient  of  y  ;  and  thus 
by  multiplying  by  the  coefficient  of  each  of  the  unknown  quantities 
the  several  normal  equations  are  formed.  These  equations  will  gene- 
rally give,  by  elimination,  a  system  of  determinate  values  of  the 
unknown  quantities  x,  y,  z,  &c.  But  if  one  of  the  normal  equations 
may  be  derived  from  one  of  the  others  by  multiplying  it  by  a  con- 
stant, or  if  one  of  the  equations  may  be  derived  by  a  combination  of 
two  or  more  of  the  remaining  equations,  the  number  of  distinct  rela- 
tions will  be  less  than  the  number  of  unknown  quantities,  and  the 
problem  will  thus  become  indeterminate.  In  this  case  an  unknown 
quantity  may  be  expressed  in  the  form  of  a  linear  function  of  one  or 
more  of  the  other  unknown  quantities.  Thus,  if  the  number  of 
independent  equations  is  one  less  than  the  number  of  unknown 
quantities,  the  final  expressions  for  all  of  these  quantities  except  one, 
will  be  of  the  form 

x  =  *  +  fit,  y  =  a'+{?t,  z  =  a"  +  ?%  &c.         (53) 

The  coefficients  a,  /?,  a',  /?',  &c.  depend  on  the  known  terms  and  co- 
efficients in  the  normal  equations,  and  if  by  any  means  t  can  be  de- 
termined independently,  the  values  of  x,  y,  z,  &c.  become  determinate. 
It  is  evident,  further,  that  when  two  of  the  normal  equations  may  be 
rendered  nearly  identical  by  the  introduction  of  a  constant  factor,  the 
problem  becomes  so  nearly  indeterminate  that  in  the  numerical  appli- 
cation the  resulting  values  of  the  unknown  quantities  will  be  very 
uncertain,  so  that  it  will  be  necessary  to  express  them  as  in  the  equa- 
tions (53). 

The  indetermination  in  the  case  of  the  normal  equations  results 
necessarily  from  a  similarity  in  the  original  equations  of  condition, 
and  when  the  problem  becomes  nearly  indeterminate,  the  identity  of 
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the  equations  will  be  closer  in  the  normal  equations  than  in  the  equa- 
tions of  condition  from  which  they  are  derived.  It  should  be  observed, 
also,  that  when  we  express  *,  y,  z,  &c.  in  terms  of  /,  as  in  (53),  the 
normal  equation  in  t,  Avhich  is  the  one  formed  by  multiplying  by  the 
coefficient  of  t  in  each  of  the  equations  of  condition,  is  not  required. 

136.  The  elimination  in  the  solution  of  the  equations  (51)  is  most 
conveniently  effected  by  the  method  of  substitution.  Thus,  the  first 
of  these  equations  gives 


x== 


\ab]  [ac] 

- —  y  —  - — —  g 

[aa]  [aa] 


[ad]  [ae]  [af]         [on]  # 


[ad]  [ad]  [ad]  [ad]' 


and  if  we  substitute  this  for  x  in  each  of  the  remaining  normal  equa- 
tions, and  put 


[bb] 
[bd] 

M 
M 


^[ab]  =  [bb.l], 
\aa\ 


m-E}m*-iwi 


[o6] 
[ad] 


[ad]  =  [bd.l], 


[be] 


[ad] 


[ae]  =  [be.ll     (54) 


-S  [«/]  =  CV-i]; 


[ad] 


[ad] 


[ac]  =  [cc.l], 


led] 


[«c] 
[ad] 


[ad]  =  [cd.l], 


[ac] 


[ad] 


'-  [ae]  =  [ce.l], 


[dd]-^±[ad]  =  [dd.l], 


W\ 


[ad] 
[ad] 


[de]-^l[ae]  =  [de.ll 


M 


[ae] 

[ad]  J 


0/] 


Uw=ief'11 


Un-$±  [«/]  =  [//•!]; 


(55) 


(56) 


(57) 


[bn] 


^[an]  =  [bn.l], 

[dn]  —  ^[an]  =  [dn.l], 
L     J       [aa] 


M 


[aa] 
[ae] 


[an]  =  [cn.l], 


[en]  —  f^r[an]  =  [en.l],    (58) 
[aa] 


we  obtain 


[/n]-^[an]  =  [/n.l], 
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[66.1]  y  +  [6c.l]  z  +  [bd.11  u  +  [6e.l]  w  +  [6/1]  «  +  [6n.l]  r=  0, 
[4*1]  y  +  [eel]  z  +  [cd.l]  u  -f-  [ce.l]  w  +  [c/.l]  *  +  [cn.l]  =  0, 
[bd.11  y  +  [cd.l]  i  +  [dd.l]  u  +  [del]  w  +  [d/1]  *  +  [dn.11  =  0,     (59) 
[6e.l]  y  +  [ce.l]  2  +  [de.l]  u  -f-  [ee.l]  w  +  [e/.l]  «  +  [en.l]  ==  0, 
[6/1]  y  +  [c/1]  2  +  [d/.l]  u  +  [e/1]  to  +  [//l]  «  +  [>•!]  =  0. 

These  equations  are  symmetrical,  and  of  the  same  form  as  the  normal 
equations,  the  coefficients  being  distinguished  by  writing  the  numeral 
1  within  the  brackets. 

The  unknown  quantity  x  is  thus  eliminated,  and  by  a  similar  pro- 
cess y  may  be  eliminated  from  the  equations  (59),  the  resulting  equa- 
tions being  rendered  symmetrical  in  form  by  the  introduction  of  the 
numeral  2  within  the  brackets.     Thus,  we  put 

^'^  -  HfTi  ^.l-]  =  [«>.23,         [«f.l]  -  M  [bd.11  =  [cd.21, 
[«•!]  ~  rart^  C6*1]  =  l>-2]>        C^1]  -  fStH  [6/1]  =  Cc/-2] ; 


[66.1]  LJ       L       J'  LJ    J       [66.1] 


ldd.11  —  ^1  [bd.11  =  [dd.Z],         [de.11  —  pSt?  Lbe'1']  =  tde-2l> 


[^1]-[6Xii[6/1]=:[^2]; 


(61) 


[ee>1]  ~  [felj  [6e-1]  =  [ee-2]'         [e/'1]  "  [6XIJ  [6/1]  =  [e/'2] 
C^1]_[66l][6/-i;i:==[jr/-2]; 

[cn.l]  -  C^l  [6».l]  =  [c*.2],         [dn.1]  -  BS  [6n.l]  =  [d,i.2], 

[™-1]  ~  pi^  c*n-1] - [^-2]'    c/n-1]  -  [6613  [^-1] = [/n-2]' 

and  the  equations  become 

[cc.2]  2  +  [cd.21  u  +  [ce.2]  w  +  [c/2]  <  +  [en.2]  =  0, 
[cd.2]  2  +  [dd.2]  u  +  [rfe-2]  w  +  [d/2]  <  +  [dn.2]  =  0, 
[ce.2]  2  +  [rfe.2]  «  +  [ee.2]  w  +  [e/2]  «  +  [en.2]  =  0,  ^ 

[c/2]  2  +  [d/2]  «  +  [e/2]  w  +  [//2]  I  +  |>2]  =  0. 

To  eliminate  2  from  these  equations,  we  put 

[dd.21  -  ^§  [cd.21  =  [<M.3],  [de.2]  -  &§  [ce.21  =  [efe.3], 

L      ]  [cd  21  •         ]  (6&) 

[c?/2]-^[o/2]  =  [rf/3]; 
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[«.2]  -  |S|1  [ce.2]  =  [ee.3],  [e/.2]  -  g|l  [c/2]  --=  0/3], 

^2]~[cc2][c/2]  =  C//3]; 


(67) 


ldn.2]  -  jg|  [cn.2]  =  [rfn.3],  [en.2]  -  g|l  [cn.2]  =  [en.3], 

and  we  have 

[<M.3]  m  +  [dc.3]  w  +  [rf/.3]  <  +  [cfo.3]  =  0, 

[de.3]  u  +  [ee.3]  w  +  [«/.3]  *  +  [en.3]  =  0,  (68) 

[d/.3]  «  +  0/3]  io  +  [//.3]  t  +  [/n.3]  =  0, 

Again  we  put,  in  a  similar  manner, 

0.3]  -  ^S  [efc.3]  =  [«.4],        0/.3]  -  j^  [#3]  =  0/4], 
L#.8]  -  [^  [#3]  =  [//.4],        [en.3]  -  ^3  [dn.3]  =  [«i.4],    (69) 

[/n'3]-[i^]CcZn'3]=:z[/n-4]; 
and  the  equations  are 

[ee.4]  w  +  [ef.4]  t +  [en.4]  =  0, 

0/4]  «  +  [//-4]  *  +  CM]  =  0.  (/U; 

Finally,  to  eliminate  w,  we  put 

[//.4]-[^-[e/.4]-[//.o],        [>.4]-g|l[en.4]  =  [/n.5],     (71) 

and  the  resulting  equation  is 

[//•5]*+[/n.5]  =  0,  (72) 


which  gives 


i--IftH  (73) 


The  value  of  2  thus  found  enables  us  to  derive  that  of  w  by  means 
of  the  first  of  equations  (70).  The  value  of  w  being  found,  that  of 
u  will  be  obtained  from  the  first  of  equations  (68).  In  like  manner, 
the  remaining  unknown  quantities  will  be  determined  by  means  of 
the  equations  (64),  (59),  and  (51).  The  determination  of  the  unknown 
quantities  is  thus  reduced  to  the  solution  of  the  following  system  of 
equations : 
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y  +  "[6M]*  +  [6U]M+  p3]w+  [bbA]+  P3]  ~0' 


(74) 


'  [eta.3]      '  [dd.3]    '  [dd.3] 

the  coefficients  of  which  will  have  been  found  in  the  process  of  de-1 
termining  the  several  auxiliary  quantities.  It  will  be  observed, 
further,  that  both  in  the  normal  equations  and  in  those  which  result 
after  each  successive  elimination,  the  coefficients  which  appear  in  a 
horizontal  line,  with  the  exception  of  the  coefficient  involving  the 
absolute  terms  of  the  equations  of  condition,  are  found  also  in  the 
corresponding  vertical  line.  The  form  of  the  notation  [66.1],  [6c.l], 
<fec.  may  be  symbolized  thus : 

Mr*)  -  fe£5  &fcd  =  tot  0*  +  D],  (75) 

I  0,0..  < L  J 

in  which  a,  /9,  y,  denote  any  three  letters,  and  fx  any  numeral. 

The  equations  (74)  are  derived  for  the  case  of  six  unknown  quan- 
tities, which  is  the  number  usually  to  be  determined  in  the  correction 
of  the  elements  of  the  orbit  of  a  heavenly  body;  but  there  will  be 
no  difficulty  in  extending  the  process  indicated  to  the  case  of  a  greater 
number  of  unknown  quantities,  except  that  the  number  of  auxiliaries 
symbolized  generally  by  (75)  increases  very  rapidly  when  the  number 
of  unknown  quantities  is  increased. 

137.  In  the  numerical  application  of  the  formulae,  when  so  many 
quantities  are  to  be  computed,  it  becomes  important  to  be  able  to 
check  the  accuracy  of  the  calculation  in  its  successive  stages.  First, 
then,  to  prove  the  calculation  of  the  coefficients  in  the  normal  equa- 
tions, we  put 

a  +h  -f  c  +  d  +e  +/  =*, 

a'  +  V  +  4  +  d'  +  e'  +/'=*',  «fec. 

If  we  multiply  each  of  the  sums  thus  formed  by  the  corresponding 
absolute  term  w,  and  take  the  sum  of  all  the  products,  we  have 


384  THEORETICAL  ASTRONOMY. 

[an-]  +  [6n]  +  [en]  +  [dn]  +  [en]  +  [>]  =  M-  (76) 

In  a  similar  manner,  multiplying  by  each  of  the  coefficients  in  the 
original  equations  of  condition,  we  find 

[aa]  +  [aft]  +  M  +  [ad]  +  [ae]  +  [a/]  =  [a*], 
[a*]  +  [W]  +  [^c]  +  [M]  +  M  +  [6/]  =  [bs], 

[ac]  +  M  +  [cc]  +  M  +  [ce]  +  [c/]  =  [a], 

[ad]  +  [bd]  +  [cd]  +  [dd]  +  [de]  ■+  [a7/]  =  [da],  ^' ' ' 

[ae]  +  [6e]  +  [Ce]  +  [de]  +  \_ee]  +  [c/]  =  [«], 

[«/]  +  [*/]  +  [tf]  +  [<*/]  +  [«/]  +  [//]  =  [/«]• 

Hence  it  appears  that  if  we  compute  the  sums  s,  «',  s",  s'",  &c,  and 
form  [as],  [6s],  [cs],  &c.  simultaneously  with  the  calculation  of  the 
coefficients  in  the  normal  equations,  the  equation  (76)  must  be  satis- 
fied when  the  absolute  terms  of  the  normal  equations  are  correct; 
and  the  equations  (77)  must  be  satisfied  when  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations  are  correct. 

The  accuracy  of  the  calculation  of  the  auxiliary  quantities  sym- 
bolized by  the  equation  (75)  may  be  proved  in  a  similar  manner. 
Thus,  we  have  . 

[6s.1]  =  [fo]_MM> 

which,  by  means  of  the  first  and  second  of  equations  (77),  becomes 

H = i»J  -  r^J  m  +  IM  -  IS  M  +  m  -  jg  M 

or 

[fc.l]  =  [M.l]  +  [&.1]  +  [M.1]  +  \bel]  +  [6/.1] ;  (78) 

and  similarly  we  derive  the  expressions  for  [cs.l],  [ds.l],  &c.  It  is 
obvious,  therefore,  that  the  calculation  of  the  coefficients  in  the  equa- 
tions (59),  (64),  (68),  and  (70)  will  be  checked  as  in  the  case  of  the 
coefficients  in  the  normal  equations,  the  auxiliaries  depending  on  s 
being  determined  as  if  s,  s',  s",  &c.  were  the  coefficients  of  an  addi- 
tional unknown  quantity  in  the  several  equations  of  condition.  Hence 
we  must  have,  finally, 

[fi.S]  =  [ff.S]t  [*n.5]  =  [/n.5].  (79) 

If  we  multiply  each  of  the  equations  (49)  by  its  v,  and  take  the 
sum  of  the  several  products,  we  get 

[av]  x  -j-  [bv]  y  +  [cu]  z  -f-  [dv]  u  +  [ev]  w  -f-  [fv]  t  +  [vn]  =  [w]. 
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But,  according  to  the  equations  (48)  and  (50),  we  have,  for  the  most 
probable  values  of  the  unknown  quantities, 

[av]  =  0,  [bv]  =  0,  [cv]  =  0,  &c. ; 

and  hence 

[w»]==[w].  (80) 

If  Ave  multiply  each  of  the  equations  (49)  by  its  n,  and  take  the  sum 
of  all  the  products  thus  formed,  substituting  [vv]  for  [rn],  there  re- 
sults 

[aii]  x  -f-  [bn]  y  -f  [en]  z  +  [dn]  u  +  [en]  w  +  [/»]  <  +  [nn]  =  [vv]. 

Substituting  in  this  the  value  of  x  given  by  the  first  normal  equa- 
tion, it  becomes 

[bn.\]  y  +  [en.l]  ^  +  [dn.l]  ti  +  [en.l]  w  +  [fn.l]  i  +  [nn.l]  =sft  [*>], 

in  which 

[nn.l]  =  [nn]  —  K3  [an].  (81) 

[«a] 

Substituting,  further,  for  y  its  value  given  by  the  first  of  equations 
(59),  and  continuing  the  process  as  in  the  elimination  of  the  unknown 
quantities  by  successive  substitution,  we  obtain  the  following  equa- 
tions : 

[en.2]  z  +  [dn.2]  u  +  [en.2]  it?  +  [fn.l]  t  +  [nn.2]  =  [w], 
[tfn.3]  u  +  [en.3]  to  +  [/n.3]  <  -f  [nn.3]  =  [w], 

[en.4]  w  +  [/n.4]  <  +  [nn.4]  s  [«•],      (82) 
[/n.5]  <  -f-  [nn.5]  =  [w], 
[nn.6]  =  [vv]. 

The  expressions  for  the  auxiliaries  [nn.2],  [nn.3],  &c.  are 

[nn.2]  =  [nn.l]  -  -j^  [bn.l],  [nn.3]  =  [nn.2]  -  jg|  [en.2], 

[nn.4]  =  [nn.3]  -  ^|j  [cZ».3],  [nn.5]  =  [nn.4]  -  E^fi  [en.4], 

[n».6]  =  [nn.o]  -  E>jj9  [/».5].  (83) 

The  process  here  indicated  may  be  readily  extended  to  the  case  of  a 
greater  number  of  unknown  quantities,  and  we  have,  in  general,  when 
H  denotes  the  number  of  unknown  quantities) 

[w]  =  [nn.ti].  (84) 

25 


386  THEORETICAL   ASTRONOMY. 

This  equation  sflbffdB  a  complete  verification  of  the  entire  numerical 
calculation  involved  in  the  determination  of  the  unknown  quantities 
from  the  original  equations  of  condition.  Thus,  after  the  elimination 
has  been  completed,  we  substitute  the  resulting  values  of  x,  //,  .:,  &c. 
in  the  equations  of  condition,  and  derive  the  corresponding  value- 
of  the  residuals  v,  v',  v",  &c.  Then,  taking  the  sum  of  the  squan  a 
of  tin-*-,  the  equation  (84)  must  be  satisfied  within  the  limits  of  the 
unavoidable  errors  of  calculation  with  the  logarithmic  tables  em- 
ployed. If  this  condition  is  satisfied,  it  may  be  inferred  that  the 
entire  calculation  of  the  values  of  the  unknown  quantities  from  the 
given  equations  of  condition  is  correct. 

138.  If  the  values  of  x,  y,  z,  &c.  thus  found  were  the  absolutely 
exact  values,  the  residuals  v,  vf,  v",  &c.  would  be  the  actual  errors 
of  observation.  But  since  the  results  obtained  only  furnish  the  most 
probable  values  of  the  unknown  quantities,  the  final  residuals  may 
differ  slightly  from  the  accidental  errors  of  observation.  Further, 
it  is  evident  that  the  degree  of  precision  with  which  the  several 
unknown  quantities  may  be  determined  by  means  of  the  data  of  the 
problem  may  be  very  different,  so  that  it  is  desirable  to  be  able  to 
determine  the  relative  weights  of  the  different  results. 

It  will  be  observed  that  the  expressions  for  either  of  the  unknown 
quantities  resulting  from  the  elimination  of  the  others  is  a  linear 
function  of  n,  n',  n",  &c,  so  that  we  have 

X  +  an  -f-  aV  +  a"n"  +  a" V"  +  ....  =  0,  (85) 

in  which  the  coefficients  a,  a/,  a",  &c.  are  functions  of  the  several 
coefficients  of  the  unknown  quantities  in  the  equations  of  condition. 
If  we  now  suppose  the  equations  of  condition  to  be  reduced  to  the 
same  unit  of  weight,  the  mean  error  of  the  several  absolute  terms  of 
the  equations  will  be  the  same,  and  will  be  the  mean  error  of  an 
observation  whose  weight  is  unity.  Thus,  if  e  denotes  the  mean 
error  of  an  observation  of  the  weight  unity,  the  mean  error  of*  Ota 
will  be  as,  that  of  oJn'  will  be  aV,  and  similarly  for  the  other  terms 
of  (85) ;  and,  according  to  the  equation  (35),  the  mean  error  of  x 
will  be 

^zzzel/a'+a^+a^  +  Ac.  =  el/M-  (86) 

Hence  the  weight  of  x  will  be  expressed  by 

*-RT  (87) 
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Let  x,  denote  the  true  value  of  x,  namely,  that  which  would  be 
obtained  if  the  true  values  of  v,  v',  v'\  &c.  were  retained  in  the 
second  members  of  the  equations  of  condition  instead  of  putting 
them  equal  to  zero;  then  it  is  evident  that  the  expression  for  x,  must 
be  that  which  would  result  by  substituting  n —  v  in  place  of  n  in  the 
formulas  for  the  most  probable  value  as  determined  from  the  actual 
data.     Hence  we  have 

x,  -f-  a  (71  —  v)  -f-  a'  {n'  —  v)  +  ....=  0, 

and  comparing  this  with  the  expression  (85),  we  obtain 

x,  =  x  -(-  [av]. 

Substituting  in  this  the  values  of  v,  v'}  v",  &c.  given  by  the  equations 
(49),  there  results 

*,  =  *  +  [««]  *,  +  [ab]  y,  +  [ac]  z,  +  [ad]  It,  +  [ae]  w,  +  [a/]  t,  -f  [an], 

and  since,  according  to  (85),  x  +  [an]  =  0,  in  order  to  satisfy  this 
expression  for  xn  we  must  evidently  have 

[aa]  =  1,      [ab]  =  0,      [ac]  =  0,      [ad]  =  0,      [ae]  =  0,      [a/]  -=  0.  (88) 

Since  the  values  of  the  unknown  quantities  as  determined  by  the 
normal  equations  must  be  the  same  by  whatever  mode  the  elimination 
may  have  been  performed,  let  us  suppose  the  method  of  indeterminate 
multipliers  to  be  applied  for  the  determination  of  x}  and  let  these 
multipliers  be  designated  by  q,  q',  q",.&c;  then,  the  values  of  these 
factors  are  determined  by  the  condition  that  the  coefficient  of  x  in 
the  final  equation  shall  be  unity,  and  that  the  coefficients  of  the  other 
unknown  quantities  shall  be  zero.     Hence  we  shall  have 

[ua]  q  +  [ab]  q'  >+  [ac]  q"  +  [ad]  q'"  +  ....  =  1, 

[ab]  q  +  [bb]  q'  +  [be]  q"  +  [bd]  q'"  +....  =  0,  (89) 

[ac]  q  +  [be]  4  +  [cc]  q"  +  [cd]  q'"  +....  =  0, 

&c.  &c. 

and  also,  retaining  the  residuals  v,  v',  v",  &c.  in  the  formation  of  the 
normal  equations, 

x,+  [an]q+[bn]q'+[cn]q"  +  ...  =  [av]q+[bv]q' +  [cv] q"  +  .  •  •  (90) 

Therefore,  since 

x,  +  [an]  =  [av], 

and  since  the  first  member  of  this  equation  must  be  identical  with 
the  first  member  of  (90),  we  have 

[av]  q  +  [bv]  q'  +  [cv]  q"  +  .  .  .  =  av  +  oV  +  o'V  +  . .  . , 
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which  gives,  by  expanding  the  several  suras, 

aq    +  bq'    +.cq"    +  dq"'    +....  =  a, 
a'q  +  b'q'  +  c'q"  +  d'q'"  +  ....  =  •',  (91) 

a"q  +  6'Y  +  c"q"  +  d"9'"  +  ...,=  a", 
&c.  &c. 

Multiplying  each  of  these  equations  by  its  a,  and  adding  the  pin- 
ducts,  the  result  is 

[aa]  q  +  [a&]  q'  +  [«c]  g"  +  M  f  +  ....=  H, 
which,  by  means  of  the  equations  (88),  reduces  to 

q=h  (92) 

Hence  it  appears  that  the  eliminating  factor  q  is  the  reciprocal  of  the 
weight  of  x,  aud,  since  the  coefficients  of  q,  q',  q",  &c.  in  the  equa- 
tions (89)  are  the  same  as  those  of  x,  y,  z,  &c.  in  the  normal  equa- 
tions, that  if  we  put  [an]  — - — 1,  [6n]  =  0,  [en]  =  0,  &c.,  in  the 
normal  equations,  the  resulting  value  of  x  will  be  the  reciprocal  of 
the  weight  of  the  most  probable  value  of  this  quantity. 

The  equation  (90)  shows  that  if,  in  the  general  elimination,  In- 
whatever  method  it  may  have  been  effected,  we  write  [av]t  [6t»],  &C. 
instead  of  zero  in  the  second  members  of  the  normal  equations  re- 
spectively, the  coefficient  of  [av]  is  the  reciprocal  of  the  weight  of  x. 
It  is  obvious  that  it  will  not  be  necessary  to  know  the  numerical 
values  of  [av],  [bv],  &c,  since  only  the  coefficient  q  is  required.  The 
most  probable  value  of  x  is  found  from  (90)  by  the  condition  of  a 
minimum  of  the  squares  of  the  residuals,  namely,  that 

[av]  =  0,         [bv]  =  0,         [cv]  =  0,        &c. 

The  process  here  indicated  for  the  determination  of  the  weight  of 
the  final  value  of  x  is  general,  and  applies  to  the  case  of  any  other 
unknown  quantity  provided  that  the  necessary  changes  are  made  in 
the  notation.  Tims,  the  reciprocal  of  the  weight  of  y  is  determined 
by  writing,  in  the  normal  equations,  — 1  in  place  of  [bn],  and  putting 
[an],  [en],  &c.  equal  to  zero,  and  completing  the  elimination.  It 
is  also  the  coefficient  of  [bv]  in  the  value  0f  y  when  the  elimination 
is  effected  with  the  symbols  [av],  [bv],  &c.  retained  in"  the  second 
members  of  the  normal  equations. 

139.  It  may  be  easily  shown  that  when  the  elimination  is  effected 
by  the  method  of  successive  substitution,  as  already  explained,  the 
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coefficient  of  the  unknown  quantity  which  is  made  the  last  in  the 
elimination,  in  the  final  equation  for  its  determination,  is  equal  to  the 
weight  of  the  resulting  value  of  that  quantity.  Thus,  in  the  case  of 
the  equations  for  six  unknown  quantities,  since  the  reciprocal  of  the 
weight  of  the  most  probable  value  of  t  is  the  value  of  t  obtained 
from  the  normal  equations  by  putting  fn  =s  —  1,  and  an,  bn,  en,  &c. 
equal  to  zero,  the  equations  (63),  (67),  (69),  and  (71)  show  that  wt 
have 

[fa]  =  [>.l]  =  [/».2]  =  [/n.3]  =  [>.4]  =  [>.5]  =  -  1, 

and  hence,  according  to  (72),  for  the  reciprocal  of  the  weight  of  t, 

Uf.5V 1-1=0, 

rt 

which  gives 

vt=um-  (93) 

The  weight  of  t  is  therefore  equal  to  its  coefficient  in  the  final  equa- 
tion which  results  from  the  elimination  of  the  other  unknown  quan- 
tities by  successive  substitution.  Hence,  by  repeating  the  elimination, 
successively  changing  the  order  of  the  quantities,  so  that  each  of  the 
unknown  quantities  may  have  the  last  place,  the  weights  will  be 
determined  independently,  and  the  agreement  of  the  several  sets  of 
values  for  the  unknown  quantities  will  be  a  proof  of  the  accuracy  of 
the  calculation.  It  is  not  necessary,  however,  to  make  so  many 
repetitions  of  the  elimination,  since,  in  each  case,  the  weights  of  two 
of  the  unknown  quantities  will  be  given  by  means  of  the  auxiliaries 
used  in  the  elimination.  Thus,  the  reciprocal  of  the  weight  of  io  is 
obtained  by  putting  en  =  —  1,  and  the  other  absolute  terms  of  the 
normal  equations  equal  to- zero,  and  finding  the  corresponding  value 
of  w.     This  operation  gives 

[„t.4]  =  -l,        [>.4]  =  0,        I>-5]  =  ^|j. 
Hence  the  equation  (73)  becomes 

0/4]      . 


|>.4][jf/.5]' 
and  substituting  this  value  of  t  iu  the  last  of  equations  (70),  we  get 

r^i1— ^41[g/-4]-o 

lJ   ]K     •[//•5][^.4]-0' 
or 

K=umleeAl  (94) 
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which  gives  the  weight  of  w  in  terms  of  the  auxiliary  quantities 
required  in  the  determination  of  its  most  probable  value. 

If  the  order  of  elimination  is  now  completely  reversed,  so  that  X 
i>  made  the  last  in  the  elimination,  the  weights  of  x  and  y  will  be 
determined  by  the  equations 

p,=*[aa.5], 

[««-5]r^,i  (90) 

*       [aa.4] 

A  third  elimination,  in  which  z  and  u  are  the  unknown  quantities 
first  determined,  will  give  the  weights  of  these  determinations.  It 
appears,  therefore,  that  when  only  four  unknown  quantities  are  t<>  be 
found,  a  single  repetition  of  the  elimination,  the  order  of  the  quan- 
tities being  completely  reversed,  will  furnish  at  once  the  weights  of 
the  several  results,  and  check  the  accuracy  of  the  calculation.  When 
there  are  only  two  unknown  quantities,  the  elimination  gives  direct ly 
the  values  of  these  quantitias  and  also  of  their  weights. 

140.  In  the  case  of  three  or  more  unknown  quantities,  the  weight* 
of  all  the  results  may  be  determined  without  repeating  the  elimina- 
tion when  certain  additional  auxiliary  quantities  have  been  found. 
The  wreights  of  the  two  which  are  first  determined  are  given  in  terms 
of  the  auxiliaries  required  in  the  elimination,  that  of  the  quantity 
which  is  next  found  will  require  the  value  of  an  additional  auxiliary 
quantity,  the  succeeding  one  will  require  two  additional  auxiliaries, 
and  so  on.  The  equations  (74)  show  that  when  the  substitution  is 
effected  analytically  the  final  value  of  x  will  have  the  denominator 

D  =  [ao]  [66.1  ]  [cc.2]  [<M.3]  [ec.4]  [#5], 

and  this  denominator,  being  the  determinant  formed  from  all  the 
coefficients  in  the  normal  equations,  must  evidently  have  the  same 
value  whatever  may  be  the  order  in  which  the  unknown  quantities 
are  eliminated.  Let  us  now  suppose  that  each  of  the  unknown 
quantities  is,  in  succession,  made  the  last  in  the  elimination,  and  let 
the  auxiliaries  in  each  elimination  be  distinguished  from  those  when 
t  is  last  eliminated  by  annexing  the  letter  which  is  the  coefficient  >f 
the  quantity  first  determined;  then  we  shall  have 

D  =  [aa-]  [66.1]  [cc.2]  [<ta.3]  [ec.4]  [ff.5] 
=  [««].  [66.1],  [cc.2].  [rfd.3].  [//4]e  [ec.5] 
=  [aa](i[66.1]<l[cc.2]d  [ee.3],  [//4]d  [tfd.5] 
=  [ao]e  [66.1],  [rfd.2],  0*.3].  [ffA\  [cc.5] 
=  \aa\  [cc.ll  tdd.2\[ee.S\  [JfA\ [66.5] 
=  [bb\  [cc.l]a  [<W.2]a[ec.3]a  [#4]a  [aa.5]. 
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It  will  be  observed,  however,  that  when  the  order  of  elimination  is 
changed,  only  those  auxiliaries  which  involve  the  coefficient  of  the 
quantity  which  is  made  the  last  in  the  changed  order  will  be  changed. 
Hence,  if  we  add  the  distinguishing  letter  only  to  those  auxiliaries 
vhich  have  a  different  value  in  the  new  order,  we  have 

D  =  [aa~]  [bb.ll  [cc.2]  [rfd.3]  [ee.4]  [jgf.5] 
=  laa]  [66.1]  [cc.2]  [rfrf.3]  [jfif.4]  [ee.5] 
=  [aa]  [bb.11  [cc.2]  [ee.3]  \_ffA~]d  [dd.o\ 
=  [aa]  [66.1]  [drf.2]  [cc.3]e  \JJA\  [cc.5] 
=  [ad]  [ccl]  [dd.21b  [cc3]6  [ffAl  [66.5] 
=  [66]  [cc.l]a  [dd.1\  [ec3]a  iffA\  [aa.ol 

and  from  these  equations  we  obtain 
pw=[ee.o-]  =j^  LeeAl 


P,  =  [o,o]=#|I.i^|I.|f|l[c,2], 


(96) 


UMl    l>-3]c    C^-2] 

,=[66  5]  =  i/^.^^.I^^-.i^I[661] 
Pm       L       J        [J(ML      [ce.3]&     [dd.2J6      [ccl]    L0°-iJ' 

»  -  r«i  si  -  J2SL  •  i^4!  •  S£2  •  [cc-2]  .  [W-^  r«ai 

p,  -  [■**!  -  L//.4]a     Lee.3  ,a     [^.2]a     [cc.i]a    -pj-  tW* 

by  means  of  which  the  weights  of  the  six  unknown  quantities  mav 
be  determined.  The  process  here  indicated  may  be  readily  extended 
to  the  case  of  a  greater  number  of  unknown  quantities.  The  equa- 
tion for '  pm  is  identical  with  (94),  the  expression  forpu  introduces  the 
new  auxiliary  quantity  [,j/.4](i,  and  that  for  pz  introduces  two  new 
auxiliaries. 

The  expressions  for  the  new  auxiliaries  [JfA~]fl,  [j/.4]c,  [t'c3]c,  &c. 
are  easily  formed  by  observing  that  all  the  auxiliaries  as  far  as  those 
which  are  designated  by  the  numeral  4  are  not  affected  by  putting  e 
or/ last,  that,  as  far  as  those  which  contain  the  numeral  3,  it  makes 
no  difference  whether  d,  e,  or/ is  placed  last,  that  those  distinguished- 
by  the  numerals  1  and  2  are  not- affected  by  making  c,  d,  e,  or/ the 
last,  and  that  those  designated  by  the  numeral  1  are  unchanged 
unless  a  is  made  the  last.     Thus,  we  obtain 


[JML  =f  VW  ~  ^§]  W-3J>  W 
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and,  also, 

W.3].  =  [f/.2]-[^|[rf/.23l 


[ee.3]e=[ee.2] 


[de.2] 


[cfc.2], 


(98) 


In  like  manner  we  may  derive  the  expressions  for  the  new  auxiliaries 
introduced  into  the  equations  for  jl  and  px.  It  will  be  expedient, 
however,  in  the  actual  application  of  the  formula?,  to  eliminate  first 
in  the  order  x,  y,  z,  u,  w,  t,  and  the  weights  of  the  results  for  v,  //•„ 
and  I  will  be  obtained  by  means  of  the  first  three  of  equations  (96), 
the  single  additional  auxiliary  required  being  found  by  means  of 
(97).  Then  the  elimination  should  be  performed  in  the  order  t,  w,  u, 
z,  y,  x,  and  we  shall  have 

[aa.5]     [66.4] 


[aa.5] 


[«a.4]e    [66.3] 


[cc.3], 


P, 


[oa.4] 


[66.4], 


[aa.4]. 


[aa.3]--^|j[a6.3], 


(99) 


by  means  of  which  the  weights  of  x,  y,  and  %  will  be  determinnl. 
The  agreement  of  the  two  sets  of  values  of  the  unknown  quantities 
will  prove  the  accuracy  of  the  numerical  calculation  in  the  process 
of  elimination. 

141.  The  weights  of  the  most  probable  values  of  the  unknown 
quantities  may  also  be  computed  separately  when  certain  auxiliary 
factors  have  been  found,  and  these  factors  are  those  which  are  intro- 
duced when  the  equations  (74)  are  solved  by  the  method  of  inde- 
terminate multipliers  instead  of  by  successive  substitution.  Thus, 
in  order  to  find  x,  let  the  first  of  these  equations  be  multiplied  by  1, 
the  second  by  A',  the  third  by  A",  the  fourth  by  A'",  and  so  on, 
and  let  the  sum  of  all  these  products  be  taken;  then  the  equation- 
of  condition  for  the  determination  of  the  several  eliminating  factors 
will  be 

[aa] 

[aaj       [66.1  J 


ft  _  M    ,   [6*1]    .,      [ce^  ,„      [d&3]    ., 
~~  [aa]  "*"  [  66.1 1       ^  [cc.2]        ^  [da\3] 

0  -  [aa]  +  L^IJ       +  [^2]  Ldd.S] 


(100) 


0/4] 


+ 


[ee.4] 


A1'  +  A\ 
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To  determine  y  from  the  last  five  of  equations  (74),  let  the  eliminating 
factors  be  denoted  by  B",  B"f,  Biv,  and  B?,  and  we  shall  have 

_  [6cl] 

_  [M.l]       [erf.2]  ™       ™, 

o  =  fea  +  £f|l2r  +  (M  ir  +  a* 

[66.1]       [«*.2]  [aa.<3] 

n  _  [6/-1]    ,   C^2]      ,      [rf/.3]      „,      [e/.4]     lr  _^ 
0-[66:i]  +  [^2j       +[^3]jB    +[^4j£    +jB- 

In  a  similar  manner,  we  obtain  the  following  equations  for  the  de- 
termination of  the  eliminating  factors  necessary  for  finding  the  values 
of  the  remaining  unknown  quantities : 

ft  _  l>?-2]    ,    rrm 
°-[^2T+C    ' 

_  [ee.2]  [rfe.3]  ^  ~Ir 
U_[^2T  +  [^3]C  +G  ' 
ft_[qf-2]     ,   [d/3]  „,„  ,  0/4]  plT      ~; 

(102) 

[ee.4] 

The  expressions  for  the  values  of  the  unknown  quantities  will  there- 
fore become 

[an]       [6».l]   .,      [cn.2]  .„     [cfa.3]    ,„      [g»,4]  ,|T     [/n.o] 
"~  [ao]  "^  [66.1]      "*"  [cc.2]       "*"  [aU3]       "^  [ee.4]       "^  [#.5]       ' 
_  „  —  t6"-1!   i   Cc»-2]  »"   i   \dnS\  K„      [en.4]  [/n.o]  Rr 

V  ~  [66.1]  +  [cc.2]  "   f  '[Mar    *  [ee.4]  "   +  [jfif.o]  *  ' 

"  [cc.2J  "*"  f«W.3]         "•"  [ec.4]        "^  [jp]       » 
[dn.3]      [en.4]  [>.5] 

tt-[dd.3]  +  tee.4]^   +  L«      ■ 

,__LM] 


(103) 
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The  first  of*  these  equations  will  give  the  reciprocal  of  the  weight  of 
x,  when  we  put  [aw]  s=  —  1,  and  the  other  absolute  terras  of  the 
normal  equations  equal  to  zero;  the  second  will  give  the  reciprocal 
of  the  weight  of  y  by  putting  [6w]  =  — 1,  and  the  other  absolqte 
terras  of  the  normal  equations  equal  to  zero;  and,  continuing  the 
process,  finally  the  last  equation  will  give  the  reciprocal  of  the  weight 
of  t  when  we  put  fn  =  —  1,  and  [aw],  [6w],  [cw],  &c.  equal  to  zero. 
It  remains,  therefore,  to  determine  the  particular  values  of  [6w.l], 
[ch.2],  &c,  and  the  expressions  for  the  weights  will  be  complete 
If  we  multiply  the  first  of  equations  (100)  by  [aw],  it  becomes 

[iw.l]  =  [an]  A'  +  [6n].  104) 

Multiplying  the  second  of  equations  (100)  by  [aw],  and  the  first  of 
(101)  by  [bri],  adding  the  products,  and  introducing  the  value  of 
[6w.l]  just  found,  we  get 

[cw]  —  [cw.l]  +  j^i  [6w.l]  +  [aw]  A"  +  pn]  B"  =  0, 

which  reduces  to 

[aw]  A"  +  [6w]  B"  +  [cw]  =  [ch.2].  (105) 

/ 
Multiplying  the  third  of  equations  (100)  by  [aw],  the  second  of  (101) 

by  [6w],  and  the  first  of  (102)  by  [cw],  adding  the  products,  and  re- 
ducing by  means  of  (104)  and  (105),  we  obtain 

0  =  [^]_[rfn.l]H-[^11]][6w.l] 

+  [^  [ew.2]  +  [aw]  A'"  +  [>]  B"  +  [cw]  C", 

which,  by  means  of  the  expressions  for  the  auxiliaries,  is  further  re- 
duced to 

[aw]  A'"  +  [bn]  B"'  +  [cw]  C"  +  [an]  =  [dw.3].  (106) 

In  a  similar  manner  we  find,  from  the  remaining  equations  of  (100), 
(101),  and  (102),  the  following  expressions : 

[an]  A'"  +  \bn\  i?"+  [cw]  Q»  +  [dn]  Z)"+  [ew]  =  [ew.4], 

[aw]  A"  +  [bn]  B<  +  [cw]  Cr  -f-  [.dn]  Dr  +  [ew]  Er  +  [/w]  =  [/w.5].  U  ' '  •' 

The  equations  (104),  (105),  (106),  and  (107),  enable  us  to  find  the 
particular  values  of  [6w.l],  [cw.2],  &c.  required  in  the  expressions  for 
the  reciprocals  of  the  weights.     Thus,  for  the  weight  of  x,  we  have 

[an]  =  —  1,  [bn]  =  [en]  =  [dn]  =  [ew]  =  [/w]  =  0 ; 
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and  these  equations  give 

[ba.ll  =  —  A',  [cn.2]  =  -  A",  [cZu.3]  =  -  A'", 

[enA]  =  —  A*  [fn.5]  =  —  A\ 

For  the  case  of  the  weight  of  y,  we  have 

[bn~]  =  —  1,  {an']  =  [en]  =  [c?n]  =  [<?>i]  =  [fri]  =  0, 

and  the  same  equations  give 

[fin.l]  =  —  1,  [en.2]  =  —B",  [dn.B]  =  —  B", 

[en.4]  =  —  B\  [fn.5]  =  —  B\ 

We  have,  also,  for  the  weight  of  z, 

[cn.2]  =  —  1,.        [dto.3]=  —  C",         [c».4]  =  —  Ciy,        [fn.5]  =  —  C\ 

for  the  weight  of  tf, 

[d  t.3]  =  -  1,  [en.4]  =  —  D",  [>.5]  =  —  D' ; 

lor  the  weight  of  w, 

[«».4]  =  -  -1,  [/ii.5]  =  — £*; 

and  finally,  for  the  weight  of  t, 

[fn.5]  =  -l. 

Introducing  these  particular  values  into  the  equations  (103),  the  cor- 
responding values  of  the  unknown  quantities  are  the  reciprocals  of 
the  weights  of  their  most  probable  values,  respectively;  and  hence 
we  derive 

1         1         A' A'    .  A" A"    ,  A'" A'"    .  Al'Air  .    A*A* 

+  rTTTn  +  "F,ToT  "T    rj,i  01    +  F7T7T  + 


A       M  ?   [66.1]  T  [ec.2]  n    [<W.3]  ^  [ee.4]  ^  [/jf.5]' 

£~~[66.1]  +  [cc.2]  +  [dd.S]  +  [ee.4]  +  [jf/5]' 
1  1  C""C""      C"TC'r       Ov(7v 

^-[cc.2]  +  "[rfrf.3]  +[««.4]  +  OPT 

K-[^.3]+[e<?.4]+[//.5], 
1  1  £v£v 


(108) 


J»„      !>.4]       [.//'.5j 
1  1 

The  equations  (103)  and  (108)  will  serve  to  determine  separately 
the  value  of  each  unknown  quantity  and  also  that  of  its  weight,  the 
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auxiliary  factors  A',  A",  B"}  &c.  having  been  found  from  the  equa- 
tions (100),  (101),  and  (102).  If  we  reverse  the  operation  and  re- 
oompose  the  equations  (74)  by  means  of  the  expressions  for  the  un- 
known quantities  given  by  (103),  the  conditions  which  immediately 
follow  furnish  another  series  of  equations  for  the  determination  of  the 
auxiliary  factors.  The  equations  thus  derived  will  give  first  the  values 
of  .1',  B",  C",  D,T,  and  E*;  then,  those  of  A'\  B'",  Ciy,  Dv;  and  bo 
on.  They  are  equally  as  convenient  as  those  already  given,  provided 
that  the  values  of  all  the  unknown  quantities  are  required  as  well  :i> 
their  respective  weights. 

142.  The  formulae  already  given  for  the  relations  between  the  data 
of  the  problem  and  the  weights  of  the  most  probable  values  of  the 
unknown  quantities,  are  those  which  are  of  the  greatest  practical 
value.  It  will  be  apparent  from  what  has  been  derived  that  there 
must  be  a  variety  of  methods  which  may  be  applied,  but  that  all  of 
these  methods  involve  essentially  the  same  numerical  operations. 
The  peculiar  symmetry  of  the  normal  equations  affords  also  a  variety 
of  expressions  applicable  to  the  different  phases  under  which  the 
problem  presents  itself. 

According  to  the  general  theory  of  elimination,  the  expression  for 
any  unknown  quantity,  as  determined  from  the  normal  equations, 
may  be  put  in  the  form 

A  A'  A" 

x  =  —  —  [an]  —  —  [bn]  —  -jy  [en]  —  &c,  (109) 

in  which  D  is  the  determinant  formed  from  all  the  coefficients  of  the 
unknown  quantities  in  the  normal  equations,  and  in  which  A,  A' ,  A", 
&0.  are  the  partial  determinants  required  in  the  elimination.  Thus, 
.1  is  the  determinant  formed  from  the  coefficients  of  all  the  unknown 
quantities  excepts,  in  all  the  equations  except  the  first;  A"  is  the 
determinant  formed  from  the  coefficients  of  y,  z,  &c.  in  all  the  equa- 
tions except  the  second ;  and  the  values  of  A",  A'",  &c.  are  formed 
in  a  similar  manner.  Now,  since  the  value  of  x  which  results  when 
we  put  [an]  =  —  1,  and  the  other  absolute  terms  of  the  normal 
equations  equal  to  zero,  is  the  reciprocal  of  the  weight  of  the  most 
probable  value  of  this  unknown  quantity  as  given  by  (109),  we  have 

A  =  f-  (HO) 

In  like  manner,  the  expression  for  the  most  probable  value  of  y  will  be 
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y  =  —  -  [an]  —  —  [bn]  —  -^  [c/i]  —  &c,  (111) 

J?,  5',  J5",  &c.  being  the  partial  determinants  formed  when  the  co- 
efficients of  y  are  omitted ;  and  for  its  weight  we  have 

P.  =  %-  (H2) 

The  formulae  for  the  most  probable  value  of  z  and  for  its  weight  are 
entirely  analogous  to  those  for  x  and  y,  so  that  the  process  here  indi- 
cated may  be  extended  to  the  case  of  any  number  of  unknown  quan- 
tities. It  appears,  therefore,  that  the  weight  of  the  most  probable 
value  of  any  unknown  quantity  is  found  by  dividing  the  complete 
determinant  of  all  the  coefficients  by  the  partial  determinant  formed 
when  we  omit  the  normal  equation  corresponding  particularly  to  this 
unknown  quantity,  and  when  we  omit  also  the  coefficients  of  this 
quantity  in  the  remaining  normal  equations. 

The  peculiar  arrangement  of  the  coefficients  in  the  normal  equa- 
tions abbreviates  somewhat  the  expressions  for  the  several  determi- 
nants.    Thus,  in  the  case  of  three  unknown  quantities,  we  have 

^1  .-=  [66]  [cc]  —  [6c]s,  B  =  [aa]  [cc]  —  [ac]\  C"  =  [aa]  [66]  —  [«6]1, 
D  =  [aa]  [66]  [cc]  +  2  [of]  [6c]  [ac]  —  [_aa]  [6c]2—  [66]  [acf~  [cc]  [ab]2, 

which  are  all  the  quantities  required  for  finding  simply  the  weights 
of  the  most  probable  values  of  x,  y,  and  z.  The  expression  for  the 
weight  of  z  is 

D 
P.  =  Wr 

When  there  are  but  two  unknown  quantities,  we  have 

A  =  [66],  B'  =  [aa],  D  =  [aa]  [66]  —  [ab]\ 

and  hence 

_  [aa]  [66]  -  [«6]»  _  [aa]  [66]  -  [a6]» 

Vx  [66]  '  p'~  [aa] 

When  the  number  of  unknown  quantities  is  increased,  the  expressions 
for  the  determinants  necessarily  become  much  more  complicated,  and 
hence  the  convenience  of  other  auxiliary  quantities  is  manifest. 

143.  The  case  has  been  already  alluded  to  in  which  the  determina- 
tion of  the  values  of  the  unknown  quantities  is  rendered  uncertain 
by  the  similarity  of  the  signs  and  coefficients  in  the  normal  equations, 
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and  in  which  the  problem  becomes  nearly  indeterminate.  Sometimes 
it  will  be  poestble  t<>  overcome  the  difficulty  thus  encountered  by  a 

suitable  change  of  the  elements  to  be  determined;  but,  generally,  for 
n  complete  and  satisfactory  solution,  additional  data  will  be  required. 
It  often  happens,  however,  that  several  of  the  unknown  quantities 
may  be  accurately  determined  from  the  given  equations  when  the 
values  of  the  others  are  known,  but  that  the  certainty  of  the  deter- 
mination of  the  same  quantities  is  very  greatly  impaired  when  all 
the  unknown  quantities  are  derived  simultaneously  from  the  sam  • 
equations.  Let  us  suppose  that  one  of  the  unknown  quantities  i<, 
from  the  very  nature  of  the  problem,  not  susceptible  of  an  accurate 
determination  from  the  data  employed.  The  equations  will  then 
present  themselves  in  a  form  approaching  that  in  which  the  number 
of  independent  relations  is  one  less  than  the  number  of  unknown 
quantities,  so  that  it  will  be  necessary  to  determine  the  other  unknown 
quantities  in  terms  of  that  whose  value  is  necessarily  uncertain.  In 
t.iis  case  the  elimination  should  be  so  arranged  that  the  quantity 
which  is  regarded  as  uncertain  is  that  whose  value  would  be  first 
determined.  Then,  if  its  coefficient  in  the  final  equation,  corre- 
sponding to  (72),  is  very  small,  a  circumstance  which  indicates  at 
once  the  existence  of  the  uncertainty  when  it  is  not  otherwise  sus- 
pected, the  process  of  elimination  should  not  be  completed,  and  the 
auxiliary  quantities  should  be  determined  only  as  far  as  those  re- 
quired in  the  formation  of  the  equation  which  corresponds  to  the  first 
of  (70).     Thus,  let  t  be  the  uncertain  quantity,  and  we  have 

w=       iefA-]t      [en.4] 
[eeA]         [ee.4] ' 

which  must  be  substituted  for  to  in  the  first  of  equations  (68).  We 
thus  obtain  w,  u,  z,  y,  and  x  as  functions  of  t.  If  the  solution  is 
effected  by  means  of  the  equations  (103),  let  x0,  y0)  z0,  &c.  denote  the 
values  of  these  unknown  quantities  when  we  put  £  =  0;  and  then 
we  shall  have 

___  [an]  _[6».l]  [cn.2]  [<foi,3]   .,„      [en.4]     ,T 

°~        laa]       [66.1]  j>c.2]  [dd.S]  [ee.4]       ' 

[6».l]       [cn.2]  w,      [dn.3]    ,„      [en.4]  ffT  „. 

y° =  ~  [SO]  ~  [cc2]  S  ~  [33*1       ~  C^iJ      '  c      } 

_  [cn.2]  _  [aV3]  fmt  _  [en.4]  pu 
0  ~~       [cc.2]       [da\3]  [ee.5]  °   » 
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_       [<fa.3]       [gn.4] 

°~       [rfrf.3]       [ee.4]       ' 

[6/1.4] 

*w  =  — -. 

0  [ee.4] 

and  hence 

u  =  u0  +  D%  to  =  w0  +  .Ev*. 


(H3) 


(114) 


As  soon  as  t  is  determined  by  some  independent  condition  or  relation, 
these  equations  will  give  the  corresponding  values  of  x,  y,  z,  &c.  The 
mean  errors  of  x0,  y0,  z0,  &c.  having  been  determined  by  neglecting  t 
entirely,  if  we  denote  the  mean  error  of  the  final  adopted  value  of  t 
by  ea  the  mean  errors  of  the  corresponding  values  of  the  other 
variables  will  be  given  by 

^ = (O2 + *a v,  *; = (^)2  +  **•;,   v = (O2  +  cv &*',  n,~ 

iii  which  (ex),  (ey),  <fec.  denote  the  mean  errors  of  a?0,  y0,  &c.  These 
formulas  show,  also,  that  when  one  of  the  variables  is  neglected,  the 
equations  assign  too  great  a  degree  of  precision  to  the  results  thus 
obtained. 

When  there  are  two  or  more  unknown  quantities  which  cannot  be 
determined  from  the  data  with  sufficient  certainty,  the  problem  must 
be  treated  in  a  manner  entirely  analogous  to  that  here  indicated;  but, 
since  cases  of  this  kind  will  rarely,  if  ever,  occur,  it  is  not  necessary 
to  pursue  the  subject  further. 

144.  The  weights  which  are  obtained  for  the  most  probable  values 
of  the  unknown  quantities  enable  us  to  find  the  mean  and  probable 
errors  of  these  vaLues.  Let  s  denote  the  mean  error  of  an  observa- 
tion whose  weight  is  unity;  then  the  mean  error  of  x  will  be 


Vk. 


(116) 


and,  in  like  manner,  the  expressions  for  the  mean  errors  of  y,  z,  u, 
&c.  will  be 

It  remains,  therefore,  to  determine  the  value  of  s  by  means  of  the 
final  residuals  obtained  by  comparing  the  observed  values  of  the 
function  with  those  given  by  the  most  probable  values  of  the  va- 
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riables.  If  these  residuals  were  the  actual  fortuitous  errors  of  obser- 
vation, the  mean  error  of  an  observation  would  be 

*    m 

in  being  the  number  of  equations  of  condition.  This  value  is  evi- 
dently an  approximation  to  the  correct  result;  but  since  by  supposing 
the  residuals  v,  v',  v",  &c.  to  be  the  actual  errors  of  the  Beveral  ob- 
served values  of  the  function,  we  assign  too  high  a  degree  of  pre- 
cision to  the  several  results,  the  true  value  of  s  must  necessarily  be 
greater  than  that  given  by  this  equation.  Let  the  true  values  of  the 
unknown  quantities  be  x  +  ax,  y  +  A-y,  z  +  az,  &c,  the  substitution 
of  which  in  the  several  equations  of  condition  would  give  the 
residuals  J,  d',  J",  &c. ;  then  we  shall  have 


(118) 


If  we  multiply  each  of  these  equations  by  its  J,  and  take  the  sum 
of  all  the  products,  we  get 

[«J]  as  +  [b  J]  Ay  +  led]  az  +  [cZJ]  aw  + +  OJ]  =  [J  J]. 

But  if  we  multiply  each  of  the  same  equations  by  its  v,  take  the  sum 
of  the  products,  and  reduce  by  means  of  (48)  and  (50),  we  obtain 

M  =  M ; 
and  hence  we  derive 

[J J]  =  [yv]  +  [oJ]  ax  +  [6J]  Ay  4-  [e J]  Az  +  [dJ]  Au  +  . . . .  (119) 

[f  we  form  the  normal  equations  from  (118),  it  will  be  observed  that 
they  are  of  the  same  form  as  the  normal  equations  formed  from  the 
original  equations  of  condition,  provided  that  we  write  — A  in  place 
of  n ;  and  hence,  according  to  (85),  we  have 

AX  =  a  J  4-  a' J'  4-  a"  J"  + 


aAx  4"  t>Ay  4~  cAz  4~  dAu  . . 

..+.« 

=  4 

a' ax  4-  V Ay  -f-  c'az  +  d'Au  . . 

..-M 

=  J'; 

&c. 

&c. 

We  have,  also, 

[aJ]  =  aJ  4-  a' J'  -{-  a" J"  + , 

and  the  product  of  these  equations  gives 

[a  J]  Ax  =  aa  J2  +  a'a'J'8  4-  a'V'J"2  4-  .  .  .  . 
+  aa'JJ'  +  aa"JJ"4- 

The  mean  value  of  the  terms  containing  JJ',  JJ",  &c.  is  zero,  and 
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for  the  mean  values  of  J2,  J'2,  J"2,  &c.  we  must,  in  each  case,  write 
Hence  the  mean  value  of  the  product  [a  J]  ax  will  be 

[«•]•■, 

ami  this,  by  means  of  the  first  of  equations  (88),  is  further  reduced  to 

[fl-l]  AX  =  £7. 

In  a  similar  manner,  we  obtain  the  value  e2  for  the  mean  value  of 
each  of  the  products  [b  J]  Ay,  [c-/]az,  &c.  Now,  the  terms  added  to 
[re]  in  the  second  member  of  the  equation  (119)  are  necessarily  very 
small,  and,  although  their  exact  value  cannot  be  determined,  we  may 
without  sensible  error  adopt  the  mean  values  of  the  several  terms  as 
here  determined,  so  that  the  equation  becomes 

[J  J]  =  [W]  +  ,^,  (120) 

u  being  the  number  of  unknown  quantities.  Therefore,  since 
[ JJ]  =  mr,  we  shall  have 

£=js=ji™a,  cm) 

*  m  —  ft        *  m  —  ;i 

by  means  of  which  the  mean  error  of  an  observation  whose  weight 
is  unity  may  be  determined.  When  ft  = 1,  this  equation  becomes 
identical  with  (30). 

For  the  determination  of  the  probable  errors  of  the  final  values  of 
the  unknown  quantities,  if  r  denotes  the  probable  error  of  an  obser- 
vation of  the  weight  unity,  we  have  the  following  equations : — 


0.67449  V-M 


(122) 

S3  —p=,   &C. 


1     VP,  '     VP> 

145.  The  formulae  which  result  from  the  theory  of  errors  according 
to  which  the  method  of  least  squares  is  derived,  enable  us  to  combine 
the  data  furnished  by  observation  so  as  to  overcome,  in  the  greatest 
degree  possible,  the  effect  of  those  accidental  errors  which  no  refine- 
ment of  theory  can  successfully  eliminate.  The  problem  of  the  cor- 
rection of  the  approximate  elements  of  the  orbit  of  a  heavenly  body 
by  means  of  a  series  of  observed  places,  requires  the  application  of 
nearly  all  the  distinct  results  which  have  been  derived.  The  first 
approximate  elements  of  the  orbit  of  the  body  will  be  determined 
from  three  or  four  observed  places  according  to  the  methods  which 

28 
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have  been  already  explained.  In  the  ease  of  a  planet,  if  the  inclina- 
tion is  not  very  small,  the  method  of  three  geocentric  places  may  be 
employed,  but  it  will,  in  general,  afford  greater  accuracy  and  require 
but  little  additional  labor  to  base  the  first  determination  on  four 
observed  places,  according  to  the  process  already  illustrated.  In  the 
case  of  a  comet,  the  first  assumption  made  is  that  the  orbit  is  a 
parabola,  and  the  elements  derived  in  accordance  with  this  hypothesis 
may  be  successively  corrected,  until  it  is  apparent  whether  it  is  ne- 
cessary to  make  any  further  assumption  in  regard  to  the  value  of  the 
eccentricity.  In  all  cases,  the  approximate  elements  derived  from  a 
few  places  should  be  further  corrected  by  means  of  more  extended 
data  before  any  attempt  is  made  to  obtain  a  more  complete  determi- 
nation of  the  elements.  The  various  methods  by  which  this  pre- 
liminary correction  may  be  effected  have  been  already  sufficiently  de- 
veloped. 

The  fundamental  places  adopted  as  the  basis  of  the  correction  may 
be  single  observed  places  separated  by  considerable  intervals  of  time ; 
but  it  will  be  preferable  to  use  places  which  may  be  regarded  as  the 
average  of  a  number  of  observations  made  on  the  same  day  or  during 
a  few  days  before  and  after  the  date  of  the  average  or  normal  place. 
The  ephemeris  computed  from  the  approximate  elements  known  may 
be  assumed  to  represent  the  actual  path  so  closely  that,  for  an  interval 
of  a  few  days,  the  difference  between  computation  and  observation 
may  be  regarded  as  being  constant,  or  at  least  as  varying  proportion- 
ally to  the  time.  Let  n,  nf,  n",  &c.  be  the  differences  between  com- 
putation and  observation,  in  the  case  of  either  spherical  co-ordinate, 
for  the  dates  t,  tf,  t",  &c,  respectively;  then,  if  the  interval  between 
the  extreme  observations  to  be  combined  in  the  formation  of  the 
normal  place  is  not  too  great,  and  if  we  regard  the  observations  as 
equally  precise,  the  normal  difference  n0  between  computation  and 
observation  will  be  found  by  taking  the  arithmetical  mean  of  the 
several  values  of  n,  and  this  being  applied  with  the  proper  sign  to 
the  computed  spherical  co-ordinate  for  the  date  t0,  which  is  the  mean 
of  t,  t',  t",  &c,  will  give  the  corresponding  normal  place.  But  when 
different  weights  p,  p',  p",  &c.  are  assigned  to  the  observations,  the 
value  of  nQ  must  be  found  from 

g  +  .y  +  ^+... 

P+P+P    +•-.. 

and  the  weight  of  this  value  will  be  equal  to  the  sum 
P+P'  +  P"  + 
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The  date  of  the  normal  place  will  be  determined  by 

j>t+p't  +  p"f  +  .... 
to~    P+p'+p"  +  ....    '  C124) 

If  the  error  of  the  ephemeris  can  be  considered  as  nearly  constant 
it  is  not  necessary  to  determine  *0  with  great  precision,  since  any  date 
not  differing  much  from  the  average  of  all  may  be  adopted  with  suf- 
ficient accuracy.  It  should  be  observed  further  that,  in  order  to 
obtain  the  greatest  accuracy  practicable,  the  spherical  co-ordinates  of 
the  body  for  the  date  t0  should  be  computed  directly  from  the  elements, 
so  that  the  resulting  normal  place  may  be  as  free  as  possible  from  the 
effect  of  neglected  differences  in  the  interpolation  of  the  ephemeris. 

"When  the  differences  between  the  computed  and  the  observed 
places  to  be  combined  for  the  formation  of  a  normal  place  cannot  be 
considered  as  varying  proportionally  to  the  time,  we  may  derive  the 
error  of  the  ephemeris  from  an  equation  of  the  form  of  (53)6,  namely, 

aO  =  A  +  Br  +  Cz\ 

the  coefficients  A,  B,  and  C  being  found  from  equations  of  condition 
formed  by  means  of  the  several  known  values  of  a#  in  the  case  of 
each  of  the  spherical  co-ordinates. 

146.  In  this  way  we  obtain  normal  places  at  convenient  intervals 
throughout  the  entire  period  during  which  the  body  was  observed. 
From  three  or  more  of  these  normal  places,  a  new  system  of  elements 
should  be  computed  by  means  of  some  one  of  the  methods  which 
have  already  been  given;  and  these  fundamental  places  being  judi- 
ciously selected,  the  resulting  elements  will  furnish  a  pretty  close 
approximation  to  the  truth,  so  that  the  residuals  which  are  found  by 
comparing  them  with  all  the  directly  observed  places  may  be  regarded 
as  indicating  very  nearly  the  actual  errors  of  those  places.  We  may 
then  proceed  to  investigate  the  character  of  the  observations  more 
fully.  But  since  the  observations  will  have  been  made  at  many  dif- 
ferent places,  by  different  observers,  with  instruments  of  different 
sizes,  and  under  a  variety  of  dissimilar  attendant  circumstances,  it 
may  be  easily  understood  that  the  investigation  will  involve  much 
that  is  vague  and  uncertain.  In  the  theory  of  errors  which  has  been 
developed  in  this  chapter,  it  has  been  assumed  that  all  constant 
errors  have  been  duly  eliminated,  and  that  the  only  errors  which 
remain  are  those  accidental  errors  which  must  ever  continue  in  a 
greater  or  less  degree  undetermined.     The  greater  the  number  and 
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]x rfection  of  the  observations  employed,  the  more  nearly  will  these 
errors  be  determined,  and  the  more  nearly  will  the  law  of  their  dis- 
tribution conform  to  that  which  has  been  assumed  as  the  basis  of 
the  method  of  least  squares. 

When  all  known  errors  have  been  eliminated,  there  may  yet  remain 
constant  errors,  and  also  other  errors  whose  law  of  distribution  is 
peculiar,  such  as  may  arise  from  the  idiosyncrasies  of  the  different 
observers,  from  the  systematic  errors  of  the  adopted  star-places  in 
the  case  of  differential  observations,  and  from  a  variety  of  other 
sources;  and  since  the  observations  themselves  furnish  the  only  means 
of  arriving  at  a  knowledge  of  these  errors,  it  becomes  important  to 
discuss  them  in  such  a  manner  that  all  errors  which  may  be  regarded, 
in  a  sense  more  or  less  extended,  as  regular  may  be  eliminated. 
When  this  has  been  accomplished,  the  residuals  which  still  remain 
will  enable  us  to  form  an  estimate  of  the  degree  of  accuracy  which 
may  be  attributed  to  the  different  series  of  observations,  in  order  that 
they  may  not  only  be  combined  in  the  most  advantageous  manner, 
but  that  also  no  refinements  of  calculation  may  be  introduced  which 
are  not  warranted  by  the  quality  of  the  material  to  be  employed. 

The  necessity  of  a  preliminary  calculation  in  which  a  high  degree 
of  accuracy  is  already  obtained,  is  indicated  by  the  fact  that,  however 
conscientious  the  observer  may  be,  his  judgment  is  unconsciously 
warped  by  an  inherent  desire  to  produce  results  harmonizing  well 
among  themselves,  so  that  a  limited  series  of  places  may  agree  to 
such  an  extent  that  the  probable  error  of  an  observation  as  derived 
from  the  relative  discordances  would  assign  a  weight  vastly  in  excess 
of  its  true  value.  The  combination,  however,  of  a  large  number  of 
independent  data,  by  exhibiting  at  least  an  approximation  to  the 
absolute  errors  of  the  observations,  will  indicate  nearly  what  the 
measure  of  precision  should  be.  As  soon,  therefore,  as  provisional 
elements  which  nearly  represent  the  entire  series  of  observations  have 
been  found,  an  attempt  should  be  made  to  eliminate  all  errors  which 
may  be  accurately  or  approximately  determined.  The  places  of  the 
comparison-stars  used  in  the  observations  should  be  determined  with 
care  from  the  data  available,  and  should  be  reduced,  by  means  of  the 
proper  systematic  corrections,  to  some  standard  system.  The  reduc- 
tion of  the  mean  places  of  the  stars  to  apparent  places  should  also  be 
made  by  means  of  uniform  constants  of  reduction.  The  observations 
will  thus  be  uniformly  reduced.  Then  the  perturbations  arising  from 
the  action  of  the  planets  should  be  computed  by  means  of  formuhe 
which  will  be  investigated  in  the  next  chapter,  and  the  observed 
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places  should  be  freed  from  these  perturbations  so  as  to  give  the 
places  for  a  system  of  osculating  elements  for  a  given  date. 

147.  The  next  step  in  the  process  will  be  to  compare  the  pro- 
visional elements  with  the  entire  series  of  observed  places  thus  cor- 
rected; and  in  the  calculation  of  the  ephemeris  it  will  be  advan- 
tageous to  correct  the  places  of  the  sun  given  by  the  tables  whenever 
observations  are  available  for  that  purpose.  Then,  selecting  one  or 
more  epochs  as  the  origin,  if  we  compute  the  coefficients  A,  B,  C  in 
the  equation 

&0  =  A  +  Br -{-  &*,  (125) 

in  the  case  of  each  of  the  spherical  co-ordinates,  by  means  of  equa- 
tions of  condition  formed  from  all  the  observations,  the  standard 
ephemeris  may  be  corrected  so  that  it  may  be  regarded  as  representing 
the  actual  path  of  the  body  during  the  period  included  by  the  obser- 
vations. When  the  number  of  observations  is  considerable,  it  will  be 
more  convenient  to  divide  the  observations  into  groups,  and  use  the 
differences  between  computation  and  observation  for  provisional 
normal  places  in  the  formation  of  the  equations  of  condition  for  the 
determination  of  A,  B,  and  C.  It  thus  appears  that  the  corrected 
ephemeris  which  is  so  essential  to  a  determination  of  the  constant 
errors  peculiar  to  each  series  of  observations,  is  obtained  without  first 
having  determined  the  most  probable  system  of  elements.  The  cor- 
rections computed  by  means  of  the  equation  (125)  being  applied  to 
the  several  residuals  of  each  series,  we  obtain  what  may  be  regarded 
as  the  actual  errors  of  these  observations.  The  arithmetical  or  pro- 
bable mean  of  the  corrected  residuals  for  the  series  of  observations 
made  by  each  observer  may  be  regarded  as  the  average  error  of  obser- 
vation for  that  series.  The  mean  of  the  average  errors  of  the  several 
series  may  be  regarded  as  the  actual  constant  error  pertaining  to  all 
the  observations,  and  the  comparison  of  this  final  mean  with  the 
means  found  for  the  different  series,  respectively,  furnishes  the  pro- 
bable value  of  the  constant  errors  due  to  the  peculiarities  of  the 
observers;  and  the  constant  correction  thus  found  for  each  observer 
should  be  applied  to  the  corresponding  residuals  already  obtained. 

In  this  investigation,  if  the  number  of  comparisons  or  the  number 
of  wires  taken  is  known,  relative  weights  proportional  to  the  number 
of  comparisons  may  be  adopted  for  the  combination  of  the  residuals 
for  each  series.  In  this  manner,  observations  which,  on  account  of 
the  peculiarities  of  the  observers,  are  in  a  certain  sense  heterogeneous, 
may  be  rendered  homogeneous,  being  reduced  to  a  standard  which 
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approaches  tin-  absolute  in  proportion  as  the  number  and  perfection 
of  the  distinct  series  combined  are  increased.  Whatever  constant 
error  remains  will  be  very  small,  and,  besides,  will  aifect  all  placet 
alike. 

The  residuals  which  now  remain  must  be  regarded  as  consisting 
of  the  actual  errors  of  observation  and  of  the  error  of  the  adopted 
place  of  the  comparison-star.  Hence  they  will  not  give  the  probable 
error  of  observation,  and  will  not  serve  directly  for  assigning  the 
measures  of  precision  of  the  series  of  observations  by  each  observer. 
Let  us,  therefore,  denote  by  et  the  mean  error  of  the  place  of  the 
comparison-star,  by  e,  the  mean  error  of  a  single  comparison;  then 

£ 

will  —j=-  be  the  mean  error  of  m  comparisons,  and  the  mean  error  of 

V  m 
the  resulting  place  of  the  body  will,  according  to  equation  (35),  be 

given  by 

%'=£  +  «/.  (126) 

The  value  of  £0,  in  the  case  of  each  series,  will  be  found  by  means  of 
the  residuals  finally  corrected  for  the  constant  errors,  and  the  value 
of  £„  is  supposed  to  be  determined  in  the  formation  of  the  catalogue 
of  star-places  adopted.  Hence  the  actual  mean  error  of  an  observa- 
tion consisting  of  a  single  comparison  will  be 

e,  =  |/»(V~  «/).  (127) 

The  value  of  e,  for  each  observer  having  been  found  in  accordance 
with  this  equation,  the  mean  error  of  an  observation  consisting  of  m 
comparisons  will  be 

Vrn 

The  mean  error  of  an  observation  whose  weight  is  unity  being  de- 
noted bv  £,  the  weight  of  an  observation  based  on  ro  comparisons  will 
be 

p  =  %  (128) 

The  value  of  e  may  be  arbitrarily  assigned,  and  we  may  adopt  for  it 
±  10"  or  any  other  number  of  seconds  for  which  the  resulting  values 
of  p  will  be  convenient  numbers. 

When  all  the  observations  are  differential  observations,  and  the  stars 
of  -comparison  are  included  in  the  fundamental  list,  if  we  do  not  take 
into  account  the  number  of  comparisons  on  which  each  observed 
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plane  depends,  it  will  not  be  necessary  to  consider  et)  and  we  may 
then  derive  t,  directly  from  the  residuals  corrected  for  constant  errors. 
Further,  in  the  case  of  meridian  observations,  the  error  which  corre- 
sponds to  ss  will  be  extremely  small,  and  hence  it  is  only  when  these 
are  combined  with  equatorial  observations,  or  when  equatorial  obser- 
vations based  on  different  numbers  of  comparisons  are  combined,  that 
the  separation  of  the  errors  into  the  two  component  parts  becomes 
necessary  for  a  proper  determination  of  the  relative  weights. 

According  to  the  complete  method  here  indicated,  after  having 
eliminated  as  far  as  possible  all  constant  errors,  including  the  correc- 
tions assigned  by  equation  (125)  to  be  applied  to  the  provisional 
ephemeris,  we  find  the  value  of  e,  given  by  the  equation 

ns,2  =  [mvv]  —  [m]  e,2,  (129) 

in  which  n  denotes  the  number  of  observations;  m,  m',  m",  &c.  the 
number  of  comparisons  for  the  respective  observations;  and  v,  v',  v"7 
&c.  the  corresponding  residuals.  Then,  by  means  of  equation  (128), 
assuming  a  convenient  number  for  £,  we  compute  the  weight  of  each 
observation.  Thus,  for  example,  let  the  residuals  and  corresponding 
values  of  m  be  as  follows : — 


A0 

m 

Ad 

m 

+  2".0 

5, 

—  r.o 

7, 

—  1  .8 

5, 

+  1  .5 

5, 

—  0  .4 

10, 

+  4.1 

8, 

—  5  .5 

5, 

0  .0 

5. 

Let  the  mean  error  of  the  place  of  a  comparison-star  be 

«.=  ±2".0; 

then  we  have  n  ==  8,  and,  according  to  (129), 

8e,*  =  341.78  —  200.0, 
which  gives 

$,—  ±  4".2. 

Let  us  now  adopt  as  the  unit  of  weight  that  for  which  the  mean  erroi  is 

e  =  ±3".0; 

then  we  obtain  by  means  of  equation  (128),  for  the  weights  of  the 
observations, 

2.5,        2.5,        5.1,        2.5,        3.6,        2.5,        4.1,        2.5, 

respectively. 
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In  tliis  manner  t ho  weights  of  the  observations  in  the  series  made 
by  each  observer  must  be  determined,  using  throughout   the  same 

value  of  e.  Then  the  differences  between  the  plans  computed  from 
the  provisional  elements  to  be  corrected  and  the  observed  places  cor- 
rected  for  the  constant  error  of  the  observer,  must  be  combined  ac- 
cording to  the  equations  (123)  and  (125),  the  adopted  values  of  y>,  y/, 
jp",  etc.  being  those  found  from  (128).  Thus  will  be  obtained  the 
final  residuals  for  the  formation  of  the  equations  of  condition  from 
which  to  derive  the  most  probable  value  of  the  corrections  to  be 
applied  to  the  elements.  The  relative  weights  of  these  normals  will 
be  indicated  by  the  sums  formed  by  adding  together  the  weights  ol 
the  observations  combined  in  the  formation  of  each  normal,  and  the 
unit  of  weight  will  depend  on  the  adopted  value  of  s.  If  it  be  de- 
sired to  adopt  a  different  unit  of  weight  in  the  case  of  the  solution 
of  the  equations  of  condition,  such,  for  example,  that  the  weight  of 
an  equation  of  average  precision  shall  be  unity,  we  may  simply  divide 
the  weights  of  the  normals  by  any  number  £>0  which  will  satisfy  the 
condition  imposed.  The  mean  error  of  an  observation  whose  weight 
is  unity  will  then  be  given  by 


Vpo 


the  value  of  e  being  that  used  in  the  determination  of  the  weights  jj, 
p',  &c. 

148.  The  observations  of  comets  are  liable  to  be  affected  by  other 
errors  in  addition  to  those  which  are  common  to  these  and  to  planet- 
ary observations.  Different  observers  will  fix  upon  different  points 
as  the  proper  point  to  be  observed,  and  all  of  these  may  diner  from 
the  actual  position  of  the  centre  of  gravity  of  the  comet;  and  fur- 
ther, on  account  of  changes  in  the  physical  appearance  of  the  comet, 
the  same  observer  may  on  different  nights  select  different  points. 
These  circumstances  concur  to  vitiate  the  normal  place-,  inasmuch  as 
the  resulting  errors,  although  in  a  certain  sense  fortuitous,  are  vet 
such  that  the  law  of  their  distribution  is  evidently  /different  from 
that  which  is  adopted  as  the  basis  of  the  method  of  least  squares. 
The  impossibility  of  assigning  the  actual  limits  and  the  law  of  dis- 
tribution of  many  errors  of  this  class,  renders  it  necessary  to  adopt 
empirical  methods,  the  success  of  which  will  depend  on  the  discrimi- 
nation of  the  computer. 

If  £0  denotes  the  mean  error  of  an  observation  based  on  m  com- 
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parisons,  and  £c  the  mean  error  to  be  feared  on  account  of  the  pecu- 
liarities of  the  physical  appearance  of  the  comet, 


will  express  the  mean  error  of  the  residuals;  and  if  n  of  these 
residuals  are  combined  in  the  formation  of  a  normal  place,  the  mean 
error  of  the  normal  will  be  given  by 

e ■  _  M  +  ,  K  (130) 

The  value  of  £c2  may  be  determined  approximately  from  the  data 
furnished  by  the  observations.  Thus,  if  the  mean  error  of  a  single 
comparison,  for  the  different  observers,  has  been  determined  by  means 
of  the  differences  between  single  comparisons  and  the  arithmetical 
mean  of  a  considerable  number  of  comparisons,  and  if  the  mean  error 
of  the  place  of  a  comparison-star  has  also  been  determined,  the 
equation  (126)  will  give  the  corresponding  value  of  e02;  then  the 
actual  differences  between  computation  and  observation  obtained  by 
eliminating  the  error  of  the  ephemeris  and  such  constant  errors  as 
may  be  determined,  will  furnish  an  approximate  value  of  ec  by  means 
of  the  formula 

.  i  _  M 


-  2 
c0  > 


in  which  n  denotes  the  number  of  observations  combined. 

Sometimes,  also,  in  the  case  of  comets,  in  order  to  detect  the  opera- 
tion of  any  abnormal  force  or  circumstance  producing  different  effects 
in  different,  parts  of  the  orbit,  it  may  be  expedient  to  divide  the 
observations  into  two  distinct  groups,  the  first  including  the  observa- 
tions made  before  the  time  of  perihelion  passage,  and  the  other 
including  those  subsequent  to  that  epoch. 

149.  The  circumstances  of  the  problem  will  often  suggest  appro- 
priate" modifications  of  the  complete  process  of  determining  the  rela- 
tive weights  of  the  observations  to  be  combined,  or  indeed  a  relaxa- 
tion from  the  requirements  of  the  more  rigorous  method.  Thus,  if 
on  account  of  the  number  or  quality  of  the  data  it  is  not  considered 
necessary  to  compute  the  relative  weights  with  the  greatest  precision 
attainable,  it  will  suffice,  when  the  discussion  of  the  observations  has 
been  carried  to  an  extent  sufficient  to  make  an  approximate  estimate 
of  the  relative  weights,  to  assume,  without  considering  the  number 
of  comparisons,  a  weight  1  for  the  observations  at  one  observatory,  a 
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weight  f  for  another  class  of  observations,  £  for  a  third  class,  and  so 
on.  It  should  be  observed,  also,  that  when  there  are  but  few  obser- 
vations to  be. combined,  the  -application  of  the  formula1  for  the  mean 
or  probable  errors  may  be  in  a  degree  fallacious,  the  resulting  values 
of  these  errors  being  little  more  than  rude  approximations;  still  the 
mean  or  probable  errors  as  thus  determined  furnish  the  most  reliable 
means  of  estimating  the  relative  weights  of  the  observations  made 
by  different  observers,  since  otherwise  the  scale  of  weights  would 
depend  on  the  arbitrary  discretion  of  the  computer.  Further,  in  a 
complete  investigation,  even  when  the  very  greatest  care  has  been 
taken  in  the  theoretical  discussion,  on  account  of  independent  known 
circumstances  connected  with  some  particular  observation,  it  may  be 
expedient  to  change  arbitrarily  the  weight  assigned  by  theory  to 
certain  of  the  normal  places.  It  may  also  be  advisable  to  reject 
entirely  those  observations  whose  weight  is  less  than  a  certain  limit 
which  may  be  regarded  as  the  standard  of  excellence  below  which 
the  observations  should  be  rejected;  and  it  will  be  proper  to  reject 
observations  which  do  not  afford  the  data  requisite  for  a  homogeneous 
combination  with  the  others  according  to  'the  principles  already 
explained.  But  in  all  cases  the  rejection  of  apparently  doubtful 
observations  should  not  be  carried  to  any  considerable  extent  unless 
a  very  large  number  of  good  observations  are  available.  The  mere 
apparent  discrepancy  between  any  residual  and  the  others  of  a  series, 
is  not  in  itself  sufficient  to  warrant  its  rejection  unless  facts  are 
known  which  would  independently  assign  to  it  a  low  degree  of  pre- 
cision. 

A  doubtful  observation  will  have  the  greatest  influence  in  vitiating 
the  resulting  normal  place  when  but  a  small  number  of  observed 
places  are  combined ;  and  hence,  since  we  cannot  assume  that  the  law 
of  the  distribution  of  errors,  according  to  which  the  method  of  least 
squares  is  derived,  will  be  complied  with  in  the  case  of  only  a  few 
observations,  it  will  not  in  general  be  safe  to  reject  an  observation  pro- 
vided that  it  surpasses  a  limit  which  is  fixed  by  the  adopted  theory 
of  errors.  If  the  number  of  observations  is  so  large  that  the  dis- 
tribution of  the  errors  may  be  assumed  to  conform  to  the  theory 
adopted,  it  will  be  possible  to  assign  a  limit  such  that  a  residual 
which  surpasses  it  may  be  rejected.  Thus,  in  a  series  of  m  observa- 
tions, according  to  the  expression  (19),  the  number  of  errors  greater 
than  nr  will  be 

n»r 
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and  when  n  has  a  value  such  that  the  value  of  this  expression  is  less 
than  0.5,  the  error  nr  will  have  a  greater  probability  against  it  than 
for  it,  and  hence  it  may  be  rejected.  The  expression  for  finding  the 
limiting  value  of  n  therefore  becomes 


_2 

V* 


n*r 

■  ^0  2m 


(131) 


By  means  of  this  equation  we  derive  for  given  values  of  m  the  cor- 
responding values  of  nhr  =  0.47694/1,  and  hence  the  values  of  n. 
For  convenient  application,  it  will  be  preferable  to  use  e  instead  of  r, 
and  if  we  put  n'  —  0.67449/1,  the  limiting  error  will  be  n't,  and  the 
values  of  n'  corresponding  to  given  values  of  m  will  be  as  exhibited 
in  the  following  table. 

TABLE. 


m 

«' 

m 

ii ' 

m 

■ 

M 

»'   i 

6 

1.732 

20 

2.241 

DO 

2.608 

90 

2.773 

8 

1.863 

25 

2.326 

60 

2.638 

95 

2.791 

10 

1.960 

30 

2.394 

65 

2.665 

100 

2.807 

12 

2.037 

35 

2.450 

70 

2.690 

200 

3.020 

14 

2.100 

40 

2.498 

75 

2.713 

300 

3.143 

16 

2.154 

45 

2.539 

80 

2.734 

400 

3.224 

18 

2.200 

50 

2.576 

85 

2.754 

500 

3.289 

According  to  this  method,  we  first  find  the  mean  error  of  an  obser- 
vation by  means  of  all  the  residuals.  Then,  with  the  value  of  m  as 
the  argument,  we  take  from  the  table  the  corresponding  value  of  n'y 
and  if  one  of  the  residuals  exceeds  the  value  n'e  it  must  be  rejected. 
Again,  finding  a  new  value  of  e  from  the  remaining  m  —  1  residuals, 
and  repeating  the  operation,  it  will  be  seen  whether  another  observa- 
tion should  be  rejected;  and  the  process  may  be  continued  until  a 
limit  is  reached  which  does  not  require  the  further  rejection  of  ob- 
servations. Thus,  for  example,  in  the  case  of  50  observations  in 
which  the  residuals  — 11".5  and  +  7".8  occur,  let  the  sum  of  the 
squares  of  the  residuals  be 

O]  =  320.4. 
Then,  according  to  equation  (30),  we  shall  have 

e  =  ±  2".56. 
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Corresponding  to  the  value  m  =  50,  the  table  gives  n'  =  2.576,  and 
the  limiting  value  of  the  error  becomes 

n'c  =  6".6; 

and  hence  the  residuals — 11".5  and  +  7".8  are  rejected.     Recom- 
puting the  mean  error  of  an  observation,  we  have 


=# 


320.4  —  193.09         ,   1/r/?e 
- =±1.65. 


In  the  formation  of  a  normal  place,  when  the  mean  error  of  an 
observation  has  been  inferred  from  only  a  small  number  of  observa- 
tions, according  to  what  has  been  stated,  it  will  not  be  safe  to  rely 
upon  the  equation  (131)  for  the  necessity  of  the  rejection  of  a  doubt- 
ful observation.  But  if  any  abnormal  influence  is  suspected,  or  if 
any  antecedent  discussion  of  observations  by  the  same  observer,  made 
under  similar  circumstances,  seems  to  indicate  that  an  error  of  a  given 
magnitude  is  highly  improbable,  the  application  of  this  formula  will 
serve  to  confirm  or  remove  the  doubt  already  created.  Much  will 
therefore  depend  on  the  discrimination  of  the  computer,  and  on  his 
knowledge  of  the  various  sources  of  error  which  may  conspire  con- 
tinuously or  discontinuously  in  the  production  of  large  apparent 
errors.  It  is  the  business  of  the  observer  to  indicate  the  circum- 
stances peculiar  to  the  phenomenon  observed,  the  instruments  em- 
ployed, and  the  methods  of  observation ;  and  the  discussion  of  the 
data  thus  furnished  by  different  observers,  as  far  as  possible  in  ac- 
cordance with  the  strict  requirements  of  the  adopted  theory  of  errors, 
will  furnish  results  which  must  be  regarded  as  the  best  which  can  be 
derived  from  the  evidence  contributed  by  all  the  observations. 

150.  When  the  final  normal  places  have  been  derived,  the  differ- 
ences between  these  and  the  corresponding  places  computed  from  the 
provisional  elements  to  be  corrected,  taken  in  the  sense  computation 
minus  observation,  give  the  values  of  n,  n',  n",  &c.  which  are  the 
absolute  terms  of  the  equations  of  condition.  By  means  of  these 
elements  we  compute  also  the  values  of  the  differential  coefficients  of 
each  of  the  spherical  co-ordinates  with  respect  to  each  of  the  elements 
to  be  corrected.  These  differential  coefficients  give  the  values  of  the 
coefficients  a,  6,  c,  a',  bf,  &c.  in  the  equations  of  condition.  The 
mode  of  calculating  these  coefficients,  for  different  systems  of  co-or- 
dinates, and  the  mode  of  forming  the  equations  of  condition,  have 
been  fully  developed  in  the  second  chapter.     It  is  of  great  import- 
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ance  that  the  numerical  values  of  these  coefficients  should  be  care- 
fully checked  by  direct  calculation,  assigning  variations  to  the  ele- 
ments, or  by  means  of  differences  when  this  test  can  be  successfully 
applied.  In  assigning  increments  to  the  elements  in  order  to  check 
the  formation  of  the  equations,  they  should  not  be  so  large  that  the 
neglected  terms  of  the  second  order  become  sensible,  nor  so  small  that 
they  do  not  afford  the  required  certainty  by  means  of  the  agreement 
of  the  corresponding  variations  of  the  spherical  co-ordinates  as 
obtained  by  substitution  and  by  direct  calculation. 

As  soon  as  the  equations  of  condition  have  been  thus  formed,  we 
multiply  each  of  them  by  the  square  root  of  its  weight  as  given  by 
the  adopted  relative  weights  of  the  normal  places;  and  these  equa- 
tions will  thus  be  reduced  to  the  same  weight.  In  general,  the 
numerical  values  of  the  coefficients  will  be  such  that  it  will  be  con- 
venient, although  not  essential,  to  adopt  as  the  unit  of  weight  that 
which  is  the  average  of  the  weights  of  the  normals,  so  that  the 
numbers  by  which  most  of  the  equations  will  be  multiplied  will  not 
differ  much  from  unity.  The  reduction  of  the  equations  to  a  uniform 
measure  of  precision  having  been  effected,  it  remains  to  combine  them 
according  to  the  method  of  least  squares  in  order  to  derive  the  most 
probable  values  of  the  unknown  quantities,  together  with  the  relative 
weights  of  these  values.  It  should  be  observed,  however,  that  the 
numerical  calculation  in  the  combination  and  solution  of  these  equa- 
tions, and  especially  the  required  agreement  of  some  of  the  checks  of 
the  calculation,  will  be  facilitated  by  having  the  numerical  values  of 
the  several  coefficients  not  very  unequal.  If,  therefore,  the  coefficient 
a  of  any  unknown  quantity  x  is  in  each  of  the  equations  numerically 
much  greater  or  much  less  than  in  the  case  of  the  other  unknown 
quantities,  we  may  adopt  as  the  corresponding  unknown  quantity  to 
be  determined,  not  x  but  vx,  v  being  any  entire  or  fractional  number 

such  that  the  new  coefficients  r»  T,  &c.  shall  be  made  to  agree  in 

magnitude  with  the  other  coefficients.  The  unknown  quantity  whose 
value  will  then  be  derived  by  the  solution  of  the  equations  will  be 
vx,  and  the  corresponding  weight  will  be  that  of  vx.  To  find,  the 
weight  of  x  from  that  of  vx,  we  have  the  equation 

px-^v,-  (132) 

In  the  same  manner,  the  coefficient  of  any  other  unknown  quantity 
may  be  changed,  and  the  coefficients  of  all  the  unknown  quantities 
may  thus  be  made  to  agree  in  magnitude  within  moderate  limits,  the 
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advantage  of  which,  in  the  numerical  solution  of  the  equations,  will 
be  apparent  by  a  consideration  of  the  mode  of  proving  the  calcula- 
tion of  the  coefficients  in  the  normal  equations.  It  will  be  expedient, 
also,  to  take  for  v  some  integral  power  of  10,  or,  when  a  fractional 
value  is  required,  the  corresponding  decimal.  It  may  be  remarked, 
further,  that  the  introduction  of  v  is  generally  required  only  when 
the  coefficient  of  one  of  the  unknown  quantities  is  very  larg 
frequently  happens  in  the  case  of  the  variation  of  the  mean  daily 
motion  a. 

When  the  coefficients  of  some  of  the  unknown  quantities  are 
extremely  small  in  all  the  equations  of  condition  to  be  combined,  an 
approximate  solution,  and  often  one  which  is  sufficiently  accurate  for 
the  purposes  required,  may  be  obtained  by  first  neglecting  these 
quantities  entirely,  and  afterwards  determining  them  separately.  In 
general,  however,  this  can  only  be  done  when  it  is  certainly  known 
that  the  influence  of  the  neglected  terms  is  not  of  sensible  magnitude, 
or  when  at  least  approximate  values  of  these  terms  are  already  given. 
"When  we  adopt  the  approximate  plane  of  the  orbit  as  the  funda- 
mental plane,  the  equations  for  the  longitude  involve  only  four  ele- 
ments, and  the  coefficients  of  the  variations  of  these  elements  in  the 
equations  for  the  latitudes  are  always  very  small.  Hence,  for  an 
approximate  solution,. we  may  first  solve  the  equations  involving  four 
unknown  quantities  as  furnished  by  the  longitudes,  and  then,  substi- 
tuting the  resulting  values  in  the  equations  for  the  latitudes,  they 
will  contain  but  two  unknown  quantities,  namely,  those  which  give 
the  corrections  to  be  applied  to  Q,  and  i. 

151.  When  the  number  of  equations  of  condition  is  large,  the 
computation  of  the  numerical  values  of  the  coefficients  in  the  normal 
equations  will  entail  considerable  labor;  and  hence  it  is  desirable  to 
arrange  the  calculation  in  a  convenient  form,  applying  also  the  checks 
which  have  been  indicated.  The  most  convenient  arrangement  will 
be  to  write  the  logarithms  of  the  absolute  terms  n,  nf,  nff,  &c.  in  a 
horizontal  line,  directly  under  these  the  logarithms  of  the  coefficients 
a,  af,  a",  &c,  then  the  logarithms  of  b,  b',  b",  &c,  and  so  on.  Then 
writing,  in  a  corresponding  form,  the  values  of  logw,  logw/,  &c.  on  a 
slip  of  paper,  by  bringing  this  successively  over  each  line,  the  sums 
[nri],  [aw],  [6n],  &c.  will  be  readily  formed.  Again,  writing  on 
another  slip  of  paper  the  logarithms  of  a,  a',  a",  &c,  and  placing 
this  slip  successively  over  the  lines  containing  the  coefficients,  we 
derive  the  values  [ad],  [o6],  [ac],  &c.     The  multiplication  by  b,  c,  d, 
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&c.  successively  is  effected  in  a  similar  manner;  and  thus  will  be 
derived  [66],  [6c],  [bd],  &c,  and  finally  [ff]  in  the  case  of  six  un- 
known quantities.  In  forming  these  sums,  in  the  cases  of  sums  of 
positive  and  negative  quantities,  it  is  convenient  as  well  as  conducive 
to  accuracy  to  write  the  positive  values  in  one  vertical  column  and 
the  negative  values  in  a  separate  column,  and  take  the  difference  of 
the  sums  of  the  numbers  in  the  respective  columns.  The  proof  of 
the  calculation  of  the  coefficients  of  the  normal  equations  is  effected 
by  introducing  s,  s',  s",  &c.,  the  algebraic  sums  of  all  the  coefficients 
in  the  respective  equations  of  condition,  and  treating  these  as  the 
coefficients  of  an  additional  unknown  quantity,  thus  forming  directly 
the  sums  [sn],  [as],  [6s],  [cs],  &c.  Then,  according  to  the  equations 
(76)  and  (77),  the  values  thus  found  should  agree  with  those  obtained 
by  taking  the  corresponding  sums  of  the  coefficients  in  the  normal 
equations. 

The  normal  equations  being  thus  derived,  the  next  step  in  the 
process  is  the  determination  of  the  values  of  the  auxiliary  quantities 
necessary  for  the  formation  of  the  equations  (74).  An  examination 
of  the  equations  (54),  (55),  &c,  by  means  of  which  these  auxiliaries 
are  determined,  will  indicate  at  once  a  convenient  and  systematic 
arrangement  of  the  numerical  calculation.  Thus,  we  first  write  in  a 
horizontal  line  the  values  of  [aa],  [ab],  [ac],  .  .  .  [as],  [an],  and  di- 
rectly under  them  the  corresponding  logarithms.  Next,  we  write 
under  these,  commencing  with  [ab],  the  values  of  [66],  [6c],  [6(7], 

. .  [6s],  [bn] ;  then,  adding  the  logarithm  of  the  factor  ? — -  to  the 

logarithms  of  [ab],  [ac],  &c.  successively,  we  write   the  value  of 

= — i  [ab]  under  [66],  that  of  F — r  [ac]  under  [6c],  and  so  on.  Sub- 
let] L     J  L     J  [aa]  L     J  L     -" 

tracting  the  numbers  in  this  line  from  those  in  the  line  above,  the 
differences  give  the  values  of  [66.1],  [6c.l], .  . .  [6s.l],  [6».l],  to  be 
written  in  the  next  line,  and  the  logarithms  of  these  we  write  directly 
under  them.  Then  we  write  in  a  horizontal  line  the  values  of  [cc], 
[cd], .  .  [cs],  [en],  placing  [cc]  under  [6c.l],  and,  having  added  the 

logarithm  of  j: — =■  to  the  logarithms  of  [ac],  [ad],  &c.  in  succession, 

we  derive,  according  to  the  equations  (55)  and  (58),  the  values  of 
[cc.l],  [cc?.l], . .  [cs.l],  [cn.l],"  which  are  to  be  placed  under  the  cor- 
responding quantities  [cc],  [cd],  &c.  Xext,  we  subtract  from  these, 
respectively,  the  products 

[bc.l]  [6c.l]      ,  [6c.l]  r,    in         [6c.l]    , 
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and  thus  derive  the  values  of  [cc.2],  [erf.  2], . .  [cs.2],  [cn.2],  which 
are  to  be  written  in  the  next  horizontal  line  and  under  them  their 
logarithms.  Then  we  introduce,  in  a  similar  manner,  the  coefficients 
[rfrf],  [de], . .  [rfn],  writing  [rfrf]  under  [crf.2];  and  from  each  of  these 
in  succession  we  subtract  the  products 

[arf]r   ,„        [ad]r     n  Mir      i 

t— J  lad], . .  ^— -f  [<w],  £— A  [an] 

[aa]  [aa]  [aa] 

thus  finding  the  values  of  [rfrf.l],  [rfe.l], . .  [rfn  .  1].  From  these  we 
subtract  the  products 

[6d.l]r.,1n  V>d.l]n     '        [6rf.l]r.    „ 

respectively,  which  operation  gives  the  values  of  [rfrf.2],  [rfc.2], . .  . 
[rfn.2].     From  these  results  we  subtract  the  products 

^Tcrf2]  ^[ce21       E*Sf«n.21 

[cc.2]  lCd-Zj'  [cc.2]  Lce-2J'  *  *  [cc.2]  lCn-Z]' 

and  derive  [rfrf.3],  [rfe.3],  .  .  [rfn.3]  under  which  we  write  the  cor- 
responding logarithms.     Then  wre  introduce  [ee],  [e/],  [es],  and  [en], 

writing  [ec]  under  [rfe.3].     First,  subtracting  - — -  [ae],  - — -  [af], . . 

[ae]  *-aa^  *-aa-' 

p — r[an],  we  get  [ee.l],  [e/.l],  [es.l],  and  [en.l];  then  subtracting 

from  these  the  products 

[6e.l]    ,  [6e.l]    ,.  [6e.l]    . 

[SO]  [6e-1]'  [TO]  mi  '  •  [661]  [67U]' 

we  obtain  the  values  of  [ee.2],  [e/.2],  [es.2],  and  [en.2].  Again, 
subtracting 

[cc.2]  _     on  [cc.2]  .  /01        [ce.2]  .     on 

[^2][ce'2]'  [c^2jC^2]'--[cX2j[cn-2]' 

we  have  the  values  of  [ee.3],  [e/.3],  [es.3],  [en.3] ;  and  finally,  sub- 
tracting from  these  the  products 

[513]  [d6'3]'  033]  [rf/-d]' '  '  [rfrf.3]  Lrfn-dJj 

we  derive  the  results  for  [ee.4],  [e/.4],  [cs.4],  and  [en.4] ;  under  which 
the  corresponding  logarithms  are  to  be  written. 

If  there  are  six  unknown  quantities  to  be  determined,  we  must 
further  write  in  a  horizontal  line  the  values  of  [ff],  [/a],  and  [/»], 
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placing  [ff~\  under  [e/.4],  and  by  means  of  five  successive  subtrac- 
tions entirely  analogous  to  what  precedes,  and  as  indicated  by  the 
remaining  equations  for  the  auxiliaries,  we  obtain  the  values  of  \_ff.o], 
Us.bl  and  [/n.5]. 

The  values  of  [6s.l],  [cs.l],  [cs.2],  &c.  serve  to  check  the  calcula- 
tion of  the  successive  auxiliary  coefficients.     Thus  we  must  have 

[66.1]  +  [6*1]  +  [M.1]  4-  [6e.l]  +  [6/.1]  =  [6«.l] 
[6c.l]  +  [ee.l]  +  tcd.l}  4-  [ee.l]  4-  [c/.l]  =  [«.l],  Ac., 
[cc.2]  +  [cd.2]  +  [«.2]  +  [c/.2]  =  [o».2], 
ied.2]  4-  [drf.2]  4-  [de.2]  +  [d/.2]  =  [<fe.2],  &c. 

Hence  it  appears  that  when  the  numerical  calculation  is  arranged  as 
above  suggested,  the  auxiliary  containing  s  must,  in  each  line,  be 
equal  to  the  sum  of  all  the  terms  to  the  left  of  it  in  the  same  line 
and  of  those  terms  containing  the  same  distinguishing  numeral  found 
in  a  vertical  column  over  the  last  quantity  at  the  left  of  this  line. 

There  will  yet  remain  only  the  auxiliaries  which  are  derived  from 
[sn]  and  [nn]  to  be  determined.  These  additional  auxiliaries  will 
be  found  by  means  of  the  formula} 

|>».3]  =  [>.2]  -  jg||  |>.2],  [«l4]  -  [«n.8]  -  jj^9  [A.3],  (133) 
[,n.o]  =  [«U]  -  [^  [esAl        [sn.6]  =  [,».5]  -  ^  |>.5], 

and  the  equations  (81)  and  (83).  The  arrangement  of  the  numerical 
process  should  be  similar  to  that  already  explained. 

The  values  of  [sn.l],  [sn.2],  &c.  check  the  accuracy  of  the  results 
for  [6n.l],  [cn.l],  [en. 2],  [cZ/i.3],  &c.  by  means  of  the  equations 

[6n.l]  +  [cn.l]  4-  [dn.l]  +  [en.l]  +  [fo.l]  =  [«n.l], 
[cn.2]  4-  [dn.2]  +  [en.2]  +  [)h.2]  =  [5n.2], 

[dn.3]  4-  [en.3]  +  [>.3]  ==  [sn,3],       (134) 
[en.4]  +  [>.4]  —  [*».4], 
[/n.5]  =  [«n.5]. 

It  appears  further,  that,  in  the  case  of  six  unknown  quantities,  since 
[fo.o]  =  Iff. 5],  we  have  [«i.6]  ==  0. 

Having  thus  determined  the  numerical  values  of  the  auxiliaries 
required,  we  are  prepared  to  form  at  once  the  equations  (74),  by  means 
of  which  the  values  of  the  unknown  quantities  will  be  determined 
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by  successive  substitution,  first  finding  t  from  the  last  of  these  equa- 
tions, then  substituting  this  result  in  the  equation  next  to  the  last 
and  thus  deriving  the  value  of  w,  and  so  on  until  all  tin-  unknown 
quantities  have  been  determined.  It  will  be  observed  that  the  loga- 
rithms of  the  coefficients  of  the  unknown  quantities  in  these  equa- 
tions will  have  been  already  found  in  the  computation  of  the  aux- 
iliaries. 

If  we  add  together  the  several  equations  of  (74),  first  clearing  them 
of  fractions,  we  get 

0  =  [oa]  x  +  ([at]  +  [66.1])  y  +  (lac-]  +  [bc.l]  +  [cc.2])  z 
+  {[ad]  +  [bd.l]  +  [cd.2]  +  [dd.3])u 
+  {[ae]  +  [be.l]  +  [ee.2]  +  [de.3]  +  [ee.4])  w  (135) 

+  ([«/]  +  Kf.l]  +  [r/.2]   +  [rf/3]  +  [«f.4]  +  Qjf.5])« 
+   [an]  -f-  [6n.l]  +  [cn.2]  +  [d;i.3]  +  [«».4]  +  [//i.5] ; 

and  this  equation  must  be  satisfied  by  the  values  of  x,  y,  z,  &c.  found 
from  (74). 

152.  Example. — The  arrangement  of  the  calculation  in  the  case 
of  any  other  number  of  unknown  quantities  is  precisely  similar;  and 
to  illustrate  the  entire  process  let  us  take  the  following  equations, 
each  of  which  is  already  multiplied  by  the  square  root  of  its  weight: — 

0.707.r  +  2.052y  —  2.372*  —  0.221m  +  6".58  =  0, 
0.471z  +  lM7y  —  1.715*  —  0.085u  +  1  .63  =  0, 
0.260*  +  0.770*/  —  0.356*  +  0.483u  —  4  .40  ==  0, 
0.092*  +  0.343v  +  0.235*  +  0.469m  —  10  .21  ==  0, 
0.414*  +  l!204y  —  1.506*  —  0.205tt  +  3  .99  =  0, 
0.040*  +  0.150*/  +  0.104s  +  0.206u  —   4  .34  =  0. 

First,  we  derive 

[nn]  =  204.313, 
[anl  =  -f   4.815,  [aa]  =  + 0.971, 

[bn]  =  +  12.961,  [ab]  =  +  2.821,  [66]  =  +  8.208, 

[en]    -.  —  25.697,  [ac]  =  —  3.175,  [6c]  =  —  9.168,  [ce]  =  +  11.028, 

[cfo]  =    -10.218,  [ad]  =  —0.104,  [6d]  =  — 0.251,  [cd]  =  +  0.938,  [dd]  =  +  0.594, 

[«n]  =  -18.139,  [as]  =  +  0.513,  [6«]  =  +  1.610,  [«]  =  —  0.377,  [ds]  =+1.177. 

The  values  of  [sn],  [as],  [6«],  [cs],  and  [ds],  found  by  taking  the 
sums  of  the  normal  coefficients,  agree  exactly  with  the  values  com- 
puted directly,  thus  proving  the  calculation  of  these  coefficients. 
The  normal  equations  arc,  therefore, 
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0.971x  +  2.821y  —    3.175z  —  0.104u  +    4.815  =  0, 
2.821*  +  8.208i/  —    9.168z  — 0.251m +  12.9bl=0, 

—  3.175*  —  9.168y  +  11.0283  +  0.938u  —  25.697  =  0, 

—  0.104*  —  0.25b/  +    0.938z  +  0.594m  —  10.218  =  0. 

It  will  be  observed  that  the  coefficients  in  these  equations  are  nu- 
merically greater  than  in  the  equations  of  condition;  and  this  will 
generally  be  the  case.  Hence,  if  we  use  logarithms  of  five  decimals 
in  forming  the  normal  equations,  it  will  be  expedient  to  use  tables 
of  six  or  seven  decimals  in  the  solution  of  these  equations. 

Arranging  the  process  of  elimination  in  the  most  convenient  form, 
the  successive  results  are  as  follows : — 

fjbb.l]  =  +  0.0123,        [bcA]  =  +  0.0562,        [M.l]  =  +  0.0511,        [Jw.l]  =  +  0.1196,  [bn.l]  =  —   1.0278, 

[ec.l]  =  +  0.6463,        [cd.1]  =  +  0.5979,        [«.l]  v=  +  1.300*,  [cn.l]  =  —   9.9528, 

[eo2]  =  +  0.3895,        [cd.2]  =  +  0.3644,        [cs.2]  =  +  0.7539,  [cn.2]  =  —   5.2567, 

[dd.l]  =  +  0.5829,        [d».l]  =  +  1.2319,  [da. I]  =  —  9.7023, 

[dd.2]  =  +  0.3706,        [ds.2]  =  +  0.7350,  [da.2]  =  —   5.4323, 

[rfd.3]  =  +  0.0297,        [dt.3]  =  *  0.0297  [dn.3]  =  —  0.5143, 

[nn.l]  =  180.436,  [w.l]  =  —  20.0828, 

[nn.2]  =    94.552,  [ta.2]  =  —  10.6889, 

[nn.3]=   23.608,  [*n.3]=—   0.5143, 

[wi.4]=   14.698,  [mi.4]  =  0. 

The  several  checks  agree  completely,  and  only  the  value  of  [wn.4] 
remains  to  be  proved.     The  equations  (74)  therefore  give 

*  +  2.9052?/  —  3.2698*  —  0.1071m  +    4.9588  =  0, 

y  +  4.5691z  +  4.1545m  —  83.5610  =  0, 

z  +  0.9356m  —  13.4960  =  0, 

m  — 17.3165  =  0, 

and  from  these  we  get 

u  =  -f  17".316,       z  =  —  2".705,       y  =  +  23".977,       *  =  —  81".608. 

Then  the  equation  (135)  becomes 

0  =  +  0.9710*  +  2.8333y  —  2.7293z  +  0.3412m  —  1.9838, 

which  is  satisfied  by  the  preceding  values  of  the  unknown  quantities. 
If  we  substitute  these  values  of  x,  y,  z,  and  u  in  the  equations  of 
condition  already  reduced  to  the  same  weight  by  multiplication  by 
the  square  roots  of  their  weights,  we  obtain  the  residuals 

+  0".67,       — 1".34,        +2".17,       —  2".01,       —  0".40,       —  0".72, 


+  0".67,       — 1".34,        +  2".17,       - 
The  sum  of  the  squares  of  these  gives 

Vm>~\  =  Yn.n..A~\  = 


[w]  =  [nn.4]  =  11.672, 
and  the  difference  between  this  result  and  the  value  14.698  already 
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found  is  due  to  the  decimals  neglected  in  the  computation  of  the 
numerical  values  of  the  several  auxiliaries.  The  sum  of  all  the 
equations  of  condition  gives  generally 

M*  +  My  +  [c]s  +  [«*]«+....  +  [n}  =  [»],  (136) 

which  may  be  used  to  check  the  substitution  of  the  numerical  values 
in  the  determination  of  v}  vf,  &c.  Thus,  we  have,  for  the  values 
here  given, 

1.984*  +  5.866y  —  5.610z  +  0.647w  —  6.75  =[«]  =  —  l."63. 

It  remains  yet  to  determine  the  relative  weights  of  the  resulting 
values  of  the  unknown  quantities.  For  this  purpose  we  may  apply 
any  of  the  various  methods  already  given.  The  weights  of  u  and  z 
may  be  found  directly  from  the  auxiliaries  whose  values  have  been 
computed.     Thus,  we  have 

Pu  =  [<R3]  =  0.0297,  p,  =  ^S  [ce.2]  =  0.0312. 

If  we  now  completely  reverse  the  order  of  elimination  from  the 
normal  equations,  and  determine  x  first,  we  obtain  the  values 

[66.2]  =  +  0.0425,  [aa.2]  =  +  0.0033, 

[aa.3]  =  +  0.00056,  [nn.4]  =  14.665, 

and  also 

x  =  —  82/750,       y  =  +24."365,       z  =  _2."699,      w  =  +  17."272. 

The  small  differences  between  these  results  and  those  obtained  by  the 
first  elimination  arise  from  the  decimals  neglected.  This  second 
elimination  furnishes  at  once  the  weights  of  x  and  y,  namely, 

Px  =  [aa.3]  =  0.00056,         »  =  j^|j  [66.2]  =  0.0072. 
1  *»       [aa.2] 

We  may  also  compute  the  weights  by  means  of  the  equations  (96). 
Thus,  to  find  the  weight  of  y,  we  have 

[cM.2],  =  [oUl]  -  [^  [«*.1J  =  +  0.02977, 
and  hence 

The  equations  (103)  and  (108)  are  convenient  for  the  determination 
of  the  values  and  weights  of  the  unknown   quantities   separately. 
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Thus,  by  means  of  the  values  of  the  auxiliaries  obtained  in  the  first 
elimination,  we  find  from  the  equations  (100),  (101),  and  (102), 


.'  =  —  2.9052, 

A"  = 

=  +  16.5442, 

A'"  =  —  3.3012, 

("  =  —  4.5691, 

B"'  = 

=  +    0.1202, 

C"  =  —  0.9356, 

and  then  the  equations  (103)  and  (108)  give 

x  =  —  81".609,      y  =  +  23".977,       z  =  —  2".705,      «=  + 17".316, 
px  =  0.00057,         py  =  0.0074,  pz  =  0.0312,        pu  =  0.0297, 

agreeing  with  the  results  obtained  by  means  of  the  other  methods. 
The  weights  are  so  small  that  it  may  be  inferred  at  once  that  the 
values  of  %,  y,  z,  and  u  are  very  uncertain,  although  they  are  those 
which  best  satisfy  the  given  equations.  It  will  be  observed  that  if 
we  multiply  the  first  normal  equation  by  2.9,  the  resulting  equation 
will  diifer  very  little  from  the  second  normal  equation,  and  hence  we 
have  nearly  the  case  presented  in  which  the  number  of  independent 
relations  is  one  less  than  the  number  of  unknown  quantities. 

The  uncertainty  of  the  solution  will  be  further  indicated  by  deter- 
mining the  probable  errors  of  the  results,  although  on  account  of  the 
small  number  of  equations  the  probable  or  mean  errors  obtained  may 
be  little  more  than  rude  approximations.  Thus,  adopting  the  value 
of  [vv]  obtained  by  direct  substitution,  we  have 

'  /^=    (3X672 

'  m  —  ii        *  b  —  4 
and  hence 

r=±  1".629, 

which  is  the  probable  error  of  the  absolute  term  of  an  equation  of 
condition  whose  weight  is  unity.     Then  the  equations 

V  V  V 

give 

r.=  ±68".25,         ry  =  db  18".94,        r,=  ±9".22,         ru  =  ±  9".45. 

It  thus  appears  that  the  probable  error  of  z  exceeds  the  value  obtained 
for  the  quantity  itself,  and  that  although  the  sum  of  the  squares  of 
the  residuals  is  reduced  from  204.31  to  11.67,  the  results  are  still 
quite  uncertain. 

153.  The  certainty  of  the  solution  will  be  greatest  when  the  coef- 
ficients in  the  equations  of  condition  and  also  in  the  normal  equations 
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differ  very  considerably  both  in  magnitude  and  in  sign.  In  the  cor- 
rection of  the  elements  of  the  orbit  of  a  planet  when  the  observa- 
tions extend  only  over  a  short  interval  of  time,  the  coefficients  will 
generally  change  value  so  slowly  that  the  equations  for  the  direct 
determination  of  the  corrections  to  be  applied  to  the  elements  will 
not  afford  a  satisfactory  solution.  In  such  cases  it  will  be  expedient 
to  form  the  equations  for  the  determination  of  a  less  number  of 
quantities  from  which  the  corrected  elements  may  be  subsequently 
derived.  Thus  we  may  determine  the  corrections  to  be  applied  i<> 
two  assumed  geocentric  distances  or  to  any  other  quantities  which 
afford  the  required  convenience  in  the  solution  of  the  problem, 
various  formula?  for  which  have  been-given  in  the  preceding  chapter. 
The  quantities  selected  for  correction  should  be  known  functions  of 
the  elements,  and  such  that  the  equations  to  be  solved,  in  order  to 
combine  all  the  observed  places,  shall  not  be  subject  to  any  uncer- 
tainty in  the  solution.  But  when  the  observations  extend  over  a  long 
period,  the  most  complete  determination  of  the  corrections  to  be 
applied  to  the  provisional  elements  will  be  obtained  by  forming  the 
equations  for  these  variations  directly,  and  combining  them  as  already 
explained.  A  complete  proof  of  the  accuracy  of  the  entire  calcula- 
tion will  be  obtained  by  computing  the  normal  places  directly  from 
the  elements  as  finally  corrected,  and  comparing  the  residuals  thus 
derived  with  those  given  by  the  substitution  of  the  adopted  value? 
of  the  unknown  quantities  in  the  original  equations  of  condition. 

If  the  elements  to  be  corrected  differ  so  much  from  the  true  values 
that  the  squares  and  products  of  the  corrections  are  of  sensible  mag- 
nitude, so  that  the  assumption  of  a  linear  form  for  the  equations  docs 
not  afford  the  required  accuracy,  it  will  be  necessary  to  solve  the 
equations  first  provisionally,  and,  having  applied  the  resulting  cor- 
rections to  the  elements,  we  compute  the  places  of  the  body  directly 
from  the  corrected  elements,  and  the  differences  between  these  and 
the  observed  places  furnish  new  values  of  n,  n',  n",  &c,  to  be  used 
in  a  repetition  of  the  solution.  The  corrections  which  result  from 
the  second  solution  will  be  small,  and,  being  applied  to  the  elements 
as  corrected  by  the  first  solution,  will  furnish  .satisfactory  results.  In 
this  new  solution  it  will  not  in  general  be  necessary  to  recompute  the 
coefficients  of  the  unknown  quantities  in  the  equations  of  condition, 
since  the  variations  of  the  elements  will  not  be  large  enough  to  affect 
sensibly  the  values  of  their  differential  coefficients  with  respect  to 
the  observed  spherical  co-ordinates.  Cases  may  occur,  however,  in 
which  it  may  become  necessary  to  recompute  the  coefficients  of  one 
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or  more  of  the  unknown  quantities,  but  only  when  these  coefficients 
are  very  considerably  changed  by  a  small  variation  in  the  adopted 
values  of  the  elements  employed  in  the  calculation.  In  such  6*9QB 
the  residuals  obtained  by  substitution  in  the  equations  of  condition 
will  not  agree  with  those  obtained  by  direct  calculation  unless  the 
corrections  applied  to  the  corresponding  elements  are  very  small.  It 
may  also  be  remarked  that  often,  and  especially  in  a  repetition  of  the 
solution  so  as  to  include  terms  of  the  second  order,  it  will  be  suffi- 
ciently accurate  to  relax  a  little  the  rigorous  requirements  of  a  com- 
plete solution,  and  use,  instead  of  the  actual  coefficients,  equivalent 
numbers  which  are  more  convenient  in  the  numerical  operations  re- 
quired. Although  the  greatest  confidence  should  be  placed  in  the 
accuracy  of  the  results  obtained  as  far  as  possible  in  strict  accordance 
with  the  requirements  of  the  theory,  yet  the  uncertainty  of  the  deter- 
mination of  the  relative  weights  in  the  combination  of  a  series  of 
observations,  as  well  as  the  effect  of  uneliminated  constant  errors, 
may  at  least  warrant  a  little  latitude  in  the  numerical  application, 
provided  that  the  weights  of  the  results  are  not  thereby  much  affected. 
A  constant  error  may  in  fact  be  regarded  as  an  unknown  quantity  to 
be  determined,  and  since  the  effect  of  the  omission  of  one  of  the 
unknown  quantities  is  to  diminish  the  probable  errors  of  the  resulting 
values  of  the  others,  it  is  evident  that,  on  account  of  the  existence  of 
constant  errors  not  determined,  the  values  of  the  variables  obtained 
by  the  method  of  least  squares  from  different  corresponding  series  of 
observations  may  differ  beyond  the  limits  which  the  probable  errors 
of  the  different  determinations  have  assigned.  Further,  it  should  be 
observed  that,  on  account  of  the  unavoidable  uncertainty  in  the  esti- 
mation of  the  weights  of  the  observations  in  the  preliminary  combi- 
nation, the  probable  error  of  an  observed  place  whose  weight  is 
unity  as  determined  by  the  final  residuals  given  by  the  equations  of 
condition,  may  not  agree  exactly  with  that  indicated  by  the  prior 
discussion  of  the  observations. 

154.  In  the  case  of  very  eccentric  orbits  in  which  the  corrections 
to  be  applied  to  certain  elements  are  not  indicated  with  certainty  by 
the  observations,  it  will  often  become  necessary  to  make  that  whose 
weight  is  very  small  the  last  in  the  elimination,  and  determine  the 
other  corrections  as  functions  of  this  one;  and  whenever  the  coeiii- 
cients  of  two  of  the  unknown  quantities  are  nearly  equal  or  have 
nearly  the  same  ratio  to  each  other  in  all  the  different  equations  of 
condition,  this  method  is  indispensable  unless  the  difficulty  is  reme- 
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diet!  by  other  means,  such  as  the  introduction  of  different  elements  or 
different  combinations  of  the  same  elements.  The  equations  (113) 
furnish  the  values  of  the  unknown  quantities  when  we  neglect  that 
which  is  to  be  determined  independently;  and  then  the  equations 
(114)  give  the  required  expressions  for  the  complete  values  of  these 
quantities.  Thus,  when  a  comet  has  been  observed  only  during  a 
brief  period,  the  ellipticity  of  the  orbit,  however,  being  plainly  indi- 
cated by  the  observations,  the  determination  of  the  correction  to  be 
applied  to  the  mean  daily  motion  as  given  by  the  provisional  ele- 
ments, in  connection  with  the  corrections  of  the  other  elements,  will 
necessarily  be  quite  uncertain,  and  this  uncertainty  may  very  great lv 
affect  all  the  results.  Hence  the  elimination  will  be  so  arranged  that 
A/i  shall  be  the  last,  and  the  other  corrections  wirl  be  determined  as 
functions  of  this  quantity.  The  substitution  of  the  results  thus 
derived  in  the  equations  of  condition  will  give  for  each  residual  an 
expression  of  the  following  form : — 

A0  =  r0  -f-  y&:>- 
Therefore  we  shall  have 

O]  =  [Vo]  +  2  [V]  **  +  M  Atf  (137) 

which  may  be  applied  more  conveniently  in  the  equivalent  form 

W  =  [vol  -  ^  [v]  +  &r]  (  <*  +  ^  )'.         (138) 

The  most  probable  value  of  a/z  will  be  that  which  renders  [yv]  a 
minimum,  or 

a,u  =  -^4  (139) 

and  the  corresponding  value  of  the  sum  of  the  squares  of  the 
residuals  is 

The  correction  given  by  equation  (139)  having  been  applied  to  //, 
the  result  may  be  regarded  as  the  most  probable  value  of  that  ele- 
ment, and  the  corresponding  values  of  the  corrections  of  the  other 
elements  as  determined  by  the  equations  (114)  having  been  also  duly 
applied,  we  obtain  the  most  probable  system  of  elements.  These, 
however,  may  still  be  expressed  in  the  form 

£  +  A0£l/x,  i  +  B9*fji,  -  +  C^tx,  <&e. 
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the  coefficients  A0,  B0,  C0,  &e.  being  those  given  by  the  equation* 
(114),  and  thus  the  elements  may  be  derived  which  correspond  to  any 
assumed  value  of  (x  differing  from  its  most  probable  value.  The 
unknown  quantity  a/z  will  also  be  retained  in  the  values  of  the 
residuals.  Hence,  if  we  assign  small  increments  to  ft,  it  r.rjy  easily 
be  seen  how  much  this  element  may  differ  from  its  mo./,  probable 
value  without  giving  results  for  the  residuals  which  are  ?/"/,on)patible 
with  the  evidence  furnished  by  the  observations. 

If  the  dimensions  of  the  orbit  are  expressed  by  meaui  of  the  ele- 
ments q  and  e,  it  may  occur  that  the  latter  will  not  be  determined 
with  certainty  by  the  observations,  and  hence  it  should  be  treated  as 
suggested  in  the  case  of  ll;  and  we  proceed  in  a  similar  manner  when 
the  correction  to  be  applied  to  a  given  value  of  tL;  semi-transvers< 
axis  a  is  one  of  the  unknown  quantities  to  be  dete  mined. 
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CHAPTER  VIII. 

INVESTIGATION  OF  VARIOUS  FORMULA  FOR  THE  DETERMINATION  OF  THE  SPECIAL 
PERTURBATIONS  OF   A   HEAY  KM.V    HODY. 

155.  We  have  thus  far  considered  the  circumstances  of  the  undis- 
turbed motion  of  the  heavenly  bodies  in  their  orbits;  but  a  complete 
determination  of  the  elements  of  the  orbit  of  any  body  revolving 
around  the  sun,  requires  that  we  should  determine  the  alterations  in 
its  motion  due  to  the  action  of  the  other  bodies  of  the  system.  For 
this  purpose,  we  shall  resume  the  general  equations  (18),,  namely, 

g +  *£ +  •)*=*(! +«)«  (1) 

which  determine  the  motion  of  a  heavenly  body  relative  to  the  sun 
when  subject  to  the  action  of  the  other  bodies  of  the  system.  We 
have,  further, 

„  m'     / 1       xat+yif+  zz'  \    .      m"     / 1       xx"+  yf+  zz"  \  .   s 

which  is  called  the  perturbing  function,  of  which  the  partial  differen- 
tial coefficients,  with  respect  to  the  co-ordinates,  are 


dQ 
dx 
dQ 


m'     Ix'  —  x       x[\  m"    lx"—x       x"  \ 

~  l+m\     p3  r's)+l+m\     P'3  r"3  J  +  &°'' 

dy—l  +  m\     f>3  r'3/  +  l  +  m\    P'3  r"3  J  +  **'*      ^ 

dQ  m'    Iz'  —  z      z_\  m"    tz"  —  z       z"  \ 

dz  ~  1  -\-m\     p3  r'3 J  +  1  +m\     p'*         r"3  J  +        ' 

and  in  which  m',  m",  &c.  denote  the  ratios  of  the  masses  of  the 
several  disturbing  planets  to  the  mass  of  the  sun,  and  m  the  ratio  of 
the  mass  of  the  disturbed  planet  to  that  of  the  sun.  These  partial 
differential  coefficients,  when    multiplied  by  kr(l  +  m),  express  the 
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sum  of  the  components  of  the  disturbing  force  resolved  in  directions 
parallel  to  the  three  rectangular  axes  respectively. 

When  we  neglect  the  consideration  of  the  perturbations,  the  general 
equations  of  motion  become 

^„  +  ,,(1+m)A  =  0, 
-Sn+*'(1+m)^  =  °'  (3) 


the  complete  integration  of  which  furnishes  as  arbitrary  constants  of 
integration  the  six  elements  which  determine  the  orbitual  motion  of  a 
heavenly  body.  But  if  we  regard  these  elements  as  representing  the 
actual  orbit  of  the  body  for  a  given  instant  of  time  t,  and  conceive 
of  the  effect  of  the  disturbing  forces  due  to  the  action  of  the  other 
bodies  of  the  system,  it  is  evident  that,  on  account  of  the  change 
arising  from  the  force  thus  introduced,  the  body  at  another  instant 
different  from  the  first  will  be  moving  in  an  orbit  for  which  the 
elements  are  in  some  degree  different  from  those  which  satisfy  the 
original  equations.  Although  the  action  of  the  disturbing  force  is 
continuous,  we  may  yet  regard  the  elements  as  unchanged  during  the 
element  of  time  dt,  and  as  varying  only  after  each  interval  dt.  Let 
us  now  designate  by  t0  the  epoch  to  which  the  elements  of  the  orbit 
belong,  and  let  these  elements  be  designated  by  Mw  ~0,  &0,  /„,  c0,  and 
a0;  then  will  the  equations  (3)  be  exactly  satisfied  by  means  of  the 
expressions  for  the  co-ordinates  in  terms  of  these  rigorously-constant 
elements.  These  elements  will  express  the  motion  of  the  body  sub- 
ject to  the  action  of  the  disturbing  forces  only  during  the  infinitesimal 
interval  dt,  and  at  the  time  t0  +  dt  it  will  commence  to  describe  a 
new  orbit  of  which  the  elements  will  differ  from  these  constant  ele- 
ments by  increments  which  are  called  the  perturbations. 

According  to  the  principle  of  the  variation  of  parameters,  or  of 
the  constants  of  integration,  the  differential  equations  (1)  will  be 
satisfied  by  integrals  of  the  same  form  as  those  obtained  when  the 
second  members  are  put  equal  to  zero,  provided  only  that  the  arbitrary 
constants  of  the  latter  integration  are  no  longer  regarded  as  pure 
constants  but  as  subject  to  variation.  Consequently,  if  we  denote  the 
variable  elements  by  M,  ~,  Q,,  i,  e,  and  a,  they  will  be  connected 
with  the  constant  elements,  or  those  which  determine  the  orbit  at  the 
instant  /„,  by  the  equations 
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m=  K,  +  J'<**,    . =*.  +/* *,     a  =  a.  +S-fr *  . J, 

-J-  d«,        e  =  e0+ J  ^-cft,         a  =  a0    +  J  -  ^-  (fc, 

in  which  —rr>    ,,>  &c-  denote  the  differential  coefficients  of  the  ele- 

dt     at 

menta  depending  on  the  disturbing  forces.     When  these  differential 
coefficients  are  known,  we  may  determine,  by  simple  quadrature,  the 

perturbations  oM,  o~,  &c.  to  he  added  to  the  constant  elements  in 
order  to  obtain  those  corresponding  to  any  instant  for  which  the 
place  of  the  body  is  required.  These  differential  coefficients,  however, 
are  functions  of  the  partial  differential  coefficients  of  Q  with  respect 
to  the  elements,  and  before  the  integration  can  be  performed  it 
becomes  necessary  to  find  the  expressions  for  these  partial  differential 
coefficients.  For  this  purpose  we  expand  the  function  Q  into  a  con- 
verging series  and  then  differentiate  each  term  of  this  series  relatively 
to  the  elements.  This  function  is  usually  developed  into  a  coin 
ing  series  arranged  in  reference  to  the  ascending  powers  of  the  eccen- 
tricities and  inclinations,  and  so  as  to  include  an  indefinite  number 
of  revolutions;  and  the  final  integration  will  then  give  what  are 
called  the  absolute  or  general  perturbations.  When  the  eccentricities 
and  inclinations  are  very  great,  as  in  the  case  of  the  comets,  this 
development  and  analytical  integration,  or  quadrature,  becomes  no 
longer  possible,  and  even  when  it  is  possible  it  may,  on  account  of 
the  magnitude  of  the  eccentricity  or  inclination,  become  so  difficult 
that  we  are  obliged  to  determine,  instead  of  the  absolute  perturbations, 
what  are  called  the  special  perturbations,  by  methods  of  approxima- 
tion known  as  mechanical  quadratures,  according  to  which  we  deter- 
mine the  variations  of  the  elements  from  one  epoch  t0  to  another 
epoch  t.  This  method  is  applicable  to  any  case,  and  may  be;  advan- 
tageously employed  even  when  the  determination  of  the  absolute 
perturbations  is  possible,  and  especially  when  a  series  of  observations 
extending  through  a  period  of  many  years  is  available  and  it  is 
desired  to  determine,  for  any  instant  t0,  a  system  of  elements,  usually 
called  osculating  elements,  on  which  the  complete  theory  of  the  motion 
may  be  based. 

Instead  of  computing  the  variations  of  the  elements  of  the  orbit 
directly,  we  may  find  the  perturbations  of  any  known  functions  of 
these  elements;  and  the  most  direct  and  simple  method  is  to  deter- 
mine the  variations,  due  to  the  action  of  the  disturbing  forces,  of 
any  system  of  three  co-ordinates  by  menus  of  which  the  position  of 
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the  body  or  the  elements  themselves  may  be  found.  We  shall,  there- 
fore, derive  various  formulae  for  this  purpose  before  investigating  th< 
formulae  for  the  direct  variation  of  the  elements. 

156.  Let  x0,  y0,  z0  be  the  rectangular  co-ordinates  of  the  body  at 
the  time  t  computed  by  means  of  the  osculating  elements  Mw  7r0,  &0, 
&c,  corresponding  to  the  epoch  t0.  Let  x,  y,  z  be  the  actual  co-ordi- 
nates of  the  disturbed  body  at  the  time  t;  and  we  shall  have 

x  =  x0  +  8x,         y  =  y0-\-dy,         *  =  *0  +  **. 

Sx,  dy,  and  dz  being  the  perturbations  of  the  rectangular  co-ordinates 
from  the  epoch  t0  to  the  time  t.  If  we  substitute  these  values  of  x, 
y,  and  z  in  the  equations  (1),  and  then  subtract  from  each  the  corre- 
sponding one  of  equations  (3),  we  get 

^+*.(l+m)(^-^)  =  *<(l  +  ra)|,  (5) 


Let  us  now  put  r  =  r0  +  dr;  then  to  terms  of  the  order  dr2,  which  is 
equivalent  to  considering  only  the  first  power  of  the  disturbing  force, 
we  have 

x0+dx       5, 


r1  r„5      fi*\  *         r,     I' 

r  r*      r0s\  r0      J 

and  hence 


P(l-fm) 


+  *CL+->(8**_*),        (6) 


<ft*  v     '      J  dy 

We  have  also  from 

r2  =  x1  -f-  y*  -|-  2*, 

neglecting  terms  of  the  second  order, 

<5r  =  -0*c  +  ^ty  + ^Jz.  (7) 

r„  rn  r„ 
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The  integration  of  the  equations  (G)  will  give  the  perturbation!  <li\ 
i)ii,  and  dz  to  be  applied  to  the  rectangular  co-ordinates  ./■„,  //„,  r,  com- 
puted  by  means  of  the  osculating  elements,  in  order  to  find  the  actual 
co-ordinates  of  the  body  for  the  date  to  which  the  integration  belongs. 
But  since  the  second  members  contain  the  quantities  ox,  oy,  <h  which 
are  sought,  the  integration  must  be  effected  indirectly  by  successive 
approximations;  and  from  the  manner  in  which  these  are  involved 
in  the  second  members  of  the  equations,  it  will  appear  that  this  inte- 
gration is  possible. 

If  we  consider  only  a  single  disturbing  planet,  according  to  the 
equations  (2),  we  shall  have 

7,/-f     ,       \  dQ  n,tx' — x       x'  \ 

*(l  +  »5s  =...'*>( -^ — 7l), 

*(1+ra)|  =  ^f-^-£),  (8) 

and  these  forces  we  will  designate  by  X,  Y,  and  Z  respectively ;  then, 
if  in  these  expressions  we  neglect  the  terms  of  the  order  of  the 
square  of  the  disturbing  force,  writing  x0,  y0,  z0  in  place  of  x,  y,  z, 
the  equations  (6)  become 

d2dx        v    ,   #(1  +m) 


df 


d^-=r.+  !^^{^*r-ly),  (9) 


<F3z  ,   #(l+m)/o5 

~dJ~-z° 


which  are  the  equations  for  computing  the  perturbations  of  the  rec- 
tangular co-ordinates  with  reference  only  to  the  first  power  of  the 
masses  or  disturbing  forces.     We  have,  further, 

p1 = 0^  -  *y +  <y  -  yy + <y  -  ft  (10) 

in  which,  when  terms  of  the  second  order  are  neglected,  we  use  the 
values  x0,  y0f  z0  for  x,  y,  and  z  respectively. 

157.  From  the  values  of  dx,  dy,  and  dz  computed  with  regard  to 
the  first  power  of  the  masses  we  may,  by  a  repetition  of  part  of  the 
calculation,  take  into  account  the  squares  and  products  and  even  the 
higher  powers  of  the  disturbing  forces.  The  equations  (5)  may  be 
written  thus: — 
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$-x+^((i-*).-*). 


((i-7)y-%).  Ciij 


^  +  ^((i-^-4 


in  which  nothing  is  neglected.  In  the  application  of  these  formula?, 
as  soon  as  dx,  oy,  and  oz  have  been  found  for  a  few  successive  inter- 
vals, we  may  readily  derive  approximate  values  of  these  quantities 
for  the  date  next  following,  and  with  these  find 

X  =  xQ-\-  dx,  y  =  y0+  dy,  z  =  z0  +  **, 

and  hence  the  complete  values  of  the  forces  X,  Y,  and  Z,  by  means 
of  the  equations  (8).     To  find  an  expression  for  the  factor 

1_  r-± 
r3 

which  will  be  convenient  in  the  numerical  calculation,  we  have 

r2  =  0r0  +  8xy  +  (yn  +  ty)»  +  (*,  +  dzy 

=  r0>  +  2x0dx  +  2%*$  +  2z0oz  +  to*  +  df  +  t*t 

and  therefore 

£_  =  j       2(x0+  l»x)  dx  +  (y0  +  £fy)  %  +  (zp  +  \9z)  dz 

Let  us  now  put 

,  =  4±i*  „  +  fc±#  h  +  4±£  *  (12) 


and 


/S  =  l-;*-  =  l-(l  +  2g> 
then  we  shall  have 

and  the  values  of/  may  be  tabulated  with  the  argument  5.     The 
equations  (11)  therefore  become 
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The  coefficients  of  dx,  dy,  and  dz  in  equation  (12)  may  be  found  at 
once,  with  sufficient  accuracy,  by  means  of  the  approximate  values 
of  these  quantities;  and  having  found  the  value  of /corresponding 

to  the  resulting  value  of  q,  the  numerical  values  of  -~nr>  ,',  •  ami 
-jjrt  which  include  the  squares  and  products  of  the  masses,  will  be 
obtained.  The  integration  of  these  will  give  more  exact  values  of 
ox,  dy,  and  dz,  and  then,  recomputing  q  and  the  other  quantities  which 
require  correction,  a  still  closer  approximation  to  the  exact  values  of 
the  perturbations  will  rasult. 

Table  XVII.  gives  the  values  of  log/  for  positive  or  negative 
values  of  q  at  intervals  of  0.0001  from  q  —  0  to  q  =  0.03.  Unless 
the  perturbations  are  very  large,  q  will  be  found  within  the  limits  of 
this  table;  and  in  those  cases  in  which  it  exceeds  the  limits  of  the 
table,  the  value  of 

may  be  computed  directly,  using  the  value  of  r  in  terms  of  r0  and 
ox,  dy,  dz. 

In  the  application  of  the  preceding  formula?,  the  positions  of  the 
disturbed  and  disturbing  bodies  may  be  referred  to  any  system  of 
rectangular  co-ordinates.  It  will  be  advisable,  however,  to  adopt 
either  the  plane  of  the  equator  or  that  of  the  ecliptic  as  the  funda- 
mental plane,  the  positive  axis  of  x  being  directed  to  the  vernal 
equinox.  By  choosing  the  plane  of  the  elliptic  orbit  at  the  time  t0 
as  the  plane  of  xy,  the  co-ordinate  z  will  be  of  the  order  of  the  per- 
turbations, and  the  calculation  of  this  part  of  the  action  of  the  dis- 
turbing force  will  be  very  much  abbreviated;  but  unless  the  inclina- 
tion is  very  large  there  will  be  no  actual  advantage  in  this  selection, 
since  the  computation  of  the  values  of  the  components  of  the  dis- 
turbing forces  will  require  more  labor  than  when  either  the  equator 
or  the  ecliptic  is  taken  as  the  fundamental  plane.  The  perturbations 
computed  for  one  fundamental  plane  may  be  converted  into  those 
referred  to  another  plane  or  to  a  different  position  of  the  axes  in  the 
same  plane  by  means  of  the  formula}  which  give  the  transformation 
of  the  co-ordinates  directly. 

158.  We  shall  now  investigate  the  formulae  for  the  integration  of 
the  linear  differential  equations  of  the  second  order  which  express  the 
variation  of  the  co-ordinates,  and  generally  the  formulae  for  finding 

the  integrals  of  expressions  of  the  form   j  f(x)  dx  and   j  i  f(x)  da? 
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when  the  values  of  f(x)  are  computed  for  successive  values  of  x  in- 
< -i\ 'asing  in  arithmetical  progression.  First,  therefore,  we  shall  fina 
the  integral  of  f(x)  dx  within  given  limits. 

Within  the  limits  for  which  x  is  continuous,  we  have 

f{x)  =  a  -f  fix  +  p*  +  8x>  +  ex*  +  . . . . ;  (15) 

and  if  we  consider  only  three  terms  of  this  series,  the  resulting  equa- 
tion 

f(x)  —  a  +  fix  +  yx2 

is  that  of  the  common  parabola  of  which  the  abscissa  is  x  and  the 
ordinate /(a-),  and  the  integral  of  f(x)  dx  is  the  area  included  by  the 
abscissa,  two  ordinates,  and  the  included  arc  of  this  curve.  Gene- 
rally, therefore,  we  may  consider  the  more  complete  expression  for 
f(x)  as  the  equation  of  a  parabolic  curve  whose  degree  is  one  less 
than  the  number  of  terms  taken.  Hence,  if  we  take  n  terms  of  the 
series  as  the  value  of /(#),  we  shall  derive  the  equation  for  a  parabola 
whose  degree  is  n  —  1,  and  which  has  n  points  in  common  with  the 
curve  represented  by  the  exact  value  of  f(x). 

If  we  multiply  equation  (15)  by  dx  and  integrate  between  the 
limits  0  and  x',  we  get 

Cf(x)  dx  =  mx1  +  \$x2  +  lyx's  +  i8aft  +  _  _  (16) 

o 

If  now  the  values  of  f(x)  for  different  values  of  x  from  0  to  x'  are 
known,  each  of  these,  by  means  of  equation  (15),  will  furnish  an 
equation  for  the  determination  of  a,  /9,  y}  &c. ;  and  the  number  of 
terms  which  may  be  taken  will  be  equal  to  the  number  of  different 
known  values  of  f(x).  As  soon  as  a,  /9,  y,  &c.  have  thus  been  found, 
the  equation  (16)  will  give  the  integral  required. 

If  the  values  of  f(x)  are  computed  for  values  of  x  at  equal  inter- 
vals and  wo  integrate  between  the  limits  x  =  0,  and  x  =  n&x,  ax 
being  the  constant  interval  between  the  successive  values  of  x}  and 
n  the  number  of  intervals  from  the  beginning  of  the  integration,  we 
obtain 

Cf(x)  dx  =  anbx  +" '}Jn* &x2  -f  .^ti'az8  +  &c. 
o 

Let  us  now  suppose  a  quadratic  parabola  to  pass  through  the  points 
of  the  curve  represented  by  f(x),  corresponding  to  x  =  0,  x  =  Aa;, 

28 


434 


THEORETICAL   ASTRONOMY. 


and  x  —  2a»;  then  will  the  area  included  by  the  arc  of  this  parabola, 
the  extreme  ordinates,  and  the  axis  of  abscissas  be 

•JAr 

f/O)  dx  =  A3  (2o  +  2fi*x  +  frA**). 

0 

The  equation  of  the  curve  gives,  if  we  designate  the  ordinates  of  the 
three  successive  points  by  y0,  yv  and  y2, 


2±x 


(y»  —  Vi  +  &)»      r 


2ax 


(y»— 2yi  +  y0)» 


and  hence  we  derive 


2A* 

J/O)  dx  =  i±x  (y0  +  4&  +  y,). 


In  a  similar  manner,  the  area  included  by  the  ordinates  y2  and  y4, — 
corresponding  to  x  =  2a#  and  x  =  4a#, — the  axis  of  abscissas,  and 
the  parabola  passing  through  the  three  points  corresponding  to  y2,  yv 
and  yv  is  found  to  be 

4Ax 

J/O)  <fe  =  |  A»  (y2  +  4y3  +  y4) ; 


2A* 


and  hence  we  have,  finally, 

J  f(x)  dx  =  l*x (y„_2  +  4yn_1  +  yn). 
The  sum  of  all  these  gives 

hAx 

Jo  (17) 

=i^((yo+y„)+4(yJ+y3+y5  +  ...yn-i)+2(y2+y4+...y— .)), 

by  means  of  which  the  approximate  value  of  the  integral  within  the 
given  limits  may  be  found. 

If  we  consider  the  curve  which  passes  through  four  points  corre- 
sponding to  yw  yv  yv  and  y3,  Ave  have 

y  =»/(*)  =  a  +  fix  +  rx*  +  dx* 

for  the  equation  of  the  curve,  and  hence,  giving  to  x  the  values  0, 
ax,  2a.v,  and  3ax,  successively,  we  easily  find 
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a=Vo, 

r  =  2^  (~  ^  +  4y,  —  5y,  +  2y0), 

*  =  «7^  (&  —  3&  +  %i — yo)- 


6AX3 

Therefore  we  shall  have 

ff(x)  dx  =  |  ax  (y0  +  3y,  +  3y,  +  y.).  (18) 

o 

In  like  manner,  by  taking  successively  an  additional  term  of  the 
series,  we  may  derive 

4Ax 

J/0)  dx  =  ^-  (7y0  +  32yx  +  12y2  +  32y3  +  7y4), 

°  5A*  (19) 

/5at 
/(*)  d»  =  288  dfy.  +  75y,  +  50y3  +  50y3  +  75y<  +  19y5). 

This  process  may  be  continued  so  as  to  include  the  extreme  values  of 
x  for  which  f(x)  is  known;  but  in  the  calculation  of  perturbations  it 
will  be  more  convenient  to  use  the  finite  differences  of  the  function 
instead  of  the  function  itself  directly.  We  may  remark,  further, 
that  the  intervals  of  quadrature  when  the  function  itself  is  used, 
may  be  so  determined  that  the  degree  of  approximation  will  be  much 
greater  than  when  these  intervals  are  uniform. 

159.  Let  us  put  Arc  =  a>,  and  let  the  value  of  x  for  which  n  =  0 
be  designated  by  a;  then  will  the  general  value  be 

/(*)  =/(<*  +  «<"). 

10  being  the  constant  interval  at  which  the  values  of  f(x)  are  given. 
Hence  we  shall  have 

dx  =  tadn, 
I  f(x)  dx  =  (oi  /(a  +  nw)  dn. 

If  we  expand  the  function  /(a  +  nco),  we  have 

/(a  +  n.)=/(a)  +  ^^  +  ^.^  +  rX3.-^-  +  &c.,(20) 


436  THEORETICAL  ASTRONOMY. 

and  hence 

ff(a  +  nw)dn=C±  n/(o)  +  |*fe  &£>  +  J»V  ^ 

C  being  the  constant  of  integration.     The  equations  (54)6  give 

•  **r  =/(a)  ~ hr(a) + ™/T(a)  ~  tWoo  t  •  •  •  • 


,/;,•< «) 


da* 


=/"00  ~  WOO  +  WOO  ~  S  WOO  + 


'^T  =/'' 00  -  */' 00  +  tI^T  00  - ...  v 
^^^  -  i/*«  +  tiiT'OO  ~  •  •  •  > 

,<tf00 


(21) 


(22) 


dw> 

,*/0Q 
da6 


:/v(a)__,/vii(a)+< 

=/T,00-j/viilOO  + 


in  which  the  functional  symbols  in  the  second  members  denote  the 
different  orders  of  finite  differences  of  the  function.    Hence  we  obtain 


|  /(<*  +  nw")  ^  =  C  +  nf(a) 

+  An'(/'0O  -  If" {a)  +  3V'(fl)  -  TW»(a)  + 
+  *»»(/"(«)  -  WOO  +  WOO  -  sWOO  • 
+  A»4CT0O  -  -J/'(a)  +  T&.r  (a)  -  . . .) 


H..J 


(23) 


+  T^»'(/,T(«)  -  iT'OO  +  2  W'OO  -  •  •  •) 

+  7^6(/Too-iroo  +  ..-) 

+  Wt0^(/v1(«)-|/v1U(«)  +  ..-) 

+  ^^c^TOO  -  •  •  •  +  iwWr'W  -  &c- 

If  we  take  the  integral  between  the  limits  — n'  and  +  n',  the  terms 
containing  the  even  powers  of  n  disappear.  Further,  since  the  values 
of  the  function  are  supposed  to  be  known  for  a  series  of  values  of  n 
at  intervals  of  a  unit,  it  will  evidently  be  convenient  to  determine 
the  integral  between  the  required  limits  by  means  of  the  sum  of  a 
series  of  integrals  whose  limits  are  successively  increased  by  a  unit, 
such  that  the  difference  between  the  superior  and  the  inferior  limit 
of  each  integral  shall  be  a  unit.  Hence  we  take  the  first  integral 
between  the  limits  — \  and  +£,  and  the  equation  (23)  gives,  after 
reduction, 
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Cf(fl  +  nw)  dn  =f(a)  +  &/'(«)  -  z\hfr^)  +  iMWW 
J_t  (24) 

It  is  evident  that  by  writing,  in  succession,  a  +  at,  a  +  2o>, .... 
a  +  ico  in  place  of  a,  we  simply  add  1  to  each  limit  successively,  so 
that  we  have 

i + i  +  i 

I  /(a  -)-  not)  dn  =  j  /((a  -j-  iut)  +  (»  —  i)  «*)  d  (»  —  i) 

But  since 

**  +  i  i  1  i  +  i 

I  /(a  4*  na0  ^  =  |  /(a  H~ nw)  ^w  +  { /(a  +  ntt0  ^w -f~  j  /(«+W(w)  ^w, 

-i  -i  ft  i— * 

if  we  give  to  t  successively  the  values  0,  1,  2,  3,  &c.  in  the  preceding 
equation,  and  add  the  results,  we  get 

i  +  i  n=»  n=i 

ff(fl  +  «•)  *■  =  ^/(a  +  te»)  +  £  >£/"  (a  +  «,) 

-1  n  =  °n  =  f  n==°  .-,  (25) 

-  s4£^/iT(a  +  mm)  +  vA%w#2r/H(«  +  «•}  -  &c- 

n  =  0  n=0 

Let  us  now  consider  the  functions  /(a),  /(a  +  wg>),  &c.  as  being 
themselves  the  finite  differences  of  other  functions  symbolized  by  '/, 
the  first  of  which  is  entirely  arbitrary,  so  that  we  may  put,  in  accord- 
ance with  the  adopted  notation, 

/(a)=7(a  +  ^)-7(a--K>, 
/(a  +  •)  =  '/(a  +  !•)  ~  '/(a  +  J«0, 

/(a  +  «•)  =  '/(a  +  (n  +  |)  •)  —  '/(a  +  (n  -  §j  •>, 
Therefore  we  shall  have 

n  =  i 

>£/(a  +  n«)  =  '/(a  +(<  +  !)•)-  '/(a  -  », 

n  =  0 

and  also 

n  =  i 

]£/"  (a  +  n«)  =/'  (a  +  (t  +  |)  «)  -/'  (a  -  J#), 

n  =  0 
n  =  f 

^r  (a  +  n«)  =  T  (a  +  (<  +  ft)  •)  -/"'  (a  -  ft*),  Ac. 
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Further,  since  the  quantity  '/(a  —  $a>)  is  entirely  arbitrary,  we  may 
assign  to  it  a  value  such  that  the  sum  of  all  the  terms  of  the  equation 
which  have  the  argument  a  — \<i)  shall  be  zero,  namely, 

'/(«  -  i-0  =  -  i tf  («-*-)  +  zhlvf"  («-J-0-i#W  («-^)+&c. 

(26) 
Substituting  these  values  in  (25),  it  reduces  to 

J  f{x)  dx  =  to(  f(a  -f-  n«»)  dn 

«-*•  -i  (27) 

=  •{'/(«  +  (<  +  *)•)  +  A/ («  +  (»'  + 1)«) 

In  the  calculation  of  the  perturbations  of  a  heavenly  body,  the 
dates  for  which  the  values  of  the  function  are  computed  may  be  so 
arranged  that  for  n  —  —  \,  corresponding  to  the  inferior  limit,  the 
integral  shall  be  equal  to  zero,  the  epoch  of  f(a  —  $a>)  being  that  of 
the  osculating  elements.  It  will  be  observed  that  the  equation  (26) 
expresses  this  condition,  the  constant  of  integration  being  included 
in  'f(a  —  %a>).  If,  instead  of  being  equal  to  zero,  the  integral  has  a 
given  value  when  n  =  —  \t  it  is  evidently  only  necessary  to  add  this 
value  to  'f(a  —  %to)  as  given  by  (26). 

160.  The  interval  co  and  the  arguments  of  the  function  may  always 
be  so  taken  that  the  equation  (27)  will  furnish  the  required  integral, 
either  directly  or  by  interpolation ;  but  it  will  often  be  convenient  to 
integrate  for  other  limits  directly,  thus  avoiding  a  subsequent  inter- 
polation. The  derivation  of  the  required  formulae  of  integration 
may  be  effected  in  a  manner  entirely  analogous  to  that  already  indi- 
cated. Thus,  let  it  be  required  to  find  the  expression  for  the  integral 
taken  between  the  limits  — \  and  i. 

The  general  formula  (23)  gives 

i 

J/(a  +  n»)dn==if(a)  +  if  (a)  +  ^/" (a) -,!,/"' («)  -  T^lTM 

+  *iM*/T(«)  +  tiIS-WOO  -Ac-: 
and  since,  according  to  the  notation  adopted, 

f  («0  =  i  if  («  -  M  +/'(«  +  *•)) 

=/'(*  +  -»    -if  00,  r28) 

r  (a)  =r  (*+*")  -  */*(«). 

/'(a)  =/T(a  +  *•)     -  Uyl («),  &C 
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this  becomes 
I 

J>(a+n«)  dn=$/(a)+ J/  (a+>)-2V/"  (a)-,fr/"  (a+^)         (g9) 

Therefore  we  obtain 
<+i 

'  -»i?r'(«+(*+i)«»)+TiiiF/lT(«-H-)+?iiib/T(«+(H-^«) (80) 

-t3^Wt1(«  +  ^)-&c. 
Now  we  have 

i  t-  +  k  i  +  i 

I  /(a  +  nw)  dn  =  I  f(a  -j-  «w)  c?/i  —  I  /(a  -j-  »w)  e?n ; 
-i  -4  < 

and  if  we  substitute  the  values  already  found  for  the  terms  in  the 
second  member,  and  also 

/'(a  +  wO  =   /(a+Ci  +  i)^-   /'(a  +  Ci-,1)^),        nn 
/*  (a  +  *»)  =r '  (a  +  (t  +  *)  »)  -/'"  («+(»-  J)  «), 
/"(a  +  t»)  =  /'(a  +  (*  +  £»  -  /v(«  +  (f—  *>).  &c. 

we  get 

a  +  i  a)  t 

I  f(x)dx  =  (o{  /(a  +  ?ia>)  c?/i 
Ja-<„  J-i  (32) 

which  is  the  required  integral  between  the  limits  — £  and  i. 

161.  The  methods  of  integration  thus  far  considered  apply  to  the 

cases  in  which,  but  a  single  integration  is  required,  and  when  applied 

to  the  integration  of  the  differential  equations  for  the  variations  of 

the  co-ordinates  on  account  of  the  action  of  disturbing  bodies,  they 

•ii       i       •        i  i  o  dte  doy        .  dSz        .  . 

will  only  give  the  values  ot  - ,-,  -,'->  and  -y~,  and  another  integration 

becomes  necessary  in  order  to  obtain  the  values  of  dx,  dy,  and  dx. 
We  will  therefore  proceed  to  derive  formula}  for  the  determination 
of  the  double  integral  directlv. 
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For  the  double  integral  j  jf(x)dx2  we  have,  since  dx2  =  whin2, 

f f/(Vi  dx1  =  u>*CCf(a  +  nu>)  dn\ 

The  value  of  the  function  designated  by  f(a)  being  so  taken  that 
when  n  =  —  $, 

{  /(a  +  nu))  dn  ==  0, 

the  equation  (23)  gives 

o 

C  =  I  /(a  -f-  nio)  dn. 

-i 

Therefore,  the  general  equation  is 
o 
I  /(a  +  Ww)  rfw  =  J  /(a  +  nw)  dn  -J-  nf(a) 


-i 


+  W  +  &#»«  +  3&r»*  +  T2C^6  +  &C. 

the  values  of  a,  ft,y,  . . .  being  given  by  the  equations  (22).     Multi- 
plying this  by  dn,  and  integrating,  we  get 


0 

ff/Ca  +  nco)  drt*  =  C"  +  nCf(a  +  nw)  dn  +  Wf  (a) 


-l 


C  being  the  new  constant  of  integration.     If  we  take  the  integral 
between  the  limits  —  \  and  +  \,  we  find 


+  * 


Jfj/(a  +  nat)dn*  =J7(«  +  nai)  dn  +  2*a  +  TfhtK  +  3225ffSe  +  &c- 
-i  -i 

From  the  equation  (32)  we  get,  for  i  =  0, 

o 
J/(a  +  tm)  dn  =  '/(a)  -  &f  (a)  +  Jftf  (a)  -  dU*fT («)  +  &c.  (33) 


-* 


Substituting  this  value,  and  also  the  values  of  a,  y,  e,  &c, — which 
are  given  by  the  second  members  of  the  equations  (22), — in  the  pre- 
ceding equation,  and  reducing,  we  get 

+  i 
-  fff(-a+n^dn ,=,/(«)-A/'(«)+3?lw/",(«)-»lf ISo/T(«)+&c  (34) 
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Hence 

»•  +  * 


fffia  +  7io,)  dn*  =  '/(a  +  im)  —  £f  (a  +  im) 

+  i\hf"  («  +  *)  -  t*%i/t(«  4-  *0  +  &c 

and 

t  +  i  n  —  t  n  =  i 

jTf/(a  +  wo)  aV  =  Jg  '/(a  +  n«)  -  A  ^/'  («  +  *») 

-*  n  =  0  n  =  0  (35) 

n  —  i  n  =  i 

+  Thh^f"  C»  +  *»)  -  T#/3  „^/*  (a+  *»)  +  &c. 

n— 0  u=0 

We  may  evidently  consider  '/(a  —  \(o),  '/(a  +  £o>),  &c.  as  Lhe  differ- 
ences of  other  functions,  the  first  of  which  is  arbitrary.  *u  that  we 
have 

'/(a)  =  #(a  +  W)  +  J'/(a  -  J.)  =  |7(a  +  «.)    -  J"  (a  -  .), 

'/(a  +  •)  =  I'fta  +  §»)  +  £'/(«  +  >)  =  !"/(«  +  2")  -  if'  (a), 

y(a  +  na,)  =  |'/(a  +  ^  +  i)«,)  +  i7(a  +  (n-A)W)  =  r/(«+Wl)w) 
Therefore 

^ '/  (a+n.)=i7  (a+(t+l»-H7  (a+t-O-y/  (a)-i'7  (a—), 

n  =  0 
n  =  i 

^/'  (a+n»)=i/  (a+(t+l)«>)+^/(a+^)-^/(a)-i/(a-a,), 

n  =  0 
n  =  t 

n  =  0 
n  —  t 

^/'(a+n^)=^(a+(t+l)t0)+^(a+^)-^r(a)-^(a-«>),&c. 


n  =  0 


Substituting  these  values  in  equation  (35),  and  observing  that 

7(a)  +  7(«  — )  =  27(a  -  •)  +    '/(a  -  |«), 
/(a)  +   /(a  - .)  -    2/(a)  -/'(«-  >), 

/"  (a)  +/' (a  -  «)  =  2/"  (a)  -/"' (a  -  \m\  &c, 

'/<«-!•)  =  -  £/  (ar-W+jfoT  (a-^-^W  (a  -»  +  ... , 

and  that,  since  "f{a  —  ai)  is  arbitrary,  we  may  put 

■'/(a  — )  =  2V/(a)  -  z\h  (2/"  («)  +  S"  («  -  «))  rqfi, 

+  vitffa  (3/lT(«)  +  2/lT(a  -  «))  -  Ac, 
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the  integral  becomes 

fff(x)  dx>  =  ">7jjf(a  +  no,)  dn* 

-  "'  \  I7C»  +  (*  + 1)  »)  +  *7(«  +  &0  -  ^/(a  +  (»  + 1)  »)    (37) 

-A/(o+A-)+iijur(«+(*+i)«)+^  jo/' («+*») 

-3SVo7T2/,V(«+(*+l)w)-3g¥u772/1V(«+^)  +  &C.|, 

which  is  the  expression  for  the  double  integral  between  the  limits 
—  \  and  i-\r\. 

The  value  of  "f{a  —  to)  given  by  equation  (36)  is  in  accordance 
with  the  supposition  that  for  n  =  —  ^  the  double  integral  is  equal  to 
zero,  and  this  condition  is  fulfilled  in  the  calculation  of  the  pertur- 
bations when  the  argument  a  — \a>  corresponds  to  the  date  for  which 
the  osculating  elements  are  given.  If,  for  n  =  —  \,  neither  the  single 
nor  the  double  integral  is  to  be  taken  equal  to  zero,  it  is  only  neces- 
sary to  add  the  given  value  of  the  single  integral  for  this  argument 
to  the  value  of  '/(a  —  \co)  given  by  equation  (26),  and  to  add  the 
given  value  of  the  double  integral  for  the  same  argument  to  the  value 
of  "f(a  —  to)  given  by  (36). 

162.  In  a  similar  manner  we  may  find  the  expressions  for  the 
double  integral  between  other  limits.  Thus,  let  it  be  required  to 
find  the  double  integral  between  the  limits  — \  and  i. 

Between  the  limits  0  and  \  we  have 

i  o 

fffict  +  n«>)  dn*  ==  £j/(a  +  no,)  dn  +  If  (a)  +  &a 

o  -i 

.  ,      .  +3k/?  +  3gW  +  lg35T,<5  +  &c. 

which  gives 

jj/(a+n«)  dn*=M(a)+tf(fi)-M'  (a)+,|,/"  («)+3£f <>/"'  (a)  (38) 
and  this  again,  by  means  of  (28),  gives 


JOT- 
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Therefore,  since 


and 


I  /(a  +  ntu)  dn*  =  I  J  /(a  -f  na»)  rfn'  —  J  J  /(a  -f-  nw)  dn1, 


'/(«  +  (<  +  A)  •)  =  "/(«  +  (*'  +  l;  «)  -  70  +  *■), 
/*(<»  + (»  +  £)«)  =   /(a  +  (i+l)«)—   /(a  +  w»), 
/'"(«  +  (<  +  i)«)  =/"(<»  +  (*  +  1»  -/"(a  +  *),  &c. 

we  shall  have 

a  +  Ja>  i 

CffQc)  dx*  =  a»*  (T/(a  +  »»)  c?^2 
:=•»  Jt7(a+^)+T^(a+^)-2^/"  CH^»)+rfW  (a+H-&c.  |, 
which  gives  the  required  integral  between  the  limits  —\  and  i. 


(39) 


163.  It  will  be  observed  that  the  coefficients  of  the  several  terms 
of  the  formulae  of  integration  converge  rapidly,  and  hence,  by  a 
proper  selection  of  the  interval  at  which  the  values  of  the  function 
are  computed,  it  will  not  be  necessary  to  consider  the  terms  which 
depend  on  the  fourth  and  higher  orders  of  differences,  and  rarely 
those  which  depend  on  the  second  and  third  differences.  The  value 
assigned  to  the  interval  to  must  be  such  that  we  may  interpolate  with 
certainty,  by  means  of  the  values  computed  directly,  all  values  of  the 
function  intermediate  to  the  extreme  limits  of  the  integration ;  and 
hence,  if  the  fourth  and  higher  orders  of  differences  are  sensible,  it 
will  be  necessary  to  extend  the  direct  computation  of  the  values  of 
the  function  beyond  the  limits  which  would  otherwise  be  required, 
in  order  to  obtain  correct  values  of  the  differences  for  the  beginning 
and  end  of  the  integration.  It  will  be  expedient,  therefore,  to  take 
to  so  small  that  the  fourth  and  higher  differences  may  be  neglected, 
but  not  smaller  than  is  necessary  to  satisfy  this  condition,  since  other- 
wise an  unnecessary  amount  of  labor  would  be  expended  in  the 
direct  computation  of  the  values  of  the  function.  It  is  better,  how- 
ever, to  have  the  interval  to  smaller  than  what  would  appear  to  be 
strictly  required,  in  order  that  there  may  be  no  uncertainty  with 
respect  to  the  accuracy  of  the  integration.  On  account  of  the  rapidity 
with  which  the  higher  orders  of  differences  decrease  as  we  diminish 
to,  a  limit  for  the  magnitude  of  the  adopted  interval  will  speedily  be 
obtained.  The  magnitude  of  the  interval  will  therefore  be  suggested 
by  tne  rapidity  of  the  change  of  value  of  the  function.    In  the  com- 
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putation  of  the  perturbations  of  the  group  of  small  planets  between 
Mars  and  Jupiter  we  may  adopt  uniformly  an  interval  of  forty  <l 
but  in  the  determination  or  the  perturbations  of  comets  it  will  evi- 
dently be  necessary  to  adopt  different  intervals  in  different  parts  of 
the  orbit.  When  the  comet  is  in  the  neighborhood  of  its  perihelion, 
and  also  when  it  is  near  a  disturbing  planet,  the  interval  must  neces- 
sarily be  much  smaller  than  when  it  is  in  more  remote  parts  of  its 
orbit  or  farther  from  the  disturbing  body. 

It  will  be  observed,  further,  that  since  the  double  integral  contains 
the  factor  to2,  if  we  multiply  the  computed  values  of  the  function  by 
to2,  this  factor  will  be  included  in  all  the  differences  and  sums,  and 
hence  it  will  not  appear  as  a  factor-  in  the  formulae  of  integration. 
If,  however,  the  values  of  the  function  are  already  multiplied  by  to2, 
and  only  the  single  integral  is  sought,  the  result  obtained  by  the 
formula  of  integration,  neglecting  the  factor  to2,  will  be  to  times  the 
actual  integral  required,  and  it  must  be  divided  by  to  in  order  to 
obtain  the  final  result. 

164.  In  the  computation  of  the  perturbations  of  one  of  the  asteroid 
planets  for  a  period  of  two  or  three  years  it  will  rarely  be  necessary 
to  take  into  account  the  effect  of  the  terms  of  the  second  order  with 
respect  to  the  disturbing  force.  In  this  case  the  numerical  values  of 
the  expressions  for  the  forces  will  be  computed  by  using  the  values 
of  the  co-ordinates  computed  from  the  osculating  elements  for  the 
beginning  of  the  integration,  instead  of  the  actual  disturbed  values 
of  these  co-ordinates  as  required  by  the  formulae  (8).  The  values  of 
the  second  differential  coefficients  of  d.v,  oy,  and  3z  with  respect  to 
the  time,  will  be  determined  by  means  of  the  equations  (9).  If  the 
interval  to  is  such  that  the  higher  orders  of  differences  may  be  neg- 
lected, the  values  of  the  forces  must  be  computed  for  the  successive 
dates  separated  by  the  interval  to,  and  commencing  with  the  date 
t0  —  \to  corresponding  to  the  argument  a  —  to,  t0  being  the  date  to 
which  the  osculating  elements  belong.     Then,  since  the  last  terms 

oi  the  formulae  for  — gp  -%-r,  and  —7—  involve  ox,  oy,  and  oz,  which 

are  the  quantities  sought,  the  subsequent  determination  of  the  differ- 
ential coefficients  must  be  performed  by  successive  trials.  Since  the 
integral  must  in  each  case  be  equal  to  zero  for  the  date  t0,  it  will  be 
admissible  to  assume  first,  for  the  dates  t0  —  \to  and  tQ-\-\to  corre- 
sponding to  the  arguments  a  —  to  and  a,  that  3x  =  0,  dy  =  0,  and 
<$z  =  0,  and  hence  that  the  three  differential    coefficients,  for  each 
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date,  are  respectively  equal  to  X0,  Y0,  and  Z0.  We  may  now  by  inte- 
gration derive  the  actual  or  the  very  approximate  values  of  the 
variations  of  the  co-ordinates  for  these  two  dates.  Thus,  in  the  case 
Of  each  co-ordinate,  we  compute  the  value  of  '/(a  —  \io)  by  means 
of  the  equation  (26),  using  only  the  first  term,  and  the  value  of 
"f{a  —  to)  from  (36),  using  in  this  case  also  only  the  first  term.  The 
value  of  the  next  function  symbolized  by  "j  will  be  given  by 

Then  the  formula  (39),  putting  first  i  =  —  1  and  then  i  =  0,  and 
neglecting  second  differences,  will  give  the  values  of  the  variations 
of  the  co-ordinates  for  the  dates  a  —  10  and  a.  These  operations  will 
be  performed  in  the  case  of  each  of  the  three  co-ordinates;  and,  by 
means  of  the  results,  the  corrected  values  of  the  differential  coeffi- 
cients will  be  obtained  from  the  equations  (9),  the  value  of  dr  being 
computed  by  means  of  (7).  With  the  corrected  values  thus  derived 
a  new  table  of  integration  will  be  commenced;  and  the  values  of 
'f(a  —  \cS)  and  "f{a  —  to)  will  also  be  recomputed.  Then  we  obtain, 
also,  by  adding  ff(a  —  \to)  to  f{a),  the  value  of  'f{a  -j-  \co),  and,  by 
adding  this  to  ,ff(a),  the  value  of  "f{a  +  to). 

An  approximate  value  of  f(a  +  to)  may  now  be  readily  estimated, 
and  two  terms  of  the  equation  (39),  putting  i—  1,  will  give  an  ap- 
proximate value  of  the  integral.  This  having  been  obtained  for 
each  of  the  co-ordinates,  the  corresponding  complete  values  of  the 
differential  coefficients  may  be  computed,  and  these  having  been 
introduced  into  the  table  of  integration,  the  process  may,  in  a  similar 
manner,  be  carried  one  step  farther,  so  as  to  determine  first  approxi- 
mate values  of  3x,  dy,  and  dz  for  the  date  represented  by  the  argu- 
ment a  +  2(o,  and  then  the  corresponding  values  of  the  differential 
coefficients.  We  may  thus  by  successive  partial  integrations  deter- 
mine the  values  of  the  unknown  quantities  near  enough  for  the  cal- 
culation of  the  series  of  differential  coefficients,  even  when  the  inte- 
grals are  involved  directly  in  the  values  of  the  differential  coefficients. 
If  it  be  found  that  the  assumed  value  of  the  function  is,  in  any  case, 
much  in  error,  a  repetition  of  the  calculation  may  become  necessary ; 
but  when  a  few  values  have  been  found,  the  course  of  the  function 
will  indicate  at  once  an  approximation  sufficiently  close,  since  what- 
ever error  remains  affects  the  approximate  integral  by  only  one- 
twelfth  part  of  the  amount  of  this  error.  Further,  it  is  evident 
that,  in  cases  of  this  kind,  when  the  determination  of  the  values  of 
the  differential  coefficients  requires  a  preliminary  approximate  inte- 
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juration,  it  is  necessary,  in  order  to  avoid  the  effect  of  the  errors  in 
tlir  values  of  tlu>  higher  orders  of  differences,  that  the  interval  <*> 
should  he  smaller  than  when  the  successive  values  of  the  function  to 
be  integrated  are  already  known.  In  the  case  of  the  small  planets 
an  interval  of  40  days  will  afford  the  required  facility  in  the  approxi- 
mations; but  in  the  case  of  the  comets  it  may  often  be  necessary  to 
adopt  an  interval  of  only  a  few  days.  The  necessity  of  a  change  in 
the  adopted  value  of  to  will  be  indicated,  in  the  numerical  applica- 
tion of  the  formula?,  by  the  manner  in  which  the  successive  assump- 
tions in  regard  to  the  value  of  the  function  are  found  to  agree  with 
the  corrected  results. 

The  values  of  the  differential  coefficients,  and  hence  those  of  the 
integrals,  are  conveniently  expressed  by  adopting  for  unity  the  unit 
of  the  seventh  decimal  place  of  their  values  in  terms  of  the  unit  of 
space. 

165.  Whenever  it  is  considered  necessary  to  commence  to  take  into 
account  the  perturbations  due  to  the  seeond  and  higher  powers  of  the 
disturbing  force,  the  complete  equations  (14)  must  be  employed.  In 
this  case  the  forces  X,  Y,  and  Z  should  not  be  computed  at  once  for 
the  entire  period  during  which  the  perturbations  are  to  be  determined. 
The  values  computed  by  means  of  the  osculating  elements  will  be 
employed  only  so  long  as  simply  the  first  power  of  the  disturbing 
force  is  considered,  and  by  means  of  the  approximate  values  of  dx, 
dy,  and  dz  which  would  be  employed  in  computing,  for  the  next  place, 
the  last  terms  of  the  equations  (9),  we  must  compute  also  the  cor- 
rected values  of  X,  Y,  and  Z.  These  will  be  given  by  the  second 
members  of  (8),  using  the  values  of  x,  y,  and  z  obtained  from 

X  =  x0  +  dx,  y  =  y0+  dy,  z  =  z0  +  I* 

We  compute  also  q  from  (12),  and  then  from  Table  XVII.  find  the 

corresponding  value  of  /.     The  corrected  values  of  —nrt  ~~Jp>  an(l 

—s-  will  be  given  by  the  equations  (14),  and  these  being  introduced, 

in  the  continuation  of  the  table  of  integration,  we  obtain  new  values 
of  ox,  dy,  and  dz  for  the  date  under  consideration.  If  these  differ 
much  from  those  previously  assumed,  a  repetition  of  the  calculation 
will  be  necessary  in  order  to  secure  extreme  accuracy.  In  this  repe- 
tition, however,  it  will  not  be  necessary  to  recompute  the  coefficients 
of  dx,  dy,  and  dz  in  the  formula  for  q,  their  values  being  given  with 
sufficient  accuracy  by  means  of  the  previous  assumption ;  and  gene- 
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rally  a  repetition  of  the  calculation  of  X,  Y,  and  Z  will  not  be 
required. 

Next,  the  values  of  8x,  dy,  and  dz  may  be  determined  approxi- 
mately, as  already  explained,  for  the  following  date,  and  by  means 
of  these  the  corresponding  values  of  the  forces  X,  Y,  and  Z  will  be 
found,  and  also/  and  the  remaining  terms  of  (14),  after  which  the 
integration  will  be  completed  and  a  new  trial  made,  if  it  be  con- 
sidered necessary.  In  the  final  integration,  all  the  terms  of  the  for- 
mulae of  integration  which  sensibly  affect  the  result  may  be  taken 
into  account.  By  thus  performing  the  complete  calculation  of  each 
successive  place  separately,  the  determination  of  the  perturbations  in 
the  values  of  the  co-ordinates  may  be  effected  in  reference  to  all 
powers  of  the  masses,  provided  that  we  regard  the  masses  and  co-or- 
dinates of  the  disturbing  bodies'as  being  accurately  known;  and  it  is 
apparent  that  this  complete  solution  of  the  problem  requires  \ecy 
little  more  labor  than  the  determination  of  the  perturbations  when 
only  the  first  power  of  the  disturbing  force  is  considered.  Rut 
although  the  places  of  the  disturbing  bodies  as  given  by  the  tables 
of  their  motion  may  be  regarded  as  accurately  known,  there  are  yet 
the  errors  of  the  adopted  osculating  elements  of  the  disturbed  body 
to  detract  from  the  absolute  accuracy  of  the  computed  perturbations; 
and  hence  the  probable  errors  of  these  elements  should  be  constantly 
kept  in  view,  to  the  end  that  no  useless  extension  of  the  calculation 
may  be  undertaken.  When  the  osculating  elements  have  been  cor- 
rected by  means  of  a  very  extended  series  of  observations,  it  will  be 
expedient  to  determine  the  perturbations  with  all  possible  rigor. 

When  there  are  several  disturbing  planets,  the  forces  for  all  of 

these  may  be  computed  simultaneously  and  united  in  a  single  sum, 

so  that  in  the  equations  (14)  we  shall  have  2X,  2Y,  and  ZZ  instead 

of  X,  Y,  and  Z  respectively;  and  the  integration  of  the  expressions 

d'Sx    d-<hi        .  dl8z  . 

for  — gp  — 7tt>  and  — jzf  will  then  give  the  perturbations  due  to  the 

action  of  all  the  disturbing  bodies  considered.  However,  when  the 
interval  to  for  the  different  disturbing  planets  may  be  taken  differently, 
it  may  be  considered  expedient  to  compute  the  perturbations  sepa- 
rately, and  especially  if  the  adopted  values  of  the  masses  of  some  of 
the  disturbing  bodies  are  regarded  as  uncertain,  and  it  is  desired  to 
separate  their  action  in  order  to  determine  the  probable  corrections 
to  be  applied  to  the  values  of  m,  m',  &c,  or  to  determine  the  effect 
of  any  subsequent  change  in  these  values  without  repeating  the  cal- 
culation of  the  perturbations. 
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166.  Kx ample. — To  illustrate  the  numerical  application  of  the 
formula  for  the  computation  of  the  perturbations  of  the  rectangular 
co-ordinates,  let  it  be  required  to  compute  the  perturbations  of 
Kmynome  ®  arising  from  the  action  of  Jupiter  from  1864  Jan.  1.0 
Berlin  mean  time  to  1865  Jan.  15.0  Berlin  mean  time,  assuming  the 
osculating  elements  to  be  the  following: — 

Epoch  =  1864  Jan.  1.0  Berlin  mean  time. 
Mn  =     1°  29'    5".65 


x0=   44    17 

&0  =  206    39 

i0=     4    36 

12 

5 

52 

.17) 
fiq  {  Ecliptic  and  Mean 

n  J    Equinox  1860.0 

Vo=   11    15 

51 

.02 

loga0 

At0=928".55745. 

From  these  elements  we  derive  the 

following  values : — 

Berlin  Mean  Time. 

*0 

2/o 

*o 

logr0 

1863  Dec. 

12.0 

+  1.53616 

+  1.230 

-  0.03312 

0.294084, 

1864  Jan. 

21.0 

1.15097 

1.59918 

0.07369 

0.294837, 

March 

.    1.0 

0.69518 

1.87033 

0.10978 

0.300674, 

April 

10.0 

+  0.19817 

2.03141 

0.13936 

0.310864, 

May 

20.0 

—  0.31012 

2.08092 

0.16134 

0.324298, 

June 

29.0 

0.80326 

2.02602 

0.17523 

0.3397-1"). 

Aug. 

8.0 

1.26055 

1.87959 

0.18122 

0.356101, 

Sept. 

17.0 

1.66729 

1.65711 

0.17990 

0.372469, 

Oct. 

27.0 

2.01414 

1.37473 

0.17209 

0.388214, 

Dec. 

6.0 

2.29597 

1.04766 

0.15870 

0.402894, 

1865  Jan. 

15.0 

—  2.51077 

+  0.68978 

-  0.14066 

0.416240. 

The  adopted  interval  is  co  =  40  days,  and  the  co-ordinates  are  re- 
ferred to  the  ecliptic  and  mean  equinox  of  1860.0.  The  first  date, 
it  will  be  observed,  corresponds  to  t0  —  \co}  and  the  integration  is  to 
commence  at  1864  Jan.  1.0. 

The  places  of  Jupiter  derived  from  the  tables  give  the  following 
values  of  the  co-ordinates  of  that  planet,  with  which  we  write  also 
the  distances  of  Eurynome  from  Jupiter  computed  by  means  of  the 

formula 

?  =  (ar  _  xy  +  <y  -  yy  +  (j  - ,)». 


Berlin  Mean  Time. 

z' 

v' 

/ 

logr7 

log  p 

1863  Dec.     12.0 

—4.09683 

—  3.55184 

+  0.10533 

0.73425 

0.86866, 

1864  Jan.     21.0 

3.89630 

3.76053 

0.10152 

0.73368 

0.86713, 

March    1.0 

3.68416 

3.95803 

0.09744 

0.73305 

0.86292, 

April    10.0 

—3.46098 

—4.14366 

+  0.09304 

0.73237 

0.85622, 
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x' 

y' 

z' 

logf 

logp 

1864  May  20.0 

—  3.22739 

—  4.31684 

+  0.08839 

0.73164 

0.84732, 

June  29.0 

2.98405 

4.47693 

0.08346 

0.73086 

0.83656, 

Aug.    8.0 

2.73162 

4.62::i:>» 

0.07827 

0.73003 

0.82428, 

Sept.  17.0 

2.47085 

4.75576 

0.07284' 

0.72915 

0.81077, 

Oct.   27.0 

2.20247 

4.87345 

0.06720 

0.72823 

0.79628, 

Dec.     6.0 

1.92728 

4.97606 

0.06134 

0.72726 

0.78098, 

1865  Jan.  15.0 

—  1.64600 

—  5.06301 

+  0.05531 

0.72625 

0.76498. 

These  co-ordinates  are  also  referred  to  the  ecliptic  and  mean  equinox 
of  1860.0. 

If  we  neglect  the  mass  of  Eurynome  and  adopt  for  the  mass  of 
Jupiter 


~  1047.819' 
we  obtain,  in  units  of  the  seventh  decimal  place, 

•fa'**  =  4518.27, 
and  the  equations  (9)  become 


.(Pdx 


dt1 
,d*3y 


=  4518.27 


d*oz 


4518.27 


dt2 


4518 


/  x1—  x0  _  o[_  \ 
\     P3  f3/ 

Itf— &    tL\  i 

\     P3  r'^"1" 

■Ft**4--*)* 


0.47346 

r03 
0.47346 

r,s 

0.47346 


Updr  —  3x\, 


(40) 


Substituting  for  the  quantities  in  the  first  term  of  the  second  member 
of  each  of  these  equations  the  values  already  found,  we  obtain 


Argument. 

Date. 

<AY0 

»*Y0 

<■>% 

a  —  (o 

1863  Dec. 

12.0 

+  53.00 

+  47.09 

-1.43, 

a 

1864  Jan. 

21.0 

53.71 

46.31 

0.91, 

a  -j-  to 

March 

1.0 

54.23 

45.18 

—  0.37, 

a  +  2<o 

April 

10.0 

54.69 

43.59 

+  0.22, 

a  -\-  Sio 

May 

20.0 

55.23 

41.51 

0.70, 

a  -f-  4ck 

June 

29.0 

56.06 

38.96 

1.19, 

a  -f-  out 

Aug. 

8.0 

57.30 

35.92 

1.66, 

a  -f-  6<u 

Sept. 

17.0 

59.09 

32.47 

2.08, 

a  +  lu> 

Oct. 

27.0 

.      61.55 

28.60 

2.4:5, 

a  -j-  So 

Dec. 

6.0 

64.85 

24.34 

2.69, 

a  -\-  9ti> 

1865  Jan. 

15.0 

+  69.09 

+  19.78 

+  2.83, 

which  are  expressed  in  units  of  the  seventh  decimal  place. 

We  now,  for  a  first  approximation,  regard  the  perturbations  as 

29 
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being  equal  to  zero  for  the  dates  Dec.  12.0  and  Jan.  21.0,  and,  in  the 
ease  of  the  variation  of  x,  we  compute  first 


'/(a-»  =  -2V/'(a- 
"/(«-«,)    =  £/(«)  =  + 


53.71 
24 


—  2V  (53.71  —  53.00)  =  —  0.03, 
=  +  2.24, 


and  tlie  approximate  table  of  integration  becomes 


/(a-«0  =  +  53.00Yr 
f(a)  =  +  53.71^ 


))==_om"f(a-<o)=-.  +  2.24, 


"/(a)  =  +  2.21. 

Then  the  formula  (39),  putting,  first  i  =  —  1,  and  then  i  =  0,  gives 


Dec.  12.0 
Jan.  21.0 


2.24  +  ^-  =  -f  6.66, 


dx 

8z  =    f  2.21 


12 

53.71 

12 


=  +  6.69. 


In  a  similar  manner,  we  find 


Dec.  12.0 
Jan.  21.0 


dy  =  +  5.85 
Sy  -s  4-  5.82 


8z  =  —  0.16, 
8z  =  —  0.14. 


By  means  of  these  results  we  compute  the  complete  values  of  the 
second  members  of  equations  (40),  <5r  being  found  from 


dr^Sz  +  ^dy  +  ^dz,  ' 
r  r  r 


and  thus  we  obtain 
Date. 


2cPSx 
dC* 

Dec.  12.0        +  53.86 
Jan.  21,0        +  54.23 


u!2 —  u* 

d?  dt1 

+  47.76  — 1.45 

+  47.25  —  0.96 


6r 

+  8.85, 
+  8.63. 


We  now  commence  anew  the  table  of  integration,  namely, 


x  y  z 

f  'f  "f  f  'f  "f  f 

+53.86  _  002+  2.26,  +47.76   ,    Q  Q9  +  1.97,  -1.45 
+54.23     5421+  2.24,  +47.25  T^  +  1.99,  -0.96  _"q~ -0.06, 
"r     "      +56.45,  ^     *      +49.26,  "      —1.04, 


'/        "f 
0i02-0.04, 


the  formation  of  which  is  made  evident  by  what  precedes. 

We  may  next  assume  for  approximate  values  of  the  differential 
coefficients,  for  the  date  March  1.0,  +54.6,  +46.7,  and  —0.5, 
respectively;  and  these  give,  for  this  date, 
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dx  =  +  56.45  +  ^-  =  +  61.00, 

ty  =  +  49.26  +  *|^  =  + 53.15, 

<Jz=  —   1.04  —  -^  =  —    1.08. 

By  means  of  these  approximate  values  we  obtain  the  following 
results : — 

1864  March  1.0      ^-  =  +  55.01,     ^  =  +  53.86,     ^£  =  -1.00, 

Sr  =  +  71.03. 

Introducing  these  into  the  table  of  integration,  we  find,  for  the  corre- 
sponding values  of  the  integrals, 

to  =  +  61.03,  ty  =  + 53.75,  3z  =  —  1.12. 

These  results  differ  so  little  from  those  already  derived  from  the 
assumed  values  of  the  function  that  a  repetition  of  the  calculation  is 
unnecessary.     This  repetition,  however,  gives 


5^  +  «H  £**««.  ^  =  -!.00.   . 

Assuming,  again,  approximate  values  of  the  differential  coefficients 
for  April  10.0,  and  computing  the  corresponding  values  of  dx,  oy, 
and  dz,  we  derive,  for  this  date, 

-•^=  +  48.06,       -^:=  +  6B.l»,       tg—uk 

Introducing  these  into  the  table  of  integration,  and  thus  deriving 
approximate  values  of  dx,  dy,  and  dz  for  May  20,  we  carry  the  pro- 
cess one  step  further.  In  this  manner,  by  successive  approximations, 
we  obtain  the  following  results: — 


Date. 

u2     ,  „ 

W!— TV 

dt* 

dt2 

dt* 

1863  Dec. 

12.0 

+  53.86 

+  47.76 

— 1.45, 

1864  Jan. 

21.0 

54.23 

47.25 

0.96, 

March 

i    1.0 

55.04 

53.91 

1.00, 

April 

10.0 

48.06 

63.19 

1.54, 

May 

20.0 

32.85 

65.40 

2.07, 

June 

29.0 

16.74 

54.48 

1.75, 

Aug. 

8.0 

8.62 

31.39 

—  0.36, 

Sept. 

17.0 

+  14.20 

+    2.09 

+  1.86, 
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Date. 


u- 


d*<h 


<,- 


#fc 


k(PSz 


dt1 

cW 

"  dfi 

1864  Oct. 

27.0 

+    34.84 

—  26.32 

+  4.44, 

Dec. 

6.0 

68.79 

47.87 

6.86, 

1865  Jan. 

15.0 

+  112.64 

—  58.39 

+  8.68. 

The  complete  integration  may  now  be  effected,  and  we  may  use  both 
i « [nation  (37)  and  equation  (39),  the  former  giving  the  integral  for 
the  dates  Jan.  1.0,  Feb.  10.0,  March  21.0,  &c,  and  the  latter  the 
integrals  for  the  dates  in  the  foregoing  table  of  values  of  the  function. 
The  final  results  for  the  perturbations  of  the  rectangular  co-ordinates, 
expressed  in  units  of  the  seventh  decimal  place,  are  thus  found  to  be 
the  following: — 


Berlin  Mean  Time. 

Sx 

% 

te 

1863  Dec. 

12.0 

+  6.7 

+  5.9 

-0.2, 

1864  Jan. 

1.0 

0.0 

0.0 

0.0, 

21.0 

+  6.8 

5.9 

0.1, 

Feb. 

10.0 

27.1 

23.5 

0.5, 

March    1.0 

61.0 

53.7 

1.1, 

21.0 

108.9 

97.4 

2.0, 

April 

10.0 

169.7 

155.7 

3.1, 

30.0 

242.7 

229.9 

4.7, 

May 

20.0 

325.7 

320.3 

6.7, 

June 

9.0 

417.1 

427.2 

9.3, 

29.0 

514.6 

549.1 

12.3, 

July 

19.0 

616.1 

684.9 

15.7, 

Aug. 

8.0 

720.8 

831.4 

19.5, 

28.0 

827.4 

986.0 

23.4, 

Sept. 

17.0 

936.8 

1144.6 

27.0, 

Oct. 

7.0 

1049.4 

1303.8 

30.2, 

27.0 

1168.2 

1460.0 

32.6, 

Nov. 

16.0 

1295.4 

1609.4 

33.9, 

Dec. 

6.0 

1435.6 

1749.6 

33.8, 

26.0 

1592.8 

1877.6 

32.0, 

1865  Jan. 

15.0 

+  1772.6 

+  1992.3 

^-  28.2. 

During  the  interval  included  by  these  perturbations,  the  terms  of 
the  second  order  of  the  disturbing  forces  will  have  no  sensible  effect; 
but  to  illustrate  the  application  of  the  rigorous  formulae,  let  us  com- 
mence at  the  date  1864  Sept.  17.0  to  consider  the  perturbations  of 
the  second  order. 

In  the  first  place,  the  components  of  the  disturbing  force  must  be 
computed  by  means  of  the  equations 
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The  approximate  values  of  dx,  dy,  and  dz  for  Sept.  17.0  given  imme- 
diately by  the  table  of  integration  extended  to  this  date,  will  suffice 
to  furnish  the  required  values  of  the  disturbed  co-ordinates  by  means 
of 

x  =  x0  +  6x,  y  =  yQ  +  ty,  z  =  z0  +  3z; 

and  to  find  p  =  p0  +  dp,  we  have 

x'  —  x.        1/  —  y  .        z* —  z. 

3p  = dx  —  - Sy 3z, 

P  P       *  P 

or 

3\ogP  =  -kt{(x'-x)3x+(y'-y)3y+(z!-z')3z), 

in  which  ^0  is  the  modulus  of  the  system  of  logarithms.  Thus  we 
obtain,  for  Sept.  17.0, 

3  log  />  =  + 0.0000084, 
a>*X=  +  59.09,  ojiY=  +  32.48,  w*Z=  +  2.08, 

which  require  no  further  correction. 
Next,  we  compute  the  values  of 

V  V  V 

which  also  will  not  require  any  further  correction,  and  thus  we  form, 
according  to  (12),  the  equation 

q  =  —  0.29996&;  +  0.29815ty  —  0.03237&. 

The  approximate  values  of  dx,  dy,  and  dz  being  substituted  in  this 
equation,  we  obtain 

q  =  +  0.0000061, 

corresponding  to  which  Table  XVII.  gives 

log/=  0.477115. 
Hence  we  derive 

-f  (fqx  -3x)  =  -  44.87,        ~f  (fqy  -  3y)  =  -  30.40, 
~o  ro 

^-(Jqz-8z)=- 0.21, 
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and  tho  equations  (14)  give 

j**,i+U*        ^  =  +  2.08,        ■>**-  +  !*. 

These  values  being  introduced  into  the  table  of  integration,  the 
resulting  values  of  the  integrals  are  changed  so  little  that  a  repetition 
of  the  calculation  is  not  required. 

We  now  derive  approximate  values  of  dz,  dy,  and  dz  for  Oct.  27.0, 
and  in  a  similar  manner  we  obtain  the  corrected  values  of  the  differ- 
ential coefficients  for  this  date ;  and  thus  by  computing  the  forces  for 
each  place  in  succession  from  approximate  values  of  the  perturbations, 
and  repeating  the 'calculation  whenever  it  may  appear  necessary,  we 
may  determine  the  perturbations  rigorously  for  all  powers  of  the 
masses.  The  results  in  the  case  under  consideration  are  the  follow- 
ing:— 


Date. 

dP 

ofl ^ 

df 

Ur 

dP 

1864  Sept.  17.0 

+    14.22 

+    2.08 

+  1-87, 

Oct.    27.0 

34.84 

—  26.31 

4.44, 

Dec.     6.0 

68.77 

47.86 

6.86, 

1865  Jan.  15.0 

+  112.60 

—  58.39 

+  8.68. 

Introducing  these  results  into  the  table  of  integration,  the  integrals 
for  Jan.  15.0  are  found  to  be 

dx  =  +  1772.6,        dy  =  +  1992.3,        dz  =  —  28.2, 

agreeing  exactly  with  those  obtained  when  terms  of  the  order  of  the 
square  of  the  disturbing  forces  are  neglected. 

If  the  perturbations  of  the  rectangular  co-ordinates  referred  to  the 
equator  are  required,  we  have,  whatever  may  be  the  magnitude  of  the 
perturbations, 

dx,  =  dx, 

dy,  =  cos  e  dy  —  sin  >  dz,  (41) 

dz,  sa  sin  (  dy  -f-  COS  e  dz, 

x„  y„  z,  being  the  co-ordinates  in  reference  to  the  equator  as  the  fun- 
damental plane.     Thus  we  obtain,  for  1865  Jan.  15.0, 

dx,  a  +  1772.6,        dy,  =  +  1838.9,        dz,  ==  4-  767.2. 

These  values,  expressed  in  seconds  of  arc  of  a  circle  whose  radius  is 
the  unit  of  space,  are 

dx,  =  +  36".562,        dy,  =  +  37".930,        dz,  =  +  15".825. 
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The  approximate  geocentric  place  of  the  planet  for  the  same  date  is 

o  =  183°  28',        d  =  —  5°  39',  log  a  =  0.3229, 

and  hence,  neglecting  terms  of  the  second  order,  we  derive,  by  means 
of  the  equations  (3)2,  for  the  perturbations  of  the  geocentric  right 
ascension  and  declination, 

Aa  =  —  17".03,  a,5  =  +  5".67. 

167.  The  values  of  ox,  oy,  and  dz,  computed  by  means  of  the  co- 
ordinates referred  to  the  ecliptic  and  mean  equinox  of  the  date  t,  must 
be  added  to  the  co-ordinates  given  by  the  undisturbed  elements  and 
referred  to  the  same  mean  equinox.  The  co-ordinates  referred  to  the 
ecliptic  and  mean  equinox  of  t  may  be  readily  transformed  into  those 
referred  to  the  ecliptic  and  mean  equinox  of  another  date  t' .  Thus, 
let  d  denote  the  longitude  of  the  descending  node  of  the  ecliptic  of  V 
on  that  of  t,  measured  from  the  mean  equinox  of  t,  and  let  q  be  the 
mutual  inclination  of  these  planes;  then,  if  we  denote  by  x',  y',  z' 
the  co-ordinates  referred  to  the  ecliptic  of  t  as  the  fundamental  plane, 
the  positive  axis  of  x,  however,  being  directed  to  the  point  whose 
longitude  is  d,  we  shall  have 

x  —  x  cos  0  -\-  y  sin  0, 

y1  =  —  x  sin  0  4-  y  cos  0,  (42) 

z  =  z. 

Let  us  now  denote  by  x",  y",  z"  the  co-ordinates  when  the  ecliptic 
of  t  is  the  plane  of  xy,  the  axis  of  x  remaining  the  same  as  in  the 
system  of  x',  y',  z' .     Then  we  shall  have 

x"  =  x', 

y"  =  yr  cos?;  —  z  sinrj,  (43) 

2"  ==  y'  sin  rj  -f  z'  cos  ij. 

Finally,  transforming  these  so  that  the  axis  of  z  remains  unchanged 
while  the  positive  axis  of  x  is  directed  to  the  mean  equinox  of  /,  and 
denoting  the  new  co-ordinates  by  x„  y„  z„  we  get 

x,  =  x"  cos  (0  -}-  p)  —  y"  sin  (0  -f-  p), 

y,  =  x"  sin  (0  4-  p)  4-  y"  cos  (0+p),  (44) 

z,=z, 

in  which  p  denotes  the  precession  during  the  interval  t'  —  t.  Elimi- 
nating x",  y",  and  z"  from  these  equations  by  means  of  (43)  and  (42), 
observing  that,  since  rt  is  very  small,  we  may  put  cos  j?  =  1,  we  get 
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x,  =  x  cosjd  —  y  &\np  -\-  -z  sin  (0  -\-  p), 

s 

y,  =  xBinp-\-ycosp —  -zcos(0  +  P)>  (45) 

o 

z,  =z  —  -  x  sin  0  -f-  -y  cos  0, 

in  which  s  =  206264.8,  ^  being  supposed  to  be  expressed  in  seconds 
of  arc.     If  we  neglect  terms  of  the  order  p3,  these  equations  become 


x,  =  x  — 


V*  P  "H 

V-^  x  —  -y  -\-  -(sin0  -\-  p  cos0)z, 


P*  P  V 

y,  =  y  —  \jy  +  -x  —  -  (cos0  — p  sin  o)  z,  (46) 

z.  =  z  —  -  x  sin  0  +  -  V  cos  0. 

These  formulae  give  the  co-ordinates  referred  to  the  ecliptic  and  mean 
equinox  of  one  epoch  when  those  referred  to  the  ecliptic  and  mean 
equinox  of  another  date  are  known.  For  the  values  of  p,  jy,  and  d, 
we  have 

p  =  (50".21129  +  0".0002442966r)  (£'  —  0, 

v  =  (  0".48892  —  0".000006143t)  (f  —  t), 

0  =  351°  36'  10"  +  39".79  (t  —  1750)  —  5".21  (f  —  t), 

in  which  r  =  \{t'  —  t)  —  1750,  t  and  t'  being  expressed  in  years  from 
the  beginning  of  the  era.  If  we  add  the  nutation  to  the  value  of  p, 
the  co-ordinates  will  be  derived  for  the  true  equinox  of  t'. 

The  equations  (45)  and  (46)  serve  also  to  convert  the  values  of  dx, 
dy,  and  dz  belonging  to  the  co-ordinates  referred  to  the  ecliptic  and 
mean  equinox  of  t  into  those  to  be  applied  to  the  co-ordinates  re- 
ferred to  the  ecliptic  and  mean  equinox  of  t'.  For  this  purpose  it 
is  only  necessary  to  write  dx,  dy,  and  dz  in  place  of  x,  y,  and  z  re- 
spectively, and  similarly  for  x„  y„  z,. 

In  the  computation  of  the  perturbations  of  a  heavenly  body  during 
a  period  of  several  years,  it  will  be  convenient  to  adopt  a  fixed  equi- 
nox and  ecliptic  throughout  the  calculation;  but  when  the  perturba- 
tions are  to  be  applied  to  the  co-ordinates,  in  the  calculation  of  an 
ephemeris  of  the  body  taking  into  account  the  perturbations,  it  will 
be  convenient  to  compute  the  co-ordinates  directly  for  the  ecliptic 
and  mean  equinox  of  the  beginning  of  the  year  for  which  the 
ephemeris  is  required,  and  the  values  of  dx,  dy,  and  dz  must  be 
reduced,  by  means  of  the  equations  (45),  as  already  explained,  from 
the  ecliptic  and  mean  equinox  to  which  they  belong,  to  the  ecliptic 
and  mean  equinox  adopted  in  the  case  of  the  co-ordinates  required. 
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In  a  similar  manner  we  may  derive  formula;  for  the  transformation 
of  the  co-ordinates  or  of  their  variations  referred  to  the  mean  equinox 
and  equator  of  one  date  into  those  referred  to  the  mean  equinox 
and  equator  of  another  date;  but  a  transformation  of  this  kind  will 
rarely  be  required,  and,  whenever  required,  it  may  be  effected  by  first 
converting  the  co-ordinates  referred  to  the  equator  into  those  referred 
to  the  ecliptic,  reducing  these  to  the  equinox  of  t'  by  means  of  (45) 
or  (46),  and  finally  converting  them  into  the  values  referred  to  the 
equator  of  V.  Since,  in  the  computation  of  an  ephemeris  for  the 
comparison  of  observations,  the  co-ordinates  are  generally  required 
in  reference  to  the  equator  as  the  fundamental  plane,  it  would  appear 
preferable  to  adopt  this  plane  as  the  plane  of  xy  in  the  computation 
of  the  perturbations,  and  in  some  cases  this  method  is  most  advan- 
tageous. But,  generally,  since  the  elements  of  the  orbit  of  the  dis- 
turbed planet  as  well  as  the  elements  of  the  orbits  of  the  disturbing 
bodies  are  referred  to  the  ecliptic,  the  calculation  of  the  perturbations 
will  be  most  conveniently  performed  by  adopting  the  ecliptic  as  the 
fundamental  plane.  The  consideration  of  the  change  of  the  position 
of  the  fundamental  plane  from  one  epoch  to  another  is  thus  also  ren- 
dered more  simple.  Whenever  an  ephemeris  giving  the  geocentric 
right  ascension  and  declination  is  required,  the  heliocentric  co-ordi- 
nates of  the  body  referred  to  the  mean  equinox  and  equator  of  the 
beginning  of  the  year  will  be  computed  by  means  of  the  osculating 
elements  corrected  for  precession  to  that  epoch,  and  the  perturbations 
of  the  co-ordinates  referred  to  the  ecliptic  and  mean  equinox  of  any 
other  date  will  be  first  corrected  according  to  the  equations  (46),  and 
then  converted  into  those  to  be  applied  to  the  co-ordinates  referred  to 
the  mean  equinox  and  equator.  If  the  perturbations  are  not  of  con- 
siderable magnitude  and  the  interval  t'  —  t  is  also  not  very  large,  the 
correction  of  dx,  8y,  and  8z  on  account  of  the  change  of  the  position 
of  the  ecliptic  and  of  the  equinox  will  be  insignificant;  and  the 
conversion  of  the  values  of  these  quantities  referred  to  the  ecliptic 
into  the  corresponding  values  for  the  equator,  is  effected  with  great 
facility. 

In  the  determination  of  the  perturbations  of  comets,  ephemerides 
being  required  only  during  the  time  of  describing  a  small  portion  of 
their  orbits,  it  will  sometimes  be  convenient  to  adopt  the  plane  of  the 
undisturbed  orbit  as  the  fundamental  plane.  In  this  case  the  posi- 
tive axis  of  x  should  be  directed  to  the  ascending  node  of  this  plane 
on  the  ecliptic,  and  the  subsequent  change  to  the  ecliptic  and  equinox, 
whenever  it  may  be  required,  will  be  readily  effected. 
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168.  The  perturbations  -of  a  heavenly  body  may  thus  be  d 
Billed  rigorously  for  a  long  period  of  time,  provided  that  the  oscu- 
lating elements  may  be  regarded  as  accurately  known.  The  peculiar 
object)  however,  of  such  calculations  is  to  facilitate  the  correction  of 
the  assumed  elements  of  the  orbit  by  means  of  additional  observa- 
tions according  to  the  methods  which  have  already  been  explained; 
and  when  the  osculating  elements  have,  by  successive  correction-. 
been  determined  with  great  precision,  a  repetition  of  the  calculation 
of  the  perturbations  may  become  necessary,  since  changes  of  the  ele- 
ments which  do  not  sensibly  affect  the  residuals  for  the  given  differ- 
ential equations  in  the  determination  of  the  most  probable  corrections, 
may  have  a  much  greater  influence  on  the  accuracy  of  the  resulting 
values  of  the  perturbations. 

AVhen  the  calculation  of  the  perturbations  is  carried  forward  for  a 
long  period,  using  constantly  the  same  osculating  elements, — and 
those  which  are  supposed  to  require  no  correction, — the  secular  per- 
turbations of  the  co-ordinates  arising  from  the  secular  variation  of 
the  elements,  and  the  perturbations  of  long  period,  will  constantly 
affect  the  magnitude  of  the  resulting  values,  so  that  dx,  dy,  and  Bx 
will  not  again  become  simultaneously  equal  to  zero.  Hence  it 
appears  that  even  when  the  adopted  elements  do  not  differ  much 
from  their  mean  values,  the  numerical  amount  of  the  perturbations 
may  be  very  greatly  increased  by  the  secular  perturbations  and  by 
the  large  perturbations  of  long  period.     But  when  the  perturbations 

are  large,  the  calculation  of  the  complete  values  of  —nr>  -jjjf"»  an(l 

—r-£-  (which  is  effected  indirectly)  cannot  be  performed  with  facility, 

requiring  often  several  repetitions  in  order  to  obtain  the  required 
accuracy,  since  any  error  in  the  value  of  the  second  differential  coeffi- 
cient produces,  by  the  double  integration,  an  error  increasing  propor- 
tionally to  the  time  in  the  values  of  the  integral.  Errors,  therefore, 
in  the  values  of  the  second  differential  coefficients  which  for  a  mode- 
rate period  would  have  no  sensible  effect,  may  in  the  course  of  a  long 
period  produce  large  errors  in  the  values  of  the  perturbations,  and  it 
is  evident  that,  both  for  convenience  in  the  numerical  calculation  and 
for  avoiding  the  accumulation  of  error,  it  will  be  necessary  from  time 
to  time  to  apply  the  perturbations  to  the  elements  in  order  that  the 
integrals  may,  in  the  case  of  each  of  the  co-ordinates,  be  again  equal 
to  zero.  The  calculation  will  then  be  continued  until  another  change 
of  the  elements  is  required. 
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The  transformation  from  a  system  of  osculating  elements  for  one 

epoch  to  that  for  another  epoch  is  very  easily  effected  by  means  of 

the  values  of  the  perturbations  of  the   co-ordinates  in  connection 

with  the  corresponding  values  of  the  variations  of  the  velocities 

dx    dv  d? 

-T-,  -j-,  and  -jr.     The  latter  will  be  obtained  from  the  values  of  the 

itt    at  at 

second  differential  coefficients  by  means  of  a  single  integration  ac- 
cording to  the  equations  (27)  and  (32).  Thus,  in  the  case  of  the 
example  given,  we  obtain  for  the  date  1865  Jan.  15.0,  by  means  of 
(32),  in  units  of  the  seventh  decimal  place, 

40^  =  +  385.9,        40^=  +  214.6,        40^= +  9.7. 
at  at  at 

The  velocities  in  the  case  of  the  disturbed  orbit  will  be  given  by  the 
formulae 

dx   _  dx0       dox  dy dy0       dSy  dz  _  dz0       d'h      . .  _. 

~!t~  ~dT^~~d7'      ~dt~~dt+~dJ'     ~dl  ~~~dt+~d~i'    ^  - 

To  obtain  the  expressions  for  the  components  of  the  velocity 
resol\ed  parallel  to  the  co-ordinates,  we  have,  according  to  the  equa- 
tions (6)2, 

dx        .        .    ,  .         .  dr  .  dv 

-=£-  =  sin  a  sin  {A  +  u)  -=7  4-  r  sin  a  cos  (A  4-  u)  -r-, 
dt  dt  at 

dy  •  1  •  /t>  1  \  dr  ,  .  ,  ,T,.dv 
-j-  =  sin  0  sin  (ii  +  u)  -j-  -{-  r  sin  0  cos  (J>  +  u)  -=-, 
at  at  at 

dz         .        .    .  n        s  dr  .  r  .dv 

—rr  ~  sin  c  sin  (  G  +  u)  -=r  +  r  sin  c  cos  (  L  +  u)  -=-• 
dt  dt  dt 

These  equations  are  applicable  in  the  case  of  any  fundamental  plane, 
if  the  auxiliaries  sin  a,  sin b,  sine,  A,  B,  and  C  are  determined  in 
reference  to  that  plane.     To  transform  them  still  further,  we  have 


dr        IcV  14- m      .    ,  N 

-5-  = 7= esin(w  —  w), 

at  -\/p 

dv       £l/»(l-fm)     •  hV/l4rm  ,.,    .  ,  .x 

rw  =  -^-  =  — -^-  (l  +  8C.8(«-»)), 

in  which  to  denotes  the  angular  distance  of  the  )  lerihelion  from  the 
ascending  node.     Substituting  these  values,  we  ol  tain,  by  reduction, 
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*l/l  + 


in 


dt 


Si 


((e  cos  to  +  cos  u)  cos  A  —  (e  sin  w  -+-  sin  w)  sin  A)  sin  a, 


-^  = 7= ((e  cos  w  -f-  cos  u)  cos  £  —  (e  sin  w  -f-  sin  u)  sin  2?)  sin  b, 

7= — ((e  cos  w  +  cos  u)  cos  C  —  (e  sin  <«  +  sin  «)  sin  C)  sin  c. 


Let  us  now  put 


and  we  have 


&l/l-|-m 

Vp 
IcVl+m 

Vp 

dx 


(e  sin  <o  -f-  sin  it)  =  Fsin  U, 
(e  cosw  -f"  cOsw)  =  Fcos  U, 


(48) 


dt 


=  Psin  a  cos  (A  +  CO, 


7  sin  b  cos  (5  +  0"), 


dt 

-jr  =  7  sin  c  cos  (  C  4-  U). 


(49) 


These  equations  determine  the  components  of  the  velocity  of  a  hea- 
venly body  resolved  in  directions  parallel  to  the  co-ordinate  axes, 
and  for  any  fundamental  plane  to  which  the  auxiliaries  A,  B,  &c. 
belong.     When  the  ecliptic  is  the  fundamental  plane,  we  have 


sin  c  =  sin?',  C=0. 

The  sum  of  the  squares  of  the  equations  (48)  gives 
P(l-f-m) 


J" 


(1  +  e2  -|-  2e  cos  (u  —  «>))  =  k2(l  +  m 


'(H)- 


and  hence  it  appears  that  Fis  the  linear  velocity  of  the  body. 

The  determination  of  the  osculating  elements  corresponding  to  any 
date  for  which  the  perturbations  of  the  co-ordinates  and  of  the  veloci- 
ties have  been  found,  is  therefore  effected  in  the  following  manner: — 

First,  by  means  of  the  osculating  elements  to  which  the  perturba- 
tions belong,  we  compute  accurate  values  of  r0,  x0,  y0,  z0,  and  by 

dzo 
means  of  the  equations    (48)  and  (49)  we  compute  the  values  of  -j -, 

-!p  and  -tt°.     Then  we  apply  to  these  the  values  of  the  perturba- 

dor     nit  fiz 

tions,  and  thus  find  x,  y,  z,  -»  -•'-,  and  - -     These   having   been 


dt'  dt 


dt 
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found,  the  equations  (32)1  will  furnish  the  values  of  ft,  i,  and  p; 
and  the  remaining  elements  may  be  determined  as  explained  in  Art. 
112.     Thus,  from 

Vr  sin  40  =  kVp  (1  -f-  m), 

Tr  dx    ,      dy    ,      dz 

Vrcos^x-^  +  y^  +  z-, 

we  obtain  Vr  and  ^0,  and  from 

r  sin u  =  ( —  x  sin  ft  -p-  y  cos  ft)  sec  t, 
r  cosw  =  a;  cos  ft  +  y  sin  ft, 

we  derive  r  and  it;  and  hence  Ffrom  the  value  of  Vr.     When  i  is 

not  very  small,  we  may  use,  instead  of  the  preceding  expression  for 

r  sin  u, 

r  sin  u  —  z  cosec  i. 

Xext,  we  compute  a  from 

T 

2a  — r 


2   F(l+m) 


r  F2 

and  from 

2ae  sin  to  =  —  (2a  —  r)  sin  (2^  +  w)  —  r  sin  ?t, 
2ae  cos  <o  =  —  (2a  —  r)  cos  (240  -J-  u)  —  r  cos  tt, 

we  find  a)  and  e.  The  mean  daily  motion  and  the  mean  anomaly  or 
the  mean  longitude  for  the  epoch  will  then  be  determined  by  means 
of  the  usual  formulae. 

In  the  case  of  a  very  eccentric  orbit,  after  r  and  u  have  been  found, 

(XT 

-rr  will  be  given  by  equations  (48)6,  and  the  values  of  e  and  v  will 

be  given  by  the  equations  (49)6.  Then  the  perihelion  distance  will 
be  found  from 

P 

and  the  time  of  perihelion  passage  will  be  found  from  v  and  c  by 

means  of  Table  IX.  or  Table  X. 

'/  /*     dxi 
In  the  numerical  values  of  the  velocities  -rr,  —j-,  &c.,  more  decimals 

dt     dt         ' 

must  be  retained  than  in  the  values  of  the  co-ordinates,  and  enough 
must  bo  retained  to  secure  the  required  accuracy  of  the  solution.  If 
it  be  considered  necessary,  the  different  parts  of  the  calculation  may 
be  checked  by  means  of  various  formulae  which  have  already  been 
given.     Thus,  the  values  of  ft  and  i  must  satisfy  the  equation 
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t  cos  i  —  y  sin  i  cos  ^  — |-  a;  sin  i  sin       =  0. 
We  have,  also, 

z  =  r  sin  u  sin  i, 

which  must  be  satisfied  by  the  resulting  values  of  V,  r,  and  u;  and 
the  values  of  a  and  e  must  satisfy  the  equation 

p  =  a  (1  —  e2)  =  a  cos3  ?>. 

169.  When  the  plane  of  the  undisturbed  orbit  is  adopted  as  the 
fundamental  plane,  we  obtain  at  once  the  perturbations 

3  (r  cos  u),  S(r  sin  u),  3z, 

and  from  these  the  perturbations  of  the  polar  co-ordinates  are  easily 
derived.  There  are,  however,  advantages  which  may  be  secured  by 
employing  formulae  which  give  the  perturbations  of  the  polar  co-or- 
dinates directly,  retaining  the  plane  of  the  orbit  for  the  date  t0  as  the 
fundamental  plane. 

Let  w  denote  the  angle  which  the  projection  of  the  disturbed 
radius-vector  on  the  plane  of  xy  makes  with  the  axis  of  x,  and  /9  the 
latitude  of  the  body  with  respect  to  the  plane  of  xy;  then  we  shall 

have 

x  =  r  cos  p  cos  w, 

y  =  r  cos  /?  sin  w,  (50) 

z  —  r  sin  /?. 

Let  us  now  denote  by  X,  Y,  and  Z,  respectively,  the  forces  which  are 
expressed  by  the  second  members  of  the  equations  (1),  and  the  first 
two  of  these  equations  give 


x 


t-yfH/c.^a.+.a 


C  being  the  constant  of  integration.     The  equations  (50)  give 

dx  d(rcos/9)  B  .       dw 

-—  =  cos  w  — — t: — -  —  r  cos  p  sin  w  -t-> 
dt  dt  dt 


and  hence 


dy        .       d(r  cos  /?)    .  0  dw 

~  =  Binw         ,, — -  -4-  r  cos  p  cos  w  -=-) 
at  at  at 

dy         dx        ,      ,  adw 

x-j-  —  y  -jr  =  r3  cos*  P  -77- 

dt       s  dt  dt 
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Therefore  we  have 

r»  cos1  fl^=f(Yx  —  Xy)dt  +  C. 


If  we  denote  by  S0  the  component  of  the  disturbing  force  in  a  direc- 
tion perpendicular  to  the  disturbed  radius-vector  and  parallel  with 
the  plane  of  xy,  we  shall  have 

X  = —  £0sinw,  Y=S0cosw, 

and 

Yx  —  Xy  =  S0  r  cos  ft. 
Therefore 

r1  cos2  ,9  ^  =  Cs0  r  cos  /?  dt  +  C. 
In  the  undisturbed  orbit  we  have  /9  =  0,  and 
r0i^  =  fcl/Po(l  +  m); 
and  thus  the  preceding  equation  becomes 

r2  cos2  ,9  ~  =  fso  r  cos  ,3  dt  +  £l/p0(l  +  m).  (51) 

The  equations  (1)  also  give 

1  _  xd2x  +  yd*y  +  zd2z      fc2(l  +  m)  _  ^x       yy      ^z         ^ 
r  eft2  r2  r  r  r 

If  we  denote  by  R  the  component  of  the  disturbing  force  in  the 
direction  of  the  disturbed  radius- vector,  we  have 


We  have,  also^ 


R  =  XX-.+  Yy-  +  ZZ.  (53) 

r  r  r 


xd2x  -\-  yd?y  -\-  zd*z  =  d  (xdx  -\-  ydy  +  zdz)  —  (dx2  -f-  dy2  -\-  dz2) 
=  d  (rdr)  —  (dr2  -J-  r2dv2)  =  rd2r  —  r'dv2, 

v   denoting   the    true    anomaly   in    the    disturbed    orbit,   or,   since 
dw2  =  cos2  /9  dv?  +  dp2, 

xd'x  +  yd2y  +  zd2z  —  rd2r  —  r*  cos*  0  dw2  —  r2d,32. 

Hence  the  equation  (52)  becomes 

cF      rCMitdfi       rdt*+         r>         -"'  ^V 
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170.  The  equations  (51)  and  (54),  in  connection  with  the  last  of 
equations  (1),  completely  represent  the  motion  of  a  heavenly  body 
about  the  sun  when  acted  upon  by  disturbing  forces,  and,  when  com- 
pletely integrated,  they  will  give  the  values  of  w,  r,  and  z  for  any 
point  of  the  orbit;  but,  since  they  cannot  be  integrated  directly,  we 
must,  as  in  the  case  of  the  rectangular  co-ordinates,  find  the  equations 
which  give  by  integration  the  values  of  dw,  8r,  and  z.  In  the  case 
«>t'  the  undisturbed  orbit,  we  have 

cPr0  dw*       P(l+m) 

-dJ-r°-dF  +  —^ —  =  °- 

If  we  denote  by  dw  the  variation  of  w  arising  from  the  action  of  the 
disturbing  force,  we  have  w  —  w0-\-dw;  and  hence  we  easily  find, 
from  (51), 


dSw 


dt  r*  cos 
We  have,  further, 
which  gives 


l-fVcos^-(l— -jy^V-).  (56) 
os2/3»/     °  \         r2cosJ/?/  r/ 

r*  =  r02  -f  2r0dr  +  Sr2, 


' o  'o 

Let  us  now  put 


i=(r-^^-SWh       /V  =  l-^-,      (57) 


and  we  have 


/'  =  TT27  (58) 


The  equation  (56),  therefore,  becomes 

^  =  ^V.A"09^-^  (59) 

in  which  we  put 

_dw0_  kVp0(l  +m)  ,fim 

9o~'dt~  r* 

If  we  substitute  r0  +  <5r  for  r  in  equation  (54),  and  combine  the 
result  with  the  second  of  equations  (55),  we  get 


d»<*r 


df 


t*         ,      >  ,  ndw*   ,      dp*   ,    .,,.,    ,      .  /  1        1  \ 
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and  if  we  put 


f-r-*±t*9rf  f»q«  =  l-%  (61) 


we  have 


and  hence 


/"=iW  (62) 


(63) 


Finally,  we  have,  from  the  last  of  equations  (1), 

d*z       „      k\l+m) 

a¥  =  Z ?r—  z>  (64) 

by  means  of  which  the  value  of  z  may  be  found,  since,  in  the  case  of 
the  undisturbed  motion,  we  have  z0  —  0. 

The  values  of  /'  corresponding  to  different  values  of  q'  may  be 
tabulated  with  the  argument  q',  and,  since  the  equation  (62)  is  of  the 
same  form  as  (58),  the  same  table  will  give  the  value  of/"  when  q" 
is  used  as  the  argument.  Table  XVII.  gives  the  values  of  log/'  or 
log/"  corresponding  to  values  of  q'  or  q"  from  —  0.03  to  +  0.03. 
Beyond  the  limits  of  this  table  the  required  quantities  may  be  com- 
puted directly. 

171.  When  we  consider  only  terms  of  the  first  order  with  respect 
to  the  disturbing  force,  we  have 

o 

and  the  equations  become 

^  =  M  +  %fSJ^™^-W)Sr,  (65) 

d3z  __       frq  +  TO).  • 

dP  r*        *• 

In  determining  the  perturbations  of  a  heavenly  body,  we  first  con- 
sider only  the  terms  depending  on  the  first  power  of  the  disturbing 
force,  for  which  these  equations  will  be  applied.     The  value  of  dr 

30 
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will  be  obtained  from  the  second  equation  by  an  indirect  ]>: 
already  illustrated  for  the  case  of  the  variation  of  the  rectangular 
co-ordinates.  Then  dw  will  be  obtained  directly  from  the  first 
equation,  and,  finally,  z  indirectly  from  the  last  equation.  Each  of 
the  integrals  is  equal  to  zero  for  the  date  /„,  to  which  the  osculating 
elements  belong. 

When  the  magnitude  of  the  perturbations  is  such  that  the  terms 
depending  on  the  squares  and  products  of  the  masses  must  be  con- 
sidered, the  general  equations  (59),  (63),  and  (64)  will  be  applied. 
The  values  of  the  perturbations  for  the  dates  preceding  that  for 
which  the  complete  expressions  are  to  be  used,  will  at  once  indicate 
approximate  values  of  dw,  dr,  and  z;  and  with  the  values 

2 

r  =  r0  -f-  8r,  w  =  w0  -\-  dw,  sin  ft  =  -, 

T 

the  components  of  the  disturbing  force  will  be  computed.  We  compute 
also  q'  from  the  first  of  equations  (57),  and  q"  from  the  first  of  (61); 
then,  by  means  of  Table  XVII.,  we  derive  the  corresponding  values 
of  log/'  and  log/".  The  coefficients  of  dr  in  the  expressions  for 
q  and  q"  will  be  given  with  sufficient  accuracy  by  means  of  the 
approximate  values  of  dr  and  sin  ft,  and  will  not  require  any  further 
correction.     Then  we  compute  S0r  cos/9,  and  find  the  integral 


/ 


S0r  cos  ft  dt; 

and  the  complete  value  of  — rr-  will  be  given  by  (59).     The  value 

d2!ir  I  dft  \* 

of  —jp-  will  then  be  given  by  equation  (63).     The  term  r  I  -4r  I   will 

always  be  small,  and,  unless  the  inclination  of  the  orbit  of  the  dis- 
turbed body  is  large,  it  may  generally  be  neglected.    Whenever  it  shall 

be  required,  we  may  put  it  equal  to  -  ( -ir  I  •    The  corrected  values 

of  the  differential  coefficients  being  introduced  into  the  table  of  inte- 
gration, the  exact  or  very  approximate  values  of  dw,  dr,  and  z  will 
be  obtained.  Should  these  results,  however,  differ  much  from  the 
corresponding  values  already  assumed,  a  repetition  of  the  calculation 
may  become  necessary.  In  this  manner,  by  computing  each  place 
separately,  the  terms  depending  on  the  squares,  products,  and  higher 
powers  of  the  disturbing  forces  may  be  included  in  the  results.  It 
will,  however,  be  generally  possible  to  estimate  the  values  of  dw,  dr, 
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and  z  for  two  or  three  intervals  in  advance  to  a  degree  of  approxi- 
mation sufficient  for  the  computation  of  the  forces  for  these  dates. 

In  order  that  the  quantity  to,  representing  the  interval  adopted  in 
the  calculation  of  the  perturbations,  may  not  appear  in  the  integra- 
tion, we  should  introduce  it  into  the  equations  as  in  the  case  of  the 
variation  of  the  rectangular  co-ordinates.  Thus,  in  the  determina- 
tion of  ow  we  compute  the  values  of  (0~rr->  and  since  the  second 

member  of  the   equation   contains  the  integral  J  SQr  cos  /9  dt,  if  we 

introduce  the  factor  to2  under  the*  sign  of  integration,  this  integral, 
omitting  the  factor  to  in  the  formulae  of  integration,  will  become 

tot  S0r  cos /9  dt,  as  required.     The  last  term  of  the  equation  will  be 

multiplied  by  to.  ^ 

In  the  case  of  dr,  each  term  of  the  equation  for  — — -  must  contain 

the  factor  to2.  If  the  second  of  equations  (65)  is  employed,  the  first 
and  third  terms  of  the  second  member  will  be  multiplied  by  to1-,  but 
since  the  value  of  S0  is  supposed  to  be  already  multiplied  by  to2,  the 
second  term  will  only  be  multiplied  by  to. 

The  perturbations  may  be  conveniently  determined  either  in  units 
of  the  seventh  decimal  place,  or  expressed  in  seconds  of  arc  of  a 
circle  whose  radius  is  unity.  If  they  are  to  be  expressed  in  seconds, 
the  factor  s  =  206264.8  must  be  introduced  so  as  to  preserve  the 
homogeneity  of  the  several  terms,  and  finally  dr  and  3z  must  be  con- 
verted into  their  values  in  terms  of  the  unit  of  space. 

172.  It  remains  yet  to  derive  convenient  formulae  for  the  deter- 
mination of  the  forces  S0,  R,  and  Z.  For  this  purpose,  it  first  becomes 
necessary  to  determine  the  position  of  the  orbit  of  the  disturbing 
planet  in  reference  to  the  fundamental  plane  adopted,  namely,  the 
plane  defined  by  the  osculating  elements  of  the  disturbed  orbit  at  the 
instant  t0.  Let  %'  and  Q,'  denote  the  inclination  and  the  longitude  of 
the  ascending  node  of  the  disturbing  body  with  respect  to  the  ecliptic, 
and  let  /  denote  the  inclination  of  the  orbit  of  the  disturbing  body 
with  respect  to  the  fundamental  plane.  Further,  let  N  denote  the 
longitude  of  its  ascending  node  on  the  same  plane  measured  from  the 
ascending  node  of  this  plane  on  the  ecliptic  or  from  the  point  whose 
longitude  is  &0,  and  let  Nf  be  the  angular  distance  between  the  as- 
cending node  of  the  orbit  of  the  disturbing  body  on  the  ecliptic  and 
the  ascending  node  on  the  fundamental  plane  adopted.  Then,  from 
the  spherical  triangle  formed  by  the  intersection  of  the  plane  of  the 


•ies 
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ecliptic,  the  fundamental  plane,  and  the  plane  of  the  orbit  of  the  dis- 
turbing body  with  the  celestial  vault,  we  have 


sin  \Isin  l(N+  N')  =  sin -\ (£'  -  Q0)  sin  2  (f  +  i0), 
sin  }2I cos |  (N+  N')  a  cos2  (£'  —  ft0)  sin  &  (*  —  V>. 
cos-i/sin^(iVr-iV")=8in^(ft'-^0)cosK*'  +  U 
irv_jv-')=cosK^'-ft0)cosKi'-U 


(66) 


COS  J /COS 


,-V 


from  which  to  find  N,  Nf,  and  I. 

Let  /S'  denote  the  heliocentric  latitude  of  the  disturbing  planet 
with  respect  to  the  fundamental  plane,  wf  its  longitude  in  this  plane 
measured  from  the  axis  of  x,  as  in  the  case  of  w,  and  u0'  the  argu- 
ment of  the  latitude  with  respect  to  this  plane.  Then,  according  to 
the  equations  (82)^  we  have 


tan  (w'  —  N)  =  tan  ti0'  cos  J, 
tan  ft  =  tan  I  sin  (w'  - 


N). 


(67) 


If  u'  denotes  the  argument  of  the  latitude  of  the  disturbing  planet 
with  respect  to  the  ecliptic,  we  have 


u'  =  vf  —  N'. 


(68) 


This  formula  will  give  the  value  of  u0',  and  then  wf  and  /?'  will  be 
found  from  (67).     We  have,  also, 

cos  u0'  =  cos  ft  cos  («/  —  N), 

which  will  serve  to  indicate  the  quadrant  in  which  w'  —  iVmust  be 
taken. 

The  relations  here  derived  are  evidently  applicable  to  the  case  in 
which  the  elements  of  the  orbits  of  the  disturbed  and  disturbing 
planets  are  referred  to  the  equator,  the  signification  of  the  quantities 
involved  being  properly  considered. 

The  co-ordinates  of  the  disturbing  planet  in  reference  to  the  plane 
of  the  disturbed  orbit  at  the  instant  t0  as  the  fundamental  plane  will 
be  given  by 

z1  =  r'  cos  ft  cos  w', 

i/  =  r'  cos  ft  sin  w',  (69) 

d  =  i*  sin  ft. 

To  find  the  force  R,  we  have 

R  =  X-+  YV-  +  Z\ 
r  r  r 
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and 


Substituting  in  these  the  values  of  xf,  y',  z'  given  by  (69),  and  the 
corresponding  values  of  x,  y,  z  given  by  (50),  and  putting 

h  =  X-*-7*  (70) 


we  get 


R  =  m'k2 1  h r'  cos §f  cos p  cos  (vf  —  w)-\-hr'  sin  j3 sin ?  —  ~  J.  (71) 

The  equation 

S0  r  cos  ft  =  Yx  —  Xy 
gives 

S0  =  m'k2hr' cos  ft  sin  (w'  —  w),  (72) 

from  which  to  find  S0.     Finally,  we  have 

Z  =  m'k2 1  h  r'  sin  ft  —  -,  V  (73) 

from  which  to  find  Z. 

When  we  determine  the  perturbations  only  with  respect  to  the 
first  power  of  the  disturbing  force,  the  expressions  for  jB,  SQ)  and  Z 
become 

B  =  m'k2 1  h  r'  cos  £  cos  (uf  —  w0) ^  ), 

S0  =  m'k2  h  r'  cos  ft  sin  (w'  —  w0), 
Z  =  m'k2  hr^  sin  ft. 

To  compute  the  distance  p,  we  have 

p2  =  (*'  -  *)2  +  (^  -  y)2  +  V  -  zy, 

which  gives 

p*  =  r"  +  r2  —  2r  r'  cos  /?  cos  ft  cos  (to'  —  w)  — -  2r  r'  sin  ft  sin  y?',  (75) 

and,  if  we  neglect  terms  of  the  second  order,  we  have 

P02  =  r'2  -f-  r2  —  2r0  r'  cos  /S'  cos  (w'  —  w0).  (76) 

If  we  put 

cos  y  —  cos  ft  cos  /?  cos  (tt/  —  w)  -f-  sin  ft  sin  /S7,  (77) 

we  have 

pi  __  r'i  _|_  ri  —  2rr'  cos  y 

=  r'*  sinV  +  (r  —  r'  cos  ^)a; 


(74) 


(78) 
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and  hence  wc  may  readily  find  p  from 

P  sin  n  =  r'  sin  y, 

p  cos  n  =  r  —  r'  cos  y, 

the  exact  value  of  the  angle  ??,  however,  not  being  required. 
Introducing  j  into  the  expression  for  R,  it  becomes 

R  =  n'tf  (hr' cosy  —  ~X  (79) 

by  means  of  which  R  may  be  conveniently  determined. 

173.  When  we  neglect  the  terms  depending  on  the  squares  sad 
higher  powers  of  the  masses  in  the  computation  of  the  perturbations, 
the  forces  R,  S0,  and  Z  will  be  computed  by  means  of  the  equations 
(74),  p0  being  found  from  (76)  or  from  (78),  when  we  put 

cos  y  =  cos  j?  cos  (v/  —  w0). 

But  when  the  terms  of  the  order  of  the  square  of  the  disturbing 
force  are  to  be  taken  into  account,  the  complete  equations  must  be 
used.  Thus,  we  find  p  from  (78),  80  from  (72),  Zfrom  (73),  and  R 
from  (71)  or  (79).  The  values  of  dw,  dr,  and  z,  computed  to  the 
point  at  which  it  becomes  necessary  to  consider  the  terms  of  the 
second  order,  will  enable  us  at  once  to  estimate  the  values  of  the 
perturbations  for  two  or  three  intervals  in  advance  to  a  degree  of 
approximation  sufficient  for  the  calculation  of  the  forces;  and  the 
values  of  R,  S0,  and  Zthus  found  will  not  require  any  further  cor- 
rection. 

When  the  places  of  the  disturbing  planet  are  to  be  derived  from 
an  epheraeris  giving  the  heliocentric  longitudes  and  latitudes,  the 
values  of  Q>r  and  i'  will  be  obtained  from  two  places  separated  by  a 
considerable  interval,  and  then  the  values  of  u'  will  be  determined 
by  means  of  the  first  of  equations  (82)[  or  by  means  of  (85),.  When 
the  inclination  i'  is  very  small,  it  will  be  sufficient  to  take 

u'  =  V  —  Q '  +  s  tan"  yt  sin  2  (V  —  £'), 

in  which  «  =  206264.8.  But  when  the  tables  give  directly  the  lon- 
gitude in  the  orbit,  u'  +  Q',  by  subtracting  SI'  from  each  of  these 
longitudes  we  obtain  the  required  values  of  u'. 

It  should  be  observed,  also,  that  the  exact  determination  of  the 
values  of  the  forces  requires  that  the  actual  disturbed  values  of  rf, 
w'}  and  ft'  should  be  used.     The  disturbed  radius-vector  r'  will  be 
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given  immediately  by  the  tables  of  the  motion  of  the  disturbing 
body,  but  the  determination  of  the  aetual  values  of  w'  and  /3'  re- 
quires that  we  should  use  the  actual  values  of  N',  N,  and  I  in  the 
solution  of  the  equations  (68)  and  (67).  Hence  the  disturbed  values 
of  Q>'  and  %'  should  be  used  in  the  determination  of  these  quantities 
for  each  date  by  means  of  (66).  It  will,  however,  generally  be  the 
case  that  for  a  moderate  period  the  variation  of  Qf  and  i'  may  be 
neglected ;  and  whenever  the  variation  of  either  of  these  has  a  sensi- 
ble effect,  we  may  compute  new  values  of  N,  N',  and  /from  time  to 
time,  by  means  of  which  the  true  values  may  be  readily  interpolated 
for  each  date.  We  may  also  determine  the  variations  of  N,  N',  and 
/  arising  from  the  variation  of  Q,'  and  i',  by  means  of  differential 
formulae.  Thus  the  relations  will  be  similar  to  those  given  by  the 
equations  (71)2,  so  that  we  have 

.,,,  sin  N'  m-.wj        siniV'        ,.,., 

sin(&  —  &0)  sini 

.<»  sin  JV  __, '    __,       siniV'     ,  /nn, 

SN  =  ,frk, — -pr-r  cos  N'dQ' J-rT  to',  (80) 

sin(£  —  &0)  sini 

SI  =  sin  N'  sin  i'  <J£'  +  cos  N'  oi', 

from  which  to  find  dN',  dN,  and  oi. 

When  the  perturbations  are  computed  only  in  reference  to  the  first 
power  of  the  mass,  the  change  of  Qf  and  i'  may  be  entirely  neg- 
lected; but  when  the  perturbations  are  to  be  computed  for  a  long 
period  of  time,  and  the  terms  depending  on  the  squares  and  products 
of  the  disturbing  forces  are  to  be  included,  it  will  be  advisable  to 
take  into  account  the  values  of  dN,  dN',  and  81,  and,  using  also  the 
value  of  u'  in  the  actual  orbit  of  the  disturbing  body,  compute  the 
actual  values  of  w'  and  /?'. ' 

In  the  case  of  several  disturbing  bodies,  the  forces  will  be  deter- 
mined for  each  of  these,  and  then,  instead  of  R,  S0,  and  Z,  in  the 
formulae  for  the  differential  coefficients,  2B,  I'Sg,  and  JfZwill  be  used. 

174.  By  means  of  the  values  of  Sic,  8r,  and  z,  the  heliocentric  or 
the  geocentric  place  of  the  disturbed  planet  may  be  readily  found. 
Thus,  let  the  positive  axis  of  x  be  directed  to  the  ascending  nodo  of 
the  osculating  orbit  at  the  instant  ta  on  the  plane  of  the  ecliptic; 
then,  in  the  undisturbed  orbit,  we  shall  have 


u  denoting  the  argument  of  the  latitude.     Let  x„  yn  z,  be  the  co-or- 


472  THEORETICAL    A8TBOVOKT. 

dinates  of  the  body  referred  to  a  system  of  rectangular  co-ordinates 
in  which  the  ecliptic  is  the  plane  of  xy,  and  in  which  the  positive 
axis  of  x  is  directed  to  the  vernal  equinox.     Then  we  shall  have 

x,  =  x  cos  Q0  —  y  cost0  sin  &0  +  2  sin  i0  sin  ft0, 
y,  =  x sin  &0  +  y  cosi0  cos &0  —  z sin i0  cos  £0, 
z,  =  y  sin  i0  +  z  cos  i0, 

or,  introducing  the  values  of  x  and  y  given  by  (50), 

x,  =  r  cos  ft  cos  w  cos  &0  —  r  cos  ft  sin  w  cos  i0  sin  &0  -f-  2  sin  ?0  sin  Q,0, 

y,  =r  cos  ,5  cos  w  sin  &0  +  *"  cos  ft  sin  t«  cos  r0  cos  &0  —  z  sin  i0  cos  &0,  (81) 

z,  =r  cos  /5  sin  tv  sin  i0-\-  z  cos  i0. 

Introducing  also  the  auxiliary  constants  for  the  ecliptic  according  to 
the  equations  (94),  and  (96),,  we  obtain 

x,  =  r  cos  ft  sin  a  sin  ( A  -|-  w)  -f-  2  cos  a, 

y,  =r  cos  ,3  sin  6  sin  (5  -f"  w)  +  2  cos  6,  (82) 

z,  =r  cos  ,5  sin  t0  sin  w  -f-  2  cos  r0, 

by  means  of  which  the  heliocentric  co-ordinates  in  reference  to  the 
ecliptic  may  be  determined. 

If  the  place  of  the  disturbed  body  is  required  in  reference  to  the 
equator,  denoting  the  heliocentric  co-ordinates  by  x„,  y,„  z,„  and  the 
obliquity  of  the  ecliptic  by  £,  we  have 

x„  =  x, 

y„=y,cose  —  z,sme, 

z„  =  y,  sin  e  +  z,  cos  e. 

Substituting  for  x„  y„  z,  their  values  given  by  (81),  and  introducing 
the  auxiliary  constants  for  the  equator,  according  to  the  equations 
(99),  and  (101),,  we  get 

x„  =  rcosft  sin  a  sin  (A  -\-  w)  -\-  z  cos  a, 

yu  =  r  cos  ft  sin  b  sin  (2?  +  w)  +  2  cos  b,  (83) 

z„  =  r  cos  ft  sin  c  sin  (  G  +  w)  +  z  cos  c. 

The  combination  of  the  values  derived  from  these  equations  with  the 
corresponding  values  of  the  co-ordinates  of  the  sun,  will  give  the 
required  geocentric  places  of  the  disturbed  body.  These  equations 
are  applicable  to  the  case  of  any  fundamental  plane,  provided  that 
the  auxiliary  constants  a,  A,  b,  B,  &c.  are  determined  with  respect 
to  that  plane.  In  the  numerical  application  of  the  formulae,  the 
value  of  w  will  be  found  from 

w  =  u0  -f-  Sw, 
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w0  being  the  argument  of  the  latitude  for  the  fundamental  osculating 
elements!  and  care  must  be  taken  that  the  proper  algebraic  sign  is 
gned  to  cos  a,  cos  6,  and  cos  c. 
If  the  values  of  ~0,  &0,  and  i0  used  in  the  calculation  of  the  per- 
turbations are  referred  to  the  ecliptic  and  mean  equinox  of  the  date 
f0',  and  the  rectangular  co-ordinates  of  the  disturbed  body  are  required 
in  reference  to  the  ecliptic  and  mean  equinox  of  the  date  t/',  the 
value  of  w  must  be  found  from 

w  =  f0  +  wo  +  *»i 

the  value  of  to0  referred  to  the  ecliptic  of  t0f  being  reduced  to  that  of 
ta",  by  means  of  the  first  of  equations  (115)!.  Then  Q,0  and  i0  should 
be  reduced  from  the  ecliptic  and  mean  equinox  of  tQ'  to  the  ecliptic 
and  mean  equinox  of  tQ"  by  means  of  the  second  and  third  of  the 
equations  (115),,  and,  using  the  values  thus  found  in  the  calculation 
of  the  auxiliary  constants  for  the  ecliptic,  the  equations  (82)  will 
give  the  required  values  of  the  heliocentric  co-ordinates.  If  the  co- 
ordinates referred  to  the  mean  equinox  and  equator  of  the  date  t0" 
are  to  be  determined,  the  proper  corrections  having  been  applied  to 
&0  and  i0)  the  mean  obliquity  of  the  ecliptic  for  this  date  will  be 
employed  in  the  determination  of  the  auxiliary  constants  a,  A,  &c. 
with  respect  to  the  equator,  and  the  equations  (83)  will  then  give 
the  required  values  of  the  co-ordinates. 

If  we  differentiate  the  equations  (83),  we  obtain,  by  reduction, 

dx„  ' .  .  .         .dw  .        . ""• '  .        \  dr 

—2  r=s  r  cos  ft  sm  a  cos  (A  -\- w) -j-  -j-  sec  ft  sin  a  sin  {A  +  w)  — =- 
at  at  at 

dz 
-f  (cos  a  —  tan  ft  sin  a  sin  (A  +  to))  —j-, 

-|£  =  r  cos  ft  sin  b  cos  (B  -f-  w)  -jr  -f  sec  ft  sin  b  sin  (B  4-  w)  — jr 
at  at  at 


dz 
+  (cos  b  —  tan  ft  sin  b  sin  (JS  -fw))  -j^, 


(84) 


— "  =rcosft  sin  c  cos  (  C  +  w)  —rr  +  6ec  ft  s*n  c  sin  (  C  -j-  w)  -^~ 
at  at  at 

dz 
-(-(cos  c  —  tan  ft  sin  c  sin  (  O  -f-  to))  -g-, 

by  means  of  which  the  components  of  the  velocity  of  the  disturbed 
body  in  directions  parallel  to  the  co-ordinate  axes  may  be  determined. 

The  values  of  -rr  and  -rr  will  be  obtained  from  — ^r-  and  -j-r  by  a 
dt  dt  dt1  dt1     ■? 

single  integration,  and  then  we  have 
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<hr 

"5T 


Jfel/p0(l-fm) 


+ 


<!t 


dt 


<?„  sin  r„ 


•;;;.  (85) 


from  which  to  find  -57  and  — r- 
dt  dt 


175.  Example. — In  order  to  illustrate  the  calculation  of  the  per- 
turbations of  r,  w,  and  z,  let  us  take  the  data  given  in  Art.  160,  and 
determine  these  perturbations  instead  of  those  of  the  rectangular  co- 
ordinates. 

In  the  first  place,  we  derive  from  the  tables  of  the  motion  of 
Jupiter  the  values 


&'  =  98°  58'  22".7, 


H  =  1°  18'  40".5, 


which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0.  We  find, 
also,  from  the  data  given  by  the  tables  the  values  of  n'  measured 
from  the  ecliptic  of  1860.0.  Then,  by  means  of  the  formula?  (66), 
using  the  values  of  &0  and  i0  given  in  Art.  166,  we  derive 


N=  194°  0'  49".9, 


JV'  =  301°  38'  31".7, 


J=  5°  9'  56".4. 


The  value  of  u0r  is  given  by  equation  (68),  and  then  w'  and  ft'  are 
found  from  the  equations  (67).     Thus  we  have 


Berlin  Mean  Time. 

logr0 

«'o  = 

i« 

logr* 

w> 

0' 

1863  Dec. 

12.0, 

0.294084 

192° 

4' 

24".5 

0.73425 

14° 

18'  54".6 

—  0° 

V  38".l 

1864  Jan. 

21.0, 

0.294837 

207 

40 

52 

.2 

0.73368 

17 

21   44 

.2 

0 

18     9 

.1 

Marcl: 

1    1.0, 

0.300674 

223 

3 

5 

.9 

0.73305 

20 

25     5 

_•_> 

0 

34  39 

.9 

April 

10.0, 

0.310864 

237 

51 

38 

.3 

0.73237 

23 

28  59 

.8 

0 

51     7 

.6 

May 

20.0, 

0.324298 

251 

52 

47 

.9 

0.73164 

26 

33  32 

.1 

1 

7   29 

.7 

June 

29.0, 

0.339745 

264 

59 

30 

.0 

0.73086 

29 

38  44 

.8 

1 

23  43 

.5 

Aug. 

8.0, 

0.356101 

277 

10 

24 

.6 

0.73003 

32 

44  41 

.2 

1 

39  46 

.3 

Sept. 

17.0, 

0.372469 

288 

28 

4 

.1 

0.72915 

35 

51   24 

.6 

1 

56   86 

•_> 

Oct. 

27.0, 

0.388214 

298 

57 

16 

.3 

0.72823 

38 

58  57 

.5 

2 

11      7 

.•"> 

Dec. 

6.0, 

0.402894 

308 

43 

48 

.7 

0.72726 

42 

7   23 

.3 

2 

26   20 

.3 

1865  Jan. 

15.0, 

0.416240 

317 

53 

39 

.1 

0.72625 

45 

16  43 

.9 

—  2 

41   10 

.6 

The  values  of  p0  may  be  found  from  (76)  or  (78)  as  already  given  in 
Art.  166. 

The  forces  R,  S0,  and  Z  may  now  be  determined  by  means  of  the 
equations  (74),  h  being  found  from  (70),  and  if  we  introduce  the 
factor  it?  for  convenience  in  the  integration,  as  already  explained,  we 
obtain  the  following  results: 


Data 

tfR 

w"«Soro 

tfZ 

(ofSor^dt 

1863  Dec.  12.0, 

-f  1".4608 

+  0".1476 

-f-  0".0009 

-f  0".0282 

1864  Jan.  21.0, 

+  1  .4223 

—  0  .6757 

+  0  .0101 

—  0  .2361 
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1 »ate. 

w»i2 

<*lf* 

tfZ 

uJS0r0dt 

1864  March  1.0, 

+  1".2616 

— 1".4512 

4-  0".0190 

—  1".3060 

April  10.0, 

1  .0018 

2  .1226 

0  .0273 

3  .1035 

May  20.0, 

0  .6760 

2  .6473 

0  .0347 

5  .5020 

June  29.0, 

4-  0  .3179 

2  .9988 

0  .0406 

8  .3402 

Aug.   8.0, 

—  0  .0452 

3  .1650 

0  .0449 

11  .4378 

Sept.  17.0, 

0  .3944 

3  .1437 

0  .0470 

14  .6076 

Oct.  27.0, 

0  .7180 

2  .9392 

0  .0466 

17  .6640 

Dec.   6.0, 

1  .0097 

2  .5586 

0  .0432 

20  .4273 

1865  Jan.  15.0, 

—  1  .2674 

—  2  .0081 

4-  0  .0362 

—  22  .7245 

The  integral  to  I  80r0dt  is  obtained  from  the  successive  values  of  to^Sfa 

by  means  of  the  formula  (32). 

Next  we  compute  the  values  of  the  differential  coefficients  by 
means  of  the  formulas  (65).  For  the  dates  1863  Dec.  12.0  and  1864 
Jan.  21.0  we  may  first  assume  dr  —  0,  and,  by  a  preliminary  inte- 
gration, having  thus  derived  very  approximate  values  of  3r  for  these 

d'dr 
dates,  the  values  of  — jtj-  will  be  recomputed.     Then,  commencing 

anew  the  table  of  integration,  we  may  at  once  derive  an  approximate 
value  of  dr  for  the  date  March  1.0  with  which  the  last  term  of  the 

d23r 
expression  for  —5—-  may  be  computed.     Continuing  this  indirect  pro- 
cess, as  already  illustrated  in  the  case  of  the  perturbations  of  the  rec- 
tangular co-ordinates,  we  obtain  the  required  values  of  the  second 

dlz 
differential  coefficient.     In  a  similar  manner,  the  values  of  -gj  will 

be  obtained.    The  values  of  —7—  will  then  be  given  directly  by  means 

of  the  first  of  equations  (65);  and  the  final  integration  will  furnish 
the  perturbations  required.     Thus  we  derive  the  following  results : — 


Date. 

d$w            „d2fir 
dt                d? 

dt' 

6w 

Jr      z 

1863  Dec.  12.0, 

-0".0423  4-l".4509  4-0".0009 

— 0".00 

-j-0".18  -f0".00 

1864  Jan.  21.0, 

0  .1086  1  .3405 

0  .0101 

0  .02 

0  .17  0  .00 

Mar.  1.0, 

0  .7162  +0  .7829 

0  .0183 

0  .40 

1  .47  0  .01 

Apr.  10.0, 

1  .6114—0  .0455 

0  .0251 

1  .55 

3  .53  0  .04 

May  20.0, 

2  .4795  0  .9344 

0  .0300 

3  .61 

5  .54  0  .09 

June  29.0, 

3  .0807  1  .7333 

0  .0326 

6  .42 

6  .62  0  .18 

Aug.  8.0, 

3  .2971  2  .3752 

0  .0331 

9  .64 

5  .98  0  .29 

Sept,  1.7.0, 

3  .1080  2  .8533 

0  .0311 

12  .88 

+2  .98  0  .44 

Oct.  27.0,  —2  .5425  —3  .1872  4-0  .0265  —15  .73   —2  .86  4-0  .62 
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ffhr  rf'dr  .  dhs 

at  at1  at7 

1864  Dec.    6.0,  — 1".6443  —  3".4009  +  0".0190  — 17".85  — 11".88  +0 

1865  Jan.  15.0,-0  .4511—3  .5334+0  .0079—18  .92—24  .29+1  .05 

It  has  already  l>een  found  that,  during  the  period  included  by  (; 
n  suits,  the  perturbations  arising  from  the  squares  and  products  of 
the  disturbing  forces  are  insensible,  and  hence  the  application  of  th 
complete  equations  for  the  forces  and  for  the  differential  coefficii ■•it- 
is  not  required.     The  equations  (83)  will   give,  by  means  of  the 
results  for  w  =  u0  +  dw,  r  =  r0  +  dr,  and  z,  the  values  of  the  helio- 
centric co-ordinates  of  the  disturbed  body,  and  the  combination  of 
these  with  the  co-ordinates  of  the  sun  will  give  the  geocentric  place. 
When  we  neglect  terms  of  the  second  order,  we  have,  according  to 
the  equations  (84), 

X 

dx„  =  x0  cot  ( A  +  w)  dw  +  —  dr  +  2  cos  a, 

ro 

dy„  =  y0  cot  (B  +  w)  dw  +  h  dr  +  z  cos  b,  (86) 

ro 

dz„  =  z0  cot  (  C  +  w)  dw  +  —  8r  +  z  cos  c, 

the  heliocentric  co-ordinates  xQ,  y0,  z0  being  referred  to  the  same  fun- 
damental plane  as  the  auxiliary  constants,  a,  6,  A,  &c.  Thus,  in  the 
case  of  Eurynome,  to  find  the  perturbations  of  the  rectangular  co-or- 
dinates, referred  to  the  ecliptic  and  mean  equinox  of  1860.0,  from 
1864  Jan.  1.0  to  1865  Jan.  15.0,  we  have 

A  =  296°  34'  37".5,  B  =  206°  43'  34//.4,  C  =  0, 

log  cos  a  =  8.557354,,  log  cos  b  =  8.856746,  log  cos  c  =  log  cos  i0  =  9.998590, 

log  z0  =  0.399807B,  log  y0  =  9.838709,  log  z0  sr  9.148170., 

w  =  w0  +  dw  =  317°  53r  20//.2, 

and  hence,  by  means  of  (86),  we  derive 

ix,  =  +  36".559,        dy,  =  +  41".083,        dz,  =  —  0".588. 

If  we  express  these  in  parts  of  the  unit  of  space,  and  in  units  of  the 
seventh  decimal  place,  we  obtain 

*r,  =  + 1772.4,        ty,  =  + 1991.8,        dz,  =  —  28.5, 

agreeing  with  the  results  already  obtained  by  the  method  of  the  va- 
riation of  rectangular  co-ordinates,  namely, 

dx,  =  +  1772.6,        dy,  =  +  1992.3,        H,  =  —  28.2. 
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176.  By  using  the  complete  formula?,  the  perturbations  of  r,  w, 
and  z  may  be  computed  with  respect  to  all  powers  of  the  disturbing 
force,  and  for  a  long  series  of  years,  using  constantly  the  same  fun- 
damental osculating  elements.  But  even  when  these  elements  are  so 
accurate  as  not  to  require  correction,  on  account  of  the  effect  of  the 
large  perturbations  of  long  period  upon  the  values  of  3w  and  or,  the 
numerical  values  of  the  perturbations  will  at  length  be  such  that  a 
change  of  the  osculating  elements  becomes  desirable,  so  that  the 
integration  may  again  commence  with  the  value  zero  for  the  variation 
of  each  of  the  co-ordinates.  This  change  from  one  system  of  ele- 
ments to  another  system  may  be  readily  effected  when  the  values  of 
the  perturbations  are  known.  Thus,  having  found  the  disturbed 
values  of  r,  w,  and  z,  we  have 

dv'1  _        2    diu*       dp2       k2p  (1  -\~m) 
d?-C0Si3W  +  aW=-~?  ' 

p  being  the  semi-parameter  of  the  instantaneous  orbit  of  the  disturbed 
body.     In  the  undisturbed  orbit  we  have 


__dv0_  kVpQ(l  -\-m) 
9o~  dt  ~  r*  ' 

and  hence  we  derive 

_  p0r*     dv2 

dv 
Substituting  for  -5-  the  value  above  given,  there  results 

,=,,-   «M,,(l  +  _.-B-)+-?.3^  (87) 


(88) 


T  3 

by  means  of  which  p  may  be  determined.     To  find  -t-,  we  have 

dp  _       1         dz       tan/9    dr 
dt       rcos/2    dt  r       dt' 

"We  have,  also, 

dr       k\/l4-m      .  kVl-\-m      .         .   dSr 

-di  =  -Vf-eSmV-      v^-^SmV°+W 

and  if  we  put 

fp       *    ,  Vp        dSr  ,fi0v 

vi>0  Vl-r-w*    dt 
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this  equation  becomes 

e  sin  v  =  e0  sin  v0  -f-  <*e0  sin  v0  -j-  f.  (90) 

We  have,  further, 


and,  putting 


V      1 
ecosv  =  -  —  1, 
r 


£.p  =  l  +  /*,  (91) 

we  obtain 

P 

e  cos  v  =  e0  cos  v0  +  /?  — . 

This  equation,  combined  with  (90),  gives 

n 

e  sin  (v  —  v0)  =  aen  sin  v0  cos  va-\-  y  cos  v0  —     ^  sm  vo> 

e  cos  (v  —  v0)  =  eQ-\-  ae0  sin2  v0  -f-  y  sin  v0  +  —  /?  cos  v0, 


(92) 


by  means  of  which  the  values  of  e  and  v  may  be  found,  those  of  the 
auxiliaries  a,  ft,  y,  being  found  from  (89)  and  (91).     Then  we  have 

e  =  sin  (p,  a  =p  sec2  <p, 

/x  = iJ —  i  tan  ^2?  =  tan  (45°  —  \<p)  tan  $v, 

a? 

M=  E  —  esinE, 

by  means  of  which  y,  a,  fjt,  and  M  may  be  determined.     In  the  case 
of  orbits  of  great  eccentricity,  we  find  the  perihelion  distance  from 


1  +  e 


and  the  time  of  perihelion  passage  will  be  derived  from  e  and  v  by 
means  of  Table  IX.  or  Table  X. 

It  remains  yet  to  determine  the  values  of  &,  i,  and  to  or  tz.  Let 
00  denote  the  longitude  of  the  ascending  node  of  the  instantaneous 
orbit  on  the  plane  of  the  osculating  orbit,  defined  by  Sl0  and  i0,  mea- 
sured from  the  origin  of  w,  and  let  tjq  denote  its  inclination  to  this 
plane.     Then  we  have 

tan  t)0  sin  (w  —  0O)        =  tan  /?, 

dw  ,adj3  (93) 


tan  70  cos  (w  —  d0)  —  =  sec2  fi  -^, 


and  hence 
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.    dtw 
tan  O  —  0O)  =  ^sin  2,3  M  >  C94) 

It 

by  means  of  which  d0  may  be  found.  The  quadrant  in  which  d0  is 
situated  is  determined  by  the  condition  that  sin  (w  —  d0)  and  tan/3 
must  have  the  same  sign.  The  value  of  ft  will  be  found  from  the 
first  or  the  second  of  equations  (93). 

If  we  denote  by  £  the  argument  of  the  latitude  of  the  disturbed 
body  with  respect  to  the  adopted  fundamental  plane,  we  have 

tan:=tan(w-''),  (95) 

cosij0 

and  the  angle  £  must  be  taken  in  the  same  quadrant  as  io  —  0O. 
Then,  from  the  spherical  triangle  formed  by  the  intersection  of  the 
planes  of  the  ecliptic  and  instantaneous  orbit  of  the  disturbed  body, 
and  the  fundamental  plane,  with  the  celestial  vault,  we  derive 


cos  1  i  sin  (£  (w  —  :)  +  |  (&  —  £„))  =  sin  ±00  cos  A  (t0  —  %), 


iisin(£(M  — :)  +  £(&  —  &o))=sin£0ocos£(*o  —  %), 
J  i  cos (i  (w  —  C)  4-  Kfi  ~  &<>))  =  cos  !*•  cos  i  (*o  +  Vo)> 
^tsinQ(w  —  0  — |(Q  —  ft0))=sin^0sin-i(*o  —  ?.), 
i  i  cos  Q  (it  -r-  C)  r*  iCft  —  80))  =  cos  ^0  sin  ->  (/0  +  i?0). 


COS: 

sin 

sin  }2  i  cos 


(96) 


These  equations  will  furnish  the  values  of  *,  u  —  £,  and  Q,  —  Q0,  and 
hence,  since  £  and  &0  are  given,  those  of  Q,  and  u.  The  value  of  v 
having  been  already  found,  we  have,  finally, 

.   ut  =  u  —  v, 
x  =u  —  v+  Q,, 

and  the  elements  are  completely  determined.  These  elements  will 
be  referred  to  the  ecliptic  and  mean  equinox  to  which  Q0  and  i0  are 
referred,  and  they  may  be  reduced  to  the  equinox  and  ecliptic  of  any 
other  date  by  means  of  the  formula?  which  have  already  been  given. 
The  elements  of  the  instantaneous  orbit  of  the  disturbed  body  may 
also  be  determined  by  first  computing  the  values  of  x,n  y,n  z„,  in 
reference  to  the  fundamental  plane  to  which  Q,  and  i  are  to  be  re- 
ferred, by  means  of  the  equations  (83),  and  also  those  of  -J\  -,'-',  -rr 

by  means  of  (85)  and  (84),  and  then  determining  the  elements  from 
the  co-ordinates  and  velocities,  as  already  explained. 

It  should  be  observed  that  when  the  factor  coz,  or  the  square  of  the 
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adopted  interval,  is  introduced  into  the  expressions  for  the  forces  and 
differential  coefficients,  the  first  integrals  will  be 

dSr  ddw  dz 

"IP        *1P  .      w-dl> 

and  that  when  these  quantities  are  expressed  in  seconds  of  arc,  they 
must  be  converted  into  their  values  in  parts  of  the  unit  of  space 
whenever  they  are  to  be  combined  with  quantities  which  are  not  ex- 
pressed in  seconds.  In  other  words,  the  homogeneity  of  the  several 
terms  must  be  carefully  attended  to  in  the  actual  application  of  the 
formulae. 

When  the  elements  which  correspond  to  given  values  of  the  per- 
turbations have  been  determined,  if  we  compute  the  heliocentric 
longitude  and  latitude  of  the  body  for  the  instant  to  which  the  ele- 
ments belong,  the  results  should  agree  with  those  obtained  by  com- 
puting the  heliocentric  place  from  the  fundamental  osculating  ele- 
ments and  adding  the  perturbations. 

177.  The  computation  of  the  indirect  terms  when  the  perturba- 
tions of  the  co-ordinates  r,  w,  and  z  are  determined,  is  effected  with 
greater  facility  than  in  the  case  of  the  rectangular  co-ordinates, 
although  the  final  results  are  not  so  convenient  for  the  calculation  of 
an  ephemeris  for  the  comparison  of  observations.  This  indirect  cal- 
culation, which,  when  the  perturbations  of  any  system  of  three  co- 
ordinates are  to  be  computed,  cannot  in  any  case  be  avoided  without 
impairing  the  accuracy  of  the  results,  may  be  further  simplified  by 
determining,  in  a  peculiar  form,  the  perturbations  of  the  mean 
anomaly,  the  radius-vector,  and  the  co-ordinate  z  perpendicular  to  the 
fundamental  plane  adopted. 

Let  the  motion  of  the  disturbed  body  be,  at  each  instant,  referred 
to  the  plane  of  its  instantaneous  orbit;  then  we  shall  have  /3  =  0, 
and  the  equations  (51)  and  (54)  become 

•*  I*  =  fSr  dt  +  *Vj>.(l  +  m), 

(97^ 
tfr_    du?  ,    ff(l  +  w)  __  p 

dt'       r  dt*  +  '        r*  ~     ' 

in  which  R  denotes  the  component  of  the  disturbing  force  in  the 
direction  of  the  disturbed  radius- vector,  and  S  the  component  in  tin- 
plane  of  the  disturbed  orbit  and  perpendicular  to  the  disturbed  radius- 
vector,  being  positive  in  the  direction  of  the  motion.     The  effect  of 
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the  components  R  and  S  is  to  vary  the  form  of  the  orbit  and  the 
angular  distance  of  the  perihelion  from  the  node.  If  we  denote  by 
Z  the  component  of  the  disturbing  force  perpendicular  to  the  plane 
of  the  instantaneous  orbit,  the  effect  of  this  will  be  to  change  the 
position  of  the  plane  of  the  orbit,  and  hence  to  vary  the  elements 
which  depend  on  the  position  of  this  plane. 

Let  us  take  a  fixed  line  in  the  plane  of  the  instantaneous  orbit, 
and  suppose  it  to  be  directed  from  the  centre  of  the  sun  to  a  point 
whose  angular  distance  back  from  the  place  of  the  ascending  node  is 
a,  and  let  the  value  of  a  be  so  taken  that,  so  long  as  the  position  of 
the  plane  of  the  orbit  is  unchanged,  we  .shall  have 

The  line  thus  taken  in  the  plane  of  the  orbit  may  be  regarded  as 
fixed  during  all  changes  in  the  position  of  this  plane.  Let  y  denote 
the  angle  between  this  fixed  line  and  the  semi-transverse  axis ;  then 
will 

Z  =  '•  +.  *>  (98) 

and  when  the  position  of  the  plane  of  the  orbit  is  unchanged,  we  have 

•/  =  -. 

But  if,  on  account  of  the  action  of  the  component  Z,  the  position  of 
the  plane  of  the  orbit  is  changed,  we  have,  according  to  the  equations 
(72)2,  the  relations 

d<r  =  cost  dQ>, 

da>  =  dx  —  cos  i  d& ,  (99) 

dr:  =d/  +  (l  —  cosi)dQ,  =  d/  +  2sm2Ud&. 

We  have,  further, 

u  =  v +  ■/  —  *,  (100) 

v  being  the  true  anomaly  in  the  instantaneous  orbit. 

The  two  components  of  the  disturbing  force  which  act  in  the  plane 
of  the  disturbed  orbit  will  only  vary  %  and  the  elements  which  deter- 
mine the  dimensions  of  the  conic  section.  We  have,  therefore,  in  the 
case  of  the  osculating  elements,  for  the  instant  t0, 

7.o  =  wo  +  &o  =  "o- 

Let  us  now  suppose  X  to  denote  the  true  longitude  in  the  orbit,  so 
that  we  have 

31 
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or 

*  =  *>  +  *-(*-£);  (101) 

then,  since  £  is  equal  to  n  when  the  position  of  the  plane  of  the  orl>it 
is  unchanged,  it  follows  that  a  —  Q>  represents  the  variation  of  the 
true  longitude  in  the  orbit  arising  from  the  action  of  the  component 
if  of  the  disturbing  force.  The  elements  may  refer  to  the  ecliptic  or 
the  equator,  or  to  any  other  fundamental  2>lane  which  may  be  adopted. 

178.  For  the  instant  t  we  have,  in  the  case  of  the  disturbed  motion, 
the  following  relations : — 

E  —  e  sin  E  =  M  +  y.  (t  —  t0), 

r  cosv  =  acos-2? — ae,  n09>> 

r  sin  v  =  aV\  —  e2  sin  E, 

Let  us  first  consider  only  the  perturbations  arising  from  the  action  of 
the  two  components  of  the  disturbing  force  in  the  plane  of  the  dis- 
turbed orbit,  and  let  us  put 

*,  =  v+z.  (103) 

Further,  let  M0  +  /i0(t  —  Q  +  dM  be  the  mean  anomaly  which,  by 
means  of  a  system  of  equations  identical  in  form  with  the  preceding, 
but  in  which  the  values  of  a0,  e0,  yQ  are  used  instead  of  the  instanta- 
neous values  a,  e,  and  %,  gives  the  same  longitude  Xn  so  that  we  have 

E,-e0s\nE,  =  M0  +  ,j.0(t  —  tQ)  +  3M, 
r,  cos  v,  =  a0  cos  E,  —  aoe0, 
r,  sin  v,  =  a^Vl  —  e0*  sin  E, 
K  —  v,  +  y.o  =  v>  +  "o- 

If,  therefore,  we  determine  the  value  of  dMso  as  to  satisfy  the  con- 
dition that  I,  —  v  +  X>  *he  disturbed  value  of  the  true  longitude  in 
the  orbit,  neglecting  the  effect  of  the  component  Z  of  the  disturbing 
force,  will  be  known.  The  value  of  r,  will  generally  differ  from  that 
of  the  disturbed  radius-vector  r,  and  hence  it  becomes  necessary  to 
introduce  another  variable  in  order  to  consider  completely  the  effect 
of  the  components  R  and  S.     Thus,  we  may  put 

r  =  r,(l  +  v),  (105) 

and  v  will  always  be  a  very  small  quantity.  When  dM  and  v  have 
been  found,  the  effect  of  the  disturbing  force  perpendicular  to  the 
plane  of  the  instantaneous  orbit  may  be  considered,  and  thus  the 
complete  perturbations  will  be  obtained. 
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In  the  equations  (97),  ^r2  -7-  expresses  the  areal  velocity  in  the  in- 
stantaneous orbit,  and  it  is  evident  that,  since  the  true  anomaly  is  not 
affected  by  the  force  Z  perpendicular  to  the  plane  of  the  actual  orbit, 

dv 
ir2  -37-  must  also  represent  this  areal  velocity,  and  hence  the  equations 

become 

dv, 


=  fSrdt  +  &l/p0(l  +  m), 
dV       Jdv,y,»0±m)       p  (10G) 

179.  If  we  differentiate  each  of  the  equations  (104),  we  get 
n  „.dE,  .dm 

dr.  dv,  .    -,  dE, 

cosv,  -T-  —  r,  sin  v,  -=-  =  —  a0  sin  E,  -jf, 

dt  dt  dt  (107) 

dr,  dv,  ./■ r  di?, 

Sm  V'  ~dl  +  r'  C°S  V'  rfT  =  a°  °  C0S    '  ~dt' 

dX, dv, 

~dt    ~~dt' 

From  the  second  and  the  third  of  these  equations  we  easily  derive 

ri~j7  =  (ff'ol/  1  —  ea  ri  sm  vi  cos  -2>  —  aort  cos  v/  sm  E>)  -jT' 

dE 
Substituting  in  this  the  values  of  r,  sin  v„  r,  cos  v„  and  -—-,  and  re- 
ducing, we  get 


dr,  -'  _.-       /  ddjfef \ 


or 


"7T  = 7= —  e" sin 

dt  yPo 


0  ■ 


'"•  1+*-3rj  (108) 


dr 
From  the  same  equations,  eliminating  — ,  we  get 

t*  -rr  =  (a0Vl  —  e02 r,  cos  v,  cos  E,  -\-  a0r,  sin  v,  sin  E,)  -^-', 


which  reduces  to 


r.§,*/^T+*5(l  +  ±.^).  (109) 
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or 

Combining  this  with  the  first  of  equations  (106),  we  get 

^=J       *._l\+      *,.  1  fsrdt,     (110) 

from  which  #J/  may  be  found  as  soon  as  v  is  known. 
The  equation  (105)  gives 

dr        '         .  e?r,  rfv 

eft*  "~  l    ^  J  df  ~^~     dt'  dt^~  '  dt2' 

Differentiating    equation    (108)   and   substituting  for  -j?  its  value 
already  found,  we  obtain 


dV, 
dt* 


r, It?  (1  +m)  e0  cos  v,  t  1     ddM  \ 2      kv  1  +  m  e0  sin  v,      d*£3f 

and  the  last  of  the  preceding  equations  becomes 

d*r  d2v       k*(l  +  m)  e0cosi>,  .i         .  /1        1     doJ/V 

The  equation  (110)  gives 

1    *A¥, 2_     ^  2         d*  1  T9    , 

*  *    W  +  (1  +  v)8 '  <ft  +  (1  +  ,)'  *  dt  '  Wp,(l  +  m)  J     r 

1  Sr 


(l  +  >)2    Jb/j>0(l  +  ro)' 
which  is  easily  reduced  to 

1  +  v    d*M         dv        2     dy_    dSM _      1  £r 

/.*„     '   dt2   +     d*  +  /i0 '  3T   <fc  =~  1  +  /  jfei/p0(i  +  TO)  ; 

and  hence  we  derive 

d*r  _    d*V     k*(l  +  m)  ee  cos  v,  ,  /        1    ^3f\»     ensin^ 

The  equation  (109)  gives 


and,  since 
this  becomes 
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/  dv,\*      *fo>(l  +  *0  / !    ,    1    d<>M\> 


r  Po  1       , 

1  +  v  r, 


fr(l  +  ffl)c0coBi;,  (1  +  y)  /  x  H_  I .  ddM\ 


amy 

dt  J 

1    ddM\* 


(113) 


Combining  equations  (112)  and  (113)  with  the  second  of  equations 
(106),  we  get 

dh       1  +  *  P(l  +  m)  (l+>0* 


/ill   d,5jf  \* 
e0  sin  v,  _      &2(1  +  w)  (1  +  v) 

. & -r . 

Po  ** 

From  (110)  we  derive 

J  \     ^/,0      dt    J  ^  V^„(l+m)«/ 

Uy>0(l  +  m)J  / 

and  the  preceding  equation  becomes 


(114) 


d^_R         gfl  +  m)  1  fo^-*"^ 

«?       r  r3  Vp0(l  +  m)J  i>o 

P(l  +  m)       -yt2(l+m) 


v  + 


(— 7=L=    CSrdtY, 
UV>0(l  +  m)^  ' 


(115) 


r3  r3 

which  is  the  complete  expression  for  the  determination  of  v. 

180.  It  remains  now  to  consider  the  effect  of  the  component  of  the 
disturbing  force  which  is  perpendicular  to  the  plane  of  the  disturbed 
orbit.  Let  x„  y„  z,  denote  the  co-ordinates  of  the  body  referred  to 
the  fundamental  plane  to  which  the  elements  belong,  and  x,  y  the 
co-ordinates  in  the  plane  of  the  instantaneous  orbit.  Further,  let  a 
denote  the  cosine  of  the  angle  which  the  axis  of  x  makes  with  that 
of  xn  and  /3  the  cosine  of  the  angle  which  the  axis  of  y  makes  with 
that  of  y„  and  we  shall  have 

,,  =  «*  +  #.  (116) 

If  the  position  of  the  plane  of  the  orbit  remained  unchanged,  these 
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cosines  a  and  ft  would  be  constant ;  but  on  account  of  the  action  of 
the  force  perpendicular  to  the  plane  of  the  orbit,  these  quantities  are 
functions  of  the  time.  Now,  the  co-ordinate  t,  is  subject  to  two  dis- 
tinct variations:  if  the  elements  remain  constant,  it  varies  with  the 
time;  and,  in  the  case  of  the  disturbed  orbit,  it  is  also  subject  to  a 
variation  arising  from  the  change  of  the  elements  themselves.  We 
shall,  therefore,  have 

dt  ~  \  dt  /~t"  [_<**_]' 
in  which  I  ~  J  expresses  the  velocity  resulting  from  the  constant 

elements,  and       -£      that  part  of  the  actual  velocity  which  is  due 

to  the  change  of  the  elements  by  the  action  of  the  disturbing  force. 

But  during  the  element  of  time  dt  the  elements  may  be  regarded  as 

dz, 
constant,  and  hence  the  velocity  -rr  in  a  direction  parallel  to  the 

axis  of  z,  may  be  regarded  as  constant  during  the  same  time,  and  as 
receiving  an  increment  only  at  the  end  of  this  instant.  Hence  we 
shall  have 


dz, 
~dt 


-(£)      EQ-* 


Differentiating   equation  (116),  regarding  a  and  /?  as  constant,  we 

get 

(dz,\      dz,  dx  dy 

and  differentiating  the  same  equation,  regarding  x  and  y  as  constant, 
we  get 

Differentiating  equation  (117),  regarding  all  the  quantities  involved 
as  variable,  the  result  is 


dt* 


da     dx       djS     dy  d*x         d*y 

"di  +  ~dt'~dt+ad¥^'^^¥' 


dt 


dt* 


Now,  we  have 


Z,  =  aX+pY+Zcosi, 


(119) 


(120) 


in  which  Z,  denotes  the  component  of  the  disturbing  force  parallel 
to  the  axis  of  z„  and  i  the  inclination  of  the  instantaneous  orbit  to 
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the  fundamental  plane.    Substituting  for  A^and  Y  their  values  given 
by  the  equations  (1),  and  reducing  by  means  of  (116),  we  obtain 

Z'  =  °^  +  /9Sf  +  ^(1+w)^-fZc08t'' 
or 

d*z.         d'x  ,    „d}v   ,    _, 

Comparing  this  with  (119),  there  results 

da,     dx    .    d,3     dy    ■    _        .  *«»-% 

i'i+ri=tal-  (121> 


181.  The  equation  (120)  gives 
d*z,  #(1  +  m) 


dt* 


z,  +  Zcosi  +  a.X+fiY.  (122) 


The  component  of  the  disturbing  force  perpendicular  to  the  plane  of 
the  disturbed  orbit  does  not  affect  the  radius-vector  r;  and  hence, 
when  we  neglect  the  effect  of  this  component,  and  consider  only  the 
components  R  and  S  which  act  in  the  plane  of  the  orbit,  we  have 

jp  = p, zo  +  °<>A  +  Po  X*  (I23) 

in  which  z0  denotes  the  value  of  z,  obtained  when  we  put  Z=0. 
Let  us  now  denote  by  8z,  that  part  of  the  change  in  the  value  of  z, 
which  arises  from  the  action  of  the  force  perpendicular  to  the  plane 
of  the  disturbed  orbit,  so  that  we  shall  have 

Z,  =  Z0+  Szn  *  =  <*o  -4"  «<*,  0  =  fl,  +  ifi. 

Substituting  these  in  equation  (122)  and  then  subtracting  equation 
(123)  from  the  result,  we  get 

d2g.  =  _  *&+■")  Sz,  +  Zcos i  +  Xda  +  Ytfi.  (124) 

The  equations  (116)  and  (117)  give 

If  we  eliminate  dft  between  these  equations,  there  results 


fcHI-»;sf)=**-» 


doz, 

~dT' 
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and  since  the  factor  of  da  in  this  equation  is  double  the  areal  velocity 
in  the  disturbed  orbit,  we  have 

*g=      ,     1  (-f  Sz,-V-£-\  (125) 

kVp{l  +  m)  \dt     '      y    dt   ) 


Eliminating  da  from  the  same  equations,  we  obtain,  in  a  similar 
manner, 

1 /     ddz,        dx       \ 

[l+ro)\      dt      ~~dt    Z'\ 


&3 


kVp(.l+m)\      dt         dt 
Substituting  these  values  in  equation  (124),  it  becomes 


(126) 


dt1 


8z,  -f-  Z  cos  i 


*l/p(l  +  ro)\\       dt  dt  J     '^v  ^    dt  J 


(127) 


If  we  introduce  the  components  R  and  S  of  the  disturbing  force,  we 
have 


r  r 


and  hence 


r  r 


dr 


*f-r£=fvfe>- 


Yx     —Xy     =  St. 
Therefore  the  equation  (127)  becomes 
d*3z,  P(l  +  m), 


dt} 


+ 


E 


-8z,  -f-  Zcosi 
S 


dr 


r       kVp(l  +  m)     ^ 
We  have,  further, 


)&, 


+ 


/Sr 


A;l/p  (1  +  m)      dt  ' 


(128) 


<?r 


/1         .dr,  dv 


which,  by  means  of  the  equations  (108)  and  (109),  gives 
dr  e0sinv,        dv,  d>        hVp{\-\-m) 


+  r, 


e0  sin  v,  +  r,  -=-. 
l»oCl+v)  rft 


eft       _p0(l  +  v)'    dt    '  *'  <ft 
Substituting  this  value  in  the  equation  (128),  we  obtain 
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<PSz,  &*(!+  m)  .       /  i?      e0  sin  t>,  c\     fe, 

kVpil+m)  \   dt  '    1  +  v '  dt  J* 
which  is  the  complete  expression  for  the  determination  of  dz,. 

182.  The  equations  (110),  (115),  and  (129)  determine  the  complete 
perturbations  of  the  disturbed  body.  The  value  of  v  must  first  be 
obtained  by  an  indirect  process  from  the  equation  (115),  and  then  33f 
is  given  directly  by  means  of  (110).  The  value  of  dz  will  also  be 
determined  by  an  indirect  process  by  means  of  (129). 

In  order  to  obtain  the  expressions  for  the  forces  R,  S,  and  Z,  let  w 
denote  the  longitude  of  the  disturbed  body  measured  in  the  plane  of 
the  instantaneous  orbit  from  its  ascending  node  on  the  fundamental 
plane  to  which  ft  and  i  are  referred,  it  being  the  argument  of  the 
latitude  in  the  case  of  the  disturbed  motion.  Let  10' -denote  the  lon- 
gitude of  the  disturbing  body  measured  from  the  same  origin  and  in 
the  plane  of  the  orbit  of  the  disturbed  body,  and  let  ft'  denote  its 
latitude  in  reference  to  this  plane.  Finally,  let  N,  N',  I,  and  u0' 
have  the  same  signification  in  reference  to  the  plane  of  the  instanta- 
neous orbit  that  they  have  in  reference  to  the  plane  of  the  undisturbed 
orbit  in  the  case  of  the  equations  (66).     Then  we  shall  have 

sin  | J  sin  £  (N  +  N')  =  sin  4  (ft '  —  Q )  sin  |  (»7  +  i), 
sin  UcosK^+  N')  =  cos \  (ft'  -  ft)  sin  \  (if  —  i), 
cosUsinK^V—  N')  =sin  \(Q'  —  8)  cos|(i'  +  i),        {160) 
cos  -SI  cos  |(JV  —  N')  =  cos  |  (  ft '  —  ft  )  cos  \  (i!  —  i), 

from  which  to  determine  N,  Nf,  and  I.     We  have,  also, 

u0'  =  u'  —  N', 
tan  (w'  —  N)  =  tan  u0'  cos  I,  (131) 

tan  ft  =  tan  I  sin  (w'  —  N), 

from  which  to  find  w'  and  ft' ',  u'  being  the  argument  of  the  latitude 
of  the  disturbing  body  in  reference  to  the  plane  to  which  ft  and  i 
are  referred. 

Since,  when  the  motion  of  the  disturbed  body  is  referred  to  the 
plane  of  its  instantaneous  orbit,  ft  =  0,  the  equations  (71),  (72),  and 
(73)  become 

jR  =  m'k2 1  h  r'  cos  ft  cos  (vf  —  w) =  I, 

p  '  (132) 

S  =  m'k'h  r'  cos  ft  sin  (to'  —  w), 

Z  =m'1<*hr' sin  ft, 
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by  means  of  which  the  required  components  of  the  disturbing  force 
may  be  found,  the  value  of  h  being  given  by 

h       l        * 

pa       ra 

To  find  p}  we  have 

p*  =  r'2  +  r2  —  2rr  cos  /S'  cos  (V  —  w),  (.133) 

or,  putting 

cos  y  =  cos  ft  cos  (v/  —  iv), 
the  equations 

/>sin?i  =  r'sinr, 

p  cos  n  =  r  —  r'  cos  y. 

The  values  of  r'  and  w'  for  the  actual  places  of  the  disturbing 
body  will  be  given  by  the  tables  of  its  motion,  and  the  actual  values 
of  Q> '  and  i'  will  also  be  obtained  by  means  of  the  tables.  The  de- 
termination of  the  actual  values  of  r  and  w  requires  that  the  pertur- 
bations shall  be  known.  Thus,  when  o3I  and  v  have  been  found, 
we  compute,  by  means  of  the  mean  anomaly  3I0  +  /J0(t  —  <0)  -f-  dJI 
and  the  elements  a0,  e0,  the  values  of  v,  and  r,.  Then,  since 
v  +  i  =  v,  +  tz0,  we  have,  according  to  (100), 

w  =  v,  +  -0  —  e.  (135) 

We  have,  also, 

r  =  (1  +  v)  r,. 

In  the  case  of  the  fundamental  osculating  elements,  we  have 

which  may  be  used  as  an  approximate  value  of  <r;  but  the  complete 
determination  of  w  requires  that  <r=  Q0  +  d<r  shall  also  be  deter- 
mined. The  exact  determination  of  the  forces  also  requires  that  the 
actual  values  of  Q>  and  i  as  well  as  those  of  Q. '  and  i1 ',  shall  be  used 
in  the  determination  of  N,  Nf,  and  I  for  each  instant.  When  these 
have  been  found,  it  will  be  sufficient  to  compute  the  actual  values  of 
N,  N't  and  J  at  intervals  during  the  entire  period  for  which  the  per- 
turbations are  required,  and  to  interpolate  their  values  for  the  inter- 
mediate dates.  The  variations  of  these  quantities  arising  from  the 
variations  of  &,  i,  Q,',  and  V  may  also  be  determined  by  means  of 
differential  formula?.  Thus,  from  the  differential  relations  of  the 
parti  of  the  spherical  triangle  from  which  the  equations  (130)  are 
derived,  we  easily  find 
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,„,      sin*        ,r  ,,.,       _.       siniV'  „       siniV,. 

cLV  =  - — =.cos  ivd  ( ft  —  ft  ) -. — =-  cos  1  di  A . — =■  di. 

sin/  sin/  sin/ 

7>r       sin*'        _T,  .,_,         '         siniV  ...       siniV        _  ..    (136) 

<LV  =  -t— j.cos xVd(ft'  —  ft ) r— r  dl  +    .    r  cos Idi,  v      ' 

sm  J  sin  /  sin/ 

dJ    =  cos  iV  J*"'  —  cos  N di  +  sin  i  sin  Nd  (  ft '  —  ft  ). 
When  i  and  /arc  very  small,  it  will  be  better  to  use 

sin  i  sin  N'  sin  i'  sin  JV 


sin/       sin(ft'—  ft)'  sin/       sin(ft'—  ft)' 


U37) 


in  finding  the  numerical  values  of  these  coefficients.  By  means  of 
tlnse  formula?  we  may  derive  the  values  of  dN,  8Nf,  and  di  corre- 
sponding to  given  values  of  dft,  di,  oft',  and  dif.  The  formulae 
by  means  of  which  da,  dft,  and  di  may  be  obtained  directly,  will  be 
presently  considered. 

The  results  for  dN,  dN',  and  di  being  applied  to  the  quantities  to 
which  they  belong,  we  may  compute  the  actual  values  of  to'  and  ,i'. 
The  value  of  r  will  be  found  from  the  given  value  of  v,  and  that  of 
to  will  be  given  by  means  of  equation  (135).  Then,  by  means  of 
the  formulae  (132),  the  forces  R,  S,  and  Z  will  be  obtained.  The 
perturbations  will  first  be  computed  in  reference  only  to  terms  de- 
pending on  the  first  power  of  the  disturbing  force,  and,  whenever  it 
becomes  necessary  to  consider  the  terms  of  the  second  order,  the 
results  already  obtained  will  enable  us  to  estimate  the  values  of  the 
perturbations  for  two  or  more  intervals  in  advance  with  sufficient 
accuracy  for  the  determination  of  the  three  required  components  of 
the  disturbing  force;  and  when  there  are  two  or  more  disturbing 
bodies  to  be  considered,  the  forces  for  each  of  these  may  be  computed 
at  once,  and  the  values  of  each  component  for  the  several  disturbing 
bodies  may  be  united  into  a  single  sum,  thus  using  2R,  18,  and  SZ 
in  place  of  R,  S,  and  Z  respectively.  The  approximate  values  of  the 
perturbations  will  also  facilitate  the  indirect  calculation  in  the  deter- 
mination of  the  complete  values  of  the  required  differential  coeffi- 
cients. 

183.  When  only  the  perturbations  due  to  the  first  power  of  the 
disturbing  force  are  required,  the  osculating  elements  ft0  and  /„  will 
be  used  in  finding  N,  N',  and  /,  and  r0,  w0  will  be  used  instead  of  r 
and  to  in  the  calculation  of  the  values  of  It,  S,  and  Z.  The  eq nations 
for  the  determination  of  the  perturbations  d.M,  v,  and  d:„  neglecting 
terms  of  the  second  order,  are,  according  to  the  equations  (110), 
(115),  and  (129),  the  following:— 


492  THEORETICAL   ASTRONOMY 

^T=  *  M/Jl+m)/^  *  ""  2/V'  (138) 

<*<*       r0  roS  Al/pc(l+m)  J  ^o  V 

**'         7,™,'  ^(1+m),^ 

The  value  of  v  is  first  found  by  integration  from  the  results  given 
by  the  second  of  these  equations,  and  then  331  in  found  from  the  first 
equation.  Finally,  3z,  is  found  by  means  of  the  last  equation.  The 
integrals  are  in  each  case  equal  to  zero  for  the  dates  to  which  the 
fundamental  osculating  elements  belong,  and  the  process  of  integra- 
tion is  analogous,  in  all  respects,  to  that  already  illustrated  in  the 
case  of  the  variation  of  the  rectangular  co-ordinates.     It  will  be  ob- 

served,  however,  that  the  expression  for  -j—  involves  only  one  indi- 
rect term,  the  coefficient  of  which  is  small,  and  the  same  is  true  in 
the  case  of  — 1~,  while  -35-  is  given  directly.  When  the  perturba- 
tions have  been  found  for  a  few  dates,  the  values  for  the  following 
date  can  be  estimated  so  closely  that  a  repetition  of  the  calculation 
will  rarely  or  never  be  required ;  and  the  actual  value  of  r  may  be 
used  instead  of  the  approximate  value  r0  in  these  expressions  for  the 
differential  coefficients.  Neglecting  terms  of  the  second  order,  we 
have 

logr:=logr/  +  V, 

wherein  ^0  denotes  the  modulus  of  the  system  of  logarithms.  We 
may  also  use  v,  instead  of  v0;  but  in  this  case,  since  r,  and  v,  depend 
on  331,  only  the  quantities  required  for  two  or  three  places  may  be 
computed  in  advance  of  the  integration. 

A  comparison  of  the  equations  (138)  with  the  complete  equations 
(110),  (115),  and  (129)  shows  that,  if  the  values  of  ,3'  and  w'  are 
known  to  a  sufficient  degree  of  approximation,  we  may,  with  very 
little  additional  labor,  consider  the  terms  depending  on  the  squares 
and  higher  powers  of  the  masses.  It  will,  however,  appear  from 
what  follows,  that  when  we  consider  the  perturbations  due  to  the 
higher  powers  of  the  disturbing  forces,  the  consideration  of  the  effect 
of  the  variation  of  z,  in  the  determination  of  the  heliocentric  place 
of  the  disturbed  body,  becomes  much  more  difficult  than  when  the 
terms  of  the  second  order  are  neglected;  and  hence  it  will  be  found 
advisable  to  determine  new  osculating  elements  whenever  the  con- 
sideration of  these  terms  becomes  troublesome. 
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The  results  may  be  conveniently  expressed  in  seconds  of  arc,  and 
afterwards  v  and  dz,  may  be  converted  into  their  values  expressed  in 
units  of  the  seventh  decimal  place,  or,  giving  proper  attention  to  the 
homogeneity  of  the  several  terms  of  the  equations,  in  the  numerical 
operations,  dM  may  be  expressed  in  seconds  of  arc,  while  v  and  dz, 
are  obtained  directly  in  units  of  the  seventh  decimal  place.  It  will 
be  advisable,  also,  to  introduce  the  interval  co  into  the  formulae  in 
such  a  manner  that  this  quantity  may  be  omitted  in  the  case  of  the 
formulas  of  integration. 

184.  In  the  case  of  orbits  of  great  eccentricity,  the  mean  anomaly 
and  the  mean  daily  motion  cannot  be  conveniently  used  in  the  nu- 
merical application  of  the  formulae.  Instead  of  these  we  must 
employ  the  time  of  perihelion  passage  and  the  elements  q  and  c. 
Thus,  let  T0  be  the  time  of  perihelion  passage  for  the  osculating  ele- 
ments for  the  date  tw  and  let  T0  +  8The  the  time  of  perihelion  pas- 
sage to  be  used  in  the  formulae  in  the  place  of  T0  and  in  connection 
with  the  elements  q0  and  e0  in  the  determination  of  the  values  of  r, 
and  v„  so  that  we  have 

v  +  X  =  v,  -f  -0. 

In  the  case  of  parabolic  motion  we  have,  neglecting  the  mass  of  the 
disturbed  body, 

( T0  ±  3T)±  =  ^  , ^  +  ,  tan,  |^  (139) 


1/2 


p 


the  solution  of  which  to  find  v,  is  effected  by  means  of  Table  VI.  as 
already  explained.     To  find  r„  we  have 

r,  =  q0  sec2  \v,. 

For  the  other  cases  in  which  the  elements  MQ  and  ft0  cannot  be  em- 
ployed, the  solution  must  be  effected  by  means  of  Table  IX.  or  Table 
X.     Thus,  when  Table  IX.  is  used,  we  compute  M  from 


Avherein  log  C0  =  9.9601277,  and  with  this  as  the  argument  we  derive 

from  Table  VI.  the  corresponding  value  of  V.     Then,  having  found 

1 e 

i  =  ■,_■_">  by  means  of  Table  IX.  we  derive  the  coefficients  required 

in  the  equation 

v,  =  V+A  (lOOi)  +  B  (lOOi)2  +  C(100i)\  (140) 
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from  which  v,  will  be  determined.     Finally,  r,  will  be  found  from 

rtate  *"+*>.  (Ml) 

1  +  e0  cos  v, 

When  Table  X.  is  used,  we  proceed*  as  explained  in  Art.  41,  using 
the  elements  T=  T0  +  8T,  q0,  and  e0,  and  thus  we  obtain  the  required 
values  of  v,  and  ?•,. 

It  is  evident,  therefore,  that,  for  the  determination  of  the  pertur- 
bations, only  the  formula  for  finding  the  value  of  d 31  requires  modi- 
fication in  the  case  of  orbits  of  great  eccentricity,  and  this  modifica- 
tion is  easily  effected.     The  expression 

gives 

/«•('.—  To)  +  /'o(<-0  +  8M=r9{t  —  (T,  +  ST)), 

or,  simply, 

dM=  —  ,j.JT, 

and  the  equation  (110)  becomes 


=  !  -  ^  -^,  „  4=   fsr  *        (!42) 

0*7 


(ft    ■  (l  +  v)«      (l  +  ^^^O^H 


by  means  of  which  the  value  dT  required  in  the  solution  of  the  equa- 
tions for  r,  and  v,  may  be  found. 

If  we  denote  by  t,  the  time  for  which  the  true  anomaly  and  the 
radius-vector  computed  by  means  of  the  fundamental  osculating  ele- 
ments have  the  values  which  have  been  designated  by  v,  and  r„  re- 
spectively, we  have 

*\r  u       A  n    ,    1    dSM       dt, 

and  the  equation  (110)  becomes 


dtL_        1        ,        1 
dt 


(1  +  v)»  T  (1  +  v)1    kVp0  (1  +m)  J 
or,  putting  t,  =  t  -f  <%, 

1  +  /i  1    m-      y     1  fSrdt.        (144) 


d>H 


dt      •  (l+v)»  *    (l  +  v)«     jfeT/>0(l+m) 

If  we  determine  &  by  means  of  this  equation,  the  values  of  the 
radius-vector  and  true  anomaly  will  be  found  for  the  time  t+dt 
instead  of  t,  according  to  the  methods  for  the  different  conic  sections, 
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using  the  fundamental  osculating  elements.  The  results  thus  obtained 
are  the  required  values  of  r,  and  v,  respectively. 

185.  When  the  values  of  the  perturbations  v,  oz„  and  331,  dT,  or 
dt  have  been  determined,  it  remains  to  find  the  place  of  the  disturbed 
body.     The  heliocentric  longitude  and  latitude  will  be  given  by 

cos  b  cos  (I  —  ft  )  =  cos  (/  —  ft  ), 
cos  b  sin  (I  —  ft  )  =  sin  (/  —  ft  )  cos  i, 
sin  b  =  sin  (A  —  ft  )  sin  i, 

or,  since  X'—X,  —  o  -f-  ft, 

cos  b  cos  (I  —  ft  )  =  cos  (A,  —  d), 

cos  b  sin  (/  —  ft )  =  sin  (/,  —  d)  cos  i,  (145) 

sin  b  =  sin  (/,  —  d)  sin  i, 

in  which  /,  =  r,  +  ;r0.  If  we  multiply  the  first  of  these  equations 
by  cos  (ft  — h),  and  the  second  by  — sin  (ft  — h),  in  which  h  may 
have  any  value  whatever,  and  add  the  results;  then  multiply  the  first 
by  (sin  ft  —  h),  and  the  second  by  cos  (ft  —  h),  and  add,  we  get 

cos  b  cos  (I — h)=cos  (A, — d)  cos  ( ft  — h) — sin  (/, — d)  sin  (  ft  — h)  cos  i, 
cos  b  sin  (I — A)=cos  {A, — <f)  sin  ( ft  — A)-f-sin  (/, — d)  cos  (ft  — h)  cos  i, 
sin  b  =ein  (X, — <r)  sin  t. 

But,  since  X,  —  a  =  {).,  —  ft0)  —  (a  —  ft0),  these  equations  may  be 
written 

cos  b  cos  (I  —  /t) 

=cos  (^,— ftn)  (cos  (a—  ft0)  cos  (ft  — /i)+sin  (<r— ft0)  sin  (ft —A)  cost) 
+sin(^— ft0)(sin(»T—  ft 0)  cos  (ft— /»)— cos  Or—  ft0)sin(ft—  A)cosi), 

cos  b  sin  (I  —  h)  (146) 

=reos  (/, — ft0)  (cos  (a—  ft0)  sin  (ft  —/i)— sin  («r—  ft0)  cos  (ft  —h)  cost) 
-f  sin  ( A,— ft  0)  (sin  («•  —  ft  0)  sin  ( ft  —  h) +cos  («— ft  0)  cos  (  ft  —  h)  cos  /), 

8in6=sin(A, — ft0)cos(<r — ft0)sint— cos^.,— ft0)sin  (<r — ft0)  sin  i. • 

Let  us  now  conceive  a  spherical  triangle  to  be  formed,  of  which  two 
of  the  sides  are  a —  ft0  and  ft  — A,  respectively,  and  let  the  angle 
included  by  these  sides  be  i.  •  Since  h  is  entirely  arbitrary,  we  may 
Msigo  to  it  a  value  such  that  the  other  angle  adjacent  to  the  side 
o  —  ft0  will  be  equal  to  i0.  Let  the  third  side  be  designated  by 
At — ft0,  and  the  angle  opposite  to  <r—  ft0  by  r/.  The  auxiliary 
triangle  thus  formed  gives  the  following  relations: — 
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t-os(h0—  ft0)=cos(<r—  ft0)cos(ft  —  /i)H-sin(<r—  ft 0) sin  (ft  —  A)c..s/, 
sin(A0—  ft0)sint0=sin(ft  —  /t)sinr,  (147) 

sin  (/»0—  ft  0)  cos  t'0=sin  (>—  ft  0)  cos  (  ft  —A) —cos  (<r—  ft  0)  sin  (  ft  — h)  cos ; , 
sin  (/j0—  ft0)cosV=cos(<r — ft0)sin  (ft — h)—  sin  (<r— ft  0)  cos  (ft—  h)> 

Combining  these  with  the  preceding  equations,  we  easily  derive 

cos  b  cos  (/— A)=cos  (X,— ft  0)  cos  (A0— ft  0)-fsin  (X,— ft0)  sin  (/i0— ft  0)  <■• 
cos  b  sin  (/— A)=sin  (-1,— ft0)  cos(A0—  ft0)  cost0— cos(<l,— ft  0)  sin  (7i0—  ft0) 

+cos(/-ft0)sin(A0-ft0)(l+cosV)  I  Lfl 

-fsin(A,— ft0)((cost— cost0)cos(A0 — ft0)+sin(<7—  ft0)sin(ft—  A) sin''/). 
sin  £>=sin  t0  sin  (-*,— ft  0)  -|-  (cos  (<r—  ft  0)  sin  t— sin  t0)  sin  (A,  —  ft  0) 
—  cos  (A, —  ft0)sin(<r — ft0)sint. 

Since  the  action  of  the  component  of  the  disturbing  force  perpen- 
dicular to  the  plane  of  the  disturbed  orbit  does  not  change  the  radius- 
vector,  we  have 

r  sin  b  =  r  sin  t*0  sin  0*, — ft0)  -f-  3z„ 

and  hence  the  last  of  these  equations  gives 

—  =  sin(A,  —  ft0)(cos(<r  —  ft0)sint  —  sint0) 

— cos  (>*,  —  ft0)  sin  (<r  —  ft0)  sin  t. 

From  the  relation  of  the  parts  of  the  auxiliary  spherical  triangle,  we 

have 

sin  t  sin  (a  —  ft0)  =  sin  if  sin  (h0  —  ft  0), 

sin  t  cos  (a  —  ft0)  =  sin  if  cos  (h0  —  ft  0)  cos  t0  +  cos  if  sin  %. 


Therefore, 

K—  ft  o)  (COS 

-  cos  (1,  —  ft  o)  sin  (h0  —  ft  o)  sin  if, 
7=sin(A, — ft  0)  (cos  to  cos  (A0 — ft0)(l+cosij')— sinr„sinr/) 


—  —  gin  (;;  —ft0)  (cos  to  cos  (h0  —  fto)  sin  if  —  sin  t0  (1  —  cos  i}')),    ,-  ,-ftN 

and 

oz,         sin  7} 
r  'l  —  cosy 

—  cos  (X,— ft0)  sin  (ho—  ft0)  (1  +  cost/)- 

We  have,  further,  from  the  auxiliary  spherical  triangle, 

cos  t  =  sin  to  sin  if  cos  (h0  —  ft  0)  —  cos  t0  cos  if, 

from  which  we  get 

cos  i  —  cos  ?'o  =  sin  ?0  cos  (h0  —  ft  0)  sin  if  —  cos  t0  (1  -f-  cos  if). 

AVe  have,  also, 

ein(<r —  ft0)sint'=sinij'sin(/to — fto), 
sin  (ft  —  h)  suit  =  sin  t0  sin  (/t0 — ft0), 
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or 

sin  (<r  —  ft  0)  sin  (ft  —  h)  sin1  i  =  sin'  (ho  —  ft  0)  sin  t0  sin  y. 

Hence  we  derive 

(cos  i — cos  %)  cos  ( ^o —  Q  o) + sin  (<i — ft  o)  sin  (  ft  —  /t)  sin1  i=sin  %  sin  1/ 

—  (1+cos  V)  cos  i0  cos  (V—  £<>)• 

Combining  this  and  the  equation  (151)  with  the  equations  (148),  we 
obtain 

cosb  cos(l—h)=cos(X,—  Q0)  cos(h0—  ft0)-f-sin(>*,—  ft  0)  sin  (h0—  ft0)  cos^, 
cos  6  sin  (I— A)=sin  (A,— ft  0)  cos  (h0—  Q>  0)  cos  i0— cos  (A, —  ft  0)  sin  (^—  ft  0) 

sin  if         dz, 
1  —  cosjj'     r 

Sz 

sin  b  =sin  (A, — ft  0)  sin  iQ  -\ -. 

r 

If  we  multiply  the  first  of  these  equations  by  cos(A0 —  ft0),  and  the 
second  by  — sin  (h0 — ft0),  and  add  the  results;  then  multiply  the 
first  by  sin  (h0  —  ft0),  and  the  second  by  cos  (A0  —  ft  0),  and  add,  we  get 

cos  6  cos  (7—  ft0—  (h— A0))=cos  (A,—  ft0)+sin(A0—  ft0)  — , -, 

cosb  sin  (I—  ft0 — (h—h0))=sin  (A,—  ft0)cos  v—  cos(/t0—  ft0)  zr— ,  — -, 

sin  b  =sin  (A, — ft0)  sin  %-{ — -•  (152) 


Let  us  now  put 

p'  =  sin  (a  —  ft0)  sin  i, 

<[  =  cos  (a  —  ft  o)  sin  i  —  sin  %, 


(153) 


and  there  results,  from  (149), 

dz 

-^-  =  q'  sin  (A,  —  ft0)  —  p'  cos  (X,  —  ft0).  (154) 

Comparing  this  with  equation  (150),  we  observe  that 

p'  =  sin  if  sin  (ho  —  ft0), 

cf  =  sin  if  cos  (/t0  —  ft  o)  cos  ^  —  sin  i0  (1  —  cos  if). 

Therefore,  we  have 

SmV  •       ft  ~   N  p' 

^i8m(ho—Slo)  = 


1  —  cosV  1  —  COSi/ 

= 7  cos  (h0  —  ft  0)  =  tan  %  -\ t-tz^ Ki 

1  —  cosi?        v  y  '  cosio(l  —  cosij) 
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and,  if  we  put  r=  h  —  ho,  the  equations  (152)  become 

cos  b  cos  C/-a0_r)=cos  a-ft.)+1_pcosV  •  £  (155) 

cos b sin  (I — £0— J')=8U1  (*>— & o)  cos 4—1  tan 4-1 r-~ -jr  1 — -. 

\  cos  ^  (1  —  coarj )  f  r 

dz 
sin  b  =sin(A,— &0)sinto-j — '-• 

r 

As  soon  as  71,  p' ,  qr,  and  rf  are  known,  these  equations  will  furnish 
the  exact  values  of  I  and  6,  those  of  X,  and  r  being  found  by  means 
of  the  perturbations  v  and  o M. 

186.  The  value  of  r  may  be  expressed  in  terms  of  p'  and  q'. 
Thus,  if  we  differentiate  the  first  of  equations  (147)  and  reduce  by 
means  of  the  remaining  equations  of  the  same  group,  we  get 

d(h0 —  Qo)  —  coar/d(&  —  h)  +  cosi0da  +  sint0sin(<r —  &0)dt, 

and  if  we  interchange  SI  — h  and  h0 —  &0  in  this  equation,  we  must 
also  interchange  i  and  r0,  which  are  the  angles  opposite  to  these  sides, 
respectively,  in  the  auxiliary  spherical  triangle,  so  that  we  shall  have 

d(Q  — h)  =  coar;'  d(h0 —  &0)  +  coaida, 

i0  being  constant.  Adding  these  equations,  observing  that  Slo  is  also 
constant,  we  get 

(1 — cosi/)d(& — /t+A0)=sint0sin(<r — &0)dt-f  (cost'4-cost0)c?<r;  (156) 

and  since  da  —  cos  i  dR,  this  becomes 

(1  —  cos  V)  d(h  —  h0)  =  —  sin  t0  sin  (a  —  &0)  di 

1    (  •  *  •  1  •        • \    da 

4-  (sm*t  —  cost;  —  cost  cost0) 


cost 

which,  since 

cos  if  =  sin  i  sin  t0  cos  («  —  &0)  —  cos  i  cos  to,  (157) 

may  be  written 

(1 — cos  V)  dr= — sin  to  sin  (a — £0)  dt'4-tant  (sin  t — sin  to  cos  (<r — Q,0))  da. 

(158) 
The  differentiation  of  the  equations  (153)  gives 

dp'  =  sin  (a  —  Q0)  cos  t  di  -f-  sm  t  cos  (a  —  Q0)  da, 
dc[  =  cos  (<r  —  £l0)  cos  t  di  —  sin  t  sin  (<r  —  $l0)  da, 

from  which  we  derive 
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q'dp'  — p'dq'  =  sin'  i  da  —  sin  ^  dp' 

=  cos  i  ( — sin  to  sin  (<r —  &  0)  di-j-tan  i  (sin  i — sin  4  cos  (<r —  ft  o))  «?*) . 

Combining  this  with  equation  (158),  we  get 

cos  i  (1  —  cos  7)')  dr  =  q'dp'  — p'dq', 
and  hence 

^  cos  i  (1  —  cos  7  )  v 

the  integral  being  equal  to  zero  for  the  instant  to  which  the  funda- 
mental osculating  elements  belong.  It  is  evident  from  the  equations 
(153)  that  pr  and  q'  are  of  the  order  of  the  first  power  of  the  dis- 
turbing forces,  and  hence,  since  if  differs  but  little  from  180° — (i+A>), 
it  follows  that,  so  long  as  i  is  not  very  large,  7^ is  at  least  of  the 
second  order. 

The  last  of  equations  (145)  gives 

z,  =  r  sin  i  sin  X,  cos  a  —  r  sin  i  cos  Xt  sin  a, 
and  since 

x  =  r  cos  X„  y  =  r  sin  X„ 

this  becomes 

z,  rra  —  x  sin  i  sin  a  -\-  y  sin  i  cos  a. 

Comparing  this  with  equation  (116),  it  appears  that 

o  =  —  sin*  sin  <r,  /9  =  sin  i  cos  a,  0190) 

and  hence,  by  means  of  (153),  we  derive 


and  also 


p'  =  —  a  cos  £0  —  /?  sin  £0, 

g'  =  —  a  sin  £0  +  /3  cos  £0  —  sin  iQ, 

dp'  _    efa         .  (fy9 

J-  =  -cosft0-^--smft0^-, 

-^-=-sinft0^-  +  cosaoW. 

Prom  the  equations  (118)  and  (121),  observing  that 

we  derive,  by  elimination, 

da.  _  r  sin  X,  cos  i   „  dft  _     r  cos  ^,  cos  i   _ 

d*  &l/p(l  4-m)    '  d*       yfel/p  (1  +  in) 


(161) 
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Therefore  we  shall  have 

dp'  __tcosi  sin  (A,  —  Q0) 
dt  jfci/p(l  +  m) 


d(f r  cos  i  cos  (X,  —  &  0) 

dt  kVp  (1  +  m) 


z, 


(162) 


by  means  of  which  p'  and  q'  may  be  found  by  integration,  the  inte- 
gral in  each  case  being  zero  for  the  date  ^  at  which  the  determina- 
tion of  the  perturbations  begins. 

When  the  value  of  8z,  has  already  been  found  by  means  of  the 
equation  (129),  if  we  compute  the  value  of  qf,  that  of  pf  will  be 
given  by  means  of  (154),  or 

Sz, 


*=**»u-a->-F<So.w- 

and  if  p'  is  determined,  q'  will  be  given  by 

Sz, 


a,)' 


g' =p' cot  (;.,-&) + 


r  sin  (X,  —  &0) 


If  both  p'  and  q'  are  found  from  the  equations  (162),  8z,  may  be  de- 
termined directly  from  (154);  but  the  value  thus  obtained  will  be 
less  accurate  than  that  derived  by  means  of  equation  (129). 

Since  the  formula  for  —~  completely  determines  the  perturbations 

due  to  the  action  of  the  component  Z  perpendicular  to  the  plane  of  the 
instantaneous  orbit,  instead  of  determining  p'  and  q'  by  an  independent 
integration  by  means  of  the  results  given  by  the  equations  (162),  it 

will  be  preferable  to  derive  them  directly  from  8z,  and  -rr-  The 
equations  (161)  give 

p'  =  —  cos  ft0  da  —  sin  ft0  dp,  (jf  =  —  sin  Q0  3a  +  cos  &0  ifi. 

Substituting  for  da  and  <5/9  their  values  given  by  (125)  and  (12G), 
and  putting 

x"  =  x  cos  ft0  -f  y  sin  &0,  y"  =  —  x  sin  &0  -f  y  cos  Q0, 

we  obtain 

P^~kVp{l+m)V     dt  '  dt  Y 


</  = 


kVp(l  +m 


I      d$z,  dx"\ 


(163) 
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Substituting  further  the  values 

x"  =  r  cos  (k,  —  Q0),  y"  =  r  sin  {X,  —  ft0), 

and  also 

dX,  _kVp{l  +  m) 
~dt~  r1 

c?r        kV\-\-m,      .  hVp(\  4-  m)         esinv 

—  e  sin  v  — 


dt  jA,  r  1  +  e  cos  v 

we  easily  find,  since  X,  —  v  =  /, 

p  =  — (cos(A,—  ft0)  +  6  cos  (*  —  &„))—  +  r7==-T7. 

i>         &l/p(l  +  wi)      «* 

•        ,  t  .    n       0  v   ,       .  '/         0  ^2,    ,  rcosO*,  —  ft0)    d<5z, 
9  —  +  (sin  (/,  —  a0)  +  esm  (*  —  £<>))  —  +   ,/,.,,      T  "  "S"» 

which  may  be  used  for  the  determination  of  p'  and  q'.  These  equa- 
tions require,  for  their  exact  solution,  that  the  disturbed  values  e,  /, 
and  p  shall  be  known,  but  it  is  evident  that  the  error  will  be  slight, 
especially  when  e  is  small,  if  we  use  the  undisturbed  values  e„,  p0, 
and  20  =  tt0.  The  actual  values  of  X,  and  r  are  obtained  directly  from 
the  values  of  the  perturbations. 

When  p'  and  q'  have  been  found,  it  remains  only  to  find  cos  i,  and 
1  —  cos  r/,  in  order  to  be  able  to  obtain  r  by  means  of  the  equation 
(159).     From  (153)  we  get 

p'*  +  4*  =  sm*  •  —  sm*  *o  —  2<j-'  sin  i0, 
and  hence 

cos  i  =  l/f^y^CT+sin^)*,  (165) 

from  which  cost  may  be  found.     The  equation  (157)  gives 

1  —  cos  7]'  =  cos  \  (cos  i0  +  cos  i)  —  q1  sin  i0,  (166) 

by  means  of  which  the  value  of  1  —  cos  rf  will  be  obtained. 

If  we  substitute  the  values  of  p',  q',  -rr,  and  ■—■  given  by  the 
equations  (153)  and  (162)  in  (159),  it  is  easily  reduced  to 

<5z, 


=/ 


(1  —  cosV)  kVp{\  +  m) 


Zdt,  (167) 


which  may  be  used  for  the  determination  of  r.  When  we  neglect 
terms  of  the  order  of  the  cube  of  the  disturbing  force,  in  finding  F 
we  may  use  p0  in  place  of  p  and  put  1  —  cos  r/  =  2  cos2  %,  so  that  the 
formula  becomes 
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/' 


2  cos*  t0  kVp0  (1  -f-  m 


-    f<h,Zdt. 


(168) 


187.  By  means  of  the  formulae  which  have  thus  been  derived,  we 
may  find  the  values  of  all  the  quantities  required  in  the  solution  of 
the  equations  (155),  in  order  to  obtain  the  values  of  I  and  6  for  the 
disturbed  motion.  From  r,  I,  and  b  the  corresponding  geocentric 
place  may  be  found.  The  heliocentric  longitude  and  latitude  may 
also  be  determined  directly  by  means  of  the  equations  (145),  provided 
that  Si,  a,  and  i  are  known;  and  the  required  formula?  for  the  deter- 
mination of  these  elements  may  be  readily  derived.  Thus,  the  equa- 
tions (160)  give,  by  differentiation, 

da  .  .  di         .    .  d<r 

■r*  —  sin  a  COS  %  -jt  —  8111 1  COS  e  —r-, 
dt  dt  dt 


dp 


di 


da 


u  =      cos  a  cos  i  —r-  —  sin  %  sin  a  -r- 
dt  dt  dt 


whence 


.    .  d<r  da  dfi 

smi-dt=~C08ffHt-8m(TW 

.  di  .       da    ,  dp 

C0Sl-dt=~8mff-dt+C0Sff-dT- 

J  Jo 

Introducing  the  values  of  -wr  and  -g-  already  found  into  these  equa- 
tions, and  putting 


«  =  *o  +  8a  =  &o  +  **i 
we  obtain 


i  =  %  +  *h 


SI  =  80  +  *8, 


ddff  _  1 

dt  ~  kVp{\  +  m) 
dti  _  1 

dt 


cot  i  sin  (A,  —  a)  rZ, 

cos  (A,  —  a)  rZ, 


(169) 


k\Zp(l  -f  »») 

and  also,  since  da  =  cos  i  dQ, 

dSQ  1  sin  (X,  —  <r) 

~dT'~  lcVp(l  +m)'        sini 


rZ, 


(170) 


by  means  of  which  the  variations  of  a,  i,  and  SI  due  to  the  action 
of  the  disturbing  forces,  may  be  determined.  The  integral  is  in  each 
case  equal  to  zero  at  the  initial  date  ^  to  which  the  fundamental  os- 
culating elements  belong  and  at  which  the  integration  is  to  com- 
mence. 
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If  we  find  i,  and  then  a  —  Q  from 

Q  -«=  f-r^r^ sin  (A,  -  <r)  rZcft,  (171) 

«^  &KJ9  (1  +  ™) 

the  true  longitude  in  the  orbit  will  be  obtained  from 

It  is  evident  that  since  the  expressions  for  -*p  -7—,  and  — j-  re- 
quire, for  an  accurate  solution,  that  the  disturbed  values  i,  <r,  and  p 
shall  be  known,  and  require,  besides,  that  three  separate  integrations 
shall  be  performed,  unless  the  perturbations  are  computed  only  in 
reference  to  the  first  power  of  the  disturbing  force,  in  which  case  we 
use  iw  p0,  and  Q,0  in  place  of  i,  p,  and  <r,  respectively,  in  the  equations 
(169)  and  (170),  the  action  of  the  component  Zcan  be  considered  in 
the  most  advantageous  manner  by  means  of  the  variation  of  z,  arising, 
from  this  component  alone;  and  even  when  only  the  perturbations 
of  the  first  order  are  to  be  determined  it  will  still  be  preferable  to 

derive  3z,  by  the  indirect  process  from  the  expression  for  —rf->  and  to 

determine  the  heliocentric  place  by  means  of  the  equations  (155). 
When  we  neglect  the  terms  of  the  second  order,  these  equations 
become 

cos  6  cos  (I  —  Q0)  =  cos  (J,  —  £0), 

dz 

cos  b  sin  (I  —  &0)  —  sin  (/,  —  &0)  cos  i0  —  tan  i0  — -,        (172) 

r 

dz 

sin  b  =  sin  (A,  —  Q  )  sin  i0  -\ '-, 

r 

by  means  of  which  I  and  b  are  determined  immediately  from  the  per- 
turbations oM,  v,  and  dz,.  The  peculiar  advantage  of  determining 
the  effect  of  the  action  of  the  component  Z  by  means  of  the  partial 
variation  of  z,  is  apparent  when  we  observe  that  the  expressions  for 

—7-  and  — 7—  involve  sin  i  as  a  divisor;  and  in  the  case  of  orbits  whose 
at  at 

inclination  is  small,  this  divisor  may  be  the  source  of  a  considerable 

amount  of  error. 

188.  The  determination  of  the  perturbations  so  as  to  include  the 
higher  powers  of  the  masses  is  readily  effected  by  means  of  the  com- 
plete expressions  for  a.  »  -r.j>  and  -jgp  when  the  correct  values  of 
JR,  S,  Z,  i,  and  p  are  known.     The  corrected  values  of  i  and  p— 
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which  are  required  only  in  the  case  of  dz, — may  be  easily  estimated 
With  sufficient  accuracy,  since  we  require  only  cost,  while  V p  ap- 
pears as  the  divisor  of  a  term  whose  numerical  value  is  generally 
insignificant.  To  obtain  the  actual  values  of  R,  S,  and  Z,  the  cor- 
rections to  be  applied  to  N,  Nf,  and  /  must  first  be  determined  by 
means  of  the  formulae  (136).  The  values  of  di'  and  dgl'  will  be 
found  by  means  of  the  data  furnished  by  the  tables  of  the  motion  of 
the  disturbing  body,  and  the  corresponding  corrections  for  N,  N'f 
and  I  having  been  found  by  means  of  the  terms  of  (136)  involving 
di'  and  d£l',  there  remain  the  corrections  due  to  di  and  dQ  to  be 
applied.  These  may  be  found  in  terms  of  the  quantities  p'  and  q' 
already  introduced.     Thus,  the  equations 


give 


dp'  =  cos  t  sin  (a  —  &0)  di  +  sin  i  cos  (a  —  &0)  da, 
dq'  —  cos  i  cos  (<x  —  &0)  di  —  sin  i  sin  (a  —  &0)  da, 

cost'  di  =  sin  {a  —  &0)  dp'  +  cos  (a  —  &0)  dq', 
sin  i  da  =  cos  (a  —  &8)  dp'  —  sin  (a  —  &  0)  dq'. 


The  equations  (136)  give,  observing  that  da  =  cos  idQ, 

di    ==  —  cos  Ndi  —  tan  i  sin  N  da, 

,  siniV  tant 

dN  =  -\ : — xr  d% : — =r-  cos  N  da, 

sin  1  sin  1 

and,  substituting  the  preceding  values  of  di  and  da,  these  become 

dI   =  _  sin  (N  +  •  -  ftp)  ,  ,  _  cos  (N  -f  a -  Q.)  d, 

cost  cost 

dN,  =  _  cos(N+a-tt0)  ginCJr+^-O.)  d, 

sin  I  cost  sin /cost  * 

If  we  neglect  the  perturbations  of  the  third  order,  these  equations 

give 

p'  q' 

SI    =  —  sin  N-J-—r  —  cos  JV— 


cost0  cost0 

/  p'  q'    \  ^       ; 

dN'  =  —  cosec  /  cos  N-^—r  —  sin  N-+-r  I, 
\  cos*„  cost,/ 

by  means  of  which  di  and  dN  may  be  determined,  p'  and  q'  being 
found  by  means  of  the  equations  (164),  using  c0,  tzw  and  p0  in  place 
of  e,  %,  and  p.  The  results  for  di  and  (JiV  obtained  from  (173) 
being  applied  to  the  values  of  /'  and  N'  as  already  corrected  on 
account  of  di'  and  d£l',  give  the  required  values  of  these  quantities. 
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When  we  consider  only  di  and  d£l,  since 

sin  H  cos  N'  =  cos  i  sin  /  -}-  sm  l  cos  ^  cos  -^ 

we  easily  find 

dN=co9lW  —  d*,  (174) 

and  if  we  add  the  quantity  cosIdN'  to  the  value  of  N  already  cor- 
rected on  account  of  di'  and  dQf,  and  denote  the  result  by  iY„  the 
required  value  of  JVwill  be  N, —  da.  Then,  according  to  (131),  we 
may  compute  w'  +  da  and  /}'  by  means  of  the  formula? 

u0'  =  u'-N\ 

tan  {(vf  +  8<t)  —  N,)  =  tan  t/0'  cos  I,  (175) 

tan  /?  =  tan  J  sin  ((w'  +  <5<r)  —  iV,), 

using  the  values  of  N*  and  J  as  finally  corrected.  We  have,  further, 
according  to  (135), 

by  means  of  which  we  may  compute  the  value  of  w  +  wj  then  the 
value  of  «;'  — w  required  in  the  equations  (132),  and  also  in  finding 
the  value  of  p,  will  be  given  by 

w'  —  w  =  (vf  -j-  &0  —  (w  +  ^ff)» 

and  the  forces  jB,  /S',  and  Z  may  be  accurately  determined. 

By  thus  determining  the  correct  values  of  R,  S,  and  Z  from  date 
to  date,  the  perturbations  dM,  v,  and  dz,  may  be  determined  in  refer- 
ence to  the  higher  powers  of  the  disturbing  forces  according  to  the 
process  already  explained.  The  only  difficulty  to  be  encountered  is 
that  which  arises  from  the  quantities  r,  p',  and  q',  required  in  the 
determination  of  the  heliocentric  place  of  the  disturbed  body  by 
means  of  the  equations  (155).  If  an  exact  ephemeris  for  a  short 
period  is  required,  by  means  of  the  complete  perturbations  we  may 
determine  new  osculating  elements,  and  by  means  of  these  the  required 
heliocentric  or  geocentric  places. 

189.  Example. — We  will  now  illustrate  the  application  of  the 
formulae  for  the  determination  of  the  perturbations  dM,  u,  and  dz,  by 
a  numerical  example;  and  for  this  purpose  let  it  be  required  to 
determine  the  perturbations  of  Eurynome  @  arising  from  the  action 
of  Jupiter   from    1864  Jan.  1.0   to   1865  Jan.   15.0,  Berlin   mean 
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time,  the   fundamental   osculating   elements   being   those   given   in 
Art.  166. 

In  the  first  place,  by  means  of  the  formulae  (130),  using  the  values 


&  =  206°  39'    5".7, 
£'=  98    58  22  .7, 


t=4°  36'52".l, 
t  =  \    18  40  .5, 


which  refer  to  the  ecliptic  and  mean  equinox  of  1860.0,  we  obtain 

N=  194°  0'  49".9,       N'  =  301°  38'  31".7,       1=  5°  9'  56".4. 

Then,  by  means  of  the  data  furnished  by  the  Tables  of  Jupiter,  we 
find  the  values  of  u',  the  argument  of  the  latitude  of  Jupiter  in  refer- 
ence to  the  ecliptic  of  1860.0,  and  from  the  equations  (131)  we  derive 
w'  and  /9'.  The  values  of  r'  are  given  by  tne  Tables  of  Jupiter,  and 
the  values  of  r0  and  v0  are  found  from  the  elements  given  in  Art. 
166.     The  results  thus  obtained  are  the  following: — 


Berlin  Mean  Time. 

1863  Dec.     12.0, 

1864  Jan.  21.0, 
March  1.0, 
April  10.0, 
May 
June 
Aug. 
Sept. 
Oct. 
Dec. 

1865  Jan. 


20.0, 
29.0, 

8.0, 
17.0, 
27.0, 

6.0, 
15.0, 


0.294084 

0.294837 

0.300674 

0.310864 

0.324298 

0.339745 

0.356101 ' 

0.372469 

0.388214 

0.402894 

0.416240 


'•o 

354°  26'  18".0 

10     2  45  .7 

25  24  59  .4 

40  13  31  .8 

54  14  41  .4 

67  21   23  .5 

79  32  18  .1 

90  49  57  .6 

101  19     9  .8 

111     5 


42 
120  15  32 


logr* 

0.73425 
0.73368 
0.73305 
0.73237 
0.73164 
0.73086 
0.73003 
0.72915 
0.72823 
0.72726 
0.72625 


14°  18'  54".6 
17  21  44  .2 
20  25  5 
23  28  59 
26  33  32 
29  38  44 
32  44  41 
35  51  24 
38  58  57 
7   23 


—  0° 


0 

V  38".l 


42 


:l 


A 


0  18     9 
0  34  39 

0  51 
7 


.2 
.6 
.5 
.3 
45  16  43   .9  — 


7 
29 


23  43 

39  46 

55  35 

11  7 

26  20 

41  10 


The  value  of  w  for  each  date  is  now  found  from 

«=»,+*■—  Q.=*  +  197°  38'  6".5, 

and  the  components  of  the  disturbing  force  are  determined  by  means 
of  the  formulae  (132),  p  being  found  from  (133)  or  (134),  and  h  from 
(70).     The  adopted  value  of  the  mass  of  Jupiter  is 


1047.879 


and  the  results  for  the  components  R,  S,  and  Z  are  expressed  in  units 
of  the  seventh  decimal  place.  The  factor  to2  is  introduced  for  conve- 
nience in  the  integration,  to  being  the  interval  in  days  between  the 
successive  dates  for  which  the  forces  are  to  be  determined.  Thus  we 
obtain  the  following  results: — 
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Date. 

<J*R 

t*Sr0     . 

aPZco&iQ 

ujSr^t 

1863  Dec. 

12.0, 

+  70.82 

+      7.16 

+  0.04 

+    1.37 

1864  Jan. 

21.0, 

68.95 

—    32.76 

0.49 

—  11.45 

March 

1.0, 

61.16 

70.38 

0.92 

63.32 

April 

10.0, 

48.57 

102.91 

1.32 

150.48 

May 

20.0, 

32.77 

128.34 

1.68 

266.75 

June 

29.0, 

+  15.41 

145.39 

1.96 

404.35 

Aug. 

8.0, 

—    2.19 

153.44 

2.17 

554.54 

Sept. 

17.0, 

19.12 

152.41 

2.29 

708.21 

Oct. 

27.0, 

34.81 

142.50 

2.25 

856.39 

Dec. 

6.0, 

48.95 

124.04 

2.09 

990.36 

1865  Jan. 

15.0, 

—  61.45 

—   97.36 

+  1.75   - 

- 1101.73 

The  single  integration  to  find  (oiSr0dt  is  effected  by  means  of  the 
formula  (32). 

The  equations  for  the  determination  of  the  required  differential 
coefficients  are 


^ThS8"*-2")' 


dm 

dt    ~"°\kVp0 
,<Pv       w*R      2w&       1         f      ,.       e0sint;0    lQ      a,W 
<&         ro  r*      kVp0    J     °  Po  r{ 


s    v> 


o*  -nr  =  wZ  cos  *o  —  TT  fer 


dt* 

Substituting  in  these  the- results  already  obtained,  and  also 

log  ft0  =  2.967809,        log  Po  =  0.371237,        log  e0  =  9.290776, 

we  obtain  first,  by  an  indirect  process,  as  illustrated  in  the  case  of 

the  direct  determination  of  the  perturbations  of  the  rectangular  co- 

d2v  d%Sz 

ordinates,  the  values  of  •p'-js-  and  o)2—^,  and  then,  having  found  v, 

o)  —jT-  is  given  directly  by  the  first  of  these  equations.  The  integra- 
tion of  the  results  thus  derived,  by  the  formula?  for  mechanical  quad- 
rature, furnishes  the  required  values  of  v,  d3f,  and  3z,.  The  calcula- 
tion of  the  indirect  terms  in  the  determination  of  v  and  dz„  there 
being  but  one  such  term  in  each  case,  is,  on  account  of  the  smallness 
of  the  coefficient,  effected  with  very  great  facility. 
The  final  results  are  the  following : — 
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<MJ/ 

<Pv 

d}6z, 

Date. 

U~5T 

u*dF 

U,Hti- 

SM 

V 

a, 

1863  Dec. 

12.0, 

—  0".028'+  36.16  +0.04  +  0".01 

+  4.41 

+  0.02 

1864  Jan. 

21.0, 

0  .072 

33.61 

0.49  ■ 

—  0  .01 

4.31 

0.04 

March 

1.0, 

0  .499 

22.55 

0.89 

0  .27 

87.11 

0.64 

April 

10.0, 

1  .213  4 

•    5.58 

1.21 

1  .11 

91.96 

1.93 

May 

20.0, 

2  .070- 

•  13.52 

1.45 

2  .75 

152.22 

4.52 

June 

29.0, 

2  .902 

31.59 

1.53 

5  .24 

199.05 

Aug. 

8.0, 

3  .546 

46.65 

1.60 

8  .49 

214.54 

14.10 

Sept. 

17.0, 

3  .858 

57.88 

1.52 

12  .22 

183.69 

21.24 

Oct. 

27.0, 

3  .723 

65.19 

1.28 

16  .05  +  95.29 

29.90 

Dec. 

6.0, 

3  .056 

68.83 

0.92 

19  .49- 

-  58.00 

39.82 

1865  Jan. 

15.0, 

—  1  .800- 

-69.19 

+  0.40  - 

-21  .97- 

-279.84  +50.64 

Since,  during  the  period  included  by  these  results,  the  perturbations 
of  the  second  order  are  insensible,  we  have,  for  the  perturbations  of 
Eurynome  arising  from  the  action  of  Jupiter  from  1864  Jan.  1.0  to 
1865  Jan.  15.0, 

9M  =  —  21".97,        v  =  —  0.00002798,        dz,  =  +  0.00000506. 

It  is  to  be  observed  that  dz,  is  not  the  complete  variation  of  the  co- 
ordinate z,  perpendicular  to  the  ecliptic,  but  only  that  part  of  this 
variation  which  is  due  to  the  action  of  the  component  Z alone;  and 
hence  the  results  for  dz,  differ  from  the  complete  values  obtained 
when  we  compute  directly  the  variations  of  the  rectangular  co- 
ordinates. 

Let  us  now  determine  the  heliocentric  longitude  and  latitude  for 
1865  Jan.  15.0,  Berlin  mean  time,  including  the  perturbations  thus 
derived.     From  the  equations 

M,  =  M0  +  ,i0{t-Q  +  M, 

E,  —  e0  sin  E,  =  M„ 

r,   =  cr0  (1  —  e0  cos  £,),  _ 

sin  \  O,  —  E,)  =  sin  £  9o  sin  E,  J% 

*rf 

K  =  v,  +  *0»  r s=r, (1  Hh  v)> 

we  obtain 

M,      =  99°  29'  35".51,  JE,=  110°    0' 33".75, 

log  r,  =  0.4162304,  v,  =  120   15  13  .80, 

logr  =0.4162183,  *,  =164  32  25  .97. 

The  calculation  of  the  values  of  r,  and  v,  from  the  values  of  Mn  a0, 
and  e0,  may  be  effected  by  means  of  the  various  formulae  for  the 
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determination  of  the  radius-vector  and  true  anomaly  from  given 
elements.  If  we  substitute  these  results  for  X„  r,  and  dz,  in  the  equa- 
tions (172),  we  get 

I  =  164°  37'  59".05,  b  =  —  3°  5'  32".54, 

which  are  referred  to  the  ecliptic  and  mean  equinox  of  1860.0,  and 
from  these  we  may  derive  the  geocentric  place  of  the  disturbed  body. 
If  the  place  of  the  body  is  required  in  reference  to  the  equinox  and 
ecliptic  of  any  other  date,  it  is  only  necessary  to  reduce  the  elements 
"0,  Sl0,  and  i0  to  the  equinox  and  ecliptic  of  that  date;  and  then, 
having  computed  X,  and  r,  we  obtain  by  means  of  the  equations  (172) 
the  required  values  of  I  and  b.  In  the  determination  of  the  pertur- 
bations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic 
throughout  the  calculation ;  and  afterwards,  when  the  heliocentric  or 
geocentric  places  are  determined,  the  proper  corrections  for  precession 
and  nutation  may  be  applied. 

In  order  to  compare  the  results  obtained  from  the  perturbations 
oJf,  v,  and  dz,  with  those  derived  by  the  method  of  the  variation  of 
rectangular  co-ordinates,  we  have,  for  the  date  1865  Jan.  15.0, 

x0  =  —  2.5107584,        y0  =  +  0.6897713,        z0  =  —  0.1406590 ; 

and  for  the  perturbations  of  these  co-ordinates  we  have  found 

dx  =  +  0.0001773,         Sy  =  -f  0.0001992,        Sz  =  —  0.0000028. 

Hence  we  derive 

x  =  —  2.5105811,         y=  +  0.6899705,         z  =  —  0.1406618, 

and  from  these  the  corresponding  polar  co-ordinates,  namely, 

log  r  =  0.4162182,         I  =  164°  37'  59".05,         b  =  —  3°  5'  32".54, 

from  which  it  appears  that  the  agreement  of  the  results  obtained  by 
ihe  two  methods  is  complete. 

190.  When  the  perturbations  become  so  large  that  the  terms  of  the 
second  order  must  be  retained,  the  approximate  values  which  may  be 
obtained  for  several  intervals  in  advance  by  extending  the  columns 
of  differences,  will  serve  to  enable  us  to  consider  the  neglected  terms 
partially  or  even  completely,  and  thus  derive  the  complete  perturba- 
tions for  a  very  long  period.  But  on  account  of  the  increasing  diffi- 
culties which  present  themselves,  arising  both  from  the  consideration 
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of  tin-  perturbations  due  to  tlic  action  of  the  component  Z  in  com- 
puting the  place  of  the  hotly,  and  from  the  magnitude  of  the  numeri- 
cal values  of  the  perturbations,  it  will  bo  advantageous  to  determine, 

from  time  to  time,  new  osculating  elements  corresponding  to  the 
values  of  the  perturbations  for  any  particular  epoch,  and  thus  com- 
mencing the  integrals  again  with  the  value  zero,  only  the  term 
the  first  order  will  at  first  be  considered,  and  the  indirect  part  of  the 
calculation  will,  on  account  of  the  sinallness  of  the  terms,  be  effected 
with  great  facility.  The  mode  of  effecting  the  calculation  when  the 
higher  powers  of  the  masses  are  taken  into  account  has  already  been 
explained,  and  it  will  present  no  difficulty  beyond  that  which  is  in- 
separably connected  with  the  problem.     The  determination  of  l)  p' , 

and  <]'  may  be  effected  from  the  results  for  -.-.  ~i  and  ~  by  means 

of  the  formula?  for  integration  by  mechanical  quadrature,  as  already 
illustrated,  or  we  may  find  r  by  a  direct  integration,  and  the  values 

of  p'  and  q'  by  means  of  the  equations  (164),  —~  being  found  from 

—~  by  ■  single  integration.     The  other  quantities  required  for  the 

complete  solution  of  the  equations  for  the  perturbations  will  be 
obtained  according  to  the  directions  which  have  been  given;  and  in 
the  numerical  application  of  the  formulas,  particular  attention  should 
be  given  to  the  homogeneity  of  the  several  terms,  especially  since,  for 
convenience,  we  express  some  of  the  quantities  in  units  of  the  seventh 
decimal  place,  and  others  in  seconds  of  arc. 

The  magnitude  of  the  perturbations  will  at  length  be  such  that, 
however  completely  the  terms  due  to  the  squares  and  higher  powers 
of  the  disturbing  forces  may  be  considered,  the  requirements  of  the 
numerical  process  will  render  it  necessary  to  determine  new  osculating 
elements;  and  we  therefore  proceed  to  develop  the  formulae  for  this 
purpose. 

d*v  cPtiz 

191.  The  single  integration  of  the  values  of  w2-^-  and  o>2-T,r  will 

give  the  values  of  w  -~rr  and  (o  —~,  and  hence  those  of  -r  and  -g-'i 

which,  in  connection  with  ~rp  are  required  in  the  determination  of 

dv 
the  new  system  of  osculating  elements.     Since  r2  -jr  represents  double 

the  areal  velocity  in  the  disturbed  orbit,  we  have 
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dv,  kVp(l  +  to) 

~dl~  r5 

The  equation  (109)  gives 

dv,  _  k]/p9  (1  +  to)  /         1    dSM\ 
~dt  =  r*  \    +£'    dt    J' 

Hence,  since  r  =  r,  (1  +  v),  we  obtain 

by  means  of  which  we  may  derive  p.     This  formula  will  furnish  at 
once  the  value  of  p,  which  appears  in  the  complete  equation  for 

— 1^>  and  also  in  the  equations  (164);  and  the  value  of  cost  may  be 

determined  by  means  of  (165). 
In  the  disturbed  orbit  we  have 

dr       kvl  +  to 

Hi=—p—  "m* 

and  the  equations  (108)  and  (111)  give 

dr       hVl+m     .       ( \   ,   1    ddM \  ,A    ,    N   ,       dv 

Therefore  we  obtain 

which,  by  means  of  (176),  becomes 


e,m,  =  e0sm,,(l+-.^r)(l  +  ,).  +  I-7f|=.w.  (177) 

The  relation  between  r  and  r,  gives 

t^—=^- — a+*>« 

l  +  ^cosv      l  +  e0cosv, 
and,  substituting  in  this  the  value  of  p  already  found,  we  get 

v  =  (l  +  e0cos^)(l+}o-^J(l  +  >'),-l.  (178) 


e  cos 
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Let  us  now  put 


fi= 


r,Vp         &>_  (179) 


a  and  /?  being  small  quantities  of  the  order  of  the  disturbing  force, 
and  the  equations  (177)  and  (178)  become 

e  sin  v  =  e0  sin  v,  -f-  ae0  sin  v,  -f-  & 
e  cos  v  =  e0  cos  «,  +  a^0  cos  v/  +  a' 

These  equations  give,  observing  that  r,  (cos  v,  +  e0)  =p0  cos  i?„ 

e  sin  (y,  —  v)  =  a  sin  v,  —  ft  cos  vn 

.  s  ap0  .  (180) 

e  cos  (v,  —  v)  =  e0  -f-  -*^  cos  £,  +  /?  Bin  v„  J 

r, 

from  which  e,  v, —  v,  and  v  may  be  found;  and  thus,  since 

ar=«t +<«/—«).  (i8i) 

we  obtain  the  values  of  the  only  remaining  unknown  quantities  in 
the  second  members  of  the  equations  (164).  The  determination  of 
pf  and  q'  may  now  be  rigorously  effected,  and  the  corresponding 

value  of  cost  being  found  from  (165),  -jjr  and  -4r  will  be  given  by 

(162).  Then,  having  found  also  1  —  cos  rf  by  means  of  (166),  71  may 
be  determined  rigorously  by  the  equation  (159),  and  not  only  the 
complete  values  of  the  perturbations  in  reference  to  all  powers  of  the 
masses,  but  also  the  corresponding  heliocentric  or  geocentric  places 
of  the  body,  may  be  found. 
If  we  put 

y  =  a  sin  v,  —  /S  cos  v„ 

f=a^cosE,  +  Psmvn  (182) 

r, 

and  neglect  terms  of  the  third  order,  the  equations  (180)  give 

/        /*  (183) 

V  — V  =  —  8 —  — -8, 
Co  «o 

in  which  « =  206264".8.     These  equations  are  convenient  for  the 
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determination  of  e  and  v,  —  v,  and  hence  X  by  means  of  (181),  when 
the  neglected  terms  arc  insensible. 

The  values  of  p.  e,  and  v  having  been  found,  we  have 

kVl  +  m 
sin?  =  e,  a— i?sec>,  M= 1 >       ,lft4) 

tan  hE=  tan  (45°  —  A  <p )  tan  \  v,  M=E—e  sin  E} 

from  which  to  find  the  elements  <p,  a,  [x,  and  M.  The  mean  anomaly 
thus  found  belongs  to  the  date  t,  and  it  may  be  reduced  to  any  other 
epoch  denoted  by  t0  by  adding  to  it  the  quantity  /x(i0  —  t).  When  we 
neglect  the  terms  of  the  third  order,  we  have 

sin  <p  —  sin  <pa 


cosVo  —  2  O  —  9o)  sin  ¥o 


and  if  we  substitute  for  sin  <p  —  sin  <f0  =  e  —  e0  the  value  given  by 
the  first  of  equations  (183),  the  result  is 

.       .  2^siny0  +  /8 

(p W    1 j 

2  sin  <f  0  cos  ?0  —  d  sin  <p0  tan  <f  0 


from  which  we  get 


a"sinyj*+o.;„r'L  »,    ass) 


0      cos  <p0         2  cos  Vo         2  sin  <p 0  cos  <p0 

by  means  of  which  <p  may  be  found  directly,  terms  of  the  third  order 
being  neglected. 

In  the  case  of  the  orbits  of  comets  for  which  e  differs  but  little 
from  unity,  instead  of  oM  we  compute  by  means  of  the  formula 
(142)  the  value  of  dT,  and  since  we  have 

d8T  _        1    dm 

dt  t±0     dt 

the  equation  for  p  becomes 

/  ddTV 

i»=a(i-^)(i  +  04;  (186) 

and  for  a  we  have 

.=(i-^Ja+*-i.  (187) 

Then  e,  v,  and  q  will  be  found  by  means  of  the  equations 

33 
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e  sin  (v,  —  v)  =  a  sin  v,  —  ft  cos  v„ 

e  cos  (y,  —  v)  =  e0  +  a  (cos  v,  +  e0)  -f-  /9  sin  v„  (188) 

?=r+v 

and  the  time  of  perihelion  passage  will  be  derived  from  e  and  v  by 
means  of  Table  IX.  or  Table  X. 

There  remain  yet  to  be  found  the  elements  a,  ft,  and  i,  which  de- 
termine the  position  of  the  plane  of  the  disturbed  orbit  in  ipaoe. 
The  values  of  p'  and  q'  will  be  found  from  the  equations  (164),  and 
71,  whenever  it  may  be  required,  will  be  determined  as  already 
explained.     Then  we  shall  have 

sin  i  sin  (<r—  ft  „)=;/,  (189) 

sin  i  cos  (<r  —  ft0)  =  q'  -f-  sin  i0, 

from  which  to  find  i  and  a.    When  we  neglect  the  terms  of  the  third 
order,  these  equations  give 

p'q' 


sin  i  —  sin  iQ  =  q  -\- 


sinzn 


and  hence 


—q.+-J£t—**- 


sin  t0         snr  i0 

isXit+jLr,+€™i.+   :?'.»,        aw) 

cos  t0         2  cos3 10         2  sin  t0  cos  i0  K 

in  which  s  —  206264". 8.     The  auxiliary  spherical  triangle  which  we 
have  employed  in  the  derivation  of  the  equations  (155)  gives  directly 

cos  ^  (t  +  V)  _ tan  a  ( »  —  ft0) 

cos^(i  —  t,)       tan  A  (ft  —  A  +  A0— ft0)' 

and  since  h  —  hQ  =  r,  we  have 

tann^-^„-n  =  ^,^~^tanK^-^o),        (191) 

by  means  of  which  the  value  of  ft  may  be  found.     This  equation 
gives,  when  we  neglect  terms  of  the  third  order, 

8  =  O.  +  r  +  ^jf-°  +  £fc  (••  - 0  (.  -  ft.)-     CUM  I 

Substituting  in  this  the  values  of  a —  ft0  and  i  —  i0  given  by  (190), 
we  get 

ft  =  ft0  +   •    ?'      ■  i  -  ^.^JW  +  r>  (193) 

q      sin?0cosi0         sin*  ?0  cos3  *„     -1 
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r  being  expressed  in  seconds  of  arc.  Finally,  for  the  longitude  of 
the  perihelion,  we  have 

"=Z+&~«>  (194) 

and  the  elements  of  the  instantaneous  orbit  are  completely  deter- 
mined. When  we  neglect  terms  of  the  third  order,  this  equation, 
substituting  the  values  given  by  (190)  and  (192),  becomes 

u  tanjj.  tanMUl-f2cost0) 

cos  i0  2  cos*  in  r  *  v       y 

It  should  also  be  observed  that  the  inclination  t  which  appears  in 
these  formulae  is  supposed  to  be  susceptible  of  any  value  from  0°  to 
180°,  and  hence  when  i  exceeds  90°  and  the  elements  are  given  in 
accordance  with  the  distinction  of  retrograde  motion,  they  are  to  be 
changed  to  the  general  form  by  using  180° — i  instead  of  ?,  and 
2&  — «  instead  of  it. 

The  accuracy  of  the  numerical  process  may  be  checked  by  com- 
puting the  heliocentric  place  of  the  body  for  the  date  to  which  the 
new  elements  belong  by  means  of  these  elements,  and  comparing  the 
results  with  those  obtained  directly  by  means  of  the  equations  (155). 
We  may  remark,  also,  that  when  the  inclination  does  not  differ  much 
from  90°,  the  reduction  of  the  longitudes  to  the  fundamental  plane 
becomes  uncertain,  and  r  may  be  very  large,  and  hence,  instead  of 
the  ecliptic,  the  equator  must  be  taken  as  the  fundamental  plane  to 
which  the  elements  and  the  longitudes  are  referred. 

192.  Although,  by  means  of  the  formula?  which  have  been  given, 
the  complete  perturbations  may  be  determined  for  a  very  long  period 
of  time,  using  constantly  the  same  osculating  elements,  yet,  on 
account  of  the  ease  With  which  new  elements  may  be  found  from  331, 

v,  3z„    j.  i  -rj  and  — -,—>  and  on  account  of  the  facility  afforded  In 

the  calculation  of  the  indirect  terms  in  the  equations  for  the  differen- 
tial coefficients  so  long  as  the  values  of  the  perturbations  are  small, 
it  is  evident  that  the  most  advantageous  process  will  be  to  compute 
331,  v,  and  3z,  only  with  respect  to  the  first  power  of  the  disturbing 
force,  and  determine  new  osculating  elements  whenever  the  terms  of 
the  second  order  must  be  considered.  Then  the  integration  will 
Hgain  commence  with  zero,  and  will  be  continued  until,  on  account 
of  the  terms  of  the  second  order,  another  change  of  the  elements  is 
required.     The  frequency  of  this  transformation  will  necessarily  de- 
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pend  on  the  magnitude  of  the  disturbing  force;  and  if  the  disturbed 
body  is  so  near  the  disturbing  body  that  a  very  frequent  change  of 
the  dements  becomes  necessary,  it  may  be  more  convenient  either  to 
include  the  terms  of  the  second  order  directly  in  the  computation 
of  the  values  of  dM,  v,  and  8zn  or  to  adopt  one  of  the  other  methods 
which  have  been  given  for  the  determination  of  the  perturbations  of 
a  heavenly  body.  In  the  case  of  the  asteroid  planets,  the  consider- 
ation of  the  terms  of  the  second  order  in  this  manner  will  only 
require  a  change  of  the  osculating  elements  after  an  interval  of  seve- 
ral years,  and  whenever  this  transformation  shall  be  required,  the 
equations  for  <p,  i,  &,  and  jt,  in  which  the  terms  of  the  third  order 
are  neglected,  may  be  employed.  It  should  be  observed,  however, 
that  the  perturbations  of  some  of  the  elements  are  much  greater  than 
the  perturbations  of  the  co-ordinates,  and  hence  when  terms  depend- 
ing  on  the  squares  and  higher  powers  of  the  masses  have  been 
neglected  in  the  computation  of  these  perturbations,  it  may  still  be 
necessary  to  include  the  values  of  the  terms  of  the  second  order  in 
the  incomplete  equations  referred  to.  No  general  criterion  can  be 
given  as  to  the  time  at  which  a  change  of  the  osculating  elements 
will  be  required;  but  when,  on  account  of  the  magnitude  of  the 
values  of  9M,  v,  and  oz„  it  appears  probable  that  the  perturbations 
of  the  second  order  ought  to  be  included  in  the  results,  by  computing 
a  single  place,  taking  into  account  the  neglected  terms,  we  may  at 
once  determine  whether  such  is  the  case  and  whether  new  elements 
are  required. 

193.  We  have  already  found  the  expressions  for  the  variations  of 
Q,  and  i  due  to  the  action  of  the  disturbing  forces,  and  we  shall  now 
consider  those  for  the  variation  of  the  other  elements  of  the  orbit 
directly.  Let  x,  y,  z  be  the  co-ordinates  of  the  body  at  any  given 
time  referred  to  any  fixed  system  of  co-ordinates.  These  will  be 
known  functions  of  the  six  elements  of  the  orbit  and  of  the  time. 
Tf  the  body  were  not  subject  to  the  action  of  the  disturbing  f<>: 
these  six  elements  would  be  rigorously  constant,  and  the  co-ordinates 
would  vary  only  with  the  time;  but  on  account  of  the  action  of  these 
forces  the  elements  must  be  regarded  as  continuously  varying  in  order 
that  the  relation  between  the  elements  and  the  co-ordinates  at  any 
instant  shall  be  expressed  by  equations  of  the  same  form  as  in  the 
case  of  the  undisturbed  motion.  The  co-ordinates  will,  therefore,  in 
the  disturbed  motion,  be  subject  to  two  distinct  variations:  that 
which  results  from  considering  the  time  alone  to  vary,  and  that  which 
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i 

results  from  the  variation  of  the  elements  themselves.    Let  these  two 
kinds  of  partial  variations  be  symbolized  respectivelv  by  (  —rr  1  and 

LdtJ'  anc*  s^ra^arb'  ^n  tne  ^^  °f  tne  other  co-ordinates;  then  will 
the  total  variations  be  given  by 


(dx\     rdx~\  ditty  \  ,  \~dy~] 

\  dt  Z"1"  l_dtj'  dt  -[dt/^  \_dtj' 


dx 
~dt 

dt 


But  if  we  differentiate  twice  in  succession  the  equations  which  ex- 
press the  values  of  x,  y,  and  z  as  functions  of  the  elements  and  of 
the  time,  regarding  both  the  elements  and  the  time  as  variable,  the 
substitution  of  the  results  in  the  general  equations  for  the  motion  of 
the  disturbed  body  will  furnish  three  equations  for  the  determination 
of  the  variations  of  the  elements.  There  are,  however,  six  unknown 
quantities  to  be  determined;  and  hence  we  may  assign  arbitrarily 
three  other  equations  of  condition.  The  supposition  which  affords 
the  required  facility  in  the  solution  of  the  problem  is  that 

BH-*      [f]=°.      [£]-*       <»r) 

and  hence  that 

dx /  dx  \  dy /  dy  \  dz /  dz  \ 

~dt~\~dt)'  ~dt~\~dtr  ~dt~\~dt} 

It  thus  appears  that  in  order,  that  the  integrals  of  the  equations  (1) 
shall  be  of  the  same  form  as  those  of  the  equations  (3), — the  arbi- 
trary constants  of  integration  which  result  from  the  integration  of 
the  latter  being  regarded  as  variable  when  the  disturbing  forces  are 
considered, — the  first  differential  coefficients  of  the  co-ordinates  with 
respect  to  the  time  have  the  same  form  in  the  disturbed  and  undis- 
turbed orbits.     But  since  -jri  ~n:>  and  -r.  are  the  velocities  of  the 

disturbed  body  in  directions  parallel  to  the  co-ordinate  axes  respect- 
ively, it  follows  that  during  the  element  of  time  dt  the  velocity  of 
the  body  must  be  regarded  as  constant,  and  as  receiving  an  increment 
only  at  the  end  of  this  instant.  The  equations  (197)  show  also  that 
\f  we  differentiate  any  co-ordinate,  rectangular  or  polar,  referred  to  a 
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fixed  plane  and  measured  from  a  fixed  origin,  with  respect  to  the  ele- 
ments alone  considered  as  variable,  the  first  differential  coefficient 
must  be  put  equal  to  zero,  and  this  enables  us  at  once  to  effect  the 
solution  of  the  problem  under  consideration.  It  is  to  be  observed, 
further,  that  the  functions  whose  first  differential  coefficients  with 
respect  to  the  time  when  only  the  elements  are  regarded  as  variable 
are  thus  put  equal  to  zero,  must  not  involve  directly  the  motion  of 
the  disturbed  body,  since  the  second  differential  coefficients  of  the  co- 
ordinates have  not  the  same  form  in  the  case  of  the  disturbed  motion 
as  in  that  of  the  undisturbed  motion. 

194.  If  we  suppose  the  disturbing  force  to  be  resolved  into  three 
components,  namely,  R  in  the  direction  of  the-  disturbed  radius- 
vector,  S  in  a  direction  perpendicular  to  the  radius- vector  and  in  the 
plane  of  disturbed  orbit,  positive  in  the  direction  of  the  motion,  and 
Z  perpendicular  to  the  plane  of  the  instantaneous  orbit,  the  latter 
will  only  vary  Q  and  i  and  the  longitude  of  the  perihelion  so  far  as 
it  is  affected  by  the  change  of  the  place  of  the  node,  while  the  forces 
R  and  S  will  cause  the  elements  M,  tt,  e,  and  a  to  vary  without  affect- 
ing Q  and  i. 

Let  us  now  differentiate  the  equation 

F>  =  l-'(l+m)(;2-i), 

regarding  the  elements  as  variable,  and  we  get 

2Vdrl_         1_     da  27  dV  _ 

r'ldti  ~~~       a*  '  dt  +  P  (1  -h  m)  '    dt  ~    ' 
or 

da_       2a?  V        dV 
dt  ~  £»  (1  +  m)  '  dt' 

dV 
The  differential  coefficient  -=-  is  here  the  increment  of  the  accele- 

dt 

rating  force,  in  the  direction  of  the  tangent  to  the  orbit  at  the  given 

point, due  to  the  action  of  the  disturbing  force;  and  if  we  designate 

the  angle  which  the  tangent  makes  with  the  prolongation  of  the 

radius-vector  by  <p0,  we  shall  have 


dV 
dt 


—jT  =  ^  cos  ^'o  H~  "Ssm  ^'o- 


Substituting  this  value  in  the  preceding  equation,  we  obtain 
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But  we  have,  according  to  the  equations  (50)6, 

Tr        ,         I  dr\        hV\  +  m      . 


1/p 


F8m^=rU)=-iV— ' 


in  which  t>  denotes  the  true  anomaly  in  the  instantaneous  orbit;  and 
hence  there  results 


da  2a2 


dt        kl/p(l-\-m) 


(e  sin  vR  +  ^-S),  (198) 


(199) 


by  means  of  which  the  variation  of  a  may  be  found. 
If  we  introduce  the  mean  daily  motion  [x,  we  shall  have 

rl;i  _        |  ii     da 
dt  a       dt 

and  hence 

±  = **  (esmvR+P  S),  (200) 

dt  lcVp(l-]-my  r  K 

for  the  determination  of  dfx. 

The  first  of  the  equations  (97)  gives 


H> 

dv  \ 

dt  r 

=Sr; 

and  hence  we 

obtain 

d(V'p)  . 
dt 

Sr 

hV  1  -f  m 

or 

dp 

2pr 

S. 

dt        kVl  H 

m 

The 

equation 

p  =  a{l- 

—  e2)  gives 

(201) 


dp p      da  9      de 

dt         a       dt  dt 

J       -  An 

Equating  these   values   of  -,-»   and  introducing  the  value  of  -j- 
al ready  found,  we  get 

£  =  — i lPsinvR+P-{P--^.)s),        (202) 

*        il/p(l+i»)\  e  \  r         all 


B90 

and  since 


THEORETICAL    ASTRONOMY. 


P 

—  =  1  -j-  e  cos  % 


—  =  1  —  e  cos  E, 


r  a 

E  being  the  eccentric  anomaly  in  the  instantaneous  orbit,  this  becomes 
de  1 


dt  ~    k\/p(l-\-m) 


(p  sin  vR  -f  p  (cos  v  +  cos  E)  S),       (203) 


which  will  give  the  variation  of  e.     If  we  introduce  the  angle  of 
eccentricity  <p,  we  shall  have 


de  d<p 

-dT^™*!* 


p  =  a  cos2  <p , 


and  hence 
d<p  1 


»  (a  cos  <p  sin  vR  •+-  a  cos  ^  (cos  v  +  cos  E)  S).     (204) 


*        ifci/p  (1  +  TO) 

195.  When  we  consider  only  the  components  R  and  $  of  the  dis- 
turbing force,  the  longitude  in  the  orbit  will  be 


We  have,  therefore, 


*#  =  «+*. 


=  1  +ecos0*,  —  •/), 


the  differentiation  of  which,  regarding  the  elements  as  variable,  gives 

*—  7  [-^1 =  r cos  (;' ~*>  IT  ~ er sin  (;'  ~ *>  [ §] 

4r 


or 


+  er  sin  (;,—  *) -^-> 


dp  <fe  .        dy 

-f-  =  r  cos  v  —tt  -\-  er  sin  v  -~- 
at  at  at 


Therefore 
dX 


1  p 

'  —  ( — P  cosvR-{-  -T-—  (2  —  cos'  v  —  cos  v  cos  E)  S), 


sin  v 


dt       kl/p(l+m)     « 
and,  since  j?  cos  JS=r  (cos  v  -f  e),  we  have 

j?  (1  —  cos  v  cos  jB)  =  r  sin*  v. 
so  that  the  equation  becomes 
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*  =  kV,  (1  +  m)  '  7  (--P  C°3  " B  +  (P  +  r)  Sin  rg)'     (2°5) 

from  which  the  value  of  -^-  may  be  derived. 

If  we  introduce  the  element  to,  or  the  angular  distance  of  the  peri- 
helion from  the  ascending  node,  it  will  be  necessary  to  consider  also 
the  component  Z;  and,  since  to=X  —  a,  we  shall  have 

■  dQ 
cost— rr  > 
dt 


du>        dx 
~dt~~~dt~ 

do        dx 
~dt=~dt 

and  hence 

doi                1 

1  , 

=  •  —  ( — ^)cosi;jR  +  (j9-f-r)sinv/S')  —  cost-j— •    (206) 


dt        kVpil+m)      e 
In  the  case  of  the  longitude  of  the  perihelion,  we  have 


d* du)       dQ, 

~dt~Ht~T~  ~di~~ 


and  therefore 


—  ( — p  cos  vR  +  (p  -f-  r)  sin  v/S) 


*        *Vi)  (1  +  m)      e 


+  2sin2^-^-  (207) 


The  first  of  the  equations  (15)2  gives 

[drl  I  dM0    ...      .,dn\       2r      du  dc 

in  which  J!f0  denotes  the  mean  anomaly  at  the  epoch,  which  is  usually 
adopted  as  one  of  the  elements  in  the  case  of  an  elliptic  orbit.  Sub- 
stituting for  -j-  and  -g-  the  values  already  found,  we  get 

— j-^  =  — .  -  Up  cot  <p  cos  v  —  2r  cos  <p)  R 

dt         kl/p(l  +  ™) 

r^—  (2  —  cos*  v  —  cos  v  cos  E)  cot  0  S\  —  (t  —  0-jr» 

sin  v s  J  K        °  dt 

or 

{(p  cot  <p  cos  v  —  2r  cos  ?>)  iJ  —  (p  -f-  r)  eot  ?>  sin  v£) 


d<         jfcl/p  (1  +  m) 
The  equation  (205)  gives 


-^-^Tt'  (208) 
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(p  ~\~  r)  c°t-  9  sm  VS= P  cot  <p  cos  vR 


k)/p(l  +  m)  kVp(l-\-m)' 


4-cos?-^, 


by  means  of  which  (208)  reduces  to 


dMa  -dx  2rcos?       D       f.        .  d/i  /OAnN 

— it  =  —  cos  9  ~t .  R  —  it  — 10)  -j-,        (209) 

dt  r  dt        Jfei/p(l  +  m)  dt  v 

which  will  determine  the  variation  of  the  mean  anomaly  at  the 
epoch. 

Since  the  equations  for  the  determination  of  the  place  of  the  body 
in  the  case  of  the  disturbed  motion  are  of  the  same  form  as  those  for  the 
undisturbed  motion,  the  mean  anomaly  at  the  time  t  will  be  given  by 

3f=  M0  +  8M0  +(t- 10)  (/i0  +  dr,l 

in  which  /j0  denotes  the  mean  daily  motion  at  the  instant  t0.  There- 
fore we  shall  have 

M=M.+  j^f  dt  +  h  (<  -  Q  +  (t  ~  k)j%  dt> 

the  integrals  being  taken  between  the  limits  tQ  and  t.     The  quantity 

expresses  the  mean  anomaly  at  the  time  t  in  the  undisturbed  orbit ; 
and  if  we  designate  by  dM  the  correction  to  be  applied  to  this  in 
order  to  obtain  the  mean  anomaly  in  the  disturbed  orbit,  so  that 


I 


'o 

we  shall  have 

M=M0  +  ,i0(t-to)+f^-dt, 
and  hence 

Differentiating  this  with  respect  to  t,  we  get 

dM       dM0  d/i        fd/t   , 

-dT  =  -dT  +  V-Q  HT  +J  -didt' 
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dM 
Substituting  in  this  the  value  of  —r~  from  (209),  the  result  is 

dM  dy  2r  cos  <p       n    .    fd/j.    -.  ,_. .. 

__  =  —  cos  9  -j-  —  r  i    R  +  I  -jr  dt,  (210) 

dt  dt        /•!  pil  +  m)  J  dt 

which  does  not  involve  the  factor  t  — 10  explicitly,  and  by  means  of 
which  the  mean  anomaly  in  the  disturbed  orbit,  at  any  instant  t,  may 
be  found  directly  from  that  for  the  same  instant  in  the  undisturbed 
orbit. 

To  find  the  variation  of  the  mean  longitude  L,  we  have 

dL       dM    .    d~       dy    ,    dM   .  ,„  .    dQ 

^=^  +  w=d*-+^r  +  (1-C0Sl)-dr 

and  therefore 

dL       _   .  ,  ,    d/  .  2,.dQ  2rcos?  Cdti   ,         , 

-y-  =  2  sin2  l<p-j-  +  2  sin2  U— T, —  R+  I  -jr  dt-       C211) 

dt  ~T  dt  *    dt         kVp(l  +  m)         J  dt 

To  find  the  variations  of  &  and  i,  since 

u  =  X,  —  a, 

u  denoting  the  argument  of  the  latitude  in  the  disturbed  orbit,  we 
have,  according  to  the  equations  (169)  and  (170), 


dQ 1 r  sin  u  „ 

dt     ~  kVp  (1  +  m)  '    sin  t      ' 

di  1 


(212) 


dt        kVp(l  +  m) 


r  cos  uZ. 


The  inclination  i  may  have  any  value  from  0°  to  180° ;  and  when- 
ever the  elements  are  given  in  accordance  with  the  distinction  of  re- 
trograde motion,  they  must  be  converted  into  those  of  the  general 
form  by  taking  180°  —  i  in  place  of  the  given  value  of  i,  and  2&  —  - 
in  place  of  the  given  value  of  tt,  before  applying  the  formulas  which 
involve  these  elements. 

196.  In  the  case  of  the  orbits  of  comets  in  which  the  eccentricity 
differs  but  little  from  that  of  the  parabola,  the  perturbations  of  the 
perihelion  distance  q  and  of  the  time  of  perihelion  passage  Twill  \>e 
determined  instead  of  those  of  the  elements  M  and  a  or  ft. 

The  equation 

gives 
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dq  _        1  dp  q  de 

~dt  ~  1+  e  '  It  ~  1  +  e  '  It' 

dp 
and  substituting  in  this  the  value  of  -4r  already  found,  and  neglect- 
ing the  mass  of  the  comet,  which  is  always  inconsiderable,  we  get 

dq  _    V    o  9         ,lr  ,.,,.. 

dt~~~Wp  l  +  e"dt' 

by  means  of  which  the  variation  of  q  may  be  found.     In  the  ease  of 

de 
elliptic  motion  the  value  of  -jr  may  be  found  by  means  of  (202)  or 

(203);  but  in  the  case  of  hyperbolic  motion  the  equation  (202)  will 
be  employed.  It  should  be  observed,  also,  that  when  the  general 
formula?  for  the  ellipse  are  applied  to  the  hyperbola,  the  semi- 
transverse  axis  a  must  be  considered  negative. 

When  the  orbit  is  a  parabola,  the  equation  (202)  becomes 

dp  1 

-~  =  — 4— <J>  sin  v22  +  2p  cos2  H<£),  (214) 

dt         kvp 

j 

and  for  the  value  of  -jr  we  have 
at 

|=is-4  (215) 

dt        kVp  dt 

It  remains  now  to  find  the  formula  for  the  variation  of  the  time  of 
perihelion  passage.     The  relation  between  Tand  M0  is  expressed  by 

360°  —M0  =  /i(T—t0), 

the  differentiation  of  which  gives 

dM0_  da  dT. 

— dT-{T-to)-dt+/1'dt' 

and,  substituting  for  — jt1  the  value  given  by  equation  (209),  we  get 

It  ~  P       ^     k     '  dt^V         }  tJ.  '   dt ' 

Substituting  further  the  values  of  ~rr  and  -rr  given  by  the  equations 
(205)  and  (199),  the  result  is 
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dT       aR  ■         p                Sk(t—T)      .      N 
—  =  —  (2r--coSv ^-e«n.) 

,    aS  Ip+r  .  3!c(t—T)p\ 


(216) 


which  may  be  employed  to  determine  the  variation  of  T  whenever 
the  eccentricity  is  not  very  nearly  equal  to  unity.  It  is  obvious, 
however,  that  when  a  is  very  large  this  equation  will  not  be  con- 
venient for  numerical  calculation,  and  hence  a  further  transformation 

of  it  is  desirable.  Thus,  if  we  derive  the  expressions  for  -r-  and  -j- 
from  the  equations  (24)2  and  (23)2,  we  easily  obtain 

2b        dr  p  Sk(t—T)         -  p* 

—  a  (2r  —  —  cos  v ~p- — -  e  sm  v)  -) -r^— — -  cos  v, 


1  +  e      de  e  l/p  e  0-  +  e)'2 

2p        dv  lp  +  r  .  Sk(t— T)     p\  p2       I.    ,  r\  . 

r+7rdj=<'l-rsm<'-  -fi~-  r)-r(T+er\1+p)smv- 

By  means  of  these  results  the  equation  (216)  is  transformed  into 
dT      qR.0dr       q  qS  .      dv       q{  r  \   .      , 


which  may  be  used  for  the  determination  of  -jp  the  values  of  —r- 

and  -r-  being  found  by  means  of  the  various  formulae  developed  in 

Art.  50.  When  a  is  very  large,  its  reciprocal  denoted  by  /  may  often 
be  conveniently  introduced  as  one  of  the  elements,  and,  for  the  deter- 
mination of  the  variation  of/,  we  derive  from  equation  (198) 


df 


dt  kVp 


—  (e  sin  vR  +  2-  S).  (218) 


In  the  case  of  parabolic  motion  we  have  8  =  1,  and  p  =  2q;  and 

dv  dv 

if  we  substitute  in  (217)  for  —r-  and  -r-  the  values  given  by  the  equa- 


tions (33)2  and  (30)2,  the  result  is 

=nrfe,(4-(-1+3tan,^+tan^u+^tan,^) 

+  ^-(4tan-iV-|tan8^v)).  (219) 


dT 
dt 
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197.  Instead  of  the  elements  usually  employed,  it  may  be  desirable, 
in  ran  illd  special  cases,  to  introduce  other  combinations  of  the  ele- 
ments or  constants  which  determine  the  circumstances  of  the  undis- 
turbed motion,  and  the  relation  between  the  new  elements  adopted 
and  those  for  which  the  expressions  for  the  differential  coefficients 
have  been  given,  will  furnish  immediately  the  necessary  formula-. 
In  the  case  of  the  periodic  comets,  it  will  often  be  desired  t<>  deter- 
mine the  alteration  of  the  periodic  time  arising  from  the  act  ion  of  tin- 
disturbing  planets.  Let  us,  therefore,  suppose  that  a  comet  has  been 
identified  at  two  successive  returns  to  the  perihelion,  and  let  r  denote 
the  elapsed  interval.  The  observations  at  each  appearance  of  the 
comet,  however  extended  they  may  be,  will  not  indicate  with  certainty 
the  semi-transverse  axis  of  the  orbit,  and  hence  the  periodic  time. 
But  when  r  is  known,  by  eliminating  the  effect  of  the  disturbing 
forces,  we  may  determine  with  accuracy  the  value  of  the  semi-trans- 
verse axis  a  at  each  epoch,  and,  from  this  and  the  observed  places, 
the  other  elements  of  the  orbit  according  to  the  process  already 
explained. 

Let  ,u0  be  the  mean  daily  motion  at  the  first  epoch,  and  we  shall 
have 

in  which  tt  denotes  the  semi-circumference  of  a  circle  whose  radius  is 
unity.     Hence  we  obtain. 

9         CdM  * 

2*-J-dTdt  (220) 

^  = _ , 

by  means  of  which  to  determine  ptQ.  Then,  to  find  the  mean  daily 
motion  /i  at  the  instant  of  the  second  return  to  the  perihelion,  we 
have 

*=* +/■£*•  (22i> 

the  integral  being  taken  between  the  limits  0  and  r.  The  provisional 
value  of  the  mean  motion  as  given  by  the  observed  interval  r  will  be 
sufficiently  accurate  for  the  calculation  of  the  variations  of  31  ami  // 
during  this  interval.  The  semi-transverse  axis  will  now  be  derived 
by  means  of  the  formula 
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from  the  values  of  /i  for  the  two  epochs.  Let  x'  denote  the  interval 
which  must  elapse  before  the  next  succeeding  perihelion  passage  of 
the  comet,  and  we  have 


*~**M« 


dt 
and  consequently 

2* -J*-" 


•  *= 


dt  .""  (222) 


the  integral  being  taken  between  the  limits  £  =  0,  corresponding  to 
the  beginning  of  the  interval,  and  t  —  r\     We  have,  therefore, 

>T=-\$^rdt'  (223) 

for  the  change  of  the  periodic  time  due  to  the  action  of  the  disturb- 
ing forces. 

198.  The  calculation  of  the  values  of  the  components  jR,  S,  and  Z 
of  the  disturbing  force  will  be  effected  by  means  of  the  formulae 
given  in  Art.  182.  It  will  be  observed,  however,  that  not  only  these 
components  of  the  disturbing  force,  but  also  their  coefficients  in  the 
expressions  for  the  differential  coefficients,  involve  the  variable  ele- 
ments, and  hence  the  perturbations  which  are  sought.  But  if  we 
consider  only  the  perturbations  of  the  first  order,  the  fundamental 
osculating  elements  may  be  employed  in  place  of  the  actual  variable 
elements,  and  whenever  the  perturbations  of  the  second  order  have  a 
sensible  influence,  the  elements  must  be  corrected  for  the  terms  of  the 
first  order  already  obtained.  Then,  commencing  the  integration  anew 
at  the  instant  to  which  the  corrected  elements  belong,  the  calculation 
may  be  continued  until  another  change  of  the  elements  becomes 
necessary.  The  several  quantities  required  in  the  computation  of  the 
forces  may  also  be  corrected  from  time  to  time  as  the  elements  are 
changed. 

The  frequency  with  which  the  elements  must  be  changed  in  order 
to  include  in  the  results  all  the  terms  which  have  a  sensible  influence 
in  the  determination  of  the  place  of  the  disturbed  body,  will  depend 
entirely  on  the  circumstances  of  each  particular  case.  In  the  case  of 
the  asteroid  planets  this  change  will  generally  be  required  only  after 
an  interval  of  about  a  year;  but  when  the  planet  approaches  very 
near  to  Jupiter,  the  interval  may  necessarily  be  much  shorter.     The 
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magnitude  of  the  resulting  values  of  the  perturbations  will  suggest 
the  necessity  of  correcting  the  elements  whenever  it  exists;  and  if 
we  apply  the  proper  corrections  and  commence  anew  the  integration 
for  one  or  more  intervals  preceding  the  last  date  for  which  the  per- 
turbations of  the  first  order  have  been  found,  it  will  appear  at  once, 
by  a  comparison  of  the  results,  whether  the  elements  have  too  long 
been  regarded  as  constant. 

The  intervals  at  which  the  differential  coefficients  must  be  com- 
puted directly,  will  also  depend  on  the  relation  of  the  motion  of  the 
disturbing  body  to  that  of  the  disturbed  body;  and  although  the  in- 
terval may  be  greater  than  in  the  case  of  the  variations  of  the  co- 
ordinates which  require  an  indirect  calculation,  still  it  must  not  be  so 
large  that  the  places  of  both  the  disturbing  and  the  disturbed  body,  as 
well  as  the  values  of  the  several  functions  involved,  cannot  be  inter- 
polated with  the  requisite  accuracy  for  all  intermediate  dates.  In  the 
case  of  the  asteroid  planets  a  uniform  interval  of  about  forty  days  will 
generally  be  preferred;  but  in  the  case  of  the  comets,  which  rapidly 
approach  the  disturbing  body  and  then  again  rapidly  recede  from  it, 
the  magnitude  of  the  proper  interval  for  quadrature  will  be  very 
different  at  different  times,  and  the  necessity  of  shortening  the  inter- 
val, or  the  admissibility  of  extending  it,  will  be  indicated,  as  the 
numerical  calculation  progresses,  by  the  manner  in  which  the  several 
functions  change  value. 

If  we  compute  the  forces  for  several  disturbing  bodies  by  using 
1'R,  -S,  and  2Z  in  the  formulae  in  place  of  R,  S,  and  Z,  respect- 
ively, the  total  perturbations  due  to  the  combined  action  of  all  of 
these  bodies  may  be  computed  at  once.  But,  although  the  numerical 
process  is  thus  somewhat  abbreviated,  yet,  if  the  adopted  values  of 
the  masses  of  some  of  the  disturbing  bodies  are  uncertain,  and  it  is 
desired  subsequently  to  correct  the  results  by  means  of  corrected 
values  of  these  masses,  it  will  be  better  to  compute  the  perturbations 
due  to  each  disturbing  body  separately,  and,  since  a  large  part  of  the 
numerical  process  remains  unchanged,  the  additional  labor  will  not 
be  very  considerable,  especially  when,  for  some  of  the  disturbing 
bodies,  the  interval  of  quadrature  may  be  extended.  The  successive 
correction  of  the  elements  in  order  to  include  in  the  results  the  per- 
turbations due  to  the  higher  powers  of  the  masses,  must,  however, 
involve  the  perturbations  due  to  all  the  disturbing  bodies  considered. 

The  differential  coefficients  should  be  multiplied  by  the  interval  o>, 
so  that  the  formula;  of  integration,  omitting  this  factor,  will  furnish 
directly  the  required  integrals;  and  whenever  a  change  of  the  inter- 
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val  is  introduced,  the  proper  caution  must  be  observed  in  regard  to 
the  process  of  integration.  The  quantity  s  — 206264".8  should  be 
introduced  into  the  formula}  in  such  a  manner  that  the  variations  of 
the  elements  which  are  expressed  in  angular  measure  will  be  obtained 
directly  in  seconds  of  arc;  and  the  variations  of  the  other  elements 
will  be  conveniently  determined  in  units  of  the  nth  decimal  place. 
It  should  be  observed,  also,  that  if  the  constants  of  integration  are 
put  equal  to  zero  at  the  beginning  of  the  integration,  the  integrals 
obtained  will  be  the  required  perturbations  of  the  elements. 

199.  Example. — We  shall  now  illustrate  the  calculation  of  the 
perturbations  of  the  elements  by  a  numerical  example,  and  for  this 
purpose  we  shall  take  that  which  has  already  been  solved  by  the 
other  methods  which  have  been  given.  From  1864  Jan.  1.0  to  1865 
Jan.  15.0  the  perturbations  of  the  second  order  are  insensible,  and 
hence  during  the  entire  period  it  will  be  sufficient  to  use  the  values 
of  r,  v,  and  E  given  by  the  osculating  elements  for  1864  Jan.  1.0. 

The  calculation  of  the  forces  R,  S,  and  Z  is  effected  precisely  as 
already  illustrated  in  Art.  189,  and  from  the  results  there  given  Ave 
obtain  the  following  values  of  the  forces,  with  which  we  write  also 


the  values  of  EQ:- 

Berlin  Mean  Time. 

40R 

40S 

40Z 

E0 

1863  Dec. 

12.0, 

+  0".036o 

+  0".0019 

+  0" 

.00002 

355° 

26'  8" 

'.2 

1864  Jan. 

21.0, 

0  .0356 

—  0  .0086 

0 

.00025 

8 

14  57 

.8 

March 

1.0, 

0  .0315 

0  .0182 

0 

.00047 

20 

57  55 

.1 

April 

10.0, 

0  .0250 

0  .0259 

0 

.00068 

33 

26  47 

.0 

May 

20.0, 

0  .0169 

0  .0314 

0 

.00087 

45 

35  25 

.3 

June 

29.0, 

+  0  .0079 

0  .0343 

0 

.00101 

57 

20  3 

.8 

Aug. 

8.0, 

—  0  .0011 

0  .0349 

0 

.00112 

68 

39  14 

.<; 

Sept. 

17.0, 

0  .0099 

0  .0333 

0 

.00117 

79 

33  13 

.1 

Oct. 

27.0, 

0  .0179 

0  .0301 

0 

.00116 

90 

3  23 

.2 

Dec. 

6.0, 

0  .0252 

0  .0253 

0 

.00108 

100 

11  49 

.1 

1865  Jan. 

15.0, 

—  0  .0317 

—  0  .0193 

+  o 

.00090 

110 

0  54 

.3 

"We  compute  the  values  of  the  required  differential  coefficients  by 
means  of  the  equations 


dt 


k\  p 


r  sin  u  „ 

— : r  Z, 

sin  i 


dSi  1 

-j-  =  — -=  r  cos  u  Z, 

at        jcx/p 


ddx 
~dt~ 


hyp  \        sm  9  sm<p  J  ~     dt 
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ddf  1 


dt         kVp 


=  (a  cos  <p  sin  vR  -\-  a  cosy  (cos  v  +  cos E)  &), 


dtp 

dt 

1 

kVp 

Sa/i 

(sin? sin  v  11  +  - 

T 

S), 

dnM          1     / 
dt        kVp  \ 

ipcosv       2r 

\    Sill  (f 

\r    0  +  r)sin 

r                sin  <p 

v  cA 

—  O  1  cos 

r+f- 

wdt> 

and  the  results 

are  the  following : — 

Date. 

40^ 
dt 

40—— 
dt 

•3 

1600% 
dt 

«n 

«40^ 
dt 

1863  Dec.      12.0,       - 

-0".004       - 

-0".001 

— 16".730 

+  0".022 

—  O".0790 

+  0".027 

+  11".092 

1S64  Jan.     21.0, 

0  .108 

0  .017 

17  .255 

—  0  .992 

+  0  .4524 

0  .162 

11  .864 

Mi.nli    1.0, 

0  .302 

0  .026 

19  .578 

1  .810 

0  .9396 

0  .863 

15  .381 

April    10.0, 

0  .555 

0  .028 

22  .986 

2  .294 

1  .3321 

2  .008 

20  .746 

May     20.0, 

0  .822 

0  .022 

26  .572 

2  .418 

1  .0163 

3  .492 

26  .898 

Juno    29.0, 

1  .037 

-0  .007 

29  .271 

2  .228 

1  .TtfiO 

5  .198 

32  .617 

Aug.      8.0, 

1  .189 

+  0  .012 

30  .698 

1  .829 

1  .8196 

7  .004 

37  .293 

Sept.    17.0, 

1  .233 

0  .033 

30  .500 

1  .406 

1  .7591 

8  .801 

40  .445 

Oct.      27.0, 

1  .169 

0  .052 

28  .953 

1  .055 

1  .6206 

10  .498 

4  2  .144 

Doc.       6.0, 

1  .004 

0  .065 

26  .498 

0  .902 

1  .4074 

12  .017 

IS  .741 

1865  Jan.     15.0,       - 

-0  .742 

■f  0  .066 

—  23  .336 

—  1  .004 

+  1  .1388 

+  13  .292 

+  42  .323 

The  values  thus  obtained  give,  by  means  of  the  formula?  for  integra- 
tion by  mechanical  quadrature,  the  following  perturbations  of  the 
elements : — 

Berlin  Mean  Time.  5Q  Si  Sir  &<j>  fyi  SM 

1863  Dec.  12.0,  +  0".01  —  0^.00  +  8".43  +  0".12  +  0".0007  —  5".48 

1864  Jan.  21.0,-0  .04  0  .01  —8  .49  —0  .38  0  .0040  +5"  .72 
March  1.0,  0  .24  0  .03  26  .78  1  .80  0  .0216  19  .15 
April  10.0,  0  .66  0  .06  48  .01  3  .88  0  .0502  37  .11 
May  20.0,  1  .35  0  .08  72  .82  6  .27  0  .0875  60  .91 
June  29.0,  2  .28  0  .10  100  .83  8  .61  0  .1299  90  .73 
Aug.  8.0,  3  .40  0  .09  130  .93  10  .65  0  .1751  125  .79 
Sept.  17.0,  4  .63  0  .07  161  .66  12  .26  0  .2200  164  .79 
Oct.  27.0,  5  .84  —0  .03  191  .48  13  .48  0  .2624  206  .19 
Dec.  6.0,       6  .93  +0   .03  219  .27  14  .44  0  .3004  248   .72 

1865  Jan.  15.0,  —  7  .81  +0   .10  —  244  .24  — 15  .37  +  0   .3323  +  291   .33 

Applying  the  variations  of  the  elements  thus  obtained  to  the  oscu- 
lating elements  for  1864  Jan.  1.0,  as  given  in  Art.  166,  the  osculating 
elements  for  the  instant  1865  Jan.  15.0  are  found  to  be  the  following: — 

Epoch  =  1865  Jan.  15.0  Berlin  mean  time. 
M=   99°34'48".81 

t  =   44    13    7  .931 

Q  =  206   38  57  .88  lEcllPtlc  and  Mean 

%  =     4   36  52  .21  j     E(luinox  1860-°- 

<P  =   11    15  35  .65 
log  a  =  0.3880283 

ti  =  928".8897. 
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In  order  to  compare  the  results  thus  derived  with  the  perturbations 
computed  by  the  other  methods  which  have  been  given,  let  us  com- 
pute the  heliocentric  longitude  and  latitude,  in  the  case  of  the  dis- 
turbed orbit,  for  the  date  1865  Jan.  15.0,  Berlin  mean  time.  Thus, 
by  means  of  the  new  elements,  we  find 

M=   99°  34'  48".81,  E=  110°    5' 14".15, 

logr=   0.4162X62,  v  =  120    19  18.01, 

I  =  164°  37'  59".04,  h  =  —  3      5  32  .54, 

agreeing  completely  with  the  results  already  obtained  by  the  other 
methods.  The  heliocentric  place  thus  found  is  referred  to  the  ecliptic 
and  mean  equinox  of  1860.0,  to  which  the  elements  -,  Q,,  and  i  are 
referred ;  and  it  may  be  reduced  to  any  other  ecliptic  and  equinox  by 
means  of  the  usual  formula?.  Throughout  the  calculation  of  the  per- 
turbations it  will  be  convenient  to  adopt  a  fixed  equinox  and  ecliptic, 
the  results  being  subsequently  reduced  by  the  application  of  the  cor- 
rections for  precession  and  nutation. 

In  the  determination  of  dM,  if  we  denote  by  J3I  the  value  which 

dSM 
is  obtained  when  we  neglect  the  last  term  of  the  equation  for  —rr->  we 

shall  have 

which  form  is  equally  convenient  in  the  numerical  calculation.  Thus, 
for  1865  Jan.  15.0,  we  find 

AM  =  +  234".74, 

and  from  the  several  values  of  1600— 7—  we  obtain,  for  the  same  date, 
by  means  of  the  formula  for  double  integration, 


JOP 


^<fc'  =  +  56".59. 


Hence  we  derive 

dM=  +  234".74  +  56".59  =  4-  291".33, 

agreeing  with  the  result  already  obtained. 

If  we  compute  the  variation  of  the  mean  anomaly  at  the  epoch,  by 
means  of  equation  (209),  we  find,  in  the  case  under  consideration, 

dM0  =  4- 165".29, 
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and  since  the  place  of  the  body  in  the  case  of  the  instantaneous  orbit 
is  to  be  computed  precisely  as  if  the  planet  had  been  moving  con- 
stantly in  that  orbit,  we  have,  for  1865  Jan.  15.0, 

(<-gfy=  +  126".27, 
and  hence 

8M=  83f0  +  (t  — 10)  8,i  =  +  291".56. 

The  error  of  this  result  is  — 0".23,  and  arises  chiefly  from  the  in- 
crease of  the  accidental  and  unavoidable  errors  of  the  numerical  cal- 
culation by  the  factor  t  — 10,  which  appears  in  the  last  term  of  the 
equation  (209).  Hence  it  is  evident  that  it  will  always  be  preferable 
to  compute  the  variation  of  the  mean  anomaly  directly;  and  if  the 
variation  of  the  mean  anomaly  at  a  given  epoch  be  required,  it  may 
easily  be  found  from  831  by  means  of  the  equation 

8M0  =  8M—  (t  —  QSri. 

If  the  osculating  elements  of  one  of  the  asteroid  planets  are  thus 
determined  for  the  date  of  the  opposition  of  the  planet,  they  will 
suffice,  without  further  change,  to  compute  an  ephemeris  for  the  brief 
period  included  by  the  observations  in  the  vicinity  of  the  opposition, 
unless  the  disturbed  planet  shall  be  very  near  to  Jupiter,  in  which 
case  the  perturbations  during  the  period  included  by  the  ephemeris 
may  become  sensible.  The  variation  of  the  geocentric  place  of  the 
disturbed  body  arising  from  the  action  of  the  disturbing  forces,  may 
be  obtained  by  substituting  the  corresponding  variations  of  the  ele- 
ments in  the  differential  formulae  as  derived  from  the  equation  (1)2, 
whenever  the  terms  of  the  second  order  may  be  neglected.  It  should 
be  observed,  however,  that  if  Ave  substitute  the  value  of  8M  directly 
in  the  equations  for  the  variations  of  the  geocentric  co-ordinates,  the 
coefficient  of  8[i  must  be  that  which  depends  solely  on  the  variation 
of  the  semi-transverse  axis.  But  when  the  coefficient  of  dfi  has  been 
computed  so  as  to  involve  the  effect  of  this  quantity  during  the  in- 
terval t  — 10,  the  value  of  83f0  must  be  found  from  831  and  substi- 
tuted in  the  equations. 

200.  It  will  be  observed  that,  on  account  of  the  divisor  c  in  the 

expressions  for  -4->  -gi  and     ,  >  these  elements  will  be  subject  to  large 

perturbations  whenever  e  is  very  small,  although  the  absolute  effect 
on  the  heliocentric  place  of  the  disturbed  body  may  be  small;  and  on 
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account  of  the  divisor  sin  i  in  the  expression  for  —j-  the  variation 

of  ft  will  be  large  whenever  i  is  very  small.  To  avoid  the  difficul- 
ties thus  encountered,  new  elements  must  be  introduced.  Thus,  in 
the  case  of  ft,  let  us  put 

a"  s=  sin  •  sin  ft ,  /9"  =  sin  i  cos  ft ',  (224) 

then  we  shall  have 

da"  n         .di         .     .        _  o*ft 

—7—  =  sin  ft  cos  i-j-  -f  sin  i  cos  ft— rr-> 

at  at  at 

d,i"  _         .  di         .     .   .  ■       dft 

=  COS  ft  COSt-rr  Sill  ISin  ft 


df  d£  dt 

Introducing  the  values  of  -g-  and  --3—  given  by  the  equations  (212), 

and  introducing  further  the  auxiliary  constants  a,  b,  A,  and  jB  com- 
puted by  means  of  the  formulae  (94)t  with  respect  to  the  fundamental 
plane  to  which  ft  and  i  are  referred,  we  obtain 

— rr~  = —  rZsin  a  cos  (A  4-  u), 

d\  *V>(l+m)  (225) 

— -r—  =  —  _  rZsin  b  cos  (i?  4-  u), 

dt         kVp{X+m) 

by  means  of  which  the  variations  of  a"  and  [}"  may  be  found.  If 
the  integrals  are  put  equal  to  zero  at  the  beginning  of  the  integration, 
the  values  of  da"  and  dp"  will  be  obtained,  so  that  we  shall  have 

sin  i  sin  ft  =  sin  i0  sin  ft0  4-  <*<*"> 
sin  i  cos  ft  ==  sin  i0  cos  ft0  +  ££", 
or 

sin  i  sin  (ft  —  ft0)  =  cos  ft0  da"  —  sin  ft0  8p", 

sin  i  cos  (ft  —  ft0)  =  sin  i0  +  sin  ft0  da"  +  cos  ft  0  dp",        (226) 

by  means  of  which  i  and  ft  —  ft0  may  be  found. 
In  the  case  of  y,  let  us  put 


and  we  have 


tj"  =  e  sin  x>  C"  =  e  cos  X,  (227) 

dy"  de    ,  dy 

-dT  =  Bmxili  +  ecoax-di' 

dZ"  de  .       dx 

— — -=cosy-j-  —  esin /-£-• 

dt  A  dt  A  dt 
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Substituting  for  -r-  and  -,-  the  values  given  by  the  equations  (203) 
and  (205),  and  reducing,  we' obtain 

iir=kVp(i+m)(~1":''s(v+!c)R  +  l(p1~r)sia(-v+,c) 

*  1  /  (228) 

+  ercosx\S), 

by  means  of  which  the  values  of  8r/f  and  d?"  may  be  found.     Then 
we  shall  have 

e  sin  x  =  %  sin  r0  +  dy", 

e  cos  x  —  eo cos  ^o  +  ^»"> 
or 

e  sin  (x  —  ^o)  —  cos  no  <V'  —  sin  iz0  K", 

e  cos  (jjf  —  tt0)  =  e0  +  sin  *„  hf*  +  cos  tt0  *C",  (229) 

from  which  to  find  e  and  /.    If,  in  order  to  find  the  variation  of  -,  we 

write  it  instead  of  ^  in  these  formulas,  the  terms  +  2e  cos  t: sin2  |»— g- 

and  — 2esin7rsinHi— 77-  must  be  added  to  the  second  members  of 
-    dt 

(228),  respectively. 

201.  By  means  of  the  four  methods  which  we  have  developed  and 
illustrated,  the  special  perturbations  of  a  heavenly  body  may  be  de- 
termined with  entire  accuracy,  and  the  choice  of  the  particular  method 
will  depend  on  the  circumstances  of  the  case.  By  computing  the 
perturbations  of  the  elements,  correcting  these  elements  as  often  as 
may  be  required,  the  terms  depending  on  the  higher  powers  of  the 
masses  may  be  included,  and  no  indirect  calculation  becomes  necessary. 
The  frequent  correction  of  the  elements  will  also  render  insensible 
the  effect  of  whatever  uncertainty  remains  in  regard  to  their  true 
values.  But,  since  the  perturbations  of  the  elements  are  in  general 
much  greater  than  those  of  the  co-ordinates,  the  effect  of  the  terms 
of  the  second  order  will  be  much  greater  upon  the  values  of  the  ele- 
ments than  upon  those  of  the  co-ordinates.  Hence,  the  frequency 
with  which  a  change  of  the  elements  will  be  required  will  fully  com- 
pensate the  labor  of  the  indirect  part  of  the  calculation  in  the  case 
of  the  perturbations  of  the  co-ordinates. 
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The  determination  of  the  perturbations  of  the  polar  co-ordinates 
r,  w,  and  z,  and  that  of  the  perturbations  831,  v,  and  8z„  are  effected 
with  almost  equal  facility,  especially  when  the  effect  of  the  disturb- 
ing forces  is  to  be  determined  for  a  long  interval  of  time.  If  the 
perturbations  are  required  only  for  a  brief  period,  it  will  be  prefer- 
able to  determine  831,  v,  and  oz,  rather  than  8w,  or,  and  z,  since  the 
indirect  part  of  the  calculation  will  thus  be  effected  with  less  repe- 
tition. In  both  of  these  cases  the  values  of  the  perturbations  are 
generally  smaller  than  in  the  case  of  the  rectangular  co-ordinates,  and 
hence  they  are  less  affected  by  terms  of  the  second  order;  but  on 
account  of  the  simplicity  of  the  formulas,  even  when  we  include  the 
terms  depending  on  the  higher  powers  of  the  masses,  so  long  as  the 
magnitude  of  the  values  of  8x,  8y,  and  dz  is  not  so  large  as  to 
render  troublesome  the  indirect  part  of  the  calculation,  the  method 
of  the  variation  of  rectangular  co-ordinates  may  be  advantageously 
employed  when  the  perturbations  are  to  be  determined  for  a  long 
period. 

By  whatever  method  the  perturbations  are  determined,  if  the  fun- 
damental osculating  elements  are  correct,  the  final  elements  of  the 
instantaneous  orbit  will  be  the  same.  But,  since  the  effect  of  the 
errors  of  the  elements  will  differ  in  degree  in  the  different  methods 
of  treating  the  problem,  if  these  elements  are  affected  with  small 
errors,  the  agreement  of  the  final  osculating  elements  obtained  by  the 
different  methods,  in  connection  with  the  corrections  derived  by  the 
comparison  of  observations,  may  not  be  complete. 

When  the  disturbed  body  approaches  very  near  to  a  disturbing 
planet,  the  magnitude  of  the  perturbations  will  be  such  as  to  enable 
us  by  means  of  accurate  observations  to  correct  the  adopted  value  of 
the  disturbing  mass.  In  this  case  the  perturbations,  computed  by 
means  of  either  of  the  methods  applicable,  must  be  converted  into 
the  corresponding  perturbations  of  the  geocentric  spherical  co-ordi- 
nates.  Let  the  variation  of  either  of  the  geocentric  co-ordinates 
arising  from  the  action  of  the  disturbing  planet  be  denoted  by  80; 
then,  if  we  suppose  the  correct  value  of  the  disturbing  mass  to  be 
1  +n  times  the  assumed  value  used  in  computing  99,  the  correspond- 
ing variation  of  the  geocentric  spherical  co-ordinate  will  be 

(1  +  n)  SO. 

The  value  80  may  be  included  in  the  determination  of  the  difference 
between  computation  and  observation  in  the  formation  of  the  equa- 
tions of  condition  for  finding  the  corrections  to  be  applied  to  the  ele- 
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mcnts;  and,  finally,  the  term  ndd  may  be  added  to  each  of  the  equa- 
tions of  condition,  so  that  we  thus  introduce  a  new  unknown  quantity 
11.  The  solution  of  all  the  equations  thus  formed,  by  the  method  of 
least  squares,  will  then  furnish  the  most  probable  values  of  the  cor- 
rections to  be  applied  to  the  adopted  elements,  and  also  the  value  of 
n,  by  means  of  which  a  corrected  value  of  the  mass  of  the  disturbing 
body  will  be  obtained. 

202.  If  the  determination  of  the  perturbations  of  a  heavenly  body 
required  that  all  the  disturbing  bodies  in  the  system  should  be  con- 
stantly considered,  the  labor  would  be  very  great.  But,  fortunately, 
it  so  happens  that  the  masses  of  many  of  the  planets  are  so  small  in 
comparison  with  that  of  the  sun,  that  the  sphere  of  their  disturbing 
influence  is  very  much  restricted.  Thus,  in  the  determination  of  the 
perturbations  of  the  asteroid  planets,  only  the  action  of  Mars,  Jupi- 
ter, and  Saturn  need  be  considered;  and  of  these  disturbing  planets 
Jupiter  exerts  the  principal  influence.  It  is  true,  however,  that,  on 
account  of  the  elongated  form  of  the  orbits  of  the  periodic  comets, 
they  may  at  different  times  be  sensibly  disturbed  by  each  of  the 
planets  of  the  system.  But  since  in  the  remote  parts  of  their  orbits 
they  are  very  distant  from  many  of  the  disturbing  planets,  the  deter- 
mination of  their  perturbations  will  then  be  much  facilitated  by  con- 
sidering them  as  revolving  around  the  common  centre  of  gravity  of 
the  sun  and  disturbing  planet.  When  the  motion  is  referred  to  the 
centre  of  the  sun,  the  disturbing  force  is  the  difference  of  the  direct 
action  of  the  disturbing  body  upon  the  disturbed  body  and  upon  the 
sun ;  and  in  the  case  of  those  disturbing  planets  whose  periodic  time 
is  short,  the  term  which  expresses  the  action  upon  the  sun  will  change 
value  so  rapidly  that  it  will  be  necessary  to  adopt  small  interval-  in 
the  direct  numerical  calculation.  But  when  we  refer  the  motion  to 
the  centre  of  gravity  of  the  system,  which  does  not  receive  any 
motion  in  virtue  of  the  mutual  attractions  of  the  bodies  which  com- 
pose the  system,  that  part  of  the  disturbing  force  which  expresses  the 
action  of  the  disturbing  planet  upon  the  sun  will  disappear,  and  the 
magnitude  of  the  disturbing  force  will  be  less  than  that  of  the  force 
which  disturbs  the  motion  of  the  comet  relative  to  the  sun,  so  that 
the  intervals  for  quadrature  may  be  greatly  extended.  It  will  be 
observed,  further,  that,  if  the  distance  of  the  comet  from  the  sun  is 
far  greater  than  the  distance  of  the  disturbing  body,  the  direct  action 
of  the  planet  upon  the  comet  becomes  so  small  that  its  effect  upon  the 
motion  will  be  quite  insignificant.     In  this  case  the  motion  of  the 
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comet  will  be  sensibly  the  same  as  the  pure  elliptic  motion  around 
the  common  centre  of  gravity  of  the  sun  and  disturbing  planet. 

In  order  to  exhibit  these  principles  more  clearly,  let  us  denote  by 
$,  rt,  £,  the  co-ordinates  of  the  sun  referred  to  the  centre  of  gravity 
of  the  system;  by  x0,  yot  z0,  the  co-ordinates  of  the  comet;  and  by 
xQ'y  y0f,  z0',  the  co-ordinates  of  the  disturbing  planet  referred  to  the 
same  origin.  Let  x,  y,  z  be  the  co-ordinates  of  the  comet,  and 
x'>  V'y  z>  those  of  the  planet  referred  to  the  centre  of  the  sun;  then 
we  shall  have 


X0  =  Z  +  x,  y0  =  7)  +  y,  z0  =  C  +  z, 

£  =  —  m\',         rj  =  —  m'y0',  C  =  —  t»V> 


and  hence 


x  =  x0  -f  m\',        y  =y»+  ™'y0',        z  =z0  +  m'z0', 

z'  =  *l  +  »»'<»      y'  =  y«/  +  m'yo'>      z'  —  K  +-m>\', 

¥  =  r0'  +  m'r0'. 
From  these  we  derive 

m'x'  my  mV 

1  +  m  1  -J-  m  1  +  m        v 

The  equations  (15)!  are  now  easily  transformed  into  the  following: — 

d\   ,  ff  (1  +  m')  *0  ,        ,  /l         1\ 

+  *•(*.  + «»V)(^r-  £) 

»+^^.^-«(Jr*)    (231) 

+  *.(*„ +  »V)(^-p). 

which  completely  determine  the  motion  of  the  comet  about  the  com- 
mon centre  of  gravity  of  the  S|Un  and  planet.  The  second  members 
express  the  forces  which  disturb  the  pure  elliptic  motion;  and  it  is 
evident,  by  an  inspection  of  the  terms,  that  when  the  comet  is  remote 
from  both  the  planet  and   the  sun  these  forces  become  extremely 
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small.  If,  therefore,  we  compute  the  perturbations  of  the  motion 
relative  to  the  sun  as  far  as  to  the  point  at  which  the  second  members 
of  (231)  have  not  any  appreciable  influence  on  the  results,  it  will 
suffice  simply  to  convert  the  elements  which  refer  to  the  centre  of 
the  sun  into  those  relative  to  the  common  centre  of  gravity  of  the 
sun  and  disturbing  planet,  and  then  to  regard  the  motion  as  undis- 
turbed until  the  comet  again  approaches  so  near  that  the  direct  per- 
turbations must  be  considered,  at  which  point  the  motion  will  again 
be  referred  to  the  centre  of  the  sun. 

203.  The  reduction  of  the  elements  from  the  centre  of  gravity  of 
the  sun  to  the  common  centre  of  gravity  of  the  sun  and  the  disturb- 
ing planet,  may  be  easily  effected  by  means  of  the  variations  of  the 
rectangular  co-ordinates  and  of  the  corresponding  velocities.  To 
derive  the  co-ordinates  of  the  comet  referred  to  the  centre  of  gravity 
of  the  sun  and  planet,  it  is  only  necessary  to  add  to  the  heliocentric 
co-ordinates  the  co-ordinates  of  the  sun  referred  to  this  origin,  so 
that,  according  to  (230),  we  shall  have 

*--*&'■      »=-TT**      &=-TTi?''   <232> 


and,  also, 


dx  _  m'         dx1  dy  m'         dy1 

~dt~~  1-f-m'  "dt*  ~dt==~  1  +  m'  '  ~dT' 

dz  _  m'         d£ 

~di~~  1+m'  '  W 


(233) 


If,  therefore,  from  the  elements  of  the  orbit  of  the  disturbing  planet 
we  compute  the  auxiliary  constants  for  the  adopted  fundamental 
plane  by  means  of  the  equations  (94)x  or  (99)u  and  also  V  and  V 
from 

lcVT+m' 


Vp' 


(e'  sin  <u'  -j-  sin  v!)  =  V  sin  V, 


Wl  +  m'  r  j  t    ,  >x        jrr  rr> 

j-=f —  (e  cos  to  -f-  cos  u  )  =ss  V  cos  U , 

Vp' 

the  equations  (100)!  and  (49),  in  connection  with  (232)  and  (233), 
give 

dx  =  —  ~ — T  r'  sin  a'  sin  (A!  +  u'),  (234} 


PERTURBATIONS   OF   COMETS.  539 

to' 

8y  =  —  - — ; r  r'  sin  b'  sin  (I?  4-  u'), 

a  1  +  m'  '       J 

to' 

dz  —  —  -r—, r  Is  sin  c'sin  ( 0"  +  u') ; 

1  -f  TO 

S^-  =  -  t4~7  *"  sin  *' cos  (^  +  ^)»  (234> 

at  1  -f-  to 

4=-Tf^F'sin6'co3(-B'+E7')' 

4  =  -Tf^F'sinc'cos(C'  +  t'T')' 

If  we  add  the  values  of  dx,  dy,  dz,  d-ji'  d~JT'  an^  8-rr  to  the  cor- 
responding co-ordinates  and  velocities  of  the  comet  in  reference  to 
the  centre  of  gravity  of  the  sun,  the  results  will  give  the  co-ordinates 
and  velocities  of  the  comet  in  reference  to  the  common  centre  of 
gravity  of  the  sun  and  disturbing  planet,  and  from  these  the  new 
elements  of  the  orbit  may  be  determined  as  explained  in  Art.  168. 

The  time  at  which  the  elements  of  the  orbit  of  the  comet  may  be 
referred  to  the  common  centre  of  gravity  of  the  sun  and  planet,  can 
be  readily  estimated  in  the  actual  application  of  the  formula?,  by 
means  of  the  magnitude  of  the  disturbing  force.  In  the  case  of  Mer- 
cury as  the  disturbing  planet,  this  transformation  may  generally  be 
effected  when  the  radius-vector  of  the  comet  has  attained  the  value 
1.5,  and  in  the  case  of  Venus  when  it  has  the  value  2.5.  It  should 
be  remarked,  however,  that  the  distance  here  assigned  may  be  in- 
creased or  diminished  by  the  relative  position  of  the  bodies  in  their 
orbits.  The  motion  relative  to  the  common  centre  of  gravity  of 
the  sun  and  planet — disregarding  the  perturbations  produced  by  the 
other  planets,  which  should  be  considered  separately — may  then  be  re- 
garded as  undisturbed  until  the  comet  has  again  arrived  at  the  point 
at  which  the  motion  must  be  referred  to  the  centre  of  the  sun,  and  at 
which  the  perturbations  of  this  motion  by  the  planet  under  consider- 
ation must  be  determined.  The  reduction  to  the  centre  of  the  sun 
will  be  effected  by  means  of  the  values  obtained  from  (234),  when  the 
second  member  of  each  of  these  equations  is  taken  with  a  contrary 
sign. 

204.  In  the  cases  in  which  the  motion  of  the  comet  will  be  referred 
to  the  common  centre  of  gravity  of  the  sun  and  disturbing  planet, 
the  resulting  variations  of  the  co-ordinates  and  velocities  will  be  so 
small  that  their  &quares  and  products  may  be  neglected,  and,  there- 
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fore,  instead  of  using  the  complete  formula}  in  finding  the  new  <  la- 
ments, it  will  suffice  to  employ  differential  formula}.  The  formulae 
(100)lgive 


dx        .         .    ,  .  dr  ,  .  dv 

=  sin  a  sin  {A  +  w)  -%-  -j-  r  sin  a  cos  {A  -4-  w)  -jr» 


ilt 


dt 


,lt 


-S-  =  sin  6  sin  (B  4-  u)  —r-  -\-  r  sin  b  cos  (J?  4-  u)  -j-, 
dt  dt  dt 

dz         .        .      n        .  dr  .  ,  ~        N  dv 

-tt  =  sin  c  sin  ( C •  +  w)  -j-  +  r  sin  c  cos  (  G  -f-  w)  -fi- 
at at  at 


(235) 


If  we  multiply  the  first  of  these  equations  by  dx,  the  second  by  3y, 

dx 

and  the  third  by  dz;  then  multiply  the  first  by  d-r->  the  second  by 
#-rr>  and  the  third  by  d-,-->  and  put 


A 


dt 


P=  sin  a  sin  (A  +  m)  &c  +  sin  6  sin  (JB  +  u)  ty 

-j-  sin  c  sin  (  C  -f-  w)  <te, 
§  =  sin  a  cos  (A  -\-u)8x-\-  sin  6  cos  (B  -f-  w)  fy 

-\-  sin  c  cos  (C  +  u)  8z; 

dec  dv 

P'  =  sin  a  sin  (A  +  t*)  5  -=-  -f-  sin  6  sin  (i?  +  u)  8 -fi- 
at at 

dz 

-f  sin  c  sin  ( C  +  w)  ^-?p 

^  =  sin  a  cos  (J.  +  «)  ^-^r  +  sin  6  cos  (5  +  w)  d-g. 


(236) 


we 


+  sine  cos  (C  -{-  u)  8-j-, 
at 

shall  have,  observing  that  rg-  =  — =  e  sin  v  and  that  -^r  =      .-» 


dx  *  dx    ,    dy  ,dy    ,    dz  .dz         k        .       „ 
-T-  <*-;-  + -rr  <*—£-  +  -ir<*-ir  =  — ;=esint;.F 
dt      dt  ~  dt      dt  ^  dt     dt       j/p 


£j/p 


(237) 


e- 


From  the  equations 


dr  dx  dy    ,      dz 

r-dT=x-dT  +  y-dT  +  zlu' 

v     ~  d?  "*■  dV  ~t~  dt1' 
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we  get 

J  rdr\       dx  dy  dz  ,     .      .  dx    .      .dy    ;     .dz 

V8V—  —  i dx  4-  dy  *  dy  j-  dz  8  dz 
ydV-~dJd~dt+~dt3lt+~dt8'dt' 

which  by  means  of  (237)  become 


Vp 

V 
From  the  equation 


(£)-*. .MJ.^+PV, 


V$V=-4=  esin  vP'+  ^  a. 

Vp  * 


(238) 


we  get 

2pH&  +  P<Sp  =  2r2F<SF  +  2F*rJr  —  2^  d(  ~  ). 

Substituting  the  values  given  by  (238),  observing  also  that  P=dr, 
this  becomes 

8k       dp V2r  re2  sin2  vp      e  sin  v  ~         r      rv 

and,  since 

V2  =  -  (1  +  2e  cos  v  +  e2), 
p 

we  obtain 

*  /•   /-  n       Vp  „      c  sin  v  _.    ,    r  _,  ._  8k  ,nnn 

8^p^=-rp-^j-^  +  k^-vp-k'       (239> 

by  means  of  which  the  variation  of  y'p  may  be  found. 
The  equation 

a         r 

gives 

,!  2,2  T.5T.  ,   _/2       1  \  «fc 

a  r3  Ar1  '      \  r       a  /  k 

from  which  we  derive 

**=       »P_**i'p'_*£?  +  2(*-I)£    (240) 
a  r"  ky/p  rk     c    '      \  r       a  /  &       v 
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from  which  the  new  value  of  the  serai-transverse  axis  a  may  be 
found.     To  find  dju  we  have 


1  dk 

3fjL  =  ^fiad--j-fjL—i 


(241) 


or 


,  3/ta  D 

r 


3/j.ae  sin  v  p 


fyp 


'-^^(t-^K-  *• 


Next,  to  find  8e,  we  have,  from  p  =  a  (1  —  e2), 


2e     a 


t/^ 


ae 


or 


<*e  =      j      -P  +  -—  Q  + rr^P  +  "IT1  (cos  v  +  cos  £)  # 


*(V^)» 


(243) 


The  equation  (12)2  gives 


2pco8.E     <ta    (2H) 

7*  AJ 


3M-- 


er  cos  ^ 


«5v 


r*sin  v 
a1  cos*  y> 


(2  -}-  e  cos  v)  £e, 


and  from  —  =  1  +  e  cos  v  we  get 


(St; 


cosv 


or, 


-zr£zHv5)- 


(245) 


(246) 


P' 

(247) 


e  sin  v       '  r'e  sm  v  re  sin  v 

Substituting  this  value  of  dv  in  (245),  and  reducing,  we  find 

Axr  /  cot  ^      tan  ^  \  .  cos  t>  1 

<5ilf  =  —  I A *•  I  sin  v  P  A Q  A r=  ( p  cot  d>  cos  t;  —  2r  cos 

\    r  -T     ft     /  ^otan^^^iv/pv^ 

1        (p  +  r)  «n  »  y-v,    i  /  cot  <p    .    tan  <J  \       .        M 

—  7-7=  *        ♦      . Qf  +  I ~  H "  1 2r  sin  v  -r-, 

iVp  tan^        *        \     r  a      /  ft 

from  which  to  derive  the  variation  of  the  mean  anomaly. 


205.  Let  us  now  denote  by  x",  yff,  z"  the  heliocentric  co-ordinates 
of  the  comet  referred  to  a  system  in  which  the  plane  of  the  orbit  is 
the  fundamental  plane,  and  in  which  the  positive  axis  of  x  is  directed 
to  the  ascending  node  on  the  ecliptic.  Let  us  also  denote  by  x',  y',  z' 
the  co-ordinates  referred  to  a  system  in  which  the  plane  of  the  ecliptic 
is  the  plane  of  xy,  and  in  which  the  positive  axis  of  x  is  directed  to 
the  vernal  equinox.     Then  we  shall  have 


PERTURBATIONS   OF   COMETS.  543 

x"  =  x'  cos  ft  +  if  sin  ft , 

y"  =  —  x'  sin  ft  cos  i  +  t/  cos  ft  cos  i  -f-  2'  sin  i, 

2"  =  x'  sin  ft  sin  i  —  r/  cos  ft  sin  i  +  z'  cos  i. 

If  we  transform  the  co-ordinates  still  further,  and  denote  by  x,  y,  2 
the  co-ordinates  referred  to  the  equator  or  to  any  other  plane  making 
the  angle  e  with  the  ecliptic,  the  positive  axis  of  x  being  directed  to 
the  point  from  which  longitudes  are  measured  in  this  plane;  and  if 
we  introduce  also  the  auxiliary  constants  a,  A,  b,  B,  &c.}  we  shall 
have 

8x"  =  sin  a  sin  A  8x  -j-  sin  b  sin  B  8y  +  sin  c  sin  C  8z, 

8y"  =  sin  a  cos  A  Sx  -f-  sin  b  cos  B  dy  -J-  sin  c  cos  (7  <Sz,         (248) 

8z"  =  cos  a  <5#  -J-  cos  6  <ty  -(-  cos  c  <Sz. 

Multiplying  the  first  of  these  by  —  sin  u,  and  the  second  by  cos  w, 
adding  the  results,  and  introducing  Q  as  given  by  the  second  of 
equations  (236),  we  get 

cos  u  8y"  —  sin  u  dx"  =  Q. 

Substituting  for  dx"  and  dy"  the  values  given  by  the  equations  (73)^ 

the  result  is 

r  O  4-  8X)  =  q, 

and,  introducing  the  value  of  dv  given  by  (246),  we  obtain 

Q        cos  v   .  P.,     2vV    . ,    -. 

r       e  sin  v  r*e  sin  v  re  sin  t>       v  * 

Substituting  further  for  3e,  8r,  and  ^(j/p)  the  values  already  ob- 
tained, and  reducing,  we  find 


,   sinv     cosJg cos  vVp  p,       ( p  -f-  r)  sin  v  ^ 

x~~   er  er     "  eh  ~l~        ek~\/Z 


2  sin  v     8k 

X1 


(249) 


by  means  of  which  8%  may  be  found. 
If  we  put 

cos  a  8x  +  cos  b  8y  -f-  cos  c8z  =  B, 

,<fe    ,         ..dy    .  .dz       ^  (250) 

cos  a  £-=-  +  cos  0  tf-37-  4-  cos  c  a-j-  =if , 
at  at  at 

the  last  of  the  equations  (248)  gives 
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Sz"  =  B ;  (251) 

and  if  we  differentiate  the  equation 

dx  T  dy  dz 

cos  a-j-  +  cos  b-jr  4-  cos  c-j-  =  0, 

at  at  at 

which  exists  in  the  case  of  the  unchanged  elements,  we  shall  have 

«dx    ,  ,  ^dy    ,  dz 

0  =  cos  a  S-j-  +  cos  o  S—f-  -4-  cos  c  #-=- 

dt  dt  dt 

dx    .       .         dy    .    .  %.        dz    . 

j-  sin  a  oa ~-  sin  bob r-  sin  c  Sc. 

dt  dt  dt 

Substituting  for  da,  8b,  and  oc  the  values  given  in  Art.  60,  observing 
that  ds  =  0,  we  have 


0  =#-{-(  -j- sin  a  sin  J.  -{--rr  sin  b  sin  B -\-  -j-  sin  c  sin  C J  sin  i  SQ 

— I  -^- sin  a  cos  A  -\-  -^- sin  b  cos  B  -f-  -3-  sin  c  cos  C  J  Si. 


(252) 


From  the  equations  (100)i,  observing  that  the  relations  between  the 
auxiliary  constants  are  not  changed  when  the  variable  u  is  put  equal 
to  zero,  or  equal  to  90°,  we  get 


sin*  a  sin2  A  -4-  sin2  b  sin2  2?  +  sin2  c  sin2  C=  1, 
sin2  a  cos2  A  -4-  sin2  b  cos2 1?  +  sin2  c  cos2  C—l, 


(253) 


and  from  (235)  we  find 

sin1  a  sin  .4  cos  A  +  sin2  J  sin  BcosB  -{-  sin2  c  sin  CcosC=  0. 

Substituting  in  (252)  for  -^-»  -y->  and  —  the  values  given  by 

cut     az  &Z 

equations  (49),  and  reducing  by  means  of  (253)  and  (254),  we  get 


0  =  Bf  —  Fsin  £7  sin  iS  Q  —  V  cos  U  Si. 


Substituting  further  for  dz"  in  (251)  the  value  given  by  the  last  of 
the  equations  (73)2,  there  results 


0  =  B  -4-  t  cos  u  sin  i  SQ,  —  r  sin  u  Si. 
From  these  equations  we  derive,  by  elimination, 


(256) 
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.  _  c  cos  to  -j-  cos  v  1        r  sin  u  _, 

0%l  = : : JK  -\ 7=  •    — s —  Jfl  , 

^smt  kVp      8m*  (257) 

. .  e  sin  to  -f-  sin  tt  _      r  cos  w  D, 

to  = .K  +        .-  .« , 

i>  Wp 

by  means  of  which  o&  and  <Ji  may  be  found.  To  find  do)  and  o~  we 
have 

<J«*  =  5/  —  cos  t<*  £ ,  fe  =  ix  +  2  sin*  2 i5  9> >  (258) 

dy  being  found  from  equation  (249). 

Neglecting  the  mass  of  the  comet  as  inappreciable  in  comparison 
with  that  of  the  sun,  the  attractive  force  which  acts  upon  the  comet 
in  the  case  of  the  undisturbed  motion  relative  to  the  sun  is  P,  but  in 
the  case  of  the  motion  relative  to  the  common  centre  of  gravity  of 
the  sun  and  planet  this  force  is  F(l  +  m').  Hence  it  follows  that 
the  increment  of  this  force  will  be  m'k?,  and  we  shall  have 

-^-  =  ->',  (259) 

by  means  of  which  the  value  of  this  factor,  which  is  required  in  the 
formula?  for  o  (>/»),  d->  &c,  may  be  found. 

206.  The  formula?  thus  derived  enable  us  to  effect  the  required 
transformation  of  the  elements.     In  the  first  place,  we  compute  the 

values  of  8x,  dy,  dz,  d-j-,  ^~rf  an(^  ^~jr  by  means  of  the  formula? 

(234);  then,  by  means  of  (236)  and  (250),  we  c6mpute  P,  Q,  R,  P', 
O',  and  R',  the  auxiliary  constants  a,  A,  &e.  being  determined  in 
reference  to  the  fundamental  plane  to  which  the  co-ordinates  are  re- 
ferred. When  the  fundamental  plane  is  the  plane  of  the  ecliptic,  or 
that  to  which  Q  and  i  are  referred,  we  have 

sin  c  =  sin  i,  C=0. 

The  algebraic  signs  of  cos  a,  cos  b,  and  cos  c,  as  indicated  by  the  equa- 
tions (101)!,  must  be  carefully  attended  to.  The  formula?  for  the 
variations  of  the  elements  will  then  give  the  corrections  to  be  applied 
to  the  elements  of  the  orbit  relative  to  the  sun  in  order  to  obtain 
those  of  the  orbit  relative  to  the  common  centre  of  gravity  of  the 
sun  and  planet.  Whenever  the  elements  of  the  orbit  about  the  sun 
are  again  required,  the  corrections  will  be  determined  in  the  same 
manner,  but  will  be  applied  each  with  a  contrary  sign. 

35 
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Since  the  equations  have  been  derived  for  the  variations  of  more 
than  the  six  elements  usually  employed,  the  additional  forum!: 
well  as  those  which  give  different  relations  between  the  elements  em- 
ployed, may  be  used  to  check  the  numerical  calculation;  and  this 
proof  should  not  be  omitted.  It  is  obvious,  also,  that  these  deferen- 
tial formula}  will  serve  to  convert  the  perturbations  of  the  rectangular 
co-ordinates  into  perturbations  of  the  elements,  whenever  the  terms 
of  the  second  order  may  be  neglected,  observing  that  in  this 
8k  =  0.  If  some  of  the  elements  considered  an;  expressed  in  angular 
measure,  and  some  in  parts  of  other  units,  the  quantity  s  ==  20G2G4".8 
should  be  introduced,  in  the  numerical  application,  so  as  to  preserve 
the  homogeneity  of  the  formulae. 

When  the  motion  of  the  comet  is  regarded  as  undisturbed  about 
the  centre  of  gravity  of  the  system,  the  variations  of  the  elements  for 
the  instant  t  in  order  to  reduce  them  to  the  centre  of  gravity  of  the 
system,  added  algebraically  to  those  for  the  instant  t'  in  order  to 
reduce  them  again  to  the  centre  of  the  sun,  will  give  the  total  pertur- 
bations of  the  elements  of  the  orbit  relative  to  the  sun  during  the 
interval  t'  —  t.  It  should  be  observed,  however,  that  the  value  of 
oM  for  the  instant  t  should  be  reduced  to  that  for  the  instant  V,  so 
that  the  total  variation  of  M  during  the  interval  V  —  t  will  be 

3Mt+(t  —  t)dftt  +  8M,. 

In  this  manner,  by  considering  the  action  of  the  several  disturbing 
bodies  separately,  referring  the  motion  of  the  comet  to  the  common 
centre  of  gravity  of  the  sun  and  planet  whenever  it  may  subsequently 
be  regarded  as  undisturbed  about  this  point,  and  again  referring  it  to 
the  centre  of  the  sun  when  such  an  assumption  is  no  longer  admissi- 
ble, the  determination  of  the  perturbations  during  an  entire  revolu- 
tion of  the  comet  is  very  greatly  facilitated. 

207.  If  we  consider  the  position  and  dimensions  of  the  orbits  of 
the  comets,  it  will  at  once  appear  that  a  very  near  approach  of  some 
of  these  bodies  to  a  planet  may  often  happen,  and  that  when  they 
approach  very  near  some  of  the  large  planets  their  orbits  may  l>e 
entirely  changed.  It  is,  indeed,  certainly  known  that  the  orbits  of 
comets  have  been  thus  modified  by  a  near  approach  to  Jupiter,  and 
there  are  periodic  comets  now  known  which  will  be  eventually  thus 
acted  upon.  It  becomes  an  interesting  problem,  therefore,  to  con- 
sider the  formula;  applicable  to  this  special  case  in  which  the  ordinary 
methods  of  calculating  perturbations  cannot  be  applied. 
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If  we  denote  by  x',  y',  z'}  r',  the  co-ordinates  and  radius-vector  of 
the  planet  referred  to  the  centre  of  the  sun,  and  regard  its  motion 
relative  to  the  sun  as  disturbed  by  the  comet,  we  shall  have 


<Px'  ,   jfc*(l+m')*'  ,Jx—x        x\ 

w  +  — ^ — ~i*Y7m~'?f 

dh'  .  VCl  +  m')d         iJz  —  J       z  \ 

*  + — ?■ — =m*\-y — ?)' 

Let  us  now  denote  by  £,  ^,  £  the  co-ordinates  of  the  comet  referred 
to  the  centre  of  gravity  of  the  planet;  then  will 

£  =  x  —  of,  rt=y  —  y',  Z  =  z  —  z'. 

Substituting  the  resulting  values  of  x',  y'}  zr  in  the  preceding  equa- 
tions, and  subtracting  these  from  the  corresponding  equations  (1)  for 
the  disturbed  motion  of  the  comet,  we  derive 

<Pc  ,  ff(TO  +  mV_M/  x'       tf  +  S\ 
dt*  +  ?  _  k  \  r's  r»     y 


These  equations  express  the  motion  of  the  comet  relative  to  the  centre 
of  gravity  of  the  disturbing  planet;  and  when  the  comet  approaches 
very  near  to  the  planet,  so  that  the  second  member  of  each  of  these 
equations  becomes  very  small  in  comparison  with  the  second  term 
of  the  first  member,  we  may  take,  for  a  first  approximation, 

d?j:      &  (ro  +  m')  g  _ 
dt*  +  "         p*  ~ U' 

dhj      ff  (m  +  m')  Tj  _  (262) 


dt  p 


0; 


1A  ftn     1     <m'  \ 

and,  since  ; is  the  sum  of  the  attractive  force  of  the  planet 

P 

on  the  comet  and  of  the  reciprocal  action  of  the  comet  on  the  planet, 
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these  equations,  being  of  the  same  form  as  those  for  the  undisturbed 
motion  of  the  comet  relative  to  the  sun,  show  that  when  the  action 
of  the  disturbing  planet  on  the  comet  exceeds  that  of  the  sun,  the 
result  of  the  first  approximation  to  the  motion  of  the  comet  is  that 
it  describes  a  conic  section  around  the  centre  of  gravity  of  the  plaint. 
Further,  since  — x',  — yr,  — z'  are  the  co-ordinates  of  the  sun  re- 
ferred to  the  centre  of  gravity  of  the  planet,  it  appears  that  the 
second  members  of  (261)  express  the  disturbing  force  of  the  sun  on 
the  comet  resolved  in  directions  parallel  to  the  co-ordinate  axel 
respectively.  Hence  when  a  comet  approaches  so  near  a  planet  that 
the  action  of  the  latter  upon  it  exceeds  that  of  the  sun,  its  motion 
will  be  in  a  conic  section  relatively  to  the  planet,  and  will  be  dis- 
turbed by  the  action  of  the  sun.  But  the  disturbing  action  of  the 
sun  is  the  difference  between  its  action  on  the  comet  and  on  the 
planet,  and  the  masses  of  the  larger  bodies  of  the  solar  system  are 
such  that  when  the  comet  is  equally  attracted  by  the  sun  and  by  the 
planet,  the  distances  of  the  comet  and  planet  from  the  sun  differ  so 
little  that  the  disturbing  force  of  the  sun  on  the  comet,  regarded  as 
describing  a  conic  section  about  the  planet,  will  be  extremely  small. 
Thus,  in  a  direction  parallel  to  the  co-ordinate  c  the  disturbing  force 
exercised  by  the  sun  is  . 


*(£-*£}=»(£-£). 


and  when  the  comet  approaches  very  near  the  planet  this  force  will 
be  extremely  small.  It  is  evident,  further,  that  the  action  of  the 
sun  regarded  as  the  disturbing  body  will  be  very  small  even  when 
its  direct  action  upon  the  comet  considerably  exceeds  that  of  the 
planet,  and,  therefore,  that  we  may  consider  the  orbit  of  the  comet  to 
be  a  conic  section  about  the  planet  and  disturbed  by  the  sun,  when  it 
is  actually  attracted  more  by  the  sun  than  by  the  planet. 

208.  In  order  to  show  more  clearly  that  the  disturbing  force  of  the 
sun  is  very  small  even  when  its  direct  action  on  the  comet  exceeds 
that  of  the  planet,  let  us  suppose  the  sun,  planet,  and  comet  to  be 
situated  on  the  same  straight  line,  in  which  case  the  disturbing  force 
of  the  sun  will  be  a  maximum  for  a  given  distance  of  the  comet  from 

the  planet.     Then  will  the  direct  action  of  the  sun  be  — ,  and  that 

m'k*  . 

of  the  planet  — 57-     The  disturbing  action  of  the  sun  will  be 
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»■*        (.«•  +  /"/        r*      O'  +  i0)* 

which,  since  />  is  supposed  to  be  small  in  comparison  with  r,  may  be 
put  equal  to 

WP 

and  hence  the  ratio  of  the  disturbing  action  of  the  sun  to  the  direct 
action  of  the  planet  on  the  comet  cannot  exceed 


mr 

If  the  comet  is  at  a  distance,  such  that  the  direct  action  of  the  sun  is 
equal  to  the  direct  action  of  the  planet,  we  have 

p*  =  m'r1, 

and  the  ratio  of  the  direct  action  of  the  sun  to  its  disturbing  action 

cannot  in  this  case  exceed  iVm' .     In  the  case  of  Jupiter  this  amounts 

to  only  0.06. 

So  long  as  p  is  small,  the  disturbing  action  of  the  planet  is  very 

m'k? 
nearly  — j-  in  all  positions  of  the  comet  relative  to  the  planet,  and 

hence  the  ratio  of  the  disturbing  action  of  the  planet  to  the  direct 
action  of  the  sun  cannot  exceed 


At  the  point  for  which  the  value  of  p  corresponds  to  R  =  R'}  the 
comet,  sun,  and  planet  being  supposed  to  be  situated  in  the  same 
straight  line,  it  will  be  immaterial  whether  we  consider  the  sun  or 
the  planet  as  the  disturbing  body;  but  for  values  of  p  less  than  this 
R  will  be  less  than  R',  and  the  planet  must  be  regarded  as  the  con- 
trolling and  the  sun  as  the  disturbing  body.  The  supposition  that 
R  is  equal  to  R'  gives 

2p*  _  mV 
m'r3  ~~    p% 
and  therefore 

P  =  rV'y^fK  (263) 

Hence  we  may  compute  the  perturbations  of  the  comet,  regarding 
the  planet  as  the  disturbing  body,  until  it  approaches  so  near  the 
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planet  that  p  lias  the  value  given  by  this  equation,  after  which,  so 
long  as  p  does  not  exceed  the  value  here  assigned,  the  sun  must  be 
regarded  as  the  disturbing  body. 

If  <p  represents  the  angle  at  the  planet  between  the  sun  and  comet, 
the  disturbing  force  of  the  sun,  for  any  position  of  the  comet  near 
the  planet,  will  be  very  nearly 

73-  cos  +* 

and  when  this  angle  is  considerable,  the  disturbing  action  of  the  sun 
will  be  small  even  when  p  is  greater  than  rx/^m'*.  Hence  we  may 
commence  to  consider  the  sun  as  the  disturbing  body  even  before  the 
comet  reaches  the  point  for  which 

P  =  rv/bn"t, 

and,  since  the  ratio  of  the  disturbing  action  of  the  planet  to  the 
direct  action  of  the  sun  remains  nearly  the  same  for  all  values  of  <p, 
when  p  is  within  the  limits  here  assigned  the  sun  must  in  all  cases 
be  so  considered.  Corresponding  to  the  value  of  p  given  by  equation 
(263),  we  have 

R'  =  l/4m', 

and  in  the  case  of  a  near  approach  to  Jupiter  the  results  are 

/>  =  0.054  r,  #  =  0.33. 

209.  In  the  actual  calculation  of  the  perturbations  of  any  particu- 
lar comet  when  very  near  a  large  planet,  it  will  be  easy  to  determine 
the  point  at  which  it  will  be  advantageous  to  commence  to  regard  the 
sun  as  the  disturbing  body;  and,  having  found  the  elements  of  the 
orbit  of  the  comet  relative  to  the  planet,  the  perturbations  of  these 
elements  or  of  the  co-ordinates  will  be  obtained  by  means  of  the 
formula?  already  derived,  the  necessary  distinctions  being  made  in  the 
notation.  When  the  planet  again  becomes  the  disturbing  body,  tho 
elements  will  be  found  in  reference  to  the  sun;  and  thus  we  are 
enabled  to  trace  the  motion  of  the  comet  before  and  subsequent  to  its 
being  considered  as  subject  principally  to  the  planet.  In  the  case  of 
the  first  transformation,  the  co-ordinates  and  velocities  of  the  comet 
and  planet  in  reference  to  the  sun  being  determined  for  the  instant  at 
which  the  sun  is  regarded  as  ceasing  to  be  the  controlling  body,  we 
shall  have 
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f  =  x  —  x',  7j==y  —  y',  Z  =  z  —  z, 

d; dx        dz'  drj dy        dy'  dX_ dz        itiS_ . 

~dt~~dt~~~dt'  ~dl~~~dt        dt'  ~dt~~  ~dt~~~dt  ' 

and  from  £,  57,  £,  -g-»  -^->  and  -jr»  the  elements  of  the  orbit  of  the 

comet  about  the  planet  are  to  be  determined  precisely  as  the  elements 

dx     dv  dz 

in  reference  to  the  sun  are  found  from  x,  y,  z,  -rr>  —+->  and  —jj>  and 

as  explained  in  Art.  168.  Having  computed  the  perturbations  of 
the  motion  relative  to  the  planet  to  the  point  at  which  the  planet  is 
again  considered  as  the  disturbing  body,  it  only  remains  to  find,  for 
the  corresponding  time,  the  co-ordinates  and  velocities  of  the  comet 
in  reference  to  the  centre  of  gravity  of  the  planet,  and  from  these  the 
co-ordinates  and  velocities  relative  to  the  centre  of  the  sun,  and  the 
elements  of  the  orbit  about  the  sun  may  be  determined.  As  the  in- 
terval of  time  during  which  the  sun  will  be  regarded  as  the  disturb- 
ing body  will  always  be  small,  it  will  be  most  convenient  to  compute 
the  perturbations  of  the  rectangular  co-ordinates,  in  which  case  the 

values  of  £,  y,  £,  -jr*  ~jt>  and  —rr  will  be  obtained  directly,  and  then, 

having  found  the  corresponding  co-ordinates  x',  y',  z'  and  velocities 

-tt-i  -jj>  -37-  of  the  planet  in  reference  to  the  sun,  we  have 


x  =  x'  +  e, 

y  =  y'  +  v> 

z  =  z'  +  :, 

dx       dx'       dc 

~dt  ~  ~dt  +  Hi' 

dy  _  dy'       drj 
dt        dt  ~*~  dt' 

dz  __dzf       d: 
dt  ~=  dt  +  dt 

by  means  of  which  the  elements  of  the  orbit  relative  to  the  sun  will 
be  found.  If  it  is  not  considered  necessary  to  compute  rigorously 
the  path  of  the  comet  before  and  after  it  is  subject  principally  to  the 
action  of  the  planet,  but  simply  to  find  the  principal  effect  of  the 
action  of  the  planet  in  changing  its  elements,  it  will  be  sufficient, 
during  the  time  in  which  the  sun  is  regarded  as  the  disturbing  body, 
to  suppose  the  comet  to  move  in  an  undisturbed  orbit  about  the 
planet.  For  the  point  at  which  we  cease  to  regard  the  sun  as  the 
disturbing  body,  the  co-ordinates  and  velocities  of  the  comet  relative 
to  the  centre  of  gravity  of  the  planet  will  be  determined  from  the 
elements  of  the  orbit  in  reference  to  the  planet,  precisely  as  the  corre- 
sponding quantities  are  determined  in  the  case  of  the  motion  relative 
10  the  sun,  the  necessary  distinctions  being  made  in  the  notation. 
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210.  The  results  obtained  from  the  observations  of  the  periodic 
comets  at  their  successive  returns  to  the  perihelion,  render  it  probable 
that  there  exists  in  space  a  resisting  medium  which  opposes  the  motion 
of  all  the  heavenly  bodies  in  their  orbits;  but  since  the  observations 
of  the  planets  do  not  exhibit  any  effect  of  such  a  resistance,  it  is  in- 
ferred that  the  density  of  the  ethereal  fluid  is  so  slight  that  it  can 
have  an  appreciable  effect  only  in  the  case  of  rare  and  attenuated 
bodies  like  the  comets.  If,  however,  we  adopt  the  hypothesis  of  a 
resisting  medium  in  space,  in  considering  the  motion  of  a  heavenly 
body  Ave  simply  introduce  a  new  disturbing  force  acting  in  the  direc- 
tion of  the  tangent  to  the  instantaneous  orbit,  and  in  a  sense  contrary 
to  that  of  the  motion.  The  amount  of  the  resistance  will  depend 
chiefly  on  the  density  of  the  ethereal  fluid  and  on  the  velocity  of  the 
body.  In  accordance  with  what  takes  place  within  the  limits  of  our 
observation,  we  may  assume  that  the  resistance,  in  a  medium  of  con- 
stant density,  is  proportional  to  the  square  of  the  velocity.  The 
density  of  the  fluid  may  be  assumed  to  diminish  as  the  distance  from 
the  sun  increases,  and  hence  it  may  be  expressed  as  a  function  of  the 
reciprocal  of  this  distance. 

Let  ds  be  the  element  of  the  path  of  the  body,  and  r  the  radius- 
vector;  then  will  the  resistance  De 


ArJdP 


K  being  a  constant  quantity  depending  on  the  nature  of  the  body, 

and  <f\—\  the  density  of  the  ethereal  fluid  at  the  distance  r.     Since 

the  force  acts  only  in  the  plane  of  the  orbit,  the  elements  which  de- 
fine the  position  of  this  plane  will  not  be  changed,  and  hence  we  have 
only  to  determine  the  variations  of  the  elements  31,  e,  a,  and  £.  If 
we  denote  by  </>0  the  angle  which  the  tangent  makes  with  the  prolon- 
gation of  the  radius- vector,  the  components  li  and  8  will  be  given  by 

B  =  T  cos  4'0,  S=Ts\n<!'0, 

and,  since 

JL  "    ".  k  rr  -      ,  k\/p  d8 

V cos  4'Q  —  -/-  «  sin  *>,  V sin  4'0  =  — -»  V=  -tt> 

we  have 

Tr  [\\   h       .       ds  0  ~  (l\l-\/p     da      ,naKS 
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Substituting  these  values  of  R  and  S  in  the  equation  (205),  it  reduces  to 
edx  =  —  IKtp  I  —  J  sin  v  ds. 


Now,  since 
we  have 

and  hence 
e 


V=  -i  (1  +  2e  cos  v  +  e1)^, 


ds  =  Vdt  =  —  (1  +  2e  cos  v  +  erfdv, 


dx  = K?  (  -  )  r2  (1  +  2e  cos  v  +  e2)^  sin  v  rfv.         (266) 


P 
If  we  suppose  the  function 


^(7)^(1 


+  2ecosv  +e*)~, 


1 


the  value  of  which  is  always  positive,  to  be  developed  in  a  series 
arranged  in  reference  to  the  cosines  of  v  and  of  its  multiples,  so  that 
we  have 

K<p  I  -jr1  (1  +  2e  cos  v  +  #f=A  +  B  cos  v  +  C  cos  2v  +  &c,    (267) 

in  which  A,  B,  &c.  are  positive  and  functions  of  e,  the  equation  (266) 

becomes 

2 

e  dx  = (A  +  -S  cos  v  +  ....)  sin  v  dv. 

Jr 

Hence,  by  integrating,  we  derive 

2 

e  3X  =  -  (A  cos  v  +  \  B  cos  2v  + ),  (268) 

from  which  it  appears  that  y  is  subject  only  to  periodic  perturbations 
on  account  of  the  resisting  medium. 

In  a  similar  manner  it  may  be  shown  that  the  second  term  of  the 
second  member  of  equation  (210)  produces  only  periodic  terms  in  the 
value  of  8M,  so  that  if  we  seek  only  the  secular  perturbations  due  to 
the  action  of  the  ethereal  fluid,  the  first  and  second  terms  of  the 
second  member  of  (210)  will  not  be  considered,  and  only  the  secular 
perturbations  arising  from  the  variation  of  ft  will  be  required. 

Let  us  next  consider  the  elements  a  and  e.     Substituting  in  the 
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equations  (198)  and  (202)  the  values  of  II  and  S  given  by  (265),  and 
reducing,  we  get 


9n*        /  1  \  3 

da  =  —  ^?KA  j  jr1  (1  +  2e  cos  v  +  «*)  *dv, 

2        /  1  \  .' 

de  = JT<n  —  I  r*  (1  +  2e  cos  v  -f-  e*)  if  (e  +  cos  v)  dv. 


(269) 


If  we  introduce  into  these  the  series  (267),  and  integrate,  it  will  be 
found  that,  in  addition  to  the  periodic  terms,  the  expressions  for  da 
and  de  contain  each  a  term  multiplied  by  v,  and  hence  increasing  with 
the  time.  It  is  to  be  observed,  further,  that  since  A  and  B  are  posi- 
tive, the  secular  variation  of  a,  and  also  that  of  e,  will  be  negative, 
and  hence  the  resisting  medium  acts  continuously  to  diminish  both 
the  mean  distance  and  the  eccentricity. 

211.  The  magnitude  of  the  disturbing  force  arising  from  the  action 
of  the  resisting  medium  is  so  small  that  the  periodic  terms  have  no 
sensible  influence  on  the  place  of  the  comet  during  the  period  in 
which  it  may  be  observed ;  and  hence,  since  the  effect  of  the  resist- 
ance will  be  exhibited  only  by  a  comparison  of  observations  made  at 
its  successive  returns  to  the  perihelion,  the  effect  of  the  planetary  per- 
turbations being  first  completely  eliminated,  it  is  only  necessary  to 
consider  the  secular  variations.  Further,  since  y  is  subject  only  to 
periodic  changes  in  virtue  of  the  action  of  the  resistance,  and  since 
the  mean  longitude  is  subjected  to  a  secular  change  only  through  //, 
it  will  suffice  to  employ  the  formulae  for  dfx  and  de  or  8<p.  The 
variations  of  these  elements  may  be  computed  most  conveniently  by 

mechanical  quadrature  from  given  values  of  -\-  and  -=-  or  —r~,  al- 
though their  values  for  one  complete  revolution  of  the  comet  may  be 
determined  directly,  the  values  of  the  coefficients  A  and  B  which 
appear  in  the  series  (267)  being  found  by  means  of  elliptic  functions. 
The  calculation  of  the  effect  of  the  resisting  medium  will  be  made  in 
connection  with  the  determination  of  the  planetary  perturbations,  so 
that  there  will  be  no  inconvenience  in  adding  to  the  results  the  term? 
depending  on  this  resistance.     Since 


dfi.  _         3  ft.      da  d<p  _  de 

I"'"2o'I'  ~dt  ~  SeC  9  Tt 

the  equations  (269)  give,  putting  K=l?Ut 
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*=3^(I)F' 


dr  =      Wp«»E  J1L 
eft  r  cos  y>  \  r  / 


F. 


It  remains  now  to  make  an  assumption  in  regard  to  the  law  of  the 
density  of  the  resisting  medium.  In  the  case  of  Encke's  comet  it 
has  been  assumed  that 


*(r)^Y 


and  this  hypothesis  gives  results  which  suffice  to  represent  the  obser- 
vations at  its  successive  returns  to  the  perihelion.  Substituting  for  V 
its  value  in  terms  of  r  and  a,  the  equations  (270)  thus  become 

dt  r>\r  a) 

d?  j.  TT  a  cos  <p  cos  El  2  1   \i 

at  r  \  r         a  } 

by  means  of  which  dfx  and  8<p  may  be  found;  and  from  any  given 
value  of  d/i  we  may  derive  the  corresponding  value  of  8a.  The 
variation  of  M,  neglecting  the  periodic  terms  arising  from  the  first 
and  second  terms  of  the  second  member  of  equation  (210),  will  be 
given  by 

which  will  be  integrated  by  mechanical  quadrature  so  as  to  include 
the  interval  of  an  entire  revolution  of  the  comet.  The  quantity  U 
has  been  determined,  by  means  of  observations  of  Encke's  comet,  to  be 

1 

U= 


S«j-l.xi»2 


This  value  may  be  corrected  by  introducing  a  term  in  the  equations 
of  condition  precisely  as  in  the  case  of  the  determination  of  the  cor- 
rection to  be  applied  to  the  mass  of  a  disturbing  planet.  Intro- 
ducing U  into  the  equation  (264),  and  adopting  the  hypothesis  that 

<p{  —  )  =  — j->  the  expression  for  the  action  of  the  ethereal  fluid  be- 
comes 
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Since  the  constant  U  depends  on  the  nature  of  the  comet,  the  value 
obtained  in  the  case  of  Encke's  comet  may  be  very  different  from 
that  ib  the  case  of  another  Comet.  Thus,  in  the  ease  of  Faye's  comet 
the  value  has  been  found  to  be 

10.232' 

and  in  the  application  of  the  formula}  to  the  motion  of  any  particular 
body  it  will  be  necessary  to  make  an  independent  determination  of 
this  constant. 

212.  The  assumption  that  the  density  of  the  ethereal  fluid  varies 
inversely  as  the  square  of  the  distance  from  the  sun,  is  that  which 
appears  to  be  the  most  probable,  and  the  results  obtained  in  accord- 
ance therewith  seem  to  satisfy  the  data  furnished  by  observation.  It 
is  true,  however,  that  the  whole  subject  is  involved  in  great  uncer- 
tainty as  regards  the  nature  of  the  resisting  medium,  so  that  the 
results  obtained  by  means  of  any  assumed  law  of  density  are  not  to 
be  regarded  as  absolutely  correct. 

From  the  formula?  which  have  been  given,  it  appears  that,  whatever 
may  be  the  law  of  the  density  of  the  resisting  fluid,  the  mean  motion 
is  constantly  accelerated  and  the  eccentricity  diminished,  and  we  may 
determine,  by  means  of  observations  at  the  successive  appearances  of 
the  comet,  the  amount  of  these  secular  changes  independently  of  any 
assumption  in  regard  to  the  density  of  the  ether.  Let  x  denote  the 
variation  of  fi  during  the  interval  r,  which  may  be  approximately  the 
time  of  one  revolution  of  the  comet,  and  let  y  denote  the  correspond- 
ing variation  of  <p ;  then,  after  the  lapse  of  any  interval  t  —  T0,  we 
shall  have 

/  T  f m 

i>-  =  iH  +  —~x,  ?  =  ?.  +  — f~°y,  (272) 

and,  since  the  average  variation  of//  during  the  interval  t  —  T0  is 

,<  — r. 

1     T      ft 

M=  M0  +  *,  it  -  T0)  +  (t~?o)t  x.  (273) 

If  we  introduce  x  and  y  as  unknown  quantities  in  the  equations  of 
condition  for  the  correction  of  the  elements  by  means  of  the  differ- 
ences between  computation  and  observation,  the  secular  variations  of 
H  and  <p  may  be  determined  in  connection  with  the  corrections  to  b' 
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applied  to  the  elements.  For  this  purpose  the  partial  differential  co- 
efficients of  the  geocentric  spherical  co-ordinates  with  respect  to  x 
and  y  must  be  determined.  Thus,  if  we  substitute  the  values  of  /i, 
tp,  and  M  given  by  (272)  and  (273)  in  the  equations  (12)2  and  (14)2, 
we  obtain 

dr  .      (t  —  Toy       2r     t  —  T0 

-=-  =  a  tan  v  sin  v s — — ■=-  • «, 

dz  2t  S/jl         t 

dv       a1  cos?     (t  —  To)1  dr  t—To    /o^x 

-=-  = —?- .  ^ — _    °  >  -r-  =  —  a  cos  ^  cos  v -0,   (2<4) 

cfo  r2  1r  dy  r 


t—T. 
-4-  tan  v  cos  v  I  sin  v 
cos  $e 


-f-  tan  <p  cos  v  J  sin  v- 


in  which  s  =  206264/;.8,  fj.  being  expressed  in  seconds  of  arc.  Com- 
bining the  results  thus  obtained  with  the  differential  coefficients  of 
the  geocentric  spherical  co-ordinates  with  respect  to  r  and  v,  as  indi- 
cated by  the  equations  (42),,  we  obtain  the  required  coefficients  of  x 
and  y  to  be  introduced  into  the  equations  of  condition.  The  solution 
of  all  the  equations  of  condition  by  the  method  of  least  squares  will 
then  furnish  the  most  probable  values  of  y  and  x,  or  of  the  secular 
variations  of  the  eccentricity  and  mean  motion,  without  any  assump- 
tion being  made  in  re{  ;rence  either  to  the  density  of  the  ethereal  fluid 
or  to  the  modifications  of  the  resistance  on  account  of  the  changes  in 
the  form  and  dimensions  of  the  comet,  and  the  results  thus  derived 
may  be  employed  in  determining  the  values  of  31,  fi,  and  <p  for  the 
subsequent  returns  of  the  comet  to  the  perihelion. 

In  all  the  cases  in  which  the  periodic  comets  have  been  observed 
sufficiently,  the  existence,  of  these  secular  changes  of  the  elements 
seems  to  be  well  established;  and  if  we  grant  that  they  arise  from  the 
resistance  of  an  ethereal  fluid,  the  total  obliteration  of  our  solar 
system  is  to  be  the  final  result.  The  fact  that  no  such  inequalities 
have  yet  been  detected  in  the  case  of  the  motion  of  any  of  the  planets, 
shows  simply  the  immensity  of  the  period  which  must  elapse  before 
the  final  catastrophe,  and  does  not  render  it  any  the  less  certain. 
Such,  indeed,  appear  to  be  the  present  indications  of  science  in  re- 
gard to  this  important  question;  but  it  is  by  no  means  impossible 
that,  as  in  at  least  one  similar  case  already,  the  operation  of  the 
simple  and  unique  law  of  gravitation  will  alone  completely  explain 
these  inequalities,  and  assign  a  limit  which  they  can  never  pass,  and 
thus  afford  a  sublime  proof  of  the  provident  care  of  the  Omnipotent 
Creator. 
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TABLE  I.    Angle  of  the  Vertical  and  Logarithm  of  the  Earth's  Radius. 
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Argument  0  =  Geographical  Latitude. 
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TABLE  I.    Angle  of  the  Vertical  and  Logarithm  of  the  Earth's  Eadius. 

*'  =  Geocentric  Latitude.  p  =  Earth's  Radius. 
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10 

20 
30 
40 
50 

51  0 

10 
20 
30 
40 

50 

52  0 
10 
20 
30 
40 
50 

53  0 

10 

20 
30 
40 
50 

54  0 

10 
20 
30 
40 
50 

55  0 


♦  -♦' 


II  30.65 
30.65 
30.63 
30.58 
30.51 
30.42 

11  30.31 
30.17 
30.01 
29.82 
29.61 
29.38 

11  29.12 
28.85 
28.54 
28.22 
27.87 
27.50 

11  27.10 
26.69 
26.24 
25.78 
25.29 
24.7" 

11  24.24 
23.69 
23.11 
22. 
21.87 
21.22 

11  20.55 
19.85 
19.13 
18.39 
17.63 
16.84 

11  16.02 
15.19 
14-33 

»3-45 
12.55 
11.62 

11   10.67 

IT, 

7.69 
6.66 
5.60 

11     4.51 

3.40 

2.27 

11      1. 12 

10  59.94 

58.74 

10  57.52 
56.28 
55.02 

53-73 
52.42 
51.09 

10  49.74 


Diff. 


0.00 
0.02 
0.05 
0.07 
0.09 
0.1 1 

0.14 
0.16 
0.19 
0.21 
0.23 
0.26 

0.27 
0.31 

0.32 
0.35 
0.37 
0.40 

0.41 
0.45 
0.46 
0.49 
0.51 
0.54 

0-55 
0.58 
0.61 
0.63 
0.65 
0.67 

0.70 

0.72 

0.74 
0.76 

0.79 
0.82 

0.83 
0.86 
0.88 
0.90 
0.93 
0.95 

0.97 
0.99 
1.02 
1.03 
1.06 
1.09 

1. 11 

1.13 

1.20 
1.22 

I.2A 
I.26 
1.29 
1. 31 

1-33 
1-35 


logp 


9.999  2766 

2723 
2681 
2639 
2596 
*554 
9.999  2512 
2470 
2427 
2385 
2343 
2300 

9.999  2258 
2216 
2174 
2132 
2089 
2047 

9.999  2005 
1963 
1921 
1879 
1837 
1795 

9-999  1753 
1711 

1669 
1627 
1586 
1 544 

1502 
1460 
1419 
J377 
x335 
1294 

1252 
1211 

1170 
1128 
1087 
1046 

9.999  1005 
0963 
0922 
0881 
0840 
0800 

9.999  0750 
0718 
0677 
0637 
0596 
0556 

9.999  0515 
0475 
0435 
°39S 
0355 
0315 

9.999  0275 


Diff. 


9.999 


9.999 


43 
4* 
4* 
43 
42 

42 

42 

43 
42 

42 

43 
42 

42 
42 
42 

43 
42 

42 

42 
42 
42 
42 
42 
42 

42 
42 
42 

4i 
42 

42 

42 

41 
42 
42 

41 
42 

41 
4i 
42 

4i 
41 
41 

42 
4' 
4i 
41 

40 

4' 

4' 
41 

40 

4» 
40 

41 

40 
40 
40 
40 
40 
40 


55  0 

10 
20 
30 
40 
50 

56  0 

10 
20 
30 
40 
50 

57  0 

10 
20 
30 
40 
50 

58  0 
10 
20 
30 
40 
50 

59  0 

10 
20 
30 
40 

50 

60  0 

61  0 

62  0 

63  0 

64  0 

65  0 

66  0 

67  0 

68  0 

69  0 

70  0 

71  0 

72  0 

73  0 

74  0 

75  0 

76  0 

77  0 

78  0 

79  0 

80  0 

81  0 

82  0 

83  0 

84  0 

85  0 

86  0 

87  0 

88  0 

89  0 

90  0 


*-*' 


46.97 

45-55 
44.11 
42.65 

10  41.16 
39-65 

36.58 
35.01 
33-41 
10  31.80 
30.16 
28. 
26.83 
25.13 
23.40 

10  21.66 
19.90 
18.11 
16.31 

14.48 
12.63 

10  10.77 

8.88 
6.97 
5.04 
3.08 
10  1. 11 


59.12 
46.74 
33-65 
19.85 

5-36 
50.21 

34.40 

17.97 

0.92 

43-29 
25.08 

o-33 
47.06 
27.28 

7.03 
46.33 
25.20 

3.67 

41-77 

56.96 
34.10 
10.98 
47.63 

24.07 

°-33 
36.44 
12.43 
48.34 
24.18 


Diff. 


1.38 
1.39 
1.42 
1.44 
1.46 
1.49 

1. 51 
1.52 
i-55 

i-57 
1.60 
1.61 

1.64 
1.66 
1.67 
1.70 
1.73 
1.74 

1.76 
1.79 
1.80 
1.83 
1.85 
1.86 


1. 91 
1.93 
1.96 
1.97 
1.99 

12.38 
13.09 
13.80 
14.49 
15.15 
15.81 

16.43 
17.05 
17.63 
18.21 
18.75 
19.27 

19.78 
20.25 
20.70 
21.13 
21.53 
21.90 

22.24 
22.57 
22.86 
23.12 

23-35 
23.56 

23.74 
23.89 
24.01 
24.09 
24.16 
24.18 


logp 


9.999  0275 
0235 
0195 
0155 

01 16 
0076 

9.999  0037 
9.998  9998 
9958 
9919 
9880 
9841 
9.998  9802 
9764 

9725 
9686 
9648 
9610 

9.998  9571 
9533 
9495 
9457 
9419 
9382 

9.998  9344 
9307 
9269 
9232 

9195 
9158 

9.998  9121 
8902 
8688 
8479 

8275 
8077 

9.998  7884 
7697 
75'7 
7342 
7174 
7013 

9.998  6859 
6713 

6573 
6441 
6317 
6201 

9.998  6093 

5993 
5901 
5818 
5743 
5676 

9.998  5619 

5570 

553° 
5498 

5476 

5463 

9.998  5458 


562 


TABLE  II. 

For  converting  intervals  of  Mean  Solar  Time  into  equivalent  intervals  of  Sidereal  Time. 


Hour*. 

Minutes. 

Seconds. 

Decimals. 

■Mi  V. 

Sidereal  Time. 

Mean  T. 

Sidereal  Time. 

Mean  T. 

Sidereal  Time. 

Mean  T. 

Sidereal  Time. 

h 

km        t 

m 

m         s 

* 

f 

( 

• 

I 

I    o     9.856 

I 

I    O.164 

I 

I.003 

O.02 

O.020 

2 

2  0   19.713 

2 

2    O.329 

2 

2.00C 
3.008 

O.04 
O.O0 

O.OAO 
O.OOO 

3 

3   0  29.569 

3 

3  °-493 

3 

4 

4  0  39.426 

4 

4  °-6S7 

4 

4.01 1 

O.08 

O.080 

1 

5  O  49.282 

6  0  59.139 

5 

5  0.821 

5 

6.016 

O.IO 

O.I  00 

6 

6  0.986 

6 

0.12 

O.I20 

I 

7  1     S.995 

8  1   18.852 

I 

7  1-15° 

8  1. 314 

9  i-47» 

I 

.      70I9 
8.022 

0.14 

O.IO 

C.I  4. 

0.160 

9 

9  1  28.708 

9 

9 

9.025 

0.18 

0.180 

IO 

10  1   38.565 

10 

10  1.643 

10 

IO.027 

0.20 

0.201 

ii 

11   1  48.421 

11 

11    1.807 

1 1 

II.030 

0.22 

0.221 

12 

12  1  58.278 

12 

12  1.971 

12 

12.033 

0.24 

0.241 

13 

13  2     8.134 

13 

13  2.136 

*3 

13.036 

0.26 

0.261 

H 

14  2  17-991 

14 

14  2.300 

14 

14.038 

0.28 

0.281 

\i 

15   2  27.847 

U 

15  2.464 

16  2.628 

•i 

15.041 

0.30 

0.301 

16  2    37.704 

16 

16.044 

0.32 

0.321 

17 

17  2  47-56° 

17 

17  2-793 

17 

17.047 

0.34 

0.36 

°-341 

0.361 

18 

18  2  57.416 

18 

18  2.957 

18 

18.049 

»9 

19  3     7-273 

19 

19  3. 121 

19 

19.052 

0.38 

0.381 

20 

20  3   17.129 

20 

20  3.285 

20 

20.055 

0.40 

0.401 

21 

21    3  26.986 

21 

21   3.450 

21 

21.057 

0.42 

0.421 

22 

22  3   36.842 

22 

22  3.614 

22 

22.060 

0.44 

0.46 

0.441 

*3 

23   3  46.699 

23 

23  3.778 

23 

23.063 
24.066 

25.068 

0.461 

24 

24  3  56-555 

24 

3 

24  3-943 

25  4.107 

24 

25 

0.48 
0.50 

0.481 
0.501 

26  4.271 

26 

26.071 

0.52 

0.521 

1 

27 

27  4-435 

27 

27.074 

°-54 
0.56 

0.541 

0.562 

§   a 

28 

28  4.600 

28 

28.077 

E 

3  S 

29 

29  4-764 

30  4.928 

29 

29.079 

0.58 

0.582 

0.602 

" 

3  2 

30 

30 

30.082 

0.60 

31 

31  5-°92 

31 

31.085 

0.62 

0.622 

r 

§  a 

32 

32  5.257 

32 

32.088 

0.64 
0.66 

0.642 

c 

c  00 

33 

33   5-421 

33 

33.090 

0.662 

. 

S  J   d 

34 

34  5-585 

34 

34-°93 

0.68 

0.682 

. 

S's  a 

3S 

35  5-75° 

35 

35.096 

0.70 

0.702 

b   6  -8 

§   2   e 

36 

36  5.914 

36 

36.099 

0.72 

0.722 

c 

8   ?| 

ll 

37  6.078 

37 

37.IOI 

0-74 
0.76 

0.742 

0.762 

c  ~   " 

38  6.242 

38 

38.104 

g  ^   c 

39 

39  6.407 

39 

39.107 

0.78 

0.782 

ll 

£  «  £ 

40 

40  6.571 

40 

40.IIO 

0.80 

0.802 

* 

r  s"a 

41 

41  6.735 

41 

41. 112 

0.82 

0.822 

0  .2    g 

42 

42  6.899 

42 

42.II5 

0.84 

0.842 

. 

1 1 5 

43 

43  7-064 

44  7.228 

43 

43.H8 

086 

C.862 

§   S3  5 

44 

44 

44.120 

0.88 

0.882 

"  ^   g 

9 

45  7-392 

4I 

4£"2 
46.126 

0.90 

0.902 

5 » .s 

40  7-557 

46 

0.92 

0.923 

47 

47  7-721 

47 

47.129 

0.94 

0.943 
0.963 

. 

111 

48 

48  7.885 

48 

48.131 

0.96 

3  "3  2 

49 

49  8.049 

49 

49134 

0.98 

0.983 

s 

=  5  + 

So 

50  8.214 
5i  8-378 

50 

50.137 

1. 00 

1.003 

V 

51 

51 

51.140 

^  § 

5* 

52  8.542 

52 

52.142 

3 .2 

S3 

53  8.707 

53 

53145 

• 

5  E- 

54 

54  8.871 

54 

54.148 

\ 

1    1 

H 

55  9-°35 

56  9  199 

H 

55-151 
56.153 
57.156 

H 

"  *o 

3   02 

sl 

57  9.36A 

58  9.52$- 

5Z 

H 

58 

58 

58.159 

I9 
60 

59  9692 

59 

59.162 

60  9.856 

60 

00.164 

563 


TABLE  m. 

For  converting  intervals  of  Sidereal  Time  into  equivalent  intervals  of  Mean  Solar  Time. 


Hours. 

Minutes. 

Seconds. 

Decimals. 

81d.T. 

Mean  Time. 

Sid.  T. 

Mean  Time. 

Sid.  T. 

Mean  Time. 

Sid.  T. 

Mean  Time. 

A 

Am         f 

m 

m          t 

« 

1 

« 

• 

I 

0  59   50.170 

I 

O   59.836 

I 

0.997 

0.02 

0.020 

2 

I   59  40.341 

2 

I    59.672 

2 

1-995 

O.04 
0.06 

0.040 
0.060 

3 

2    59    3O.5II 

3 

2    59.509 

3 

2.992 
3.989 

4 

3    59    20.682 

4 

3  59-345 

4  59.181 

4 

0.08 

0.080 

3 

4    59    IO.852 

5 

5 

4.986 

O.IO 

0.1 00 

5    59       I.O23 

6 

5  59-oi7 

6 

5.984 

0.12 

0.120 

I 

6  58  51.193 

7 

6  58.853 

7 

6.981 

0.14 

O.IO 

0.140 
0.1 00 

7  58  41.363 

8 

7  58.689 

8 

7.978 

9 

8  58  31.534 

9 

8  58.526 

9 

8.975 

0.18 

0.180 

IO 

9  58  21.704 

10 

9  58.362 

10 

9-973 

0.20 

0.199 

ii 

10  58   11.875 

11 

10  58.198 

11 

10.970 

0.22 

0.219 

12 

11   58     2.045 

12 

11  58.034 

12 

11.967 

0.24 

0.239 

13 

12  57  52.216 

»3 

12  57.870 

*3 

12.964 

0.26 

0.259 

H 

13  57  42.386 

H 

13  57.706 

14 

13.962 

0.28 

0.279 

u 

H  57  32-557 

15 

14  57-543 

J5 

14.959 

0.30 

0.299 

15  57  22.727 

16 

15   57-379 

16 

15-956 

0.32 

0.319 

17 

16  57  12.897 

17 

16  57.215 

17 

16.954 

0.34 

0.339 

18 

17  57     3.068 

18 

17  57-051 

18 

17.951 

0.36 

o-359 

19 

18  56  53.238 

19 

18  56.887 

19 

18.948 

0.38 

0.379 

20 

19  56  43.409 

20 

19  56.723 

20 

19-945 

0.40 

0.399 

21 

20  56  33.579 

21 

20  56.560 

21 

20.943 

0.42 

0.419 

22 

21  56  23.750 

22 

21   56.396 

22 

21.940 

0.44 

0.439 

23 

22  56  13.920 

23 

22  56.232 

23 

22.937 

0.46 

0.459 

24 

23  56     4.091 

24 

25 

23  56.068 

24  55.904 

24 
25 

23.934 
24.932 

0.48 
0.50 

0-479 
0.499 

26 

*5  55-740 

26 

25.929 

0.52 

0.519 

$    a 

27 

26  55.577 

27 

26.926 

°-54 
0.56 

0.530 
0.558 

S  £ 

28 

27  55-4I3 

28 

27.924 

E 

29 

28  55.249 

29  55.085 

29 

28.921 

0.58 

0.578 

i  I 

3° 

3° 

29.918 

0.60 

0.598 

c 

3i 

3°  54-9*1 

31 

30.915 

0.62 

0.618 

e  3 

32 

31  54.758 

32 

31.913 

0.64 
0.66 

0.638 

s     <»       . 

33 

3*  54-594 

33 

32.910 

0.658 

1 

ill 

34 

33   54-43° 

34 

33.907 

0.68 

0.678 

3i 

34  54.266 

M 

34.904 

0.70 

0.698 

' 

36 

35  54- 1 02 

35.902 

0.72 

0.718 

- 

i  Ij 

3    H     fl 

H 

36  53.938 

3Z 

36.899 

0.74 
0.76 

0.738 

38 

37  53-775 

38 

37.896 

0.758 

* 

39 

38  53.611 

39 

38.894 

0.78 

0.778 

I 

0    «    £ 

40 

39  53-447 

40  53-2»3 

40 

w-hi 

0.80 

°-79f 

« 

S   S  '3b 

3 *! 

41 

41 

40.888 

0.82 

0.818 

42 

41  53.119 

42 

41.885 

0.84 

0.838 

. 

43 

42  52.955 

43 

42.883 

0.86 

0.858 

£    §    0 

44 

43  52-792 

44 

43.880 

0.88 

0.878 

i  ai 

9 

44  52.628 

M 

44.877 

0.90 

0.898 

1111  ior  me  cor 
e  required  = 
■  the  equivalei 

45  52-464 

45.874 

0.92 

0.917 

4Z 

46  52.300 

47 

46.872 

0.94 

0-937 

. 

48 

47  5*-»36 

48 

47.869 

0.96 

0.957 

49 

48  51.972 

49  51.809 

50  51.645 

49 

48.866 

0.98 

0.977 

% 

50 
51 

5° 
51 

49.863 
50.861 

1. 00 

0.997 

s  a  -t- 

5» 

51   51.481 

5* 

51.858 

=  £ 

53 

5*  5i-3»7 

53 

52.855 

• 

2  a 

54 

53  5i-i53 

54 

53-853 

; 

S3  "3 

0    36 

M 

54  50-990 

55  50.826 

M 

54.850 

5  s 

55-847 

03     § 

57 

56  50.662 

5Z 

56.844 

H   2 

58 

57  50-498 

58  50.334 

58 

57.842 

8 

59 

58.839 

59  50-170 

60 

59.836 

564 


TABLE  IV. 

For  converting  Hours,  Minutes,  and  Seconds  into  Decimals  of  a  Day. 


Hours. 

Decimal. 

Mm. 

Decimal. 

Mm. 

Decimal. 

Sec. 

Decimal. 

Sec. 

Decimal. 

1 

O.0416  + 

1 

.000694  + 

31 

.021527  + 

1 

.0000116 

81 

.0003588 

2 

.0833  + 

2 

.001388  + 

32 

.022222  + 

2 

.0000231 

32 

.0003704 

3 

.1250  4- 

3 

.002083  + 

33 

.022916  + 

3 

.0000347 

33 

.0003819 

4 

.1666  + 

4 

.002777  + 

34 

.023611  + 

4 

.0000463 

34 

.0003935 

5 

.2083 + 

5 

.003472  + 

35 

.024305  + 

5 

.0000579 

35 

.0004051 

6 

.2500  + 

6 

.004166  + 

36 

.025000  + 

6 

.0000694 

36 

.0004167 

7 

0.2916  + 

7 

.004861 + 

37 

.025694  + 

7 

.0000810 

37 

.0004282 

8 

•3333  + 

8 

•°°5555  + 

38 

.026388  + 

8 

.0000925 

38 

.0004398 

9 

•3750  + 

9 

.006250  + 

39 

.027083  + 

9 

.0001042 

39 

.0004514 

10 

.4166  + 

10 

.006944  + 

40 

.027777 + 

10 

.0001157 

40 

.0004630 

11 

•4583  + 

11 

.007638  + 

41 

.028472  + 

11 

.0001273 

41 

.0004745 

12 

.  5000  + 

12 

.008333  + 

42 

.029166  + 

12 

.0001389 

42 

.0004861 

13 

0.5416  + 

13 

.009027  + 

43 

.029861  + 

13 

.0001505 

43 

.0004977 

14 

•5833  + 

14 

.009722  + 

44 

•°3°555  + 

14 

.0001620 

44 

.0005093 

15 

.6250  + 

15 

.010416  + 

45 

.031250  + 

15 

.0001736 

45 

.0005208 

16 

.6666  + 

16 

.OIIIII  + 

46 

.031944  + 

16 

.0001852 

46 

.0005324 

17 

.7083  + 

17 

.011805  + 

47 

.032638  + 

17 

.0001968 

47 

.0005440 

18 

.7500  + 

18 

.012500  + 

48 

•°33333  + 

18 

.0002083 

48 

.0005556 

19 

0.7916  + 

19 

.013194  + 

49 

.034027  + 

19 

.0002199 

49 

.0005671 

20 

•8333  + 

20 

.013888  + 

50 

.034722  + 

20 

.0002315 

50 

.0005787 

21 

.8750  + 

21 

.014583  + 

51 

.035416  + 

21 

.0002431 

51 

.0005903 

22 

.9166  + 

22 

.015277  + 

52 

.036111 + 

22 

.0002546 

52 

.0006019 

23 

0.9583  + 

23 

.015972  + 

53 

.036805  + 

23 

.0002662 

53 

.0006134 

24 

1. 0000  + 

24 

.016666  + 

54 

.037500  + 

24 

.0002778 

54 

.0006250 

25 

.017361 + 

55 

.038194  + 

25 

.0002894 

55 

.0006366 

26 

.018055  + 

56 

.038888  + 

26 

.0003009 

56 

.0006481 

27 

.018750  + 

57 

•039583  + 

27 

.0003125 

57 

.0006597 

28 

.019444  + 

58 

.040277  + 

28 

.0003241 

58 

.0006713 

29 

.020138  + 

59 

.040972  + 

29 

.0003356 

59 

.0006829 

30 

.020833  + 

60 

.041666  + 

30 

.0003472 

60 

.0006944 

The  sign  +,  appended  to  numbers  in  this  table,  signifies  that  the  last  figure  repeats  to  infinity. 


TABLE  V. 

For  finding  the  number  of  Days  from  the  beginning  of  the  Year. 


Date. 

Com. 

Bis. 

January  0..0 

0 

0 

February  0.0 

31 

31 

March  0.0 

59 

60 

April  0.0 

90 

9>t 

May  0.0 

120 

121 

June  0.0 

*5i 

152 

July  0.0 

181 

l82 

August  0.0 

212 

213 

September  0.0 

243 

244 

October  0.0 

273 

274 

November  0.0 

304 

305 

December  0.0 

334 

335 

565 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

0° 

1° 

2° 

3° 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

0' 

o.oooooo 

181.81 

O.654532 

181.83 

I.309263 
1. 320178 

181.92 

I.964393 
I.975316 
I.986240 
I.997164 

182.05 
182.06 

1 

0.010908 

0.02  15  I  7 

181.81 

O.665442 

181.83 

181.92 

2 

181.81 

O.676352 
O.687262 

181.83 

1. 331093 

181.92 

182.06 

3 

O.O32725 

181.81 

181.84 

I.342008 

181.92 

182.06 

4 

O.O43633 

181.81 

O.698172 

181.84 

I.352923 

181.92 

2.008087 

182.07 

5 

O.O54542 

181. 81 

O.709082 

181.84 

I.363839 

181.93 

2.01901 1 

182.07 

6 

O.06545O 
O.O76358 

181. 81 

O.719993 

181.84 

'•374755 

181.93 

2.029936 
2.040860 

182.07 

7 

181.81 

O.730903 
O.741813 

181.84 

1.385670 

181.93 

182.07 

8 

O.087267 
O.O98175 

181.81 

181.84 

1.396586 

181.93 

2.051785 

182.08 

9 

181.81 

O.752724 

181.84 

1.407502 

181.93 

2.062709 

182.08 

10 

O.IO9083 

181.81 

O.763634 

181.84 

1. 418418 

181.94 

2.073634 

182.08 

11 

0.1 19992 

181.81 

o-774S45 

181.84 

1.429334 

181.94 

2.084559 
2.095485 

2.106410 

182.08 

12 

0.130900 

0.141808 

181.81 

0.785456 

181.84 

1.44025 1 

181.94 

182.09 

13 

181.81 

0.796366 

181.85 

1.451167 

181.94 

182.09 

14 

0.151717 

181.81 

0.807277 

181.85 

1.462083 

181.94 

2.117335 

182.09 

15 

0.163625 

181.81 

0.818188 

181.85 

1.473000 

181.95 

2.128261 

182.10 

16 

0.174534 

181. 81 

0.829099 

181.85 

1.483017 
1.494834 

181.95 

2.139187 

182.IO 

17 

0.185442 

181.81 

0.840010 

181.85 

181.95 

2.150114 

2.161040 
2.171966 

182.IO 

18 

0.196350 

181.81 

0.850921 
0.861832 

181.85 

i-5°575i 

181.95 

18x.11 

19 

0.207259 

181. 81 

181.85 

1.516668 

181.95 

182.11 

20 

0.218167 

181.81 

0.872743 

181.85 

1.527585 

181.96 

2.182894 

182.11 

21 

0.229076 

181. 81 

0.883654 
0.894566 

181.86 

1.538503 

181.96 

2.193820 

182.12 

22 

0.239984 
0.250893 

181.81 

181.86 

1.549420 

181.96 

2.204747 

182.12 

23 

181.81 

0.905478 

181.86 

1.560338 

181.96 

2.215674 
2.226602 

182.12 

24 

0.261801 

181.81 

0.916389 

181.86 

1. 571256 

181.96 

182.13 

25 

0.272710 

181.81 

0.927301 

181.86 

1.582174 

181.97 

2.237529 

182.13 

26 

0.283619 

181. 81 

0.938212 

181.86 

1.593092 

181.97 

2.248457 
2.259385 

182.13 

27 

0.294527 

181. 81 

0.949124 
0.960030 

181.86 

1. 604010 

181.97 

182.14 

28 

0.305436 
0.316345 

181.81 

181.86 

1. 614928 

181.97 

2.270313 

182.14 

29 

181. 81 

0.970948 

181.87 

1.625847 

181.97 

2.281242 

182.14 

30 

0.327253 

181. 81 

0.981860 

181.87 

1.636766 

181.98 

2.292170 

182.14 

31 

0.338162 

181. 81 

0.992772 

181.87 

1.647684 
1.658603 

181.98 

2.303090 
2.314028 

182.15 

32 

0.349071 

181. 81 

1.003684 

1.014596 

181.87 

181.98 

182.15 

33 

0.359980 
0.370888 

181. 81 

181.87 

1.669522 

181.98 

2.324957 
2.335887 

182.15 

34 

181. 81 

1.025509 

181.87 

1. 680441 

181.99 

182.16 

35 

0.381797 

181. 81 

1. 036421 

181.87 

1.691361 

181.99 

2.346816 

182.16 

36 

0.392706 

181.81 

1.047334 
1.058246 

181.87 

1.702280 

181.99 

2.357746 

182.16 

37 

0.403615 

181. 81 

181.88 

1.713200 

181.99 

2.368676 

182.17 

38 

0.414524 

181.82 

1. 069159 

181.88 

1.724120 

182.00 

2.379606 

182.17 

39 

0.425433 

181.82 

1.080072 

181.88 

1.735039 

182.00 

2.390536 

182.17 

40 

0.436342 

181.82 

1.090985 
1. 101898 

181.88 

1.745960 

182.00 

2.401467 

182.18 

i  41 

0.447251 

181.82 

181.88 

1.756880 
1.707800 

182.00 

2.412398 

182.18 

42 

0.458160 

181.82 

1.11281 1 

181.89 

182.01 

2.423329 

182.18 

43 

0.469069 

181.82 

1.123724 

181.89 

1. 778721 
1.789641 

182.01 

2.434260 

182.19 

44 

0-479979 

181.82 

1. 134637 

181.89 

182.01 

2.445191 

182.19 

45 

0.490888 

181.82 

1. 145550 

181.89 

1.800562 

182.01 

2.456123 
2.467055 

182.19 

46 

0.501797 

181.82 

1. 156464 

181.89 

1.811483 

182.02 

182.20 

47 

0.512706 

181.82 

1. 167377 

181.89 

1.822404 

182.02 

2.477987 

182.20 

48 

0.523616 

181.82 

1.178291 

181.89 

1.833325 

182.02 

2.488919 
2.499851 

182.20 

49 

°-5345*5 

181.82 

1. 189205 

181.90 

1.844247 

182.02 

182.21 

50 

0-545435 

181.82 

1.200119 

181.90 

1. 855168 
1.866090 

182.03 

2.510784 

182.21 

51 

0.556344 

181.82 

1.211033 

181.90 

182.03 

2.521717 

182.22 

52 

0.567254 

181.82 

1.221947 

181.90 

1. 877012 

182.04 

2.532650 
*-5435»3 

182.22 

53 

0.578163 

181.83 

1.232861 

181.90 

1.887934, 
1.898856 

182.04 

182.22  | 

54 

0.589073 

181.83 

'•*43775 

181.91 

182.04 

2.554517 

182.23 

55 

0.599983 
0.610892 

181.83 

1.254689 
1.265604 
1.276518 
1.287433 
1.298348 

181.91 

1.909779 

182.04 

2.565450 

182.23 

56 

181.83 

181. 91 

1.920701 

182.04 

2.576384 

182.23 

!  57 

0.621802 

181.83 

181.91 

1. 931624 

182.05 

2.587319 

182.24 

58 
59 

0.632712 
0.643622 

181.83 
181.83 

181.91 
181. 91 

1.942547 
1.953470 

182.05 
182.05 

2.598253 
2.609187 

182.24 
182.24 

60 

0.654532 

181.83 

1.309263 

181.92 

1.964393 

182.05 

2.620122 

182.25 

5(56 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

1 

4° 

5° 

6° 

7° 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

o> 

z.  620122 

182.25 

3.276651 

182.50 

3.934182 

182.80 

4.592917 

183.17 

1 

2.631057 

182.25 

3.287602 

182.50 

3-945I5I 

182.81 

4.603907 

183.18 

2 

2.641993 

2.652928 

182.26 

3.298552 

182.51 

3.956119 

182.82 

4.614898 

183.18 

3 

182.26 

3.309503 

182.51 

3.967088 

182.82 

4.625889 

183.19 

4 

2.663864 

182.26 

3.320454 

182.52 

3.978058 

182.83 

4.636880 

183.19 

5 

2.674800 

182.27 

3-33I405 

182.52 

3.9"89028 

182.83 

4.647872 

183.20 

6 

2.685736 

182.27 

3.342356 

182.53 

3.999998 

182.84 

4.658864 

183.21 

7 

2.696672 

182.27 

3.353308 

182.53 

4.010968 

182.84 

4.669857 

183.21 

8 

2.707609 

182.28 

3.364260 

182.54 

4.021939 

182.85 

4.680850 

183.22 

9 

2.718546 

182.28 

3.375212 

182.54 

4.03291 1 

182.86 

4.691843 

183.23 

10 

2.729483 

182.29 

3.386165 

182.55 

4.043882 

182.86 

4.702837 

183.24 

11 

2.740420 

182.29 

3.397118 

182.55 

4-054854 

182.87 

4.713831 

183.24 

12 

2.751358 

182.29 

3.408071 

182.56 

4.065826 

182.87 

4.724826 

183.25 

1  13 

2.762295 

182.30 

3.419024 

182.56 

4.076799 

182.8S 

4.735821 

183.25 

|  14 

2.773233 

182.30 

3.429978 

182.57 

4.087772 

182.88 

4.746816 

183.26 

!  15 

2.784172 

182.31 

3.440932 

182.57 

4098745 

182.89 

4.757812 

183.27 

;  16 

a.795110 

182.31 

3.451887 

182.58 

4.109718 

182.90 

4.768809 

183.27 

17 

2.80604.9 

182.31 

3.462841 

182.58 

4.120692 

182.90 

4.779805 

183.28 

18 

2.816988 

182.32 

3-473796 

182.59 

4.131667 

182.91 

4.790802 

183.28 

19 

2.827927 

182.32 

3.484752 

182.59 

4.142641 

182.91 

4.801800 

183.29 

20 

2.838867 

182.33 

3-495707 

182.60 

4.153616 

182.92 

4.812797 

183.30 

21 

2.849806 

182.33 

3.506663 

182.60 

4.164592 

182.93 

4.823796 

183.31 

22 

2.860746 

182.33 

3.517619 

182.61 

4.175568 

182.93 

4.834795 

183.32 

23 

2.871686 

182.34 

3-5*8575 

182.61 

4.186544 

182.94 

4.845794 

183.32 

24 

2.882627 

182.34 

3-53953* 

182.61 

4.197520 

182.94 

4.856793 

183.33 

25 

2.893567 

182.35 

3.550489 

182.62 

4.208497 

182.95 

4.867793 

183.34 

26 

2.904508 

182.35 

3.561447 

182.62 

4.219474 

182.95 

4.878793 

183.34 

27 

2.915449 

182.36 

3.572404 

182.63 

4.230451 

182.96 

4.889794 

183.35 

28 

2.926391 

182.36 

3.583362 

182.63 

4.241429 

182.97 

4.900795 

183.36 

29 

2.937332 

182.36 

3.594320 

182.64 

4.252408 

182.97 

4.911797 

183.36 

30 

2.948274 

182.37 

3.605279 

182.64 

4.263386 

182.98 

4.922799 

183.37 

31 

2.959217 

182.37 

3.616238 

182.65 

4.274365 

182.99 

4.933801 

183.38 

32 

2.970159 

182.37 

3.627197 

182.65 

4.285344 

182.99 

4.944804 

183.38 

33 

2.981 102 

182.38 

3.638156 

182.66 

4.296324 

183.00 

4.955807 

183.39 

34 

2.992045 

182.38 

3,649116 

182.66 

4.307304 

183.00 

4.966811 

183.40 

35 

3.002988 

182.39 

3.660076 

182.67 

4.318284 

183.01 

4.977815 

183.41 

36 

3.013931 
3.024875 

182.39 

3.671037 

182.68 

4.329265 

183.01 

4.988820 

183.41 

37 

182.39 

3.681997 

182.68 

4.340246 

183.02 

4.999825 

183.42 

38 

3.035819 

182.40 

3.692958 

182.69 

4.351228 

183.03 

5.010830 

183.43 

39 

3.046763 

182.40 

3.703920 

182.69 

4.362210 

183.03 

5.021836 

183.43 

40 

3.057707 

182.41 

3.714881 

182.70 

4.373192 

183.04 

5.032842 

183.44 

41 

3.068652 

182.41 

3.725843  , 

182.70 

4.384175 

183.05 

5.043849 

183.45 

42 

3-°79597 

182.42 

3.736806 

182.71 

4.395158 

183.05 

5.054856 

183.46 

43 

3.090542 

182.42 

3.747768 

182.71 

4.406141 

183.06 

5.065864 

183.46 

44 

3.101488 

182.43 

3-75873I 

182.72 

4.417125 

183.06 

5.076872 

183.47 

45 

3.112433 

182.43 

3.769694 

182.72 

4.428109 

183.07 

5.087880 

183.48 

46 

3.123379 

182.44 

3.780658 

182.72 

4-439093 

183.08 

5.098889 

183.48 

47 

3-'34325 

182.44 

3.791622 

182.73 

4.450078 

183.08 

5.109898 

183.49 

48 

3.145272 

182.44 

3.802586 

182.74 

4.461064 

183.09 

5.120908 

183.50 

49 

3.156219 

182.45 

3-8i355i- 

182.74 

4.472049 

183.10 

5.131918 

183.51 

50 

3.167166 

182.45 

3.824515 

182.75 

4.483035 

183.10 

5.142929 

183.51 

51 

3.178113 

182.46 

3.835481 

182.76 

4.494022 

183.1 1 

5.153940 

183.52 

52 

3.189061 

182.46 

3.846446 

182.76 

4.505008 

183.12 

5. 1 6495 1 

183.53 

53 

3.200009 

182.47 

3.857412 

182.77 

4-5 '5995 

183.12 

5->75963 

183.54 

54 

3.210957 

182.47 

3.868378 

182.77 

4.526983 

183.13 

5.186975 

183.54 

55 

3.221905 
3.232854 

182.48 

3-879345 

182.78 

4-53797J 

183.14 

5.197988 

183.55 
183.56 

56 

182.48 

3.890312 

182.78 

4.548950 
4.559948 

183.14 

5.209002 

57 

3.243803 

182.49 

3.901279 

182.79 

183.15 

5.220015 

183.57 

58 

3-254752 

182.49 

3.912246 

182.79 

4-570937 

183.15 

5.231029 

183.58 

59 

3.265702 

182.49 

3.923214 

182.80 

4.581927 

183.16 

5.242044 

•  60 

3.276651 

182.50 

3.934182 

182.80 

4.592917 

183.17 

5.253059 

183.59 

687 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 


O' 

1 

2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 

18 
19 

20 
21 
22 
23 
24 

25 
26 

27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 

57 
58 
59 

60 


8C 


253059 
264075 
275090 
286107 
297124 

308141 
319159 
330177 

34119s 

352214 

363234 
374*54 

38r7£ 

396296 
407317 

418339 
429361 
440384 
451407 
462431 

473455 
484480 

4955°5 
506530 

517556 
528583 
539610 
550637 
561665 
572693 

583722 

59475* 
605782 
616812 
627843 

638874 
649906 
660938 
671971 
683004 

694038 

705072 
716106 
727141 
738177 

749213 
760250 
771287 
782325 
793363 

804401 
815440 
826480 
837520 
848561 

859602 
870644 
881686 
892728 
903771 

914815 


Diff.  1" 


83-59 
83-59 
83.60 
83.61 
83.62 

83.62 
83.63 
83.64 
83.65 
83.66 

83.66 
83.67 
83.68 
83.69 
83.69 

83.70 
83.71 
83.72 
83-73 
83-73 
83.74 
83-75 
83-75 
83.76 

83-77 
83.78 
83-79 
8379 
83. Xo 
83.81 

83.82 

83.84 
83-85 
83.86 
83.87 
83.87 
83.88 
83.89 

83.90 
83.91 
83.92 
83.92 
83.93 

83.94 
83.9g 

83.96 
83-97 

83.98 
83.99 

84.00 
84.01 
84.01 

84.02 

84.03 

84.04 

84.05 
84.06 

184.06 


9< 


M. 


5.914815 

5-925859 
5.936904 

5-947949 
5-958995 
5.970041 
5.981087 
5.992134 
6.003182 
6.014230 

6.025279 
6.036328 
6.047378 
6.058428 
6.069479 

6.080530 
6.091582 
6.102634 
6.113687 
6.124740 

6.135794 
6.146849 
6.157904 
6.168959 
6. 1 8001 5 

6.191072 
6.202129 
6.213187 
6.224245 
6.235304 

6.246363 
6.257422 
6.268482 

6-279543 
6.290605 

6.301667 
6.312729 
6.323792 

6-334855 
6.345919 

6.356984 
6.368049 
6.379115 
6.390181 
6.401248 

6.412315 
6.423383 
6.434451 
6.445520 
6.456590 

6.467660 
6.478731 
6.489802 
6.500874 
6.5 1 1 946 

6.523019 
6.534092 
6.545166 
6.556241 
6.567316 

6.578391 


Diff.  1". 


84.06 
84.07 
84.08 
84.09 
84.10 

84.II 
84.11 
84.12 
84.13 
84.14 

84.15 
84.16 
84.17 
84.18 
84.18 

84.19 
84.20 
84.21 
84.22 
84.23 

84.24 
84.25 
84.25 
84.26 
84.27 

84.28 
84.29 
84.30 
84.31 
84.32 

84.32 
84-33 
84-34 
84.35 

84.36 

84.37 
84.38 

84-39 
84.40 
84.41 

84.41 
84.42 
84.43 
84.44 
84.45 

84.46 
84.47 
84.48 
84.49 
84.50 

84.51 
84.52 
84.52 
84.53 
84.54 

84.55 
84.56 
84.57 
84.58 
84.59 

84.60 


10 


6.578391 
6.589467 

6.600544 
6.611622 
6.622700 

6.633778 
6.644857 
6.655937 

6.667017 

6.678098 

6.689179 
6.700261 
6.7 1 1 343 
6.722426 
6.733510 

6-744594 
6.755679 
6.766764 
6.777850 
6.788937 

6.800024 
6.811112 
6.822200 
6.833289 
6.844378 

6.855468 
6.866559 
6.877650 
6.888742 
6.899834 

6.910927 
6.922021 
6.933115 
6.944210 
6-9553°5 
6.966401 
6.977498 
6.988595 
6.999693 
7.010791 

7.021890 
7.032990 
7.044090 
7.055191 
7.066292 

7.077394 
7.088497 
7.099600 
7.1 10704 
7.121808 

7.132913 
7.144019 
7.155125 
7.166232 
7.177340 

7.188448 

7-I99557 
7.210666 
7.221776 
7.232886 

7-243997 


Diff.  l". 


84.60 
84.61 
84.62 
84.63 
84.64 

84.65 
84.66 
84.67 
84.67 
84.68 

84.69 
84.70 
84.71 
84.72 
84.73 

84.74 
84.75 
84.76 
84.77 
84.78 

84.79 
84.80 
84.81 
84.82 
84.83 

84.84 
84.85 
84.86 
84.87 
84.88 

84.89 
84.90 
84.91 
84.92 
84.93 

84.94 
84.95 
84.96 
84.97 


84.99 
85.00 
85.01 
85.02 
85.03 

85.04 
85.05 
85.06 
85.07 
85.08 

85.09 
85.10 
85.11 
85.12 
85.13 

85.14 
85.15 
85.16 
85.17 
85.18 

185.19 


ir 


M 


7.243997 
7.255109 
7.266222 

7-277335 
7.288449 

7.299563 
7.310678 
7.321793 
7.332909 
7.344026 

7-355*44 
7.366262 

7-37738i 
7.388500 
7.399620 

7.410741 
7.421862 
7.432983 
7.444106 
7-455230 

7-466354 
7-477478 
7.488603 
7.499729 
7.510855 

7.521982 

7-533"° 
7.544239 
7.555368 
7.566497 

7.577628 
7.588759 
7.599890 
7.611022 
7.622*55 

7.633289 
7-644423, 
7.655558 
7.666694 
7.677830 

7.688967 
7.700104 
7.711242 
7.722381 
7-733521 

7.744661 
7.755802 
7766943 
7.77808c 
7.789228 

7.800372 
7.811516 
7.822661 
7.833807 
7.844953 

7.856100 
7.867247 
7.878396 
7.889545 
7.900694 

7.91 1845 


568 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

12 

a 

13 

0 

14 

0 

15 

3 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

c 

7.91 1845 

185.84 

8.582146 

186.56 

9.255120 

187.33 

9.930984 

188.16 

1 

7.922995 

185.86 

8.593340 

186.57 

9.266360 

187.34 

9.942274 

188.18 

2 

* 

7-934*47 

185.87 

8.604535 

186.58 

9.277601 

187.35 

9953565 

188.19 

3 

7.945300 

185-88 

8.615730 

186.59 

9.288842 

187.37 

9.964857 

188.21 

4 

7-956453 

185.89 

8.626926 

186.61 

9.300085 

187.38 

9.976149 

188.22 

5 

7.967606 

185.90 

8.638123 

186.62 

9.3 1 1  328 

187.40 

9.987443 

188.23 

6 

7.978761 

185.9! 

8.649320 

186.63 

9.322572 

187.41 

9.998738 

188.25 

7 

7.989916 

185.92 

8.660518 

186.64 

9.333817 

187.42 

10.010033 

188.26 

8 

8.001072 

I85-93 

8.671717 

,  186.66 

9.345063 

187.44 

10.021329 

188.28 

9 

8.012228 

I85.9S 

8.682917 

186.67 

9.356310 

187.45 

10.032626 

188.29 

10 

8.023385 

185.96 

8.694117 

186.68 

9-367557 

187.46 

10.043924 

188.31 

!  ii 

8.034543 

185.97 

8.705318 

186.69 

9.378805 

187.48 

10.055223 

188.32 

1  12 

8.045702 

185.98 

8.716520 

186.71 

9.390054 

187.49 

10.066523 

188.34 

13 

8.056861 

185.99 

8.727723 

186.72 

9.401304 

187.50 

10.077823 

188.35 

!  14 

8.068021 

186.00 

8.738927 

186.73 

9-4i*555 

187.52 

10.089125 

188.37 

1  15 

8.079181 

186.02 

8.750131 

186.74 

9.423806 

187.53 

10.100427 

188.38 

16 

8.090343 

186.03 

8.701336 

186.76 

9.435058 

187.54 

10.111730 

188.39 

17 

8.101505 

186.04 

8.772542. 

186.77 

9.4463 1 1 

187.56 

10.123035 

188.41 

!  18 

8.112668 

186.05 

8.783748 

186.78 

9-457565 

187.57 

10.134340 

188.42 

:  19 

8.123831 

186.06 

8-794955 

186.79 

9.468820 

187.59 

10.145646 

188.44 

20 

8.134995 

186.07 

8.806x63 

186.81 

9.480076 

187.60 

10.156952 

188.45 

21 

8.146160 

186.09 

8.817372 

186.82 

9.491332 

187.61 

10.168260 

188.47 

!  22 

8.157326 

186.10 

8.828582 

186.83 

9.502589 

187.63 

10.179568 

188.48 

23 

8.168492 

186.II 

8.839792 

186.84 

9.513847 

187.64 

10.190878 

188.50 

24 

8.179659 

186.12 

8.851003 

186.86 

9.525106 

187.65 

10.202188 

188.51 

25 

8.190826 

186.13 

8.862215 

186.87 

9.536366 

187.67 

10.213499 

188.53 

26 

8.201995 

186.15 

8.873427 

186.88 

9.547626 

187.68 

10.224812 

188.54 

27 

8.213164 

186.16 

8.884641 

186.90 

9.558888 

187.70 

10.236125 

188.56 

,  28 

8.224334 

186.17 

8.895855 

186.91 

9.570150 

187.71 

10.247439 

188.57 

29 

8.235504 

186.18 

8.907070 

186.92 

9581413 

187.72 

10.258753 

188.59 

30 

8.246675 

186.19 

8.918286 

186.93 

9.592676 

187.74 

10.270069 

188.60 

31 

8.257847 

186.20 

8.929502 

186.95 

9.603941 

187.75 

10.281386 

188.62 

32 

8  269020 

186.22 

8.940719 

186.96 

9.615207 

187.77 

10.292703 

188.63 

33 

8.280193 

186.23 

8-95I937 

186.97 

9.626473 

187.78 

10.304021 

188.65 

34 

8.291367 

186.24 

8.963156 

186.99 

9.637740 

187.79 

1°-3I534I 

188.66 

35 

8.302542 

186.25 

8.974376 

187.00 

9.649008 

187.81 

10.326661 

188.68 

36 

8.313717 

186.26 

8.985596 

.  187.01 

9.660277 

187.82 

10.337982 

188.69 

37 

8.324893 

186.28 

8.996817 

187.02 

9.671547 

187.84 

10.349304 

188.71 

;  38 

8.336070 

186.29 

9.008039 
9.019262 

187.04 

9.682817 

187.85 

10.360627 

r88.72 

39 

8.347248 

186.30 

187.05 

9.694088 

187.86 

10.371951 

188.74 

40 

8.358426 

186.31 

9.030485 

187.06 

9.705361 

187.88 

10.383275 

188.75 

41 

8.369605 

186.32 

9.041709 

187.08 

9.716634 

187.89 

10.394601 

188.77 

42 

8.380785 

186.34 

9.052934 

187.09 

9.727908 

187.91 

10.405927 

188.78 

43 

8.391966 

186.35 

9.064160 

187.10 

9.739182 

187.92 

10.417255 

188.80 

44 

8.403147 

186.36 

9.075387 

187.12 

9.750458 

18793 

10.428583 

188.81 

45 

8.414329 

186.37 

9.086614 

187.13 

9.761734 

187.95 

10.439912 

188.83 

40 

8.425512 

186.38 

9.097842 

187.14 

9.773012 

187.96 

10.451242 

188.84 
188.86 

'  47 

8.436695 

186.40 

9. 1 0907 1 

187.16 

9.784290 

187.98 

10.462573 

48 

8.447879 

186.41 

9.120301 

187.17 

9.795569 

187.99 

10.47390c 
10.485238 

188.87  j 

j  49 

8.459064 

186.42 

9.131531. 

187.18 

9.806849 

188.00 

188.89  ' 

50 

8.470250 

186.43 

9.142763 

187.20 

9.818129 

188.02 

10.496572 

188.90 

51 

8.481436 

186.45 

9153995 

9.165228 

187.21 

9.829410 

188.03 

10.507907 

188.92  ! 

52 

8.492623 

186.46 

187.22 

9.840693 

188.05 
188.06 

10.519242 

188.93  i 

53 

8.503811 

186.47 

9.176462 

187.23 

9.851977 

10.530579 

188.95 

54 

8.515000 

186.48 

9.187696 

187.25 

9.863261 

188.08 

10.541916 

188.97 

55 

8.526189 

186.49 

9.198931 

187.26 

9.874546 

188.09 

IO.553255 

188.98 

56 

8-537379 

186.51 

9.210167 

187.27 

9.885832 

188.IO 

10.564594 

189.00 

57 

8.548569 

186.52 

9.221404 

187.29 

9.897118 

188.12 

10.575934 
10.587276 
10.598618 

189.01 

58 

8.559761 

186.53 

9.232642 

187.30 

9.908406 
9.919694 

188.13 

189.03 

1  59 

8.570953 

186.54 

9.243880 

187.31 

188.15 

189.04 

60 

8.582146 

186.56 

9.255120 

187.33 

9.930984 

188.16 

10.609961 

189.06 

M9 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

16 

O 

17 

3 

18 

0 

19 

0 

M. 

Diff.  1". 

M. 

Dlff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

O' 

IO.609961 

189.06 

11.292277 

190.02 

1 1. 978 1 62 

191.04 
191.06 

12.667850 

192.13 

1 

IO.621305 
IO.632049 

189.07 

11.303679 

190.03 

II.989625 

12.679379 

192.15 

2 

189.09 

11. 315082 

190.05 

12.001089 

191.08 

12.690908 

192.17 

3 

IO.643995 

189.10 

11.326485 

190.07 

12.012554 

191.09 

12.702439 

192.19 

4 

IO.655342 

189.12 

II.337889 

190.08 

12.024021 

191. II 

12.713970 

192.21 

5 

IO.666690 

189.14 

II.349295 

190.10 

12.035488 

191.13 

12.725503 

192.22 

6 

IO.678038 

189.15 

II. 360701 

190.12 

12.046956 

»9I-15 

12.737037 

192.2A 
192.26 

7 

10.689388 

189.17 

1 1. 372109 

190.13 

12.058425 

191. 16 

12.748573 

8 

IO.700738 

189.18 

11.383517 

190.15 

12.069896 

191. 18 

12.760109 

192.28 

0 

IO.712090 

189.20 

II.394927 

190.17 

12.081367 

191.20 

12.771646 

192.30 

10 

IO.723442 

189.21 

11.406337 

190.18 

12.092840 

191.22 

12.783185 

192.32 

11 

IO.734795 

189.23 

1 1. 41 7749 

190.20  . 

1 2. 1 O43  I  3 

191.24 

12.794724 

I91-34 
192.36 

12 

IO.746149 

189.24 

11.429161 

190.22 

12.115788 

191.25 

12.806265 

13 

10.757505 

189.26 

11.440575 

190.23 

I2.I27264 

191.27 

12.817807 

192.37 

1  1 

IO.768861 

189.28 

11.451989 

190.25 

I2.I3874I 

191.29 

12.829350 

192.39 

15 

IO.780218 

189.29 

11.463405 

190.27 

I2.I5O219 

I9I-31 

12.840894 

192.41 

16 

IO.791576 

189.31 

11.474821 

190.28 

12.161698 

191.32 

12.852440 

192.43 

17 

10.802935 

189.32 

11.486239 

190.30 

I2.I73178 

191.34 

12.863986 

192.45 

18 

10.814295 

189.34 

II.497657 

190.32 

I2.I84659 

191.36 

12.875534 
12.887082 

192.47 

10 

10.825655 

189.35 

II.509077 

190.33 

I2.I9614I 

191.38 

192.49 

20 

IO.837017 

189.37 

11.520497 

»9°-35 

I2.207624 

191.40 

12.898632 

192.51 

21 

IO.848380 

189.39 

II.531919 

190.37 

12.219108 

191-41 

12.910183 
12.921736 
12.933289 

192.53 

22 

IO.859744 

189.40 

11.543342 

190.39 

I2.230594 

191.43 

192.55 

23 

IO.871 108 

189.42 

11.554765 

190.40 

I2.242080 

191.45 

192.56 

24 

IO.882474 

189.43 

II. 566190 

190.42 

I2.253568 

191.47 

12.944843 

192.58 

25 

IO.893840 

189.45 

II. 577616 

190.44 

I2.265057 

191.49 

12.956399 

192.60 

26 

IO.905208 

189.47 

11.589042 

190.45 

I2.276546 

191.50 

12.967956 

192.62 

27 

10.916576 

189.48 

11.600470 

190.47 

I2.288037 

191.52 

12.979514 

192.6A 
192.66 

28 

IO.927946 

189.50 

II.611899 

190.49 

I2.299529 

191-54 
191.56 

12.991073 

20 

IO.939316 

189.51 

11.623328 

190.50 

I2.3I  I022 

13.002633 

192.68 

30 

IO.950687 

189.53 

11.634759 

190.52 

I2.322516 

191.58 

13.014195 

192.70 

31 

IO.962059 

18955 

11.646191 

190.54 

I2.334OI  I 

191.60 

i3-°25757 

192.72 

M 

'°973433 

189.56 

11.657624 

190.56 

12.345508 

191. 61 

13.037321 

19^-74 
192.76 

33 

IO.984807 

189.58 

11.669057 

190.57 

I2.357OO5 

191.63 

13.048886 

31 

IO.996182 

189.59 

11.680492 

190.59 

I2.368503 

191.65 

13.060452 

192.78 

35 

II.007558 

189.61 

II. 691928 

190.61 

I2.380OO3 

191.67 

13.072019 

192.80 

36 

II. 018935 

189.63 

11.703365 
11. 714803 

190.62 

12.391504 

191.69 

13.083587 

192.82 

:*t 

II. 030313 
1 1. 041692 

189.64 

190.64 

12.403006 

191.70 

i3-°95i57 

192.83 

38 

189.66 

11.726242 

190.66 

I2.4I4509 

191.72 

13.106727 

192.85 

39 

II.053072 

189.67 

11.737682 

190.68 

I2.426013 

191.74 

13.118299 

192.87 

40 

II.064453 
II.07583C 

189.69 

1 1. 749123 

190.69 

i2-4375I7 

191.76 

13.129872 

192.89 

41 

189.71 

11.760565 
II.772008 

190.71 

12.449023 

191.78 

13-141446 

192.91 

1  42 

II.087218 

189.72 

190.73 

12.460531 

191.80 

13.153022 

192.93 

1  43 

1 1.098602 

189.74 

II.783452 
"•794897 

190.74 

12.472039 

191.81 

13.164598 
13.176176 

192.95 

II 

1 1.  IO9987 

189.76 

190.76 

12.483548 

191.83 

192.97 

45 

II.121372 

189.77 

11.806344 

190.78 

12.495059 

191.85 

13.187755 

192.99 

46 

II. 132759 

189.79 

11.817791 

190.80 

12.506571 

191.87 

I3-199335 

193.01 

47 

II.144147 

189.80 

II.829239 
II.840689 

190.81 

12.518083 

191.89 

13.210916 

193.03 

48 

II. 155536 
II. 166925 

189.82 

190.83 

12.529597 

191.91 

13.222498 

193.05 

40 

189.84 

II. 852139 

190.85 

12.541 1 12 

191.93 

13.234082 

193.07 

50 

II.178316 

189.85 

II.863590 

190.87 

12.552628 

191.94 
191.96 

13.245667 

193.09 

51 

1 1. 189708 

189.87 

11.875045 
11.88649b 

190.88 

12.564145 

i3-257*53 

193.11 

52 

II.20II00 

189.89 

190.90 

12.575664 

191.98 

13.268840 

I93-I3 

53 

I  1. 2 1  2494 
II.223889 

189.90 

11.897951 

190.92 

12.587183 

192.00 

13.280428 

193.15 

51 

189.92 

11.909407 

190.94 

12.598704 

192.02 

13.292017 

193.17 

55 

II.235284 

189.93 

11.920863 

190.95 

12.610225 

192.04 

13.303608 

193-19 

56 

I  1. 246681 

189.95 

11.932321 

190.97 

12.621748 

192.06 

13.315200 

193.21 

57 

I  I.258078 

189.97 

II.943780 

190.99 

12.633272 

192.07 

13.326793 

193.23 

58 

II.269477 
I  I.280876 

189.98 

11.955239 

191.01 

12.644797 

192.09 

13.338387 

193.25 

59 

190.00 

11.966700 

191.02 

12.656323 

192.II 

13.349982 

193.27 

60 

II.292277 

190.02 

II. 978162 

191.04 

12.667850 

192.13 

13.361579 

193.29 

570 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

20° 

21 

0 

22 

0 

23 

0 

M. 

j  Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

H. 

Diff.  1". 

0' 

13.361579 

1  I93-29 

14.059591 

194.51 

14.762153 
14.773882 

195.80 

15.469459 

197.17 

1 

I3-373I77 

!  19331 

14.071262 

'94-5  3 

195.83 

15.481290 

197.19 

2 

13.384776 

!  '93-33 

14.082935 
14.094608 

'94-55 

14.785632 
14.797384 

195.85 

15.493122 

197.21 

3 

13.396376 

193-35 

'94-57 

195.87 

15.504956 
15.516791 

'97*4 
197.26 

4 

13.407977 

|  '93-37 

14.106283 

194.59 

14.809137 

195.89 

5 

13.419580 

j  193.39 

14.117960 

194.61 

14.820891 

195.91 

15.528627 

197.28 

6 

13.431183 

193.41 

14.129637 

I94-64 
194.66 

14.832647 

'9594 
195.96 

15.540465 

197.31 

7 

13442788 

'93-43 

14.141316 

14.844403 

15.552304 

'97-33 

8 

'3-454394 

193-45 

14.152996 

194.68 

14. 856161 

195.98 

15.564144 

'97-35 

9 

13.466002 

'93-47 

14.164677 

194.70 

14.867921 

196.00 

15.575986 

197.38 

!  10 

13.477610 

193.49 

14.176360 

194.72 

14.879682 

196.03 

15.587830 

197.40 

'  11 

13.489220 

193.51 

14.188044 

'94-74 
194.76 

14.891444 

196.05 

'5-599675 

'97-43 

12 

13.500831 

'93-53 

14.199729 

14.903208 

196.07 

15.61 1 521 

'97-45 

13 

1  3-5  'H43 
13.524056 

193-55 

14.21  1 4 1  5 

194.78 

14.914973 

196.09 

15.623369 

'97-47 

14 

'93-57 

14.223103 

194.81 

14.926739 

196.12 

15.635218 

197.50 

i  15 

13.535671 

193-59 

14.234792 
14.246482 

194.83 

14.938506 

196.14 

15.647068 

197.52 

:    16 

13.547287 

193.61 

194.85 

14.950275 

196.16 

15.658920 

'97-54 

i    17 

13.558904 

193.63 

14.258174 

194.87 

14.962045 

196.18 

15.670773 

'97-57 

!  18 

13.570522 

193.65 

14.269867 

194.89 

14.973817 

196.20 

15.682628 

'97-59 

19 

1  3.582141 

193.67 

14.281561 

194.91 

14.985590 

196.23 

15.694484 

197.61 

20 

13.593762 

193.69 

14.293256 

194.93 

14.997365 

196.25 

15.706342 

197.64 
197.66 

21 

13.605383 

193.71 

'4-3°4953 

'94-95 

15.009140 

196.27 

15.718201 

;  22 

13.617006 

'93-73 

14.316651 

194.98 

15.020917 

196.30 

15.730061 

197.69 

23 

13.628631 

193-75 

14.328350 

195.00 

15.032696 

196.32 

15.741925 
15.753786 

197.71 

24 

13.640256 

193-77 

14.340050 

195.02 

15.044475 

196.34 

'97-73 

25 

13.651883 

193-79 

I4-35I752 

195.04 

15.056256 

196.36 

15.765651 

197.76 

:  26 

1 3.6635 1 1 

193.81 

I4-363455 

195.06 

15.068039 

196.39 

'5-7775'7 

197.78 

!  27 

13.675140 

193.83 

'4-375'59 

195.08 

15.079823 

196.41 

15.789385 

197.80 

1  28 

13.686770 

193.85 

14.386865 

195.10 

15.091608 

196.43 

15.801254 

197.83 

J  29 

1  3.698401 

193.87 

'4-39857* 

'95'3 

15.103394 

196.45 

15.813124 

197.85 

30 

13.710034 

193.89 

14.410280 

195.15 

15.115182 

196.48 

15.824996 

197.88 

31 

13.721668 

193.91 

14.421990 

195.17 

15.126971 

196.50 

15.836870 

197.90 

;  32 

I3-7333°3 

193.93 

14.433700 

195.19 

15.138762 

196.52 

15.848744 

197.92 

1  33 

•  3-74494° 

'93-95 

14.445412 

195.21 

15.150554 
15.162348 

196.54 

15.860620 

'97-95 

i  :u 

»3-756577 

193-97 

14.457126 

195.23 

196.57 

15.872498 

'97-97 

35 

13.768216 

193.99 

14.468841 

195.26 

15.174142 

196.59 

15.884377 

198.00 

|  36 

13.779856 

194.01 

14.480557 

195.28 

15.185938 

196.61 

15.896258 

198.02 

!  37 

13.791498 

194.03 

14.492274 

195.30 

15.197736 

196.64 
196.66 

15.908140 

198.04 

38 

13.803140 

194.05 

14.503992 

195.32 

15.209535 

15.920023 
15.931908 

198.07 

1  39 

13.814784 

194.07 

14.515712 

'95-34 

15.221335 

196.68 

198.09 

1  40 

13.826429 

194.09 

'4-5^7434 

195.36 

15.233137 

196.70 

'5-943794 
15.955682 

198.12 

i  41 

13.838075 

194.11 

14.539156 

'95-39 

15.244940 

196.73 

198.14 

!  42 

13.849723 

194.14 

14.550880 

195.41 

15.256744 

196.75 

15.967571 

198.17 

43 

13.861372 

194.16 

14.562605 

'95-43 

15.268550 

196.77 

15.979462 

198.19 

44 

13.873022 

194.18 

'4-57433' 

'95-45 

15.280357 

196.80 

'5-99'354 

198.21 

45 

13.884673 

194.20 

14.586059 
14.597788 

'95-47 

15.292165 

196.82 

16.003248 

198.24 
198.26 

46 

13896325 

194.22 

195.50 

I5-303975 

196.84 

16.015143 

47 

13.907979 

194.24 

14.609519 

195.52 

15.315786 

196.87 

16.027039 

198.29 

48 

13.919634 

194.26 

14.621250 
14.632983 

'95-54 
195.56 

'5-3*7599 

196.89 

16.038937 
16.050836 

198.31 

49 

13.931290 

194.28 

15.339413 

196.91 

198.34 

50 

13.942948 

194.30 

14.644718 

195.58 

15.351228 

196.9A 
196.96 

16.062737 

198.36 

51 

13.954606 

194.32 

14.656453 

195.60 

15.363045 
15.374863 
15.386683 

16.07^639 
16.086543 

198.38 

52 

1 3.966266 

'94- 34 

14.668190 

195.63 

196.98 

198.41 

53 

13-9779*7 

194.36 

14.679929 

195.65 

197.00 

16.098449 

198.43  | 
198.46 

54 

13.989590 

194.38 

14.691668 

195.67 

15.398504 

197.03 

16. 1 10355 

55 

14.001254 

19441 

14.703409 

195.69 

15.410326 

197.05 

16.122263 

198.48 

56 

14.012919 

194-43 

14.715151 
14.726895 

195.71 

15.422150 

197.07 

16.13^173 
16.146084  j 

'9«-5i 

|  57 

14.024585 

194-45 

'95-74 
195.76 

'5-433975 
15.445802 

197.10 

198.53 
198.56  | 

!  58 

14.036252 

194-47 

14.738640 

197.12 

16.157997  j 
1 6. 1 699 1 1  j 

59 

14.047921 

'94-49 

14.750386 

195.78 

15.457630 

197.14 

198.58  j 

,  60 

14.059591 

194.51 

14.762133 

195.80 

15.469459 

197.17 

16.181826 

198.60  1 

571 


TABLE  VI. 


For  finding  the  True  A 

nomaly  or  the  Time  from  the  Perihelion  in 

a  Parabolic 

Orbit. 

V. 

24 

0 

25 

0 

26 

0 

27 

0 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

M. 

Diff.  1". 

0* 

16.181826 

198.60 

16.899499 

200.12 

17.622747 

201.70 

18.351847 

203.37 

1 

»6.I93743 
16.205662 

198.63 

16.911507 

200.14 

17-63485° 
17.646954 

201.73 
201.76 

18.364050 
18.376255 

203.40 

2 

198.6c 
198.68 

16.923516 

200.17 

203.42 

3 

16.217582 

16.935527 

200.19 

17.659060 

201.78 

18.388461 

203.45  : 

4 

16.229503 

198.70 

16.947539 

200.22 

17.671168 

201.81 

18.400669 

203.48 

5 

16.241426 

198.73 

'6959553 
16.971568 

200.24 

17.683278 

201.84 

18.412879 

203.51 

6 

16.253350 

198.75 

200.27 

17.695389 

201.87 

18.425090 

203.54 

7 

16.265276 

198.78 

16.983585 

200.30 

17.707502 

201.89 

18.437303 

203.57 

8 

16.277204 

198.80 

16.995604 

200.32 

17.719616 

201.92 

18.449518 
18.461735 

203.59 

9 

16.289133 

198.83 

17.007624 

200.35 

17.731732 

201.95 

203.62 

10 

16.301063 

198.85 

17.019646 

200.37 

17.743850 

201.97 

18.473953 
18.486173 

203.65 

11 

16.312995 

198.88 

17.031669 

200.40 

■  I7-755969 

202.00 

203.68 

12 

16.324928 

198.90 

17.043694 

200.43 

17.768090 

202.03 
202.06 

18.498395 
18.510618 

203.71 

13 

16.336863 

198.93 

17.055720 

200.45 

17.780213 

203.74 

14 

16.348799 

198.95 

17.067748 

200.48 

17.792337 

202.08 

18.522843 

203.77 

15 

16.360737 

198.97 

17.079777 

200.50 

17.804462 

202.11 

18.535070 

203.80 

16 

16.372676 

199.OO 

17.091808 

200.53 

17.816590 

202.I4 

18.547299 

203.82 

17 

16.384617 

199.02 

17.103841 

200.56 

17.828719 

202.I7 

18.559529 

203.85 

18 

16.396559 

199.05 

17.115875 

200.58 

17.840850 

202.I9 

18.571761 

203.88 

19 

16.408503 

199.07 

17.127911 

200.61 

17.852982 

202.22 

18.583995 

203.91 

20 

1 6.420448 

199.10 

17.139948 

200.64 

17.865116 

202.25 

18.596230 
18.608467 

203.94 

21 

16.432395 

199.12 

17.151987 

200.66 

17.877252 

202.28 

203.97 

22 

16.444343 

199.15 

17.164028 

200.69 

17.889389 

2O2.3O 

18.620706 

204.00 

23 

16.456292 

199.17 

17.176070 

200.71 

17.901528 

202.33 

18.632947 

204.03 

24 

16.468243 

199.20 

17.188114 

200.74 

17.913669 

202.36 

18.645190 

204.05 

;  25 

16.480196 

199.22 

17.200159 

200.77 

17.925811 

202.39 

18.657434 

204.08 

26 

16.492151 

199.25 

17.212206 

200.79 

'7-937955 

202.4I 

18.669679 

204.11 

27 

16.504107 

199.27 

17.224254 

200.82 

17.950101 

202.44 

18.681927 

204.14 

!  28 

16.516064 

199.30 

17.236304 

200.85 

17.962248 

202.47 

18.694177 

204.17 

29 

16.528022 

199.33 

17.248356 

200.87 

'7-974397 

202.50 

18.706428 

204.20 

30 

16.539983 

'99-35 

17.260409 

200.90 

17.986548 

202.52 

18.718680 

204.23 

31 

16.55194c 

199.38 

17.272464 

200.93 

17.998700 

202.55 

18.730935 

204.26 

32 

16.563908 
16.575873 

199.40 

17.284520 

200.95 

18.010854 

202.58 

l8-743'9' 

204.29 

33 

'99-43 

17.296578 

200.98 

18.023010 

202.6l 

18.755449 

204.32 

34 

16.587839 

199.45 

17.308637 

201.00 

18.035167 

202.64 

18.767709 

204.35 

35 

16.599807 

199.48 

17.320698 

201.03 
201.06 

18.047326 

202.66 

18.779971 

204.37 

36 

16.611776 

199.50 

17.332761 

18.059487 

202.69 

18.792234 

204.40 

37 

16.623747 

'99-53 

17.344825 

201.08 

18.071649 

202.72 

18.804499 

204.43 
204.46 

i  38 

16.635719 

'99-55 

17.356891 

201. 11 

18.083813 

202.75 

18.816767 

39 

16.647693 

199.58 

17.368959 

201.14 

18.095979 

202.78 

18.829036 

204.49 

40 

16.659669 

199.60 

17.381028 

201.16 

18.108146 

202.80 

18.841305 

204.52 

41 

16.671646 

199.63 

17.393098 

201.19 

18.120315 

202.83 

18.853577 

204.55 
204.58 

42 

16.683624 

199.65 

17.405 171 

201.22 

18.132486 

202.86 

18.865851 
18.878127 

43 

16.695604 

199.68 

17.417245 

201.24 

18.144658 

202.89 

204.61 

44 

16.707586 

199.70 

17.429320 

201.27 

18.156832 

202.92 

18.890404 

204.64 

45 

16.719569 

'99-73 
199.76 

I7-44I397 

201.30 

18.169008 

202.94 

18.902684 

204.67 

46 

16.731553 

I7-453476 

201.32 

18.181186 

202.97 

18.914965 

204.70 

!  47 

'6-743539 

199.78 

17.465556 

201.35 

18.193365 

2O3.OO 

18.927247 

204.73 
204.76 

48 

16.755527 
16.767516 

199.81 

17.477638 

201.38 

18.205546 

203.03 
203.06 

18.939532 

49 

199.83 

17.489722 

201.41 

18.217728 

18.951818 

204.79 

50 

16.779507 

199.86 

17.501807 

201.43 
201.46 

18.229912 

203.08 

18.964106 
18.976396 
18.988687 

204.81 

51 

16.791499 

199.88 

17.513894 

18.242098 
18.254286 

203.II 

204.84 

52 

,M°3493 
16.815488 

199.91 

17.525982 
17.538072 

201.49 

203.I4 

204.87 

53 

'9994 
199.96 

201.51 

18.266475 

2O3.I7 

19.000981 

204.90 

54 

16.827485 

17.550163 

201.54 

18.278666 

203.20 

19.013276 

204.93 

55 

16.839484 

199.99 

17.562257 

201.57 

18.290859 

203.23 

19.025573 
19.037871 

204.96 

56 

16.851484 

200.01 

'7-57435* 

201.59 

18.303053 

203.2C 

204.99 

57 

16.863485 
16.875488 

200.04 

17.586448 

201.62 

18.315249 

203.28 

19.050172 

205.02 

58 

200.06 

17.598546 

201.65 

18.327447 
18.339646 

203.3I 

19.062474 

205.05 

59 

16.887493 

200.09 

17.610646 

201.68 

*°3-34 

19.074778 

205.08 

60 

16.899499 

200.12 

17.622747 

201.70 

18.351847 

203.37 

19.087084 

205.11 

572 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


1 
V, 

28 

0 

29 

O 

30° 

31 

0 

M. 

Diff.  1". 

M. 

Diff.  1". 

log  M. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

19.087084 

205.11 

19.828747 

206.94 

1. 313  3849 

44.08 

I.329 

0430 

42.92 

1 

19.099391 

205.14 

19.841164 

206.97 

•3'3  6493 

44-°6 

.329 

3004 

429  i 

2 

19. 1 11701 

205.17 

19.853583 

207.00 

.313  9136 

44.04 

.329 

5578 

42.89 

3 

19  1 24012 

205.20 

19.866004 

207.03 

.314  1778 

44.02 

.329 

8151 

42.87 

4 

19.136325 

205.23 

19.878427 

207.06 

.314  4419 

44.00 

•33° 

0723 

42.85 

5 

19.148639 

205.26 

19  890852 

207.09 

1.314  7058 

43.98 

[.330 

3293 

42.83 

6 

19.160956 

205.29 

19.903279 

207.13 

.314  9696 

43.96 

.330 

5862 

42.81 

7 

19.173274 

205.32 

19.915707 

207.16 

•3'5  2333 

43-94 

•33° 

8431 

42.80 

8 

19.185594 

20535 

19.928137 

207.19 

.315  4969 

43.92 

.331 

0998 

42.78 

9 

19.197916 

205.38 

19.940569 

207.22 

.315  7604 

43.90 

.331 

3564 

42.76 

10 

19.210240 

205.41 

19.953003 

207.25 

1.316  0237 

43.88 

[.331 

6129 

42.74 

!  ' ' 

19.222566 

205.44 

19.965439 

207.28 

.316  2869 

43.86 

.331 

8693 

42.72 

12 

19.234893 

205.47 

19.977877 

207.31 

.316  5500 

43.84 

•332 

1255 

42.70 

13 

19.247222 

205.50 

19.990317 

207.34 

.316  8130 

43.82 

.332 

3817 

42.69 

14 

19.259553 

205-53 

20.002759 

207.38 

.317  0759 

43.80 

.332 

6378 

42.67 

15 

19.271885 

205.56 

20.015202 

207.41 

1. 317  3386 

43.78 

I.332 

8937 

42.65 

16 

19.284220 

205.59 

20.027647 

207.44 

.317  6013 

43.76 

•333 

1496 

42.63 

17 

19.296556 

205.62 

20.040095 

207.47 

.317  8638 
.318  1262 

43-74 

•333 

4053 

42.61 

18 

19.308894 

•205.65 

20.052544 

207.50 

43-72 

•333 

6609 

42.59 
42.58 

19 

19.321234 

205.68 

20.064995 

207.53 

.318  3885 

43.70 

•333 

9164 

20 

19.333576 

205.71 

20.077448 

207.57 

1.318  6506 

43.68 

'•334 

1718 

42.56 

21 

19.345920 

205.74 

20.089903 

207.60 

.318  9127 

43-67 

•334 

4271 

42.54 

22 

19.358265 

205.77 

20.102360 

207.63 

.319  1746 

43-65 

•334 

6823 

42.52 

23 

19.370612 

205.80 

20.114818 

207.66 

.319  4364 

43.63 

•334 

9374 

42.50 

24 

19.382961 

205.83 

20.127279 

207.69 

.319  6981 

43.61 

■335 

1924 

42.49 

25 

'9-395312 

205.86 

20.139741 

207.72 

i-3x9  9597 

43-59 

•335 

4472 

42.47 

26 

19.407665 

205.89 

20.152206 

207.76 

.320  2212 

43-57 

•335 

7020 

42.45 

27 

19.420019 

205.92 

20.164672 

207.79 

.320  4825 

43-55 

•335 

9567 

42.43 

28 

*9432375 

205.95 

20.177140 

207.82 

.320  7438 

43-53 

•336 

2112 

42.41 

29 

x9-444734 

205.98 

20.189610 

207.85 

.321  0049 

43-5* 

•336  4656 

42.40 

30 

19.457094 

206.01 

20.202082 

207.88 

1. 321  2659 

43-49 

•336 

7199 

42.38 

31 

19.469455 

206.04 

20.214556 

207.91 

.321  5268 

43-47 

.336 

9742 

42.36 

32 

19.48 1 8 19 

206.08 

20.227032 

207.95 

.321  7875 

43-45 

•337 

2283 

42-34 

33 

19.494184 

206.1 1 

20.239510 

207.98 

.322  0482 

43-43 

•337 

4823 

42-33 

34 

19.506551 

206.14 

20.251989 

208.01 

.322  3087 

43.41 

•337 

7362 

42.31 

35 

19.518921 

206.17 

20.264471 

208.04 

1.322  5692 

43.40 

•337 

9900 

42.29 

j  36 

19.531292 

206.20 

20.276954 

208.07 

.322  8295 

43.38 

•338 

2437 

42.27 

1  37 

19.543664 

206.23 
206.26 

20.289440 

208.II 

.323  0897 

43.36 

.338 

4972 

4.2.25 

;  38 

19.556039 

20.301927 

208.14 

.323  3498 
.323  6097 

43-34 

•338 

7507 

42.24 

39 

19.568415 

206.29 

20.314416 

208.17 

43-32 

•339 

0041 

42.22 

40 

19.580794 

206.32 

20.326907 

208.20 

1.323  8696 

43.30   1 

•339 

2573 

42.20 

41 

I9S93I74 

206.35 

20.339400 

208.24 

.324  1294 

43.28 

•339 

5105 

42.18 

42 

19.605556 

206.38 

20.351895 

208.27 

.324  3890 

43.26 

•339 

7635 
.0165 

42.17 

43 

19.617939 

206.41 

20.364392 

208.30 

.324  6485 

43-24 

•34° 

42.15 

44 

19.630325 

206.44 

20.376891 

208.33 

.324  9079 

43.22 

.340 

2693 

42.13 

45 

19.642713 

206.47 

20.389392 

208.36 

1.325  1672 

43.21   1 

•34° 

5221 

42.11 

46 

19.655102 

206.50 

20.401895 

208.39 

.325  4263 

43-19 

•34° 

7747 

42.10 

47 

19.667493 
19.679886 

206.53 

20.4IJ.399 
20.426906 

208.43 

.325  6854 

43-17 

.341 

0272 

42.08 

48 

206.57 

208.46 

•3*5  9443 

43-15 

•341 

2796 

42.06 

49 

19.692281 

206.60 

20.439415  - 

208.49 

.326  2032 

43-13 

.341 

5319 

42.04 

50 

19.704678 

206.63 
206.66 

20.451925 

208.52 

1.326  4619 

43.11   1 

.341 

7841 
0362 

42.03 

51 

19.717076 

20.464437 

208.56 

.326  7205 

43.09 

.342 

42.01 

52 

19.729477 

206.69 

20.476952 

208.59 

.326  9790 

43-°7 

.342 

2882 

41.99 

53 

19.741879 

206.72 

20.489468 

208.62 

•3*7  2374 

43-°5 

.342 

5401 

41-97 

51 

19.754283 

206.75 

20.501986 

208.65 

•3*7  4957 

43.04 

.342 

7919 

41.96 

55 

19.766689 

206.78 

20.514506 

208.69 

1.327  7538 

43.02   1 

•343 

0436 

41.94 

56 

19.779097 

206.81 

20.527029 

208.72 

.328  0119 
.328  2698 

43.00 

•343 

2952 

41.92 

57 

19.791507 

206.84 
206.88 

20.539553 

208.7C 
208.78 

42.98 

•343 

5467 

41.90 
41.89 

58 

19.803919 

20.552079 

.328  5276 

42.96 

•343 

7980 

59 

19.816332 

206.91 

20.564607 

208.82 

.328  7853 

42.94 

•344  0493 

41.87 

60 

19.828747 

206.94 

20.577137 

208.85 

1.329  0430 

42.92   1 

•344  3005 

41.85 

573 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

32 

0 

33 

0 

34 

0 

35 

0 

logM. 

DifT.  1". 

bfX. 

Diff.  1". 

logM. 

Diff.  1". 

leg  It 

Diff.  1". 

0' 

'•344  3005 

41.85 

'•359  l859 

40.86 

»-373 

7251 

39-93 

[.387  9418 

39.06 

1 

•344  55'5 

41.84 

•359  43io 
•359  6760 

40.84 

•373 

9646 

39.91 

.388  1761 

39.05 

2 

•344  80*5 

41.82 

40.82 

•374 

2041 

39.90 

.388  4104 

39.04 

3 

•345  °534 

41.80 

•359  9209 

40.81 

•374 

4434 

39.88 

.388  6446 
.388  8787 

39.02 

4 

•345   3°4i 

41.78 

.360  1657 

40.79 

•374 

6827 

39.87 

39.01 

5 

'•345   5548 

4»-77 

[.360  4104 

40.78 

1-374 

9218 

39-85 

[.389  1127 

38.98 

6 

•345   8053 

4i-75 

.360  6550 

40.76 

•375 

1609 

39.84 

•389  3466 
.389  5804 

7 

.346  0558 

41-73 

.360  8995 

40.74 

•375 

nn 

39.82 

38.97 

8 

.346  3061 

41.72 

.361   1439 

40.73 

•375 

39.81 

.389  8142 

38.95 

9 

.346  5564 

41.70 

.361   3883 

40.71 

•375 

8776 

39-79 

.390  0479 

38-94 

10 

.346  8065 

41.68 

[.361  6325 

40.70     . 

1.376 

1 1 64 

39.78 

[.390  2815 

3893 

11 

•347  0565 

41.66 

.361   8766 

40.68 

•376 

355° 

39-77 

.390  5150 

38.91 

12 

•347   3o65 

41.65 

.362  1207 

40.66 

.376 

5935 

39-75 

.390  7484 

38.90 

13 

•347   5563 

41.63 

.362  3646 

40.65 

•376 

8320 

39-74 

.390  9817 

38.88 

14 

.347  8060 

41.61 

.362  6084 

40.63 

•377 

0703 

39-7^ 

.391  2150 

38.87 

15 

•348  0557 

41.60 

[.362  8522 

40.62 

1-377 

3086 

39-71 

1. 391  4482 
.391  6813 

38.86 

10 

.348  3052 

41.58 

.363  0959 

40.60 

•377 

5468 

39.69 

38.84 

17 

•348   5546 

41.56 

•363   3394 

40.59 

•377 

7849 

39.68 

.391  9143 

38.83 

18 

.348  8040 

4i-55 

•363  5829 

40.57 

378 

0230 

39.06 

.392  1472 

38.82 

19 

•349  °53* 

4'-53 

.363  8263 

40.56 

.378 

2609 

39.65 

.392  3801 

38.80 

20 

•349  3°*3 

41.51 

[.364  0696 

4°-54 

1.378 

4987 

39.64 

1.392  6128 

38.79 

21 

•349  5513 

41.50 

.364  3128 

40.52 

.378 

7365 

39.62 

.392  8455 

38-77 

22 

•349  8003 

41.48 

•364  5559 

40.51 

■378 

9742 

39.61 

•393  078i 

38.76 

23 

.350  0491 

41.46 

.364  7989 

40.49 

•379 

2117 

39-59 

39.58 

•393   3I07 

38.75 

24 

.350  2978 

41.45 

.365  0418 

40.48 

•379 

4492 

•393  543' 

38-73 

25 

•35°  5464 

41.43 

[.365  2846 

40.46 

1.379 

6866 

39.56 

t-393  7755 

38.72 

20 

.350  7950 

41.41 

•365  5*73 

40.45 

•379 

9240 

39-55 

•394  0078 

38.71 

27 

•35 »  °434 

41.40 

•365  7699 

40.43 

.380 

1612 

39-53 

.394  2400 

38.60 
38.68 

28 

.351   2917 

41.38 

.366  0125 

40.41 

.380 

3983 
6354 

39-5* 

•394  47*i 

29 

•35i  5399 

41.36 

•366  2549 

40.40 

.380 

39.50 

•394  7°4i 

38.67 

30 

.351  7880 

41-35 

[.366  4973 

40.38 

1.380 

8724 

39-49 

'•394  936i 
.395   1680 

38.65 

31 

.352  0361 

4»-33 

•366  7395 

4°-37 

.381 

1093 

39-47 

38.64 

32 

.352  2840 

41.31 

.366  9817 

40.35 

.38! 

3461 

39.46 

•395   3998 
•395  63'5 

3863 

33 

.352  5318 

41.30 

.367  2238 

40.34 

.381 

5828 

39-45 

38.61 

34 

•35*  7795 

41.28 

•367  4657 

40.32 

.381 

8194 

39-43 

•395  8631 

38.60 

35 

•353  °*7* 

41.26 

[.367  7076 

40.31 

1.382 

0559 

39.42 

'•396  094.7 
.396  3262 

3859 

30 

•353  *747 

41.25 

•367  9494 

40.29 

.382 

2924 

39-4° 

3857 

37 

•353  5"i 

41.23 

.368   191 1 

40.28 

.382 

5288 

39-39 

.396  5576 

38.56 

38 

•353  7694 

41.21 

•368  4327 

40.26 

.382 

7651 

39-37 

.396  7889 

38-55 

39 

•354  ol67 

41.20 

.368  6742 

40.25 

•383 

0013 

39-36 

.397  0201 

38.53 

40 

•354  2638 

41.18 

1.368  9157 

40.23 

1.383 

2374 

39-35 

'•397  *5'3 

38.52 

41 

•354  5108 

41.16 

•369   1570 

40.21 

.383 

4734 

39-33 

•397  4813 

38.51 

42 

•354  7578 

41.15 

•369  3983 
•369  6394 

40.20 

.383 

7093 

39-3* 

•397  7133 

38.49 

43 

•355  °°46 

41.13 

40.18 

.383 

9452 

39.30 

•397  944* 

38.48 

44 

•355  *5'3 

41. 11 

.369  8805 

40.17 

.384 

1809 

39.29 

.398   1751 

38.47 

45 

•355  498o 

41.10 

[.370  1214 

40.15 

1.384 

4166 
0522 
8878 

39.27 

.398  4058 
•398  6365 
.398  8671 

38-45 

46 

•355  7445 

41.08 

.370  3623 
.370  6031 

40.14 

.384 

39.26 

38.44 

47 

•355  9909 

41.07 

40.12 

.384 

39.25 

38.43 

48 

.356  2573 

41.05 

.370  8438 
.371  0844 

40.11 

.385 

1232 
3585 

39*3 

-399  0976 

38.41 

49 

•356  4836 

41.03 

40.09 

.385 

39.22 

•399  3*8i 

38.40 

50 

.356  7297 

41.02 

[.371   3249 

40.08 

1.385 

5938 

39.20 

•399  5584 

38.39 

51 

.356  9758 

41.00 

.371    5654 
.371   8057 

40.06 

# 

8290 

39.19 

•399  7887 

38.37 

r,i 

•357  «I7 

40.98 

40.05 

0641 

39.18 

.400  0189 

38.36 

53 

•357  4676 

40.97 

.372  0459 
.372  2861 

40.03 

.386 

2991 

39.16 

.400  2491 

38-35 

54 

•357  7'34 

40.95 

40.02 

.386 

534° 

39-»5 

.400  4791 

38-33 

55 

•357  959° 

40.94 

1.372   5261 

40.00 

1.386  7689 

39-13 

.400  7091 

38.32 

56 

.358  2046 

40.92 

.372  7661 

39-99 

.387 

0036 
2383 

39.12 

.400  9390 
.401    1688 

38.31 

57 

•358  4501 
.358  6954 

40.90 

.373  0060 

39-97 

.387 

39.11 

38.30 

58 

40.89 

•373  *458 
•373  4»55 

39.96 

.387 

4729 

39.09 
39.08 

.401   3985 

38.28 

59 

.358  9407 

40.87 

39-94 

.387 

7074 

.401  6282 

38.27 

60 

•359  1859 

40.86 

•373  7*5» 

39-93 

1.387 

9418 

39.06      1 

.401  8578 

38.26 

574 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

36 

0 

37° 

38 

39 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

1.401    8578 

38.26 

I.415   4930 
.415   7180 

37-5° 

I.428   8662 

36.80 

1. 44 1    9943 

36.14 

1 

.402   0873 

38.24 

37-49 

.429   0869 

36.79 

.442   21 1 1 

36.13 

2 

.402   3167 

38.23 

.415    9429 

37-47 

•429    3076 

36.78 

.442  j.279 
.442   6446 
.442   8612 

36.12 

3 

.402   5460 

38.22 

.416    1678 

37.46 

•429    5283 
.429   7488 

36.77 

36.11 

4 

.402   7753 

38.20 

.416    3925 

37-45 

36.75 

36.10 

5 

I.403   0045 

38.10 

1.416   6172 

37-44 

I.429   9693 

36.74 

I.443   0778 

36.09 
36.08 

6 

.403   2336 
.403   4626 

38.,§ 

.416   8419 
.417   0664 

37-43 

•43°    1897 

36-73 

•443  *943 

7 

38.17 

37.41 

.430  4101 

36.72 

•443   5107 

36.07 

8 

.403    6916 

38.15 

.417    2909 

37-40 

.430   6304 

36.71 

•443  7271 

36.06 

9 

.403   9205 

38.14. 

•417    5153 

37-39 

.430   8506 

36.70 

•443  9434 

36.05 

1     10 

1.404   1493 

3813 

»-4i7  7396 
.417   9639 
.418   1881 

37-38 

1.431    0708 

36.69 

1.444  1597 

36.04 

11 

.404   3780 
.404  6067 

38.12 

37-37 

•43 1   2909 

36.68 

•444  3758 

36.03 

}'i 

38.10 

37.36 

•43 1   5I09 

36.66 

•444  59*° 

36.02 

\     13 

.404   8352 

38.09 
38.08 

.418  4122 

37-35 

•43i   73o8 

36.65 

.444  8080 

36.00 

14 

.405   0637 

.418  6362 

37-33 

•43i   9507 

36.64 

•445  024° 

35-99 

15 

1.405    2921 

38.06 

1.418   8602 

37.32 

1.432  1705 

36.63 

1.445  2400 

35-98 

16 

.405    5205 

38.05 

.419  0841 

37-31 

•432  3903 

36.62 

•445  4558 

35-97 

17 

.405   7488 

38.03 

•419  3°79 

37.30 

.432  6100 

36.61 

•445  6716 

35.96 

i     18 

.405    9769 

38.02 

.419  5317 

37-29 

.432  8296 

36.60 

•445  8874 

35-95 

19 

.406   2051 

38.01 

•419  7554 

37.27 

•433  0491 

36.59 

.446   1 03 1 

35-94 

20 

I.406   4331 
.406   661 1 

38.00 

i-4i9  979° 

37.26 

1.433  2686 

36.57 

1.446  3187 

35-93 

21 

37-99 

.420  2026 

37.25 

•433  4881 

36.56 

•446  5343 
•446  7498 

35.92 

22 

.406    8889 

37-97 

.420  4260 

37.24 

•433  7074 

36-55 

35-91 

23 

.407    1 168 

37.96 

.420  6494 

37.23 

•433  9267 

36-54 

•446  9652 

35.90 

24 

•4°7  3445 

37-95 

.420  8728 

37-22 

•434  1459 

36.53 

.447   1806 

35.89 

25 

1.407  5721 

37-94 

1. 421  0960 

37.20 

1.434  3651 

36.52 

1-447   3959 
.447  61 12 

35.88 

26 

.407  7997 

37.92 

.421  3192 

37-19 

•434  5842 

36.51 

35.87 

27 

.408  0272 

37-91 

.421  5423 

37.18 

•434  8032 

36.50 

•447  8263 

35.86 

1     28 

.408  2547 
.408  4820 

37.90 

.421  7654 

37-17 

.435  0221 

36.49 

•448  0415 

35-85 

29 

37-89 

.421  9884 

37.16 

•435  *4i° 

36.48 

•448  2565 

35-84 

30 

1.408  7093 

37-87 

1.422  21 1 3 

37-15 

1.435  4598 
•435  6786 

36.47 

I-448  4715 

35-83 

31 

.408  9365 

37-86 

.422  A341 

37.13 

36.46 

.448  6865 

35.8a 

32 

.409   1636 

37-85 

.422  6569 

37.12 

•435   8973 

36.44 

.448  9014 

35.81 

33 

.409   3907 
.409  6177 

37.84 

.422  8796 

37.11 

.436   1159 

36.43 

.449   1 1 62 

35.80 

34 

37.82 

.423  1022 

37.10 

•436   3345 

36.42 

•449  3309 

35-79 

35 

1.409  8446 

37-81 

1.423  3248 

.  37-o9 

1.436  5530 

36.41 

1-449  5456 
•449  7603 

35-78 

36 

.410  0714 

37.80 

•423   5473 

37.08 

.436  7714 

36.40 

35-77 

i     37 

.410  2981 

37-78 

.423  7697 

37.06 

.436  9898 

36.39 

•449  9749 

35-76 

1     38 

.410  5248 

37-77 

.423  9920 

37-°5 

.437  2081 

36.38 

•45°  1894 
.450  4038 

35-75 

39 

.410  7514 

37.76 

.424  2143 

37.04 

•437  4263 

36.37 

35-74 

40 

1.410  9780 

37-75 

1.424  4365 

37.03 

1.437  6445 

36.36 

1.450  6182 

35-73 

41 

.411   2044 
.411  4308 

37-74 

.424  6586 

37.02 

.437  8626 

36-35 

•45°  83*5 
.451  0468 
.451  2010 

35-7* 

42 

37.72 

.424  8807 

37.01 

.438  0806 

36.34 

35-71 

43 

.411   6571 
.411   8833 

37-71 

.425   1027 

36.99 
36.9$ 

.438  2986 

36.32 

35-7Q 

44 

37.70 

.425   3246 

.438  5165 

36.31 

•451  475* 

35.69 

45 

1.412  1095 
.412  3356 

37.69 

1.425   5^65 
.425  7683 

36.97 

I-438  7344 

36.30 

1.451   6893 

35.68 

46 

37.68 

36.96 

•438  9522 

36.20 
36.28 

•451   9033 

35-67 

47 

.412  5616 

37.66 

.425  9900 

36.95 

•439  i699 

•45*   "73 

35.66 

48 

.412  7875 

37.65 

.426  21 17 

36.94 

•439  3875 
•439  0051 

36.27 

•45*  33"* 

35-6S 

49 

.413  0134 

37.64 

.426  4333" 

36.92 

36.26 

•45*  545° 

35-64 

50 

I-4H  *39* 
.413  4649 
.413  6905 

37.63 

1.426  6548 

36.91 

1.439  8226 

36.25 

1.452  7588 

35-63 

51 

37.61 

.426  8762 

36.90 

.440  0401 

36.24 

•45*  97*5 

35.62 

52 

37.60 

.427  0976 

3H2 

•44°  2575 

36.23 

.453   1862 

35.61 

53 

.413  9161 

37-59 

.427  3189 

36.88 

•44°  4748 

36.22 

•453   3998 
•453  0134 

35.60 

54 

.414  1416 

37-58 

.42 y   5402 

36.87 

.440  6921 

36.20 

35-59 

55 

1.414  3670 

37-56 

1-4*7  7613 

36.86 

1.440  9093 

36.10 

36.18 

1.453   8269 

35-58 

56 

.414  $924 
.414  8176 

37-55 

.427  9824 

36.85 

.441    1264 

•454  0403 

35-57 

57 

37-54 

.428  2035 

36.83 

.441   3A36 
.441   5605 

36.17 

•454  »537 

3556 

58 

.415  04.29 
.415   2680 

37-53 

.428  4244 
.428  645; 

36.82 

36.16 

•454  4670 
.454  6802 

35-55 

59 

37-51 

36.81 

•44i   7774 

36.15 

35-54 

60 

1-415  493° 

37-5° 

1.428  8662 

36.80 

»-44i   9943 

36.14 

1-454  8934 

35-53 

575 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


V. 

40 

41 

0 

42 

0 

43 

0 

1.%-M. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

c 
1 

2 
3 

4 

1.454  8934 
•455   1065 
•455   3196 
•45.5  S326 
•455  7456 

35-53 
35-5* 
35-51 
35-5° 
35-49 

I.467    5782 
.467   7879 
.467  9976 
.468   2071 
.468   4166 

34-95 
34-94 
34-93 
34.92 
34.91 

I.480  0627 
.480   2691 
.480  4755 
.480   6819 
.480   8882 

34.41 
34-40 
34.40 

34-39 
34.38 

1.492   3597 
•492   563l 
•492   7665 
.492   9698 

•493   !73i 

33-91 
33.90 

33!2 

33.88 

33.87 

5 
6 

7 
8 
9 

1-455  9585 
.456  1713 
.456  384.1 
.456  5968 
.456  8094 

35.48 

35-47 
35.46 

35-45 
35-44 

1.468   6261 
.468    8355 
.469   0448 
.469   2541 
.469  4634 

34.90 
34-90 
34.89 
34.88 
34.87 

I.48 1    0944 
.481    3006 
.481    5068 
.481    7129 
.481    9189 

34-37 
34.36 

34-35 
34-34 
34-33 

'•493   3764 
•493   5796 
•493   7827 
•493  9858 
.494  1888 

33.87 
33.86 

33-85 
33.84 

33-83 

10 
11 

12 
13 
14 

1.457  0220 
•457  2346 
•457  447° 
•457  0595 
•457  8718 

35-43 
35.42 

35-41 
35.40 

35-39 

I.469   6725 
.469   8817 
.470  0907 
.470  2998 
•470   5087 

34.86 
34.85 
34.84 
34.83 
34.82 

I.482    1249 
.482    3308 
•482   5367 
.482   7425 
.482   9483 

34-33 

34.32 

34-3' 
34-30 
34.29 

t-494  39i8 
•494  5948 
•494  7977 
•495  0005 
•495   2033 

33.83 
33.82 

33.81 

33.80 

33-79 

15 
16 
17 
18 
19 

1.458  0841 
.458  2964 
.458  5086 
.458  7207 
.458  9328 

35.38 
35-37 
35.36 

35-35 
35-34 

I.470  7176 
.470  9265 

•471    1353 
.471    3440 
.471    5527 

34.81 
34.80 
34-79 
34-79 
34.78 

I.483    1540 

•483   3597 
.483   5653 
.483   7709 
•483  9764 

34.28 
34.28 
34.27 
34.26 
34-25 

1.495  4°6i 
.495  6088 
•495   8114 
.496  0140 
.496  2166 

33-79 
33.78 

3  3-77 
33.76 

33-75 

20 
21 
22 
23 
24 

1.459   J448 

•459   3567 
.459  5686 
•459  7805 
•459  99" 

35-33 
35-3* 
35-31 
35-3° 
35.29 

1.471    7613 
.471    9699 

•472    1784 
.472   3869 

•472  5953 

34-77 
34.76 

34-75 
34-74 
34-73 

1.484  1S19 

•484  3873 
.484  5927 
.484  7980 
•485  0033 

34.24 
34.23 

34-22 

34.22 
34.21 

1.496  4191 
.496  6216 
.496  8240 
.497  0264 
•497  2287 

33-75 
33-74 
33-73 
33.72 
33.71 

25 
26 
27 

28 
29 

1.460  2040 
.460  4156 
.460  6272 
.460  8388 
.461  0503 

35.28 

35-27 
35.26 

35-^5 
35.24 

1.472  8037 
.473  0120 
•473   2203 
•473  4285 
•473   6366 

34-73 
34.72 

34-71 
34.70 
34.69 

1.485  2085 

•485  4137 
.485   6188 
.485   8239 
.486  0289 

34.20 

34.19 
34.18 

34-17 
34.16 

•497  43io 
•497  6332 
•497  8354 
•498  0376 
.498  2396 

33.71 
33.70 
33.69 
33.68 
33.68 

30 
31 
32 
33 
34 

1.461   2617 
.461  4731 
.461  6844 
.461  8957 
.462  1069 

35-^3 
35-23 

35-22 

35-21 
35.20 

1.473  8447 

•474  0527 
.474  2607 
.474  4686 
•474  6765 

34.68 
34.67 
34.66 

34-65 
34.64 

1.486  2338 
.486  4388 
.486  6436 
.486  8484 
•487  0532 

34.16 
34-15 
34-14 
34-13 
34.12 

•498  4417 
•498  6437 
.498  8456 
•499  °475 
•499  2494 

33.67 
33.66 

33-65 
33.65 
33.64 

35 
36 
37 

38 
39 

1.462  3180 
.462  5291 
.462  7401 
.462  95 1 1 
.463   1620 

35-19 
35.18 

35-17 
35.16 

35-15 

1.474  8843 
•475  °92i 
•475  2998 
•475   5075 
•475  7i5i 

34.63 
34.62 
34.61 
34.61 
34.60 

1.487  2579 
.487  4626 
.487  6672 
.487  8718 
.488  0763 

34.12 

34-ii 
34.10 
34.09 
34.08 

•499  4512 
•499  653° 
•499  8547 
.500  0563 
.500  2580 

33.63 
33.62 
33.62 
33-6i 
33.60 

40 
41 
42 
43 
44 

1.463  3729 
.463  5837 
.463  7944 
.464  0051 
.464  2158 

35-14 
35-13 
35.12 
35.11 
35.10 

1.475   9227 
.476   1302 
.476  3376 
.476   5450 
.476  7524 

34-59 
34.58 
34-57 
34.56 

34-55 

1.488   2807 
.488  4852 
.488  6895 
.488   8939 
.489  0981 

34.07 
34.07 
34.06 
34.05 
34.04 

•500  4595 
.500  6611 
.500  8625 
.501  0640 
.501   2654 

33-59 
33.58 

33-58 
33-57 
33.56 

45 

46 

47 
48 
49 

1.464  4263 
.464  6369 
.464  8473 
.465  0577 
.465  2681 

35.09 
35-°8 
35-07 
35.06 

35-°5 

1.476  9596 
.477   1669 
•477   374i 
.477  5812 
•477  7883 

34-54 
34-54 
34-53 
34-52 
34-51 

1.489   3023 
•489  5065 
.489  7106 

•489  9'47 
.490  1 187 

34.03      1 

34.02 

34.02 

34.01 

34.00 

.501  4667 
.501  6680 
.501   8693 
.502  0705 
.502  2716 

33-55 
33-55 
33-54 
33-53 
33.52 

50 
51 
52 
53 
54 

1.465  4784 
.465  6886 
.465  8988 
.466   1090 
.466  3190 

35.04 
35.04 

35-°3 
35.02 
35.01 

'•477  9953 
.478  2023 
.478  4092 
.478  6161 
.478  8229 

34.50 

34-49 
34.48 

34-47 
34.46 

1.490  3227 
.490  5266 

•49°  7305 
.490  9343 
.491    1381 

33-99      > 
33.98 

33-97 
33.96 

33-95 

.502  4727 
.502  6738 
.502  8748 
•5°3  0758 
•503  2767 

33-51 
33-51 
33.50 

33-49 
33.48 

55 
56 
57 

58 
59 

1.466  5290 
.466  7390 
.466  9489 
.467   1587 
.467  3685 

35.00 

34-99 
34.98 

34-97 
34.96 

1.479  0297 
•479  2364 
•479  443° 
•479  6496 
•479  8562 

34.46 
34-45 
34-44 
34-43 
34.42 

1.491   3418 
•49'    5455 
•49 1    749i 
.491   9527 
.492   1562 

33-95      1 

33-94 

33-93 

33.92 

33.91 

•503  4776 
.503  6784 
.503  8792 
.504  0800 
.504  2807 

33.48 

33-47 
33.46 

33-45 
33-44 

60 

1.467  5782 

34-95 

1.480  0627 

34.41 

'•492  3597 

33.91      1 

.504  4813 

33-44 

576 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

44° 

45 

0 

46 

0 

47 

0 

logM. 

Diff.  1". 

log  M. 

Diff.  1". 

logM. 

Diff.  1". 

log  M. 

Diff.  1". 

0' 

I.50+  4813 

33-44 

1. 516  4390 

33.00 

I.528  2435 

32.59 

I.539  9048 

32.20 

1 

.504  6819 

33-43 

.516  6370 

32.99 

.528  4390 

32.58 

.540  0980 

32.20 

2 

.504  8825 

33.42 

.516  8349 

32.98 

.528  6344 

32-57 

.540  2912 

32.19 

3 

.505  0830 

33-4* 

.517  0328 

32.98 

.528  8299 

32-57 

.540  4843 

32.18 

4 

.505  2835 

33-4i 

.517  2306 

32.97 

.529  0252 

32.56 

.540  6774 

32.18 

5 

I.505  4839 

33-4° 

1. 517  4284 

32.96 

I.529  2206 

32-55 

I.540  8705 

32.17 

6 

.505  6843 

33-39 

.517  6262 

32.96 

.529  4159 

32.55 

•54-  0635 

32.17 

7 

.505  8846 

33-39 

.517  8239 

3**95 

.529  6112 

32.54 

•54-  2564 

32.16 

8 

.506  0849 

33-38 

.518  0216 

32.94 

.529  8064 
.530  0016 

32.53 

•54-  4494 

32.15 

9 

.506  2852 

33-37 

.518  2192 

32.93 

32.53 

•54-  6423 

32.15 

10 

I.506  4854 

3336 

1. 518  4168 

32.93 

1.530  1967 

32.52 

-•54-  8352 

32-4 

11 

.506  6855 

33-36 

.518  6143 

32.92 

.530  3918 

32.51 

.542  0280 

32.14 

12 

.506  8856 

33-35 

.518  8118 

32.91 

.530  5869 

32-5- 

.542  2208 

32.13 

13 

.507  0857 

33-34 

.519  0093 

32.91 

.530  7819 

32.50 

.542  4135 

32.12 

14 

.507  2857 

33-33 

.519  2067 

32.90 

.530  9769 

32.49 

.542  6063 

32.II 

15 

I.507  4857 

33-33 

1-5*9  4°4i 

32.89 

1. 531  1719 

32.49 

1.542  7989 

32.II 

16 

.507  6856 

33-3* 

.519  6014 

32.89 

.531  3668 

32.48 

.542  99l6 

32.10 

17 

.507  8855 

33-31 

.519  7987 

32.88 

.531  5616 

32.48 

•543  -842 

32.10 

18 

.508  0853 

33-3° 

.519  9960 

32.87 

•531  7565 

32.47 

•543  3768 

32.09 

19 

.508  2851 

33-29 

.520  1932 

32.86 

•53-  95-3 

32.46 

•543  5693 

32.09 

20 

I.508  4849 

33.29 

1.520  3904 

32.86 

1.532  1460 

32.46 

1.543  7618 

32.08 

21 

.508  6846 

33.28 

.520  5875 

32.85 

•532  34°7 

32-45 

•543  9543 

32.08 

22 

.508  8843 

33.27 

.520  7846 

32.84 

•532  5354 

32-44 

•544  -467 

32.07 

23 

.509  0839 

33.27 

.520  9816 

32.84 

.532  7300 

32.44 

•544  339- 

32.06 

24 

.509  2835 

33.26 

.521  1786 

32.83 

.532  9246 

32-43 

•544  53-5 

32.06 

25 

I.509  4830 

33.25 

1. 521  3756 

32.82 

1.533  "9* 

32-43 

-•544  7238 

32.05 

26 

.509  6825 

33.24 

.521  5725 

32.82 

•533  3-37 

32.42 

•544  9-6i 

32.04 

27 

.509  8819 

3  3- 24 

.521  7694 

32.81 

•533  5°82 

32.42 

•545  -083 

32.04 

28 

.510  0813 

33-23 

.521  9662 

32.80 

•533  7027 

32.41 

•545  3°°5 

32.03 

29 

.510  2807 

33.22 

.522  1630 

32.80 

•533  8971 

32.40 

•545  4927 

32.03 

30 

1. 510  4800 

33.21 

1.522  3598 

32.79 

1.534  °9-4 

32.39 

1.545  6849 

32.02 

31 

.510  6792 

33.21 

.522  5565 

32.78 

•534  2858 

32.39 

•545  8770 

32.02 

32 

.510  8785 

33.20 

.522  7531 

32.78 

•534  4801 

32.38 

.546  0690 

32.01 

33 

.511  0776 

33.19 

.522  9498 

32.78 

•534  6743 

32.37 

.546  26 1 1 

32.00 

34 

.511  2768 

33-18 

.523  1464 

32.77 

•534  8685 

32.37 

.546  4531 

32.OO 

35 

i-5"  4759 

33-18 

1-5*3  3429 

32.76 

1.535  0627 

32.36 

1.546  6450 

31.99 

36 

.511  6749 

33.17 

•523  5394 

32-75 

•535  2568 

32-35 

.546  8370 

31.98 

37 

.511  8739 

33-6 

•523  7359 

32.74 

•555  45°9 

32.35 

•547  0289 

3.I.98 

38 

.512  0729 

33-15 

.523  9323 

32-73 

•535  6450 

32-34 

•547  2207 

31.97 

39 

.512  2718 

33-J5 

.524  1287 

32.73 

•535  8390 

32.33 

•547  4-25 

31.97 

40 

1.512  4707 

33-H 

1.524  3251 

32.72 

1.536  0330 

32-33 

1.547  6043 

31.96 

41 

.512  6695 

33-13 

.524  5214 

32.71 

.536  2270 

32.32 

■547  796- 
•547  9878 

31.96 

42 

.512  8683 

33-»3 

.524  7176 

32.71 

.536  4209 

32.32 

3-95 

43 

.513  0670 

33.12 

.524  9138 

32.70 

.536  6148 

32.31 

.548  1795 

3-94 

44 

.513  2657 

33-n 

.525  1100 

32.70 

.536  8086 

32.30 

•548  37" 

3--94 

45 

1. 51 3  4644 

33.11 

1.525  3062 

32.69 

1.537  0024 

32.30 

1.548  5627 

31.93 

46 

.513  6630 

33.10 

.525  5023 

32.68 

•537  -962 

32.29 
32.28 

•548  7543 
.548  9458 

3--93 

47 

.513  8615 

33.09 

.525  6983 

32.67 

•537  3899 

31.92 

48 

.514  0601 

33.08 

.525  8944 

32.67 

•537  5836 

32.28 

•549  -373 

31.91 

49 

.514  2586 

33.07 

.526  0903  * 

32.66 

•537  777* 

32.27 

•549  3288 

31.91 

50 

1.514  4570 

33.07 

1.526  2863 

32.65 

-•537  97o8 

32.26 

1.549  5202 

31.90 

51 

.514  6554 

33.06 

.526  4822 

32.64 

.538  1644 

32.26 

•549  7"6 

31.90 

31.88 

52 

.514  8537 

33.05 

.526  6780 

32.64 

•538  3579 

32-25 

•549  9° 3° 

53 

.515  0520 

33-°5 

.526  8739 

32.63 

•538  55-4 

32.25 

•55°  0943 
.550  2856 

54 

.515  2503 

33.04 

.527  0696 

32.62 

•538  7449 

32.24 

31.88 

55 

1.515  4485 

33.04 

1.527  2654 

32.62 

1.538  9383 

32.23 

1.550  4769 
.550  6681 

31.87 

56 

.515  6467 

33.03 

.527  461 1 
.527  6567 

32.61 

•539  -3-7 

32.23 

31.87 

57 

.515  8449 

33.02 

32.61 

•539  325° 
•539  5-83 
•539  7"6 

32.22 

.550  8593 

31.86 

58 

.516  0430 

33.01 

.527  8524 

32.60 

32.21 

•55-  0504 
.551  2416 

31.86 

59 

.516  2410 

33.01 

.528  0479 

32.60 

32,21 

31.85 

60 

1. 516  4390 

33.00 

1.528  2435 

32.59 

1.539  9048 

32.20 

-•55-  4326 

31.85 

ol 
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TABLE  VI. 
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V, 

48 

0 

49 

0 

50 

51 

0 

1  J  M. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

lofii 

Diff.  1". 

0' 

1 

2 
3 
4 

I.5SI    4326 

.551  6237 
.551   8147 
.552  0057 
.552  1966 

31.85 
31.84 
31.83 
31.83 
31.82 

I.562   8360 
.563   0250 
.563   2140 
.563   4030 
.563    5920 

31.51 
31.51 
31.50 
31.50 
31.49 

1.574  "34 
•574  3IO° 
•574  4977 
•574  6849 
•574  87*0 

31.20 
31.20 
31.19 
31.19 
31.18 

1.585  3031 
.585  4886 
•585  6740 
.585  859A 
.586  0448 

30.91 
30.91 
30.90 
30.00 
30.89 

5 
6 
7 
8 
9 

1.552  3876 
.552  5784 
.552  7693 
.552  9601 
•553  i5°8 

31.82 
31.81 
31.80 
31.80 
31.79 

[.563   7809 
.563   9698 
.564    1586 
•564  3475 
•564  5363 

31.48 
3«-48 
3>-47 
3'-47 
31.46 

1.575  0590 

•575   2461 

•575  4331 
.575  6201 

•575   8070 

31.18 

31.17 
31.17 
31.16 
31.16 

1.586  2302 
•586  4155 
.586  6008 
.586  7859 
.586  9713 

30.89 
30.89 
30.88 
30.87 
30.87 

10 
11 
12 
13 
14 

1.553  34»6 
•553  5323 
•553  723° 
•553  9i36 
•554  i°4* 

3'-79 
31.78 
31.78 
31.77 
31.76 

[.564  7250 
.564  9138 
.565   1025 
.565  291 1 
.565  4798 

31.46 
3»-45 
31-45 

31-44 
31.44 

'•575  9939 
.576  1808 
.576  3677 
.576  5546 
.576  7414 

31.15 
31.15 
31.14 
31.14 
31.13 

1.587  1565 

•587  3417 
.587  5268 
.587  7120 
•587  8971 

30.87 
30.86 
30.86 
30.85 
30.85 

15 
16 
17 
18 
19 

1.554  *948 
•554  4853 
•554  675» 
•554  8663 
•555  0567 

31.76 
31-75 
31-75 
3*-74 
3'-74 

1.565  6684 
.565  8569 
.566  0455 
.566  2340 
.566  4225 

3^-43 
3J-43 
31.42 
31.41 
31.41 

1.576  9281 
•577   "49 
•577   3°l6 
•577  4883 
•577  6749 

3*»3 
31.12 
31.12 
31. 11 
31.11 

1.588  0821 
.588  2672 
.588  4522 
.588  6372 
.588  8222 

30.84 
30.84 
30.83 
30.83 
30.83 

20 
21 
22 
23 
24 

1.555  2472 
•555  4375 
•555  6279 
.555  8182 
.556  0084 

31-73 
3*73 
31.72 
31.71 
31.71 

[.566  6109 
.566  7993 
.566  9877 
.567  1761 
.567  3644 

31.40 
31.40 
3*-39 
3'-39 
31.38 

1.577  8615 
.578  0481 
•578  2347 
•578  4213 
.578  6078 

31.10 
31.10 
31.09 
31.09 
31.08 

1.589  0071 
.589  1920 

•589  3769 
.589  5618 
.589  7466 

30.82 
30.82 
30.81 
30.81 
30.80 

25 
26 

27 
28 
29 

1.556  1087 
.556  3888 
.556  5790 
.556  7691 
.556  9592 

31.70 
31.70 
31.69 
31.68 
31.68 

.567  5527 
.567  7409 
.567  9291 
.568   1173 
.568  3055 

31.38 
3*37 
3*37 

3*-36 
3r-36 

1.578  7942 
.578  9807 
•579   l67i 
•579  3535 
•579  5399 

31.08 
31.07 
31.07 
31.06 
31.06 

1.589  9314 
.590  1 162 
.590  3009 
.590  4857 
.590  6704 

30.80 
30.79 
30.79 
30.78 
30.78 

30 
31 
32 
33 
34 

1-557  1493 
•557  3393 
•557  5^93 
•557  7193 
•557  9092 

31.67 
31.67 
31.66 
31.66 
31.65 

.568  4936 
.568  6817 
.568  8698 
.569  0579 
.569  2459 

31-35 
3'-35 
3'-34 
3'«34 
3'-33 

1.579  7262 
•579  9'25 
.580  0988 
.580  2851 
.580  4713 

31.06 
31.05 

3'-°4 
31.04 
31.03 

1.590  8550 
.591  0397 
.591  2243 
.591  4089 

•59i   5935 

30.78 
30.77 
30.77 
30.76 
30.76 

35 
36 
37 
38 
39 

1.558  0991 
.558  2890 
.558  4788 
.558  6686 
.558  8584 

31.65 
31.64 
31.64 
31.63 
31.62 

.569  4338 
.569  6218 
.569  8097 
.569  9976 
.570  1854 

3'-33 
3'-32 
31.32 
31.31 
31.30 

1.580  6575 
.580  8436 
.581   0298 
.581   2159 
.581  4020 

31.03 

31.03 
31.02 
31.02 
31.01 

1. 591  7780 
.591  9625 
.592  1470 
•592  33'5 
•592  5 '59 

3°-75 
3°-75 
3°-75 
30.74 
30.74 

40 
41 
42 
43 
44 

1.559  0482 
•559  *379 
•559  4*75 
•559  6l7* 
.559  8068 

31.62 
31.61 
31.61 
31.60 
31.60 

.570  3733 
.570  5611 
.570  7488 
.570  9366 
.571    1243 

31.30 
31.29 
31.29 
31.28 
31.28 

1. 581   5880 
.581   7740 
.581   9600 
.582   1460 
.582  3319 

31.01 
31.00 
31.00 
30.99 
30.99 

1.592  7003 
•592  8847 
•593  o69° 
•593  2534 
•593  4377 

30.73 

30-73 
30.72 
30.72 
30.72 

45 
46 
47 

48 
49 

1.559  9963 
.560  1859 
.560  375A 
.560  5648 
.560  7543 

3 '-59 
3'-59 
31.5$ 
3>-57 
3»-57 

.571   3119 
.571  4996 
.571  6872 
.571  8748 
.572  0623 

31.28 
31.27 
31.27 
31.26 
31.26 

1.582  5179 
.582  7037 
.582  8896 
.583  0754 
.583  2612 

30.98 
3098 
30.97 
30.97 
30.96 

1.593  6219 
.593  8062 
•593  9904 
•594  I746 
•594  3588 

30.71 
30.71 
30.70 
30.70 
30.69 

50 
51 
M 

r>3 

54 

1.560  9437 
.561    1331 
.561   3224 
.561   5117 
.561  7010 

31.56      1 

31.56 

3«-55 

3»-55 

3»-54 

.572  2499 

•572  4373 
.572  6248 
.572  8123 
•572  9997 

31.25 

31.25 
31.24 
31.24 
31.23 

1.583  4470 
•583  6327 
.583  8184 
.584  0041 
.584  1898 

30.96 

3°-95 
30.95 
30.94 
30.94 

J-594  5429 
•594  7270 
•594  9"1 
•595  °952 
•595  2792 

30.69 
30.68 
30.68 
30.68 
30.67 

.V, 
56 
57 
58 
59 

1. 561  8902 
.562  079A 
.562  2686 
.562  4578 
.562  6469 

31.54      1 

3>-53 

3>-53 

31.52 

31.52 

•573   l87° 
•573  3743 
•573  56"6 
•573  7489 
•573  9362 

31.23 
31.22 
31.22 
31.21 
31.21 

1-584  3754 
.584  5610 
.584  7466 

•584  932i 
.585   1176 

30.94 
30.93 
30.93 
3092 
30.92 

1-595  4633 
•595  6473 
•595   8312 
.596  0151 
.596   1990 

30.67 
30.66 
30.66 
30.65 
30.65 

60 

1.562  8360 

31.51      1 

•574  "34 

31.20 

1.585  3031 

30.91 

1.596   3829 

30.65 

578 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  vh-bit. 


V, 

52 

0 

53 

0 

54 

0 

55 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0 

I.596  3829 

30.65 

I.607 

3703 

30.40 

1. 618  2724 

30.17 

I.629  0959 

29.96 

1 

.596  5668 

30.64 

.607 

5527 

30.39 

.618  4534 
.618  6344 

30.17 

.629  2757 

29.96 

1 

.596  7506 

30.64 

.607 

7350 

30.39 

30.16 

.629  4554 

29.96 

3 

.596  9344 

30.63 

.607 

9*74 

3°-39 

.618  8153 

30.16 

.629  6351 

29.95 

4 

.597  1182 

30.63 

.608 

o997 

30.38 

.618  9963 

30.16 

.629  8148 

29.95 

5 

I.597  3020 

30.62 

I.608 

2820 

30.38 

1. 619  1772 

30.15 

I.629  9945 

29.95 

6 

•597  4857 

30.62 

.608 

4642 

30.38 

.619  3581 

30.15 

.630  1742 

29.94 

7 

•597  6694 

30.62 

.608 

6465 

3°-37 

.619  5390 

30-I5 

.630  3538 

29.94 

8 

•597  8531 

30.61 

.608 

8287 

30.37 

.619  7199 

30.14 

.630  5335 

29.94 

9 

.598  0368 

30.61 

.609 

0109 

30.36 

.619  9007 

30,14 

.630  7131 

29.93 

1  10 

1.598  2204 

30.60 

1.609 

1931 

30.36 

I.620  0816 

30.14 

I.630  8927 

29.93 

1  U 

.598  4040 

30.60 

.609 

375* 

30.36 

.620  2623 

30.13 

.631  0722 

29.93 

£ 

.598  5876 

30.59 

.609 

5573 

3°-35 

.620  4431 

30-I3 

.631  2518 

29.92 

!  13 

.598  7711 

30.59 

.609 

7394 

30.35 

.620  6239 

30.12 

.631  4313 

29.92 

14 

•598  9547 

30.59 

.609 

9215 

3°-34 

.620  8046 

30.12 

.631  6108 

29.92 

15 

1.599  M8* 

30.58 

1. 610 

1036 

3°-34 

I.620  9853 

30.12 

I.631  7903 

29.91 

16 

•599  32I7 

30.58 

.610 

2856 

3°-34 

.621  1660 

30.11 

.631  9698 

29.91 

17 

•599  5°5i 

3°-57 

.610 

4676 

3°-33 

.621  3467 

30.11 

.632  1492 

29.91 

18 

•599  6885 

3°-57 

.610 

6496 

3°-33 

.621  5274 

30.1 1 

.632  3286 

29.90 

19 

•599  87'9 

3°-57 

.610 

8315 

30.32 

.621  7080 

30.10 

.632  5081 

29.90 

20 

1.600  0553 

30.56 

1.611 

0135 

30.32 

1.621  8886 

30.10 

I.632  6875 

29.90 

21 

.600  2387 

30.56 

.611 

'954 

30.32 

.622  0692 

30.10 

.632  8668 

29.89 

22 

.600  4220 

30-55 

.611 

3773 

30.31 

.622  2497 

30.09 

.633  0462 

29.89 

23 

.600  6053 

30.55 

.611 

5591 

30.31 

.622  4303 

30.09 

.633  2255 

29.89 

24 

.600  7886 

30.55 

.611 

7410 

30.31 

.622  6108 

30.09 

.633  4048 

29.88 

i  25 

1.600  9718 

3°-54 

1.611 

9228 

30.30 

1.622  7913 

30.08 

1.633  584» 

29.88 

j  26 

.601  1551 

3°-54 

.612 

1046 

30.30 

.622  9718 

30.08 

.633  7634 

29.88 

27 

.601  3383 

3°-53 

.612 

2864 

30.29 

.623  1523 

30.08 

.633  9427 

29.87 

1  28 

.601  5214 

30.53 

.612 

4681 

30.29 

.623  3327 

30.07 

.634  1219 

29.87 

j  29 

.601  7046 

30.52 

.612 

6499 

30.29 

•623  5131 

30.07 

.634  301 1 

29.87 

30 

1.601  8877 

30.52 

1. 612 

8316 

30.28 

1.623  6935 

30.06 

1.634  4803 

29.86 

31 

.602  0708 

30.52 

.613 

0132 

30.28 

.623  8739 

30.06 

•634  6595 

29.86 

32 

.602  2539 

30.51 

.613 

1949 

30.28 

.624  0543 

30.06 

.634  8387 

29.86 

I  33 

.602  4370 

30.51 

.6,3 

3765 

30.27 

.624  2346 

30.05 

.635  0178 

29.86 

34 

.602  6200 

30.50 

.613 

5582 

30.27 

.624  4149 

30.05 

.635  1969 

29.85 

35 

1.602  8030 

30.50 

1.613 

7398 

30.26 

1.624  5952 

30.05 

1.635  3760 

29.85 

36 

.602  9860 

30.50 

.613 

9213 

30.26 

.624  7755 

30.04 

•635  555i 

29.85 

37 

.603  1690 

30.49 

.614 

1029 

30.26 

.624  9557 

30.04 

.635  7342 

19-84 

i  38 

.603  3519 

30.49 

.614 

2844 

30.25 

.625  1360 

30.04 

.635  9132 

29.84 

|  39 

.603  5348 

30.48 

.61  + 

4659 

30.25 

.625  3162 

30.03 

.636  0922 

29.84 

40 

1.603  7*77 

30.48 

1. 614 

6474 
8288 

30.25 

1.625  49*>4 

30.03 

1.636  2713 

29.83 

41 

.603  9005 

30.47 

.614 

30.24 

.625  6765 

30.03 

.636  4502 

29.83 

42 

.604  0834 
.604  2662 

30.47 

.6,5 

0103 

30.24 

.625  8567 

30.02 

.636  6292 

29.83 

43 

30.47 

.6.5 

1917 

30.23 

.626  0368 

30.02 

.636  8082 

29.82 

44 

.604  4490 

30.46 

.615 

373i 

30.23 

.626  2169 

30.02 

.636  9871 

29.82 

15 

1.604  6317 

30.46 

I.615 

5545 

30.23 

1.626  3970 

30.01  • 

1.637  1660 

29.82 

46 

.604  8145 

30.45 

.615 

7358 

30.22 

.626  5771 

30.01 

•637  3449 

29.82 

I  V 

.604  9972 

3045 

.615 

9171 

30.22 

.626  7571 

30.01 

.637  5238 

29.81 

48 

.605  1799 

30.45 

.616 

0984 

30.22 

.626  937* 

30.00 

.637  7027 

29.81 

!  49 

.605  3626 

30.44 

.616 

2797- 

30.21 

.627  1172 

30.00 

.637  8815 

29.81 

50 

1.605  5452 

30.44 

1. 616 

4610 
6422 

30.21 

1.627  2972 

30.00 

1.638  0603 

29.80 

51 

.605  7278 

3°-43 

.616 

30.20 

.627  4771 

29.99 

.638  2391  1 

29.80 

i  5\J 

.605  9104 

3°-43 

.616 

8234 
0046 

30.20 

.627  6571 

29.99 

.638  4179  | 

29.80 

1  s:j 

.606  0930 

3°-43 

.617 

30.20 

.627  8370 

29.99 
29.98 

.638  5967 

29.79 

M 

.606  2755 

30.42 

.617 

1858 

30.19 

.628  0169 

•638  7754  | 

29.79 

1  55 

1.606  4581 

30.42 

I.617 

3669 

30.19 

1.628  1968 

29.98 

1.638  9542 

29.79 

56 

.606  6406 

30.42 

.617 

5481 

30.10 
30.18 

.628  3766 

2998 

.639  1329  | 

29.78 

57 

.606  8230 

30.41 

.617 

7292 

.628  5565 

29.97 

.639  3116 

29.78 

5w 

.607  0055 

30.41 

.617 

9102 

30.18 

.628  7363 

29.97 

.639  I902  ! 
.639  6689  j 

29.78 

59 

.607  1879 

30.40 

.618 

0913 

30.17 

.628  9161 

29.97 

*9-77 

|  60 

i 

1.607  37°3 

30.40 

1. 618 

2724 

30.17 

1.629  °959 

29.96 

1.639  8475 

1977 

m 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

56 

0 

57 

0 

58 

0 

59 

0 

logM. 

Diff.  1". 

log  M. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

c 

1 

2 
3 

4 

I.639  8475 
.640  0262 
.640  2048 
.640  3833 
.640  5619 

29.77 
29.77 
29.77 
29.76 
29.76 

I.650  5336 
.650  7112 
.650  8887 
.651  0663 
.651  2438 

29.60 
29.60 
29.59 
29.59 
29.59 

I.661  1601 
.661  3368 
.661  5134 
.661  6900 
.661  8666 

29.44 
29.44 
29.44 
29.43 
29.43 

I.671  7331 
.671  9089 
.672  0846 
.672  2604 
.672  4362 

29.30 
29.30 
29.30 
29.29 
29.29 

5 
6 

7 
8 
9 

1.640  7405 
.640  9190 
.641  0975 
.641  2760 
.641  4545 

29.76 
29.75 
29.75 
29.75 
29.74 

I.651  4213 
.651  5988 
.651  7767 
.651  9538 
.652  1312 

29.58 
29.58 
29.58 
29.58 
29.57 

1.662  0432 
.662  2197 
.662  3963 
.662  5728 
.662  7493 

29.43 
29.43 
29.42 
29.42 
29.42 

1.672  6119 
.672  7876 
.672  9634 
.673  1 391 
.673  3147 

29.29 
29.29 
29.28 
29.28 
29.28 

10 
11 
12 
13 
14 

1.641  6329 
.641  81 14 
.641  9898 
.642  1682 
.642  3466 

29.74 
29.74 

*9-74 
29.73 
29.73 

I.652  3086 
.652  4861 
.652  6635 
.652  8408 
.653  0182 

^9-57 
29.57  - 

29-57 
29.56 
29.56 

1.662  9258 
.663  1023 
.663  2788 
.663  4553 
.663  6317 

29.42 
29.41 
29.41 
29.41 
29.41 

1.673  4904 
.673  6661 
.673  8417 
.674  0174 
.674  1930 

29.28 
29.28 
29.27 
29.27 
29.27 

15 
16 
17 
18 
19 

1.642  5250 
.642  7033 
.642  8816 
.643  0599 
.643  2382 

29.73 
29.72 
29.72 
29.72 
29.71 

I.653  "956 
.653  3729 
.653  5502 
.653  7275 
.653  9048 

29.56 
*9-55 
29-55 
^9-55 
29-55 

1.663  8o82 
.663  9846 
.664  1610 
.664  3374 
.664  5137 

29.40 
29.40 
29.40 
29.40 
29.39 

1.674  3686 
.674  5442 
.674  7198 
.674  8954 
.675  0709 

29.27 
29.27 
29.26 
29.26 
29.26 

20 
21 
22 
23 
24 

1.643  4165 
.643  5948 
.643  7730 
.643  9513 
.644  1295 

29.71 
29.71 
29.71 
29.70 
29.70 

I.654  0821 
.654  2593 
.654  4366 
.654  6138 
.654  7910 

29.54 
29.54 
29.54 
29.54 
29.53 

1.664  6901 
.664  8664 
.665  0428 
.665  2191 
.665  3954 

29.39 
29.39 
29.39 

*9-39 
29.38 

1.675  2465 
.675  4220 

•675  5975 
.675  7730 
.675  9485 

29.26 
29.25 
29.25 
29.25 
29.25 

25 
26 
27 

28 
29 

1.644  3077 
.644  4858 
.644  6640 
.644  8421 
.645  0203 

29.70 
29.69 
29.69 
29.69 
29.69 

I.654  9682 
.655  1454 
.655  3225 
.655  4997 
.655  6768 

29.53 
29-53 
29-53 
29.52 
29.52 

1.665  57J7 
.665  7480 
.665  9242 
.666  1005 
.666  2767 

29.38 
29.38 
29.38 
29.37 
29.37 

1.676  1240 
.676  2995 
.676  4749 
.676  6504 
.676  8258 

29.25 
29.24 
29.24 
29.24 
29.24 

30 
31 
32 
33 
34 

1.645  '9^4 
.645  3765 

•64S  5545 
.645  7326 
.645  9106 

29.68 
29.68 
29.68 
29.67 
29.67 

I.655  8539 
.656  0310 
.656  2081 
.656  3852 
.656  5622 

29.52 
29.51 
2951 
29.51 
29.51 

1.666  4529 
.666  6291 
.666  8053 
.666  9815 
.667  1577 

29.37 
29.37 
29.36 
29.36 
29.36 

1.677  0012 
.677  1766 
.677  3520 
.677  5274 
.677  7028 

29.24 
29.23 
29.23 
29.23 
29.23 

35 
36 
37 
38 
39 

1.646  0886 
.646  2666 
.646  A446 
.646  6226 
.646  8005 

29.67 
29.67 
29.66 
29.66 
29.66 

I.656  7392 
.656  9163 
.657  0933 
.657  2703 
.657  4472 

29.50 
29.50 
29.50 
29.50 
29.49 

1.667  3338 
.667  5100 
.667  6861 
.667  8622 
.668  0383 

29.36 
29.35 
29.35 
29.35 
29-35 

1.677  8781 
.678  0575 
.678  2288 
.678  4041 
.678  5794 

29.23 
29.22 
29.22 
29.22 
29.22 

40 
41 
42 
43 
44 

1.646  9785 
.647  1564 
.647  3343 
.647  5122 
.647  6900 

29.65 
29.65 
29.65 
29.65 
29.64 

I.657  6242 
.657  8011 
.657  9781 
.658  1550 
.658  3318 

29.49 
29.49 
29.49 
29.48 
29.48 

1.668  2144 
.668  3904 
.668  5665 
.668  7425 
.668  9185 

29.35 
29.34 
29.34 
29.34 
29.34 

1.678  7547 
.678  9300 
.679  1057 
.679  2806 
.679  4558 

29.22 
29.21 
29.21 
29.21 
29.21 

45 

46 

47 
48 
49 

1.647  8679 
.648  0457 
.648  2235 
.648  4013 
.648  5791 

29.64 
29.64 
29.63 
29.63 
29.63 

I.658  5087 
.658  6855 
.658  8624 
.659  0393 
.659  2l6l 

29.48 
29.48 
29.47 
29.47 
29.47 

1.669  0945 
.669  2705 
.669  A465 
.669  6225 
.669  7984 

29.33 

*9-33 
29.33 
29.33 
29.32 

1.679  6310 
.679  8063 
.679  9815 
.680  1567 
.680  3319 

29.20 
29.20 
29.20 
2920 
29.20 

50 
51 
52 
53 
54 

1.648  7569 
.648  9346 
.649  1 123 
.649  2901 
.649  4677 

29.63 
29.62 
29.62 
29.62 
29.61 

1.659  39*9 
.659  5697 
.659  7465 
.659  9232 
.660  1000 

29.47 
29.46 
29.46 
29.46 
29.46 

1.669  9744 
.670  1503 
.670  3262 
.670  5021 
.670  6780 

29.32 
29.32 
29.32 
29.32 
29.31 

1:680  5070 
.680  6822 
.680  8574 
.681  0325 
.681  2076 

29.19 
29.19 
29.19 
29.19 
29.19 

55 
56 
57 
58 
59 

1.649  6454 
.649  8231 
.650  0007 
.650  1784 
.650  3560 

29.61 
29.61 
29.61 
29.60 
29.60 

1.660  2767 
.660  4534 
.660  6301 
.660  8068 
.660  9835 

29.45 
29.45 
29.45 
29.45 
29.44 

1.670  8539 
.671  0298 
.671  2056 
.671  3814 
.671  5573 

29.31 
29.31 
29.31 
29.30 
29.30 

1.681  3827 
.681  5578 
.681  7329 
.681  9080 
.682  0831 

29.18 
29.18 
29.18 
29.18 
29.18 

60 

1.650  5336 

29.60 

1. 661  1601 

29.44 

1.671  7331 

29.30 

1.682  2581 

29.17 

680 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

60 

0 

61 

3 

62 

0 

63 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

I.682  2581 

29.17 

I.692  7408 

29.07 

1.703 

1866 

28.97 

I.713 

6006 

28.89 

1 

.682  4332 

29.17 

.692  9152 

29.06 

.703 

3604 

28.97 

•713 

7739 

28.89 

2 

.682  6082 

29.17 

.693  0896 

29.06 

.703 

534* 

28.97 

•713 

9473 

28.89 

3 

.682  7832 

29.17 

.693  2640 

29.06 

.703 

7080 

28.97 

.714 

1206 

28.88 

4 

.682  9582 

29.17 

.693  4383 

29.06 

.703 

8818 

28.96 

.714 

2939 

28.88 

5 

I.683  133* 

29.16 

I.693  6127 

29.06 

1.704 

0556 

28.96 

1-7H 

4672 

28.88 

6 

.683  3082 

29.16 

.693  7870 

29.05 

.704 

2293 

28.96 

.714 

6405 

28.88 

1 

.683  4832 
.683  6581 

29.16 

.693  9613 

29.05 

.704 

4031 
5768 

28.96 

•714 

8138 

28.88 

8 

29.16 

.694  1356 

29.05 

.704 

28.96 

•7H 

9870 

28.88 

9 

.683  8331 

29.16 

.694  3099 

29.05 

.704 

7506 

28.96 

•715 

1603 

28.88 

10 

I.684  0080 

29.16 

I.694  4842 

29.05 

1.704 

9243 

28.96 

I.715 

3336 

28.88 

i  U 

.684  1830 

29.15 

.694  6585 

29.04 

.705 

0981 

28.95 

•715 

5068 

28.88 

12 

•684  3579 

29.15 

.694  8328 

29.04 

.705 

2718 

28.95 

•715 

6801 

28.87 

13 

.684  5328 

29.15 

.695  0070 

29.04 

.705 

4455 

28.95 

•715 

8533 

28.87 

14 

.684  7077 

29.15 

.695  1813 

29.04 

.705 

6192 

28.95 

.716 

0266 

28.87 

15 

1.684  8826 

29.14 

I-695  3555 

29.04 

1.705 

7929 

28.95 

1. 716 

1998 

28.87 

16 

.685  0574 

29.14 

.695  5298 

29.04 

.705 

9666 

28.95 

.716 

373° 

28.87 

1  17 

.685  2323 

29.14 

.695  7040 

29.04 

.706 

1402 

28.95 

.716 

5462 

28.87 

,  18 

.685  4071 

29.14 

.695  8782 

29.03 

.706 

3139 

28.94 

.716 

7194 

28.87 

!   10 

.685  5820 

29.14 

.696  0524 

29.03 

.706  4875 

28.94 

.716 

8926 

28.87 

:  20 

1.685  7568 

29.14 

1.696  2266 

29.03 

1.706 

6612 

28.94 

I-717 

0658 

28.86 

21 

.685  9316 

29.13 

.696  4008 

29.03 

.706 

8348 

28.94 

.717 

2390 

28.86 

;  22 

.686  1064 

29.13 

.696  5750 

29.03 

.707 

0085 

28.94 

•717 

4122 

28.86 

23 

.686  2812 

29.13 

.696  7491 

29.03 

.707 

1821 

28.94 

•717 

5853 

28.86 

24 

.686  4560 

29.13 

.696  9233 

29.02 

.707 

3557 

28.94 

•717 

75§5 

28.86 

1  25 

1.686  6308 

29.13 

1.697  0974 

29.02 

1.707 

5*93 

28.93 

1-717 

9317 

28.86 

I  26 

.686  8055 

29.13 

.697  2716 

29.02 

.707 

7029 

28.93 

.718 

1048 

28.86 

27 

.686  9803 

29.12 

•697  4457 

29.02 

.707 

8765 

28.93 

.718 

2780 

28.86 

1  28 

.687  1550 

29.12 

.697  6198 

29.02 

.708 

0501 

28.93 

.718 

45" 

28.86 

1  29 

.687  3297 

29.12 

.697  7939 

29.02 

.708 

2237 

28.93 

.718 

6242 

28.85 

30 

1.687  5044 

29.12 

1.697  9680 

29.02 

1.708 

3972 

28.93 

I.718 

7974 

28.85 

31 

.687  6791 

29.12 

.698  1421 

29.01 

.708 

5708 

2893 

.718 

9705 

28.85 

!  32 

.687  8538 

29.11 

.698  3162 

29.OI 

.708 

7444 

28.92 

•719 

1436 

28.85 

I  33 

.688  0285 

29.11 

.698  4902 

29.01 

.708 

9179 

28.92 

•719 

3167 

28.85 

34 

.688  2032 

29.11 

.698  6643 

29.01 

.709 

0914 

28.92 

•719 

4898 

28.85 

1  35 

1.688  3778 

29.11 

1.698  8383 

29.01 

1.709 

2650 

28.92 

I-7I9 

6629 

28.85 

1  36 

.688  C525 

29.11 

.699  0124 

'29.01 

.709 

4385 

28.92 

•719 

8360 

28.85 

37 

.688  7271 

29.10 

.699  1864 

29.00 

.709 

6120 

28.92 

.720 

0090 

22.85 

38 

.688  9017 

29.10 

.699  3604 

29.00 

.709 

7855 

28.92 

.720 

1821 

28.84 

!  39 

.689  0764 

29.10 

.699  5345 

29.00 

.709 

9590 

28.92 

.720 

355* 

28.84 

40 

1.689  2510 

29.10 

1.699  7085 

29.00 

1. 710 

1325 

28.91 

I.720 

5282 

28.84 

41 

.689  4256 

29.10 

.699  8824 

29.00 

.710 

3060 

28.91 

.720 

7013 

28.84 

42 

.689  6001 

29.09 

.700  0564 

29.00 

.710 

4794 

28.91 

.720 

8743 

28.84 

43 

.689  7747 

29.09 

.700  2304 

29.OO 

.710 

6529 

28.91 

.721 

0474 

28.84 

44 

.689  9493 

29.09 

.700  4044 

28.99 

.710 

8263 

28.91 

.721 

2204 

28.84 

45 

1.690  1238 

29.09 

1.700  5783 

28.99 

1. 710 

9998 

28.91 

1. 721 

3934 

28.84 

46 

.690  2984 

29.09 

.700  7523 

28.99 

.711 

1732 
3467 

28.91 

.721 

5665 

28.84 

47 

.690  4729 

29.09 

.700  9262 

28.99 

.711 

28.90 

.721 

7395 

28.84 

48 

.690  6474 

29.09 
29.08 

.701  1001 

28.99 

.711 

5201 

28.90 

.721 

9125 

28.83 

49 

.690  8219 

.701  2741  • 

28.99 

.711 

6935 

28.90 

.722 

0855 

28.83 

50 

1.690  9964 

29.08 

1. 701  4480 
.701  6219 
.701  7958 

28.98 

1.711 

8669 

28.90 

I.722 

2585 

28.83 

51 

.691  1709 

29.08 

*2*! 

.712 

0403 

28.90 

.722 

4315 
6044 

28.83 

52 

.691  3454 

29.08 

28.98 

.712 

2137 

28.90 

.722 

28.83 

|  53 

.691  5199 

29.08 

.701  9697 

28.98 

.712 

3871 

28.90 

.722 

7774 

28.83 

54 

.691  6943 

29.08 

.702  1435 

28.98 

.712 

5605 

28.90 

.722 

9504 

28.83 

55 

1. 691  8688 

29.07 

1.702  3174 

28.98 

1. 712 

7339 

28.90 

I.723 

1*33 

28.83 

56 

.692  0432 

29.07 

.702  4913 

28.98 

.712 

9072 

28.89 

.723 

2963 

28.83 

57 

.692  2176 

29.07 

.702  6651 
.702  8389 
.703  0128 

28.97 

•713 

0806 

28.89 

.723 

4693 
6422 

28.82 

58 

.692  3920 

29.07 
29.07 

28.97 

.713 

*539 

28.89 

.723 

28.82 

59 

.692  5664 

28.97 

•7»3 

4*73 

28.89 

•7*3 

8151 

28.82 

60 

1.692  7408 

29.07 

1.703  1866 

23.97 

I-7I3 

6006 

28.89 

I.723 

9881 

28.82 

581 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Paraholic  Orbit. 


V. 

0' 

64 

0 

65 

0 

66 

0 

67 

0 

logM. 

Diff.  1". 

logH. 

Diff.  1". 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

i-7*3 

9881 

28.82 

'•734  3539 
•734  5*65 
•734  6991 

28.77 

I.744 

7031 

28.73 

'•755 

0405 

28.70 

1 

.724 

1610 

28.82 

28.77 

•744 

8755 

28.73 

•755 

2127 

28.70 

2 

.724 

3339 
5068 

6798 

28.82 

28.77 

•745 

0479 

28.73 

•755 

3849 

28.70 

3 

•724 

28.82 

•734  8718 

28.77 

•745 

2202 

28.73 

•755 

5571 

28.70 

4 

.724 

28.82 

•735  °444 

28.77 

•745 

3926 

28.73 

•755 

7293 

28.70 

5 

1.724 

85*7 

28.82 

1.735  2169 

28.76 

'•745 

5650 

28.73 

'•755 

9315 

28.70 

6 

•7*5 

0256 

28.82 

•735  3895 

28.76 

•745 

7373 

28.73 

.756 

0737 

28.70 

7 

•7*5 

1984 

28.81 

•735  56*1 

.  28.76 

•745 

9097 

28.73 

.756 

2459 
4181 

28.70 

8 

•7*5 

3713 

28.81 

•735  7347 

28.76 

.746 

0820 

28.72 

.756 

28.70 

9 

•7*5 

544* 

28.81 

•735  9°73 

28.76 

.746 

*544 

28.72 

.756 

59°3 

28.70 

10 

1.725 

7171 

28.81 

1.736  0798 

28.76 

1.746  4267 

28.72 

1.756  7625 

28.70 

11 

•7*5 

8900 

28.81 

.736  2524 

28.76 

.746 

599' 

28.72 

.756 

9347 

28.70 

12 

.726 

0628 

28.81 

.736  4250 

28.76 

.746 

77'4 

28.72 

•757 

1069 

28.70 

13 

.726 

*357 

28.81 

.736  5975 

28.76 

.746 

9437 
1161 

28.72 

•757 

2791 

28.70 

14 

.726 

4085 

28.81 

.736  7701 

28.76 

•747 

28.7a 

•757  45'3 

28.70 

15 

1.726  5814 

28.81 

1.736  9426 

28.76 

'•747 

2884 

28.72 

'•757 

6235 

28.70 

16 

.726 

754* 

28.81 

•737  "5* 

fS.76 

•747 

4607 

28.72 

•757 

7957 

28.70 

17 

.726 

9270 

28.81 

•737  *877 

28.76 

•747 

6330 

28.72 

•757 

9679 

28.70 

18 

•7*7 

0999 

28.80 

•737  4602 

28.76 

•747 

8054 

28.72 

•758 

1401 

28.70 

19 

•7*7 

2727 

28.80 

•737  6328 

28.75 

•747 

9777 

28.72 

.758 

3123 

28.70 

20 

1-7*7 

4455 
6183 

28.80 

1.737  8053 

28.75 

1.748 

1500 

28.72 

1.758 

tin 

28.70 

21 

•7*7 

28.80 

•737  9778 

28.75 

•748 

3223 
4946 
6669 

28.72 

.758 

28.70 

22 

•7*7 

79" 

28.80 

•738  i5°3 

28.75 

•748 

28.72 

.758 

8288 

28.70 

23 

•7*7 

9639 

28.80 

.738  3228 

28.75 

•748 

28.72 

•759 

0010 

28.70 

24 

.728 

1367 

28.80 

•738  4953 

28.75 

•748 

8392 

28.72 

•759 

1731 

28.70 

25 

1.728 

3095 

28.80 

1.738  6679 

28.75 

1.749 

0115 

28.72 

'•759 

3453 

28.70 

26 

.728 

4823 

28.80 

.738  8404 

28.75 

•749 

1838 
356' 

28.72 

•759 

5175 

28.70 

27 

.728 

6551 

28.80 

•739  o'*9 

28.75 

•749 

28.72 

•759 

6897 

28.70 

28 

.728 

8*79 

28.80 

•739  1853 

28.75 

•749 

5284 

28.72 

•759 

8618 

28.69 

29 

•7*9 

0006 

28.79 

•739  3578 

28.75 

•749 

7007 

28.71 

.760 

0340 

28.69 

30 

i-7*9 

'734 

28.79 

'•739  53°3 

28.75 

'•749 

8730 

28.71 

1.760 

2062 

28.69 

31 

•7*9 

3461 

28.79 

•739  7°*8 

28.75 

.750 

0453 

28.71 

.760 

3783 

28.69 

32 

•7*9 

5189 

28.79 

•739  8753 

28.75 

.750 

2176 

28.71 

.760 

5505 

28.69 

33 

•7*9 

6916 

28.79 

.740  0477 

28.75 

.750 

3898 

28.71 

.760 

7227 

28.69 

31 

•7*9 

8644 

28.79 

.740  2202 

28.74 

.750 

5621 

28.71 

.760 

8948 

28.69 

35 

1.730 

0371 

28.79 

1.740  3927 

28.74 

1.750 

7344 
9067 

28.71 

1. 761 

0670 

28.69 

36 

.730 

2099 

28.79 

.740  5651 

28.74 

.750 

28.71 

.761 

2392 

28.69 

37 

.730 

3826 

28.79 

.740  7376 

28.74 

•75' 

0789 

28.71 

.761 

4"3 

28.69 

38 

.730 

5553 

28.79 

.740  9101 

28.74 

•75' 

2512 

28.71 

.761 

5835 

28.69 

39 

.730 

7280 

28.79 

.741  0825 

28.74 

•75' 

4*34 

28.71 

.761 

7556 

28.69 

40 

1.730 

9007 

28.78 

1.741  2550 

28.74 

1.751 

5957 

28.71 

1.761 

9278 

28.69 

41 

•73» 

0735 
2462 

28.78 

•74'  4*74 

28.74 

•75' 

7680 

28.71 

.762 

0999 

28.69 

42 

•73' 

28.78 

•74'  5998 

28.74 

•75' 

9402 

28.71 

.762 

2721 

28.69 

43 

•73' 

4189 

28.78 

•74'  77*3 

28.74 

•75* 

1125 

28.71 

.762 

444-2 
6164 

28.69 

44 

•73' 

59'5 

28.78 

•74'  9447 

28.74 

•75* 

2847 

28.71 

.762 

28.69 

!  45 

'•73' 

7642 

28.78 

1.742  1171 

28.74 

1.752 

4570 

28.7, 

1.762 

7885 

28.69 

46 

•73' 

9369 

28.78 

.742  2896 

28.74 

•75* 

6292 

28.71 

.762 

9607 

28.69 

47 

•73* 

1096 

28.78 

.742  4620 

28.74 

•75* 

8015 

28.7, 

.763 

1328 

28.69 

48 

•73* 

2823 

28.78 

•74*  6344 

28.74 

•75* 

9737 
1460 

28.71 

.763 

3050 

28.69 

49 

•73* 

4549 

28.78 

.742  8068 

28.74 

•753 

28.71 

.763 

477' 

28.69 

50 

1.732 

6276 

28.78 

1.742  9792 

28.74 

'•753 

3182 

28.71 

1.763 

6493 

28.69 

51 

•73* 

8002 

28.78 

•743  '5'6 

28.73 

•753 

49°4 
6627 

28.71 

.763 

8214 

28.69 

£1 

•7  3* 

97*9 

28.77 

•743  3*4° 
•743  4964 

28.73 

•753 

28.71 

.763 

9936 

28.69 

.->:* 

•733 

'455 

28.77 

28.73 

•753 

8349 

28.71 

.764 

1657 

28.69 

M 

•733 

3182 

28.77 

.743  6688 

28.73 

•754 

0071 

28.70 

.764 

3379 

28.69 

M 

'•733 

4908 

28.77 

1.743  841* 

28.73 

'•754 

'794 

28.70 

1.764 

5100 

28.69 

56 

•733 

6635 
8361 

28.77 

•744  0136 
.744  i860 

28.73 

•754 

3516 

28.70 

.764 

6821 

28.69 

57 

•733 

28.77 

28.73 

•754 

5238 

28.70 

.764 

8543 
0264 

28.69 

58 

■734 

0087 

28.77 

•7-14  3584 
•7-14  53°8 

28.73 

•754 

6960 

28.70 

.765 

28.69 

59 

•734 

1813 

28.77 

28.73 

•754 

8682 

28.70 

.765 

1985 

2S.69 

60 

'•734 

3539 

28.77 

1.744  7031 

28.73 

'•755 

0405 

28.70 

1.765 

3707 

28.69 

582 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 


O' 

1 

2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 

28 
29 

30 
31 
32 
33 
34 

35 
36 
37 

38 
39 

40 
41 
42 
43 
44 

45 

46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 

58 
59 

60 


68c 


loSM. 


765 

765 
765 
765 
766 

766 
766 
766 
766 
766 

767 
767 
767 
767 
767 

767 
768 
768 
768 
768 

768 
768 
769 
769 
709 

769 
769 

770 
770 
770 

770 
770 
770 
771 
77* 


3707 
5428 
7150 
8871 
0592 

2314 
4035 
575^ 
7478 
9199 

0920 
2642 
4363 
6084 
7805 

9527 
1248 
2969 
4691 
6412 

8133 
9854 

1576 

3297 
5018 

6740 
8461 
0182 
1903 

3625 

5346 
7067 


0510 
2231 


771   3952 
771   5673 

771  7395 

771  9116 

772  0837 


772 
772 
772 
772 
772 

773 
773 
773 
773 
773 

773 
774 
774 
774 
774 

774 
775 
775 
775 
775 

775 


2559 
4280 
6001 
7722 
9444 
1165 
2886 
4607 
6329 
8050  1 

9771 
1493  ! 
32I4  ! 
4935  ■ 
6657  I 

8378  I 
0099 
1821  1 

3542  ! 
5263  1 

6985  I 


28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 


69 


logM. 


775  6985 

775  8706 

776  0427 
776  2149 
776  3870 

776  5591 
776  7313 

776  9034 

777  0755 
777  2477 


777 
777 
777 
777 
778 

778 

77» 
778 
778 
778 

779 
779 
779 
779 
779 
780 
780 
780 
780 
780 

780 
781 
78i 
78i 
781 

781 
781 
782 
782 
782 

782 
782 
782 

783 
783 

783 
783 
783 
783 
784 

784 
784 

784 
784 
784 

785 
785 
785 
78S 
785 
786  0284 


4198 
5920 
7641 
9363 
1084 

2806  ! 

4527 
6248 
7970 
9691 

1413 

3140 
4862 
6578 
8299 


1742 

3464 
5185 
6907 

8629 

0350 
2072 
3793 
5515 
7237 

8959 
0680 
2402 
4124 

5845 
7567 
9289 
ion 
2732 

4454 
6176 

7898 
9620 
J  342. 

2$ 

6508 
8230 
9952 

1674 
3396 
5118 
6840 
8562 


28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.69 
28.69 
28.69 

28.69 
28.69 
28.70 
28.70 
28.70 

28.70 
28.70 
28.70 
28.70 
28.70 

28.70 
28.70 
28.70 
28.70 
28.70 

28.70 
28.70 
28.70 
28.70 
28.70 

28.70 
28.70 
28.70 
28.70 
28.70 

28.70 

683" 


70c 


logM. 


786  0284. 
786  2006 
786  3728 
786  5450 
786  7172 

786  8894 

787  0617 

787  2339 
787  4061 

787  5783 

787  75°6 

787  9228 

788  0950 
788  2673 
788  4395 
788  6117 
788  7840 

788  9562 

789  1284 
789  3°°7 

789  473° 
789  6452 
789  8175 

789  9897 

790  1620 

790  3342 
790  5065 
790  6788 

790  8510 

791  0233 

791  1956 

791  3678 

791  5401 

791  7124 

791  8847 

792  0570 
792  2293 
792  4016 

792  5738 
792  7461 


9184 
0907 
2630 

4354 
6077 

7800 

95^3 
1246 
2969 
4693 

6416 
8139 
9862 
1586 
3309 


795  5°33 
795  675° 

795  8480 

796  0203 
796  1927 

796  3650 


792 
793 
793 
793 
793 

793 
793 
794 
794 
794 

794 
794 
794 
795 
795 


Diff.  l" 


28.70 
28.70 
28.70 
28.70 
28.70 

28.70 
28.70 
28.70 
28.70 
28.70 

28.70 

28.7 

28.7 

28.7 

28.7 

28.7 
28.7 
28.7 
28.7 
28,7 

28.7 
28.7 
28.7 
28.7 
28.7 

28.7 
28.7 
28.7 
28.7 
28.7 

28.7 
28.7 
28.7 
28.7 
28.7 

28.7 

28.7 

28.72 

28.72 

28.72 

28.72 
28.72 
28.72 
28.72 
28.72 

2S.72 
28.72 
28.72 
28.72 
28.72 

28.72 
28.72 
28.72 
28.72 
28.72 

28.72 
28.72 
28.72 
28.73 
28.73 

28.73 


IV 


logM. 


796 
796 
796 
796 
797 

797 

797 
797 
797 
797 


3650 

5374 
7097 
8821 
0545 
2268 
3992 
5716 
7440 
9164 


798  0888 
798  261 1 

798  4335 
798  6060 
798  7784 

798  9508 

799  I232 
799  2956 
799  4680 

799  64°4 

799 
799 
800 
800 
800 

800 
800 
801 
801 
801 

801 
801 
801 
802 
802 

802 
802 
802 


802 
803 

803 
803 
803 
803 
803 

804 
804 
804 
804 
804 

804 
805 
805 
805 
805 

805 
806 
806 
806 
806 


8128 
9853 
1577 
3301 
5026 

6750 

8475 
0199 
1924 
3648 

5373 
7107 
8822 

°547 
2271 

3996 
5721 
7446 
9171 
0896 

2621 
4346 
6071 
7796 
9521 

1246 
2971 

4697 
6422 
8147 

987j 
1598 

3324 
5049 
6775 
8500 
0226 
1952 
3677 
5403 


1.806  7129 


Diff.  1". 

28.73 

28.73 
28.73 
28.73 
28.73 

28.73 
28.73 
28.73 
28.73 
28.73 

28.73 
28.73 
28.73 
28.73 
28.73 

28.73 
28.74 
28.74 

28.74 
28.74 

28.74 
28.74 
28.74 

28.74 
28.74 

28.74 
28.74 

28.74 
28.74 
28.74 

28.74 
28.74 
28.74 
28.75 
28.75 

28.75 
28.75 
28.75 
28.75 
28.75 

28.75 
28.75 
28.75 
28.75 
28.75 

28.75 
28.75 
28.75 
28.76 
28.76 

28.76 
28.76 
28.76 
28.76 
28.76 

28.76 
28.76 
28.76 
28.76 
28.76 

28.76 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


V, 

72 

0 

73 

0 

74 

0 

75 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

o 

1.806  7129 

28.76 

1. 817  0765 

28.81 

I.827  4602 
.827  633c 
.827  8068 

28.88 

1.837  8686 

28.95 

1 

.806  8855 

28,76 

.817  2494 

28.81 

28.88 

.838  0423 

28.95 

2 

.807  0581 

28.77 

.817  4222 

28.82 

28.88 

.838  2160 

28.95 

3 

.807  2307 

28.77 

.817  5951 
.817  7680 

28.82 

.827  9800 

28.88 

.838  3898 

28.95 

4 

.807  4033 

28.77 

28.82 

.828  1533 

28.88 

.838  5635 

28.96 

5 

'•8°7  5759 

28.77 

1. 817  9410 

28.82 

I.828  3266 

28.88 

1.838  7372 

28.96 

0 

.807  7485 

28.77 

.818  1139 
.818  2868 

28.82 

.828  4999 

28.88 

.838  9110 

28.96 

7 

.807  9211 

28.77 

28.82 

.828  6732 

28.88 

.839  0847 

28.96 

8 

.808  0937 
.808  2663 

28.77 

.818  4597 
.818  6326 

28.82 

.828  8465 

28.88 

.839  2585 

28.96 

9 

28.77 

28.82 

.829  0198 

28.89 

•839  4323 

28.96 

10 

[.808  4389 
.808  6116 

28.77 

1. 818  8056 

28.82 

I.829  1931 
.829  3665 

28.89 

1.839  6060 

28.96 

11 

28.77 

.818  9785 

28.82 

28.89 

.839  7798 

28.97 

12 

.808  7842 
.808  9568 

28.77 

.819  1515 

28.83  " 

.829  5398 

28.89 

.839  9536 

28.97 

13 

28.77 

.819  3244 

28.83 

.829  7131 

28.89 

.8|o  1274 

28.97 

14 

.809  1295 

28.77 

.819  4974 

28.83 

.829  8865 

28.89 

.840  3012 

28.97 

15 

.809  3021 

28.78 

1. 819  6704 

28.83 

I.830  0599 

28.89 

1.840  4751 
.840  6489 

28.97 

16 

.809  4748 

28.78 

.819  8433 

28.83 

.830  2332 

28.89 

28.97 

17 

.809  6474 

28.78 

.820  0163 

28.83 

.830  4066 

28.90 

.840  8227 

28.97 

18 

.809  8201 

28.78 

.820  1893 

28.83 

.830  5800 

28.90 

.840  9966 

28.97 

19 

.809  9928 

28.78 

.820  3623 

28.83 

.830  7533 

28.90 

.841  1704 

28.98 

20 

.810  1655 

28.78 

1.820  5353 

28.83 

I.830  9267 

28.90 

1. 841  3443 

28.98 

21 

.810  3381 

28.78 

.820  7083 

28.83 

.831  1001 

28.90 

.841  5182 

28.98 

22 

.810  5108 

28.78 

.820  8813 

28.84 

.831  2735 

28.90 

.841  6921 

28.98 

23 

.810  6835 

28.78 

.821  0543 

28.84 

.831  4470 

.831  6204 

28.90 

.841  8659 

28.98 

24 

.810  8562 

28.78 

.821  2273 

28.84 

28.90 

.842  0398 

28.98 

25 

.811  0289 

28.78 

1.821  4003 

28.84 

1.831  7938 

28.91 

1.842  2138 

28.98 

26 

.811  2016 

28.78 

.821  5734 

28.84 

.831  9672 

28.91 

.842  3877 

28.99 

27 

.811  3743 

28.78 

.821  7464 

28.84 

.832  1407 

28.91 

.842  5616 

28.99 

28 

.811  5470 

28.79 

.821  9194 

28.84 

.832  3141 

28.91 

.842  7355 

28.99 

29 

.811  7197 

28.79 

.822  0925 

28.84 

.832  4876 

28.91 

.842  9095 

Z8.99 

30 

.811  8924 

28.79 

1.822  2656 

28.84 

1.832  6611 

28.91 

1.843  0834 

28.99 

31 

.812  0652 

28.79 

.822  4386 

28.84 

.832  8345 

28.91 

•843  2574 

28.99 

32 

.812  2379 

28.79 

.822  6117 

28.85 

.833  0080 

28.92 

•843  4313 

29.00 

33 

.812  4106 

28.79 

.822  7848 

28.85 

.833  1815 

28.92 

•843  6o53 

29.OO 

34 

.812  5834 

28.79 

.822  9578 

28.85 

•833  355° 

28.92 

•843  7793 

29.OO 

35 

.812  7561 

28.79 

1.823  1309 

28.85 

1.833  5285 

28.92 

'•843  9533 

29.00 

36 

.812  9289 

28.79 

.823  3040 

28.85 

.833  7020 

28.92 

•844  1*73 

29.00 

37 

.813  1016 

28.79 

.823  4771 

28.85 

•833  8755 

28.92 

•844  3013 

29.00 

38 

.813  2744 

28.79 

.823  6502 

28.85 

.834  0491 

28.92 

•844  4753 

29.00 

39 

.813  4472 

28.79 

.823  8233 

28.85 

.834  2226 

28.92 

•844  6494 

29.OI 

40 

.813  6199 

28.80 

1.823  9965 

28.85 

1.834  3961 

28.92 

1.844  8234 

29.OI 

41 

.813  7927 

28.80 

.824  1696 

28.85 

.834  5697 

28.93 

•844  9974 

29.OI 

42 

.813  965c 

28.80 

.824  3427 

28.86 

.834  7432 
.834  9168 

28.93 

•845  1715 

29.OI 

43 

.814  1383 

28.80 

.824  5159 

28.86 

28.93 

.845  3456 

29.OI 

44 

.814  311 1 

28.80 

.824  6890 

28.86 

.835  0904 

28.93 

.845  5196 

29.OI   1 

45 

.814  4839 
.814  6567 

28.80 

1.824  8622 

28.86 

1.835  2640 

28.93 

1.845  6937 

29.OI 

46 

28.80 

.825  0353 

28.86 

.835  4376 

28.93 

.845  8678 

29.02 

47 

.814  8295 

28.80 

.825  2085 

28.86 

.835  6112 

28.93 

.846  0419 

29.02 

48 

.815  0023 

28.80 

.825  3816 

28.86 

.835  7848 
.835  9584 

28.93 

.846  2160 

29.02 

49 

.815  1751 

28.80 

.825  5548 

28.86 

28.94 

.846  3901 

29.02 

50  i 

.815  3479 
.815  5208 

28.80 

1.825  7280 

28.86 

1.836  1320 

28.94 

1.846  5643 

29.02 

u 

28.81 

.825  9012 

28.87 

.836  3056 

28.94 

.846  7384 

29.02 

52 

.815  6936 
.815  8664 

28.81 

.826  0744 

28.87 

.836  4792 
.836  6529 

28.94 

.846  9125 

29.03 

53 

28.81 

.826  2476 

28.87 

28.94 

.847  0867 

29.03 

r,l 

.816  0393 

28.81 

.826  4208 

28.87 

.836  8265 

28.94 

.847  2609 

29.03 

55  i 

.816  2121 

28.81 

1.826  5940 

28.87 

1.837  0002 

28.94 

1.847  4350 

29.03 

50 

.816  3850 

28.81 

.826  7673 

28.87 

.837  1739 

28.95 

.847  6092 

29.03 

57 

.816  5578 

28.81 

.826  9405 

28.87 

•837  3475 

28.95 

.847  7834 

29.03 

58 

.816  7307 

28.81 

.827  1 1 37 

28.87 

.837  5212 
.837  6949 

28.95 

.847  9576 

29.03 

59 

.816  9036 

28.81 

.827  2870 

28.87 

28.95 

.848  13 1 8 

29.04 

60  i 

.817  0765 

28.81 

1.827  4602 

28.88 

1.837  8686 

28.95 

1.848  3060 

29.04 

584 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

76 

3 

77' 

) 

78 

0 

79 

0 

logM. 

Diff.  1". 

lot  M. 

Diff.  1". 

logM. 

Diff.  1". 

log  M. 

Diff.  1". 

0' 

I.848  3060 

29.04 

I.858  7769 

29.14   1 

.869  2857 

29.25 

[.879  8369 

29.37 

1 

.848  4803 
.848  6545 

29.04 

.858  9517 

29.14 

.869  4612 
.869  6367 

29.25 

.880  0131 

29.37 

2 

29.04 

.859  1266 

29.14 

29.25 

.880  1894 

29.38 

3 

.848  8287 

29.04 

.859  3014 

29.14 

.869  8122 

29.25 

.880  3656 

29.38 

4 

.849  0030 

29.04 

.859  4763 

29.15 

.869  9878 

29.26 

.880  5419 

29.38 

5 

I.849  1773 

29.04 

I.859  6512 

29.15 

.870  1633 
.870  3389 

29.26 

I.880  7182 

29.38 

G 

.849  3515 

29.05 

.859  8260 

29.15 

29.26 

.880  8945 

29.38 

7 

.849  5258 

29.05 

.860  0009 

29.15 

.870  5144 

29.26 

.881  0708 

29.39 

8 

.849  7001 

29.05 

.860  I758 

29.15 

.870  6900 

29.26 

.881  2471 

29.39 

9 

.849  8744 

29.05 

.860  3507 

29.15 

.870  8656 

29.26 

.881  4235 

29.39 

10 

I.850  0487 

29.05 

I.860  5256 

29.15 

.871  0412 

29.27 

I.881  5998 

29.39 

11 

.850  2231 

29.05 

.860  7006 

29.16 

.871  2168 

29.27 

.881  7762 

29.39 

12 

.850  3974 

29.06 

.860  8755 

29.16 

.871  3924 

29.27 

.881  9526 

29.40 

13 

.850  5717 

29.06 

.861  0505 

29.16 

.871  5681 

29.27 

.882  1290 

29.40 

14 

.850  7461 

29.06 

.861  2254 

29.16 

.871  7437 

29.28 

.882  3054 

29.40 

15 

1.850  9204 

29.06 

1. 86l  4004 

29.16 

[.871  9194 

29.28 

I.882  4818 

29.40 

16 

.851  0948 

29.06 

.861  5754 

29.16 

.872  0950 

29.28 

.882  6582 

29.41 

17 

.851  2692 

29.06 

.861  7504 

29.17 

.872  2707 

29.28 

.882  8347 

29.41 

18 

.851  4436 

29.07 

.861  9254 

29.17 

.872  4464 

29.28 

.883  0112 

29.41 

19 

.851  6180 

29.07 

.862  IOO4 

29.17 

.872  6221 

29.29 

.883  1876 

29.41 

20 

1. 851  7924 

29.07 

I.862  2754 

29.17 

I.872  7979 

29.29 

I.883  3641 

29.42 

21 

.851  9668 

29.07 

.862  4505 

29.17 

.872  9736 

29.29 

.883  5406 

29.42 

22 

.852  1412 

29.07 

.862  6255 

29.18 

.873  1493 

29.29 

.883  7171 

29.42 

23 

.852  3157 

29.07 

.862  8006 

29.18 

.873  3251 

29.29 

.883  8937 

29.42 

24 

.852  4901 

29.07 

.862  9756 

29.18 

.873  5008 

29.30 

.884  0702 

29.42 

25 

I.852  6646 

29.08 

I.863  '507 

29.18 

[.873  6766 

29.30 

1.884  2468 

29.43 

26 

.852  8391 

29.08 

.863  3258 

29.18 

.873  8524 

29.30 

.884  4233 

29.43 

27 

.853  0135 

29.08 

.863  5009 

29.18 

.874  0282 

29.30 

.884  5999 

29.43 

28 

.853  1880 

29.08 

.863  6760 

29.19 

.874  2041 

29.30 

.884  7765 

29.43 

29 

.853  3625 

29.08 

.863  8512 

29.19 

.874  3799 

29.31 

.884  953! 

29.44 

30 

I.853  5370 

29.09 

I.864  0263 

29.19 

'•874  5557 

29.31 

1.885  1297 

29.44 

31 

.853  7115 

29.09 

.864  2015 

29.19 

.874  7316 

29.31 

.885  3064 

29.44 

32 

.853  8861 

29.09 

.864  3766 

29.19 

.874  9074 

29.31 

.885  4830 

29.44 

33 

.854  0606 

29.09 

.864  5518 

29.20 

.875  0833 

29.31 

.885  6597 

29.45 

34 

.854  2351 

29.09 

.864  7270 

29.20 

.875  2592 

29.32 

.885  8364 

29.45 

35 

1.854  4°97 

29.09 

I.864  9022 

29.20 

[.875  A351 
.875  6m 

29.32 

1.886  0131 

29.45 

36 

.854  5843 

29.10 

.865  0774 

29.20 

29.32 

.886  1898 

29.45 

37 

.854  7588 

29.10 

.865  2526 

29.20 

.875  7870 

29.32 

.886  3665 

29.45 
29.46 

38 

•854  9334 

29.10 

.865  4278 

29.20 

.875  9629 

29.32 

.886  5432 

39 

.855  1080 

29.10 

.865  6030 

29.21 

.876  1389 

29.33 

.886  7200 

29.46 

40 

1.855  2826 

29.10 

I.865  7783 

29.21 

I.876  3148 

29.33 

1.886  8967 

29.46 

41 

.855  4572 

29.IO 

.865  9536 

29.21 

.876  4908 

29.33 

.887  0735 

29.46 

42 

.855  6319 

29.II 

.866  1288 

29.21 

.876  6668 

29.33 

.887  2503 

29.47 

43 

.855  8065 

29.11 

.866  3041 

29.21 

.876  8428 

29.33 

.887  4271 
.887  6039 

29.47 

44 

.855  9811 

29.1 1 

.866  4794 

29.22 

.877  0188 

29.34 

29.47 

45 

1.856  1558 

29.II 

1.866  6547 

29.22 

1.877  1949 

29.34 

1.887  7807 

29.47 

46 

.856  3305 

29.11 

.866  8301 

29.22 

.877  3709 

29.34 

.S87  9576 

29.48 

47 

.856  5052 

29.11 

.867  0054 

29.22 

.877  5470 

29.34 

.888  1344 

29.48 

48 

.856  6799 

29.12 

.867  1807 

29.22 

.877  7230 

29.34 

.888  3113 

29.48 

49 

.856  8546 

29.12 

.867  3561 

29.23 

.877  8991 

29-35 

.888  4882 

29.48 

50 

1.857  0293 

29.12 

1.867  5314 
.867  7068 

29.23 

1.878  0752 

29.35 

1.888  6651 

29.48 

51 

.857  2040 

29.12 

29.23 

.878  2513 

29.35 

.888  8420 

29.49 

52 

.857  3787 

29.12 

.867  8822 

29.23 

.878  4275 

29.35 

.889  0189 

29.49 

53 

•857  5534 

29.12 

.868  0576 

29.23 

.878  6036 

29-35 
29.36 

.889  1959 

29.49 

54 

.857  7282 

29.13 

.868  2330 

29.24 

.878  7797 

.889  3728 

29.49 

55 

1.857  9030 

29.13 

1.868  4084 

29.24 

1.878  9559 

29.36 

1.889  5498 

29.49 

56 

.858  0777 

29.13 

.868  5839 

29.24 

.879  1321 

29.36 

.889  7268 

29.50 

57 

.858  2525 

29.13 

.868  7593 

29.24 

.879  3082 

29  36 

.889  8038 

29.50 

58 

.858  4273 

29.13 

.868  9348 

29.24 

.879  4844 

29.36 

.890  0808 

29.50 

59 

.858  6021 

29.13 

.869  1 102 

29.25 

.879  6606 

29.37 

.890  2578 

29.51 

60 

1.858  7769 

29.14 

1.869  2857 

29.25 

1.879  83<>9 

29.37 

1.890  4349 

29-51 

585 


TABLE  VI. 


F 

or  lhuling  the  True  Anomaly  or  tl 

e  Time  from  the  Perihelion  in 

a  Parabolic 

Orbit. 

V, 

80 

81 

0 

82 

0 

83 

0 

logM. 

Diff.  1". 

log  M. 

Diff.  1". 

1  BffK 

Diff.  1". 

logM. 

Diff.  1". 

0' 

I.890  4349 

29.51 

1. 901 

0841 

29.66 

1. 911 

7893 

29.82 

I.922  5548 

29.99 

1 

.890  61 19 

2951 

.901 

2621 

29.66 

.911 

9682 

29.82 

.922  7347 

29.99 

2 

.890  7890 

29.51 

.901 

4400 

29.66 

.912 

1471 

29.82 

.922  9147 

30.00 

3 

.890  9661 

29.51 

.901 

6180 

29.66 

.912 

3261 

29.83 

•923  °947 

30.00 

4 

.891  1432 

29.52 

.901 

7960 

29.67 

.912 

5050 

29.83 

•923  2747 

30.00 

5 

1. 891  3203 

29.52 

1. 90 1 

9740 

29.67 

1. 912 

6840 

29.83 

1.923  d.548 
•923  0348 

30.01 

6 

.891  A974 
.891  6745 

29.52 

.902 

1521 

29.67 

.912 

8630 

29.84 

30.OI 

7 

29.52 

.902 

33°' 

29.67 

.913 

0420 

29.84 

.92*  8149 

30.OI 

8 

.891  8517 

29.53 

.902 

5082 

29.68 

.913 

2211 

29.84 

•923  995° 

30.02 

1 

.892  0289 

29.53 

.902 

6862 

29.68 

.913 

4001 

29.84 

•924  I751 

30.02 

10 

I.892  2061 

29.53 

I.902 

8643 

29.68 

1.913 

5792 

29.85 

1.924  3552 

30.02 

11 

.892  3833 

29-53 

.903 

0424 

29.69 

.913 

7583 

29.85 

•924  5354 

30.03 

12 

.892  5605 

29.54 

.903 

2105 

29.69 

.913 

9374 

29.85 

.924  7155 

30.03 

13 

.892  7377 

29-54 

.903 

3987 

29.69 

.914 

1165 

29.85 

•924  8957 

30.03 

14 

.892  9149 

=9-54 

.903 

5768 

29.69 

.914 

2956 

29.86 

.925  0759 

30.03 

15 

I.893  0922 

29-54 

I.903 

755° 

29.70 

1.914 

4748 

29.86 

1.925  2561 

30.04 

1G 

.893  2695 

29-55 

.903 

9332 

29.70 

.914 

6540 

29.86 

•925  4364 

30.04 

17 

.893  4467 

19-55 

.904 

1114 

29.70 

.914 

8331 

29.87 

.925  6166 

30.04 

18 

.893  6240 

29-55 

.904 

2896 

29.70 

.915 

0124 

29.87 

.925  7969 

30.05 

19 

.893  8013 

29-55 

.904 

4678 

29.71 

.915 

1916 

29.87 

•925  9772 

30.05 

20 

I.893  9787 

29.56 

I.904 

6461 

29.71 

1-915 

3708 

29.87 

1.926  1575 

30.05 

21 

.894  1560 

29.56 

.904 

8243 

*9-7I 

.915 

5501 

29.88 

.926  3378 

30.06 

22 

•894  3334 

29.56 

.905 

0026 

29.71 

•915 

7294 

29.88 

.926  5182 

30.06 

23 

.894  5108 

29.56 

.905 

1809 

29.72 

•915 

9087 

29.88 

.926  6986 

30.06 

24 

.894  6882 

29.57 

.905 

3592 

29.72 

.916 

0880 

29.89 

.926  8789 

30.07 

25 

1.894  8656 

29.57 

I.905 

5376 

29.72 

1. 916 

2673 
4466 

29.89 

1.927  0593 

30.07 

20 

.895  0430 

29.57 

.905 

7159 

29.73 

.916 

29.89 

.927  2398 

30.07 

27 

.895  2204 

29-57 

.905 

8943 

29.73 

.916 

6260 

29.90 

.927  4202 

30.08 

28 

•»95  3979 

29.58 

.906 

0726 

29.73 

.916 

8054 

29.90 

.927  6007 

30.08 

29 

•89S  5753 

29.58 

.906 

2510 

29.73 

.916 

9848 

29.90 

.927  7811 

30.08 

30 

1.895  7528 

29.58 

I.906 

4294 

29-74 

1-917 

1642 

29.90 

1.927  9616 

30.08 

31 

.895  9303 

29.58 

.906  6079 

29-74 

.917 

3436 

29-91 

.928  1422 

30.09 

32 

.896  1078 

29.59 

.906 

7863 

29.74 

.917 

5231 

29.91 

.928  3227 

30.09 

33 

.896  2854 

29.59 

.906  9648 

29.74 

.917 

7025 

299  * 

.928  5032 

30.09 

34 

.896  4628 

29.59 

.907 

1432 

29-75 

.917 

8820 

29.92 

.928  6838 

30.10 

35 

1.896  6404 

29.59 

I.907 

3217 

29-75 

1.918 

0615 

29.92 

1.928  8644 

30.IO 

36 

.896  8180 

29.60 

.907 

5002 

29.75 

.918 

2410 

29.92 

.929  0450 

30.IO 

37 

.896  9955 

29.60 

.907 

6787 

29-75 

.918 

4206 
6001 

29.92 

.929  2256 

30.II 

38 

.897  1732 

29.60 

.907 

8573 

29.76 

.918 

29.93 

.929  4063 

30.II 

39 

.897  3508 

29.60 

.908 

0358 

29.76 

.918 

7797 

29.93 

.929  5869 

30.II 

40 

1.897  5284 

29.61 

1.908 

2144 

29.76 

1. 918 

9593 

29-93 

1.929  7676 

30.12 

41 

.897  7060 

29.61 

.908 

3930 

29.77 

.919 

1389 

29.94 

•929  9483 

30.12 

42 

.897  8837 

29.61 

.908 

5716 

29.77 

.919 

3185 

29.94 

.930  1291 

30.12 

43 

.898  0614 

29.61 

.908 

7502 

29.77 

.919 

4982 

29.94 

.930  3098 

30.13 

44 

.898  2390 

29.62 

.908 

9288 

29.77 

.919 

6778 

29.94 

.930  4906 

30.13 

45 

1.898  4168 

29.62 

I.909 

1075 

29.78 

1. 919 

8575 

29.95 

1.930  6713 

30.13 

40 

.898  5945 

29.62 

.909 

2862 

29.78 

.920 

0372 

29.95 

.930  8521 

3°-!3 

47 

.898  7722 

29.62 

.909 

4648 
6436 

29.78 

.920 

2169 

29.95 

.931  0330 

30.14 

48 

.898  9500 

29.63 

.909 

29.78 

.920 

3966 

29.96 

.931  2138 

30.14 

40 

.899  1277 

29.63 

.909 

8223 

29.79 

.920 

5764 

29.96 

.931  3946 

30.14 

50 

1.899  3055 

29.63 

1. 910 

0010 

29.79 

1.920 

7561 

29.96 

'•93'  5755 

3°-'5 

51 

.899  18  3  3 
.899  661 1 

29.63 

.910 

1798 

29.79 

.920 

9359 

29.97 

.931  7564 

30.15 

52 

29.64 

.910 

3585 

29.80 

.921 

1157 

29.97 

.931  9373 

30.15 

.-,:» 

.899  8389 

29.64 

.910 

5373 

29.80 

.921 

2956 

29.97 

.932  1183 

30.1(1 

54 

.900  0168 

29.64 

.910 

7161 

29.80 

.921 

4754 

29.98 

.932  2992 

30.it 

55 

1.900  1946 

29.64 

1. 910 

8949 
0738 

29.80 

1. 921 

6552 

29.98 

1.932  4802 

30.16 

50 

.900  3725 

29.65 

.911 

29.81 

.921 

8351 

29.98 

.932  6612 

30.17 

57 

.900  5504 

29.65 

.911 

2526 

29.81 

.922 

0150 

29.98 

.932  8422 

30.17 

58 

.900  7283 

29.65 

.911 

43'5 
6104 

29.81 

.922 

'949 

29.99 

•933  0232 

30.17 

59 

.900  9062 

29.66 

.911 

29.82 

.922 

3748 

29.99 

•933  2043 

30.18 

60 

1. 901  0841 

29.66 

1.9 1 1 

7893 

29.82 

1.922 

5548 

29.99 

1.933  3853 

30.18 

586 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

84 

0 

85 

0 

86 

0 

87 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

log 

M. 

Diff.  1". 

?' 

1-933 

3853 

30.18 

1.944 

2856 

30.38 

1.955  2602 

30.59 

1.966 

3140 

30.82 

1 

•933 

5664 

30.18 

•944 

4678 

30.38 

•955  4438 
•955  °274 

30.60 

.966 

4990 

ih9 

30.82 

2 

•933 

7475 

30.19 

•944 

6502 

3°-39 

30.60 

.966 

30.83 

3 

•933 

9287 

30.19 

•944 

8325 

3°-39 

.955  8110 

30.60 

.966 

8689 

30.83 

4 

•934 

1098 

30.19 

•945 

0148 

30.39 

•955  9946 

30.61 

.967 

0539 

30.84 

5 

»-934 

2910 

30.20 

'•945 

1972 

30.40 

1,956  1783 

30.61 

1.967 

2389 

30.84 

6 

•934  4722 

30.20 

•945 

3796 

30.40 

.956  3619 

30.61 

.967 

4240 

30.84 

7 

•934 

6533 
8346 

30.20 

•945 

5620 

30.40 

.956  5456 

30.62 

.967 

6090 

30.85 

8 

•934 

30.21 

•945 

7444 

30.41 

.956  7294 

30.62 

.967 

7941 

30.85 

9 

•935 

0158 

30.21 

•945 

9269 

30.41 

.956  9131 

30.63 

.967 

9792 

30.85 

10 

1-935 

1971 

30.21 

1.946 

1094 

30.41 

1.957  0969 

30.63 

1.968 

1644 

30.86 

I  11 

•935 

37S4 

30.22 

.946 

2919 

30.42 

•957  2807 

30.63 

.968 

3496 

30.86 

12 

•935 

5597 

30.22 

.946 

4744 
6569 

30.42 

•957  4645 
•957  M3 

30.64 

.968 

5347 

30.87 

13 

•935 

7410 

30.22 

.946 

30.42 

30.64 

.968 

7200 

30.87 

i  14 

•935 

9223 

30.22 

.946 

8395 

30.43 

•957  832a 

30.64 

.968 

9052 

30.87 

i  15 

1.936 

1037 

30.23 

'•947 

0221 

3°-43 

1.958  0160 

30.65 

1.969 

0905 

30.88 

;  is 

.936 

2851 

30.23 

•947 

2047 

30.44 

.958  1999 

30.65 

.969 

2757 

30.88 

17 

.936 

4665 

30.23 

•947 

3873 

30.44 

.958  3839 

30.66 

.969  4610 

30.89 

1  18 

.936 

6479 

30.24 

•947 

5699 

30.44 

.958  5678 

30.66 

.969  6464 

30.89 

i  19 

.936 

8293 

30.24 

•947 

7526 

30.45 

.958  7518 

30.66 

.969 

8317 

3089 

20 

1.937 

0108 

30.24 

1.947 

9353 

30.45 

1.958  9358 

30.67 

I.970 

0171 

30.90 

i  21 

•937 

1922 

30.25 

.948 

n8o 

3°-4S 

•959  "98 

30.67 

.970 

2025 

30.90 

!  22 

•937 

3737 

30.25 

.948 

3007 

30.46 

•959  3°38 

30.67 

•97° 

3879 

30.91 

23 

•937 

5553 

30.25 

.948  4834 

30.46 

•959  4879 

30.68 

•970 

5734 

30.91 

24 

•937 

7368 

30.26 

.948 

6662 

30.46 

•959  6720 

30.68 

.970 

7589 

3C.91 

25 

1.937 

9184 

30.26 

1.948  8490 

3°-47 

1.959  8561 

30.69 

1.970 

9443 

30.92 

26 

•93S 

0999 

30.26 

•949 

0318 

3°-47 

.960  0402 

30.69 

•971 

1299 

30.92 

27 

.938 

2815 

30.27 

•949 

2146 

3°-47 

.960  2243 

30.69 

•971 

3154 

30.93 

28 

.938 

4632 

30.27 

•949 

3975 

30.48 

.960  4085 

30.70 

.971 

5010 

30.93 

29 

.938  6448 

30.27 

•949 

5804 

30.48 

.960  5927 

30.70 

•971 

6866 

30-93 

30 

1.938 

8264 

30.28 

1-949 

7633 

30.48 

1.960  7769 

30.70 

1.971 

8722 

30.94 

31 

•939 

0081 

30.28 

•949 

9462 

3049 

.960  9612 

30.71 

.972 

0578 

30.94 

32 

•939 

1898 

30.28 

.950 

1291 

30.49 

.961  1454 

30.71 

.972 

2435 

30-95 

33 

•939 

3715 

30.29 

•95° 

3121 

30.50 

.961  3297 

30.71 

.972 

4292 

30.95 

!  34 

•939 

5533 

30.29 

.950 

4951 

30.50 

.961  5140 

30.72 

.972 

6149 

30.95 

35 

1.939 

7350 

30.29 

1.950 

6781 

30.50 

1. 961  6983 

30.72 

1.972 

8006 

30.96 

!  36 

•939 

9168 

30.30 

•95° 

86n 

■30-51 

.961  8827 

30.73 

.972 

9864 

30.96 

!  37 

.940 

0986 

30.30 

.951 

0441 

3o-5i 

.962  0671 

30.73 

•973 

1722 

30.97 

38 

.940 

2804 

30.30 

.951 

2272 

30.51 

.962  2515 

30.73 

•973 

358o 

30.97 

39 

.940 

4623 

30.31 

.951 

4103 

30.52 

.962  4359 

30.74 

•973 

5438 

30.97 

40 

1.940 

6441 

30.31 

I.951 

5934 

30.52 

1.962  6203 

30-74 

1.973 

7297 

30.98 

41 

.940 

8260 

30.31 

.951 

7766 

30.52 

.962  8048 

30.75 

■973 

9156 

30.98 

42 

•94' 

0079 

30.32 

•95' 

9597 

3°-53 

.962  9893 

30-75 

•974 

1015 

30.99 

43 

.941 

1898 

30.32 

.952 

1429 

30.53 

.963  1738 

30-75 

•974 

2874 

30.99 

44 

.941 

3717 

30.32 

.952 

3261 

3o-53 

.963  3583 

30.76 

•974 

4734 

30.99 

45 

I.941 

5537 

30-33 

1.952 

5093 

3°-54 

1.963  5429 

30.76 

1.974 

6593 

31.00 

46 

.941 

7357 

3°-33 

.952 

6925 

30.54 

•963  7275 

30.77 

•974 

8454 

31.00 

47 

.941 

9177 

3°-34 

.952 

8758 

30-55 

.963  9121 

3°-77 

•975 

0314 

31.01 

j  48 

.942 

0997 

30.34 

•953 

0591 

3°-55 

.964  0967 

30.77 

•975 

2174 

31.01 

49 

.942 

2817 

3°-34 

•953 

2424 

3°-55 

.964  2814 

30.78 

•975 

4035 

31.01 

j  50 

1.942 

4638 

3°-35 

1-953 

4*57 

30.56 

1.964  4660 

30.78 

1-975 

5896 

31.02 

!  51 

.942 

6459 

30-35 

•953 

6091 

30.56 

.964  6507 

30.78 

•975 

7757 

31.02 

52 

.942 

8280 

30-35 

•953 

7924 
9758 

30.56 

.964  8354 

30.79 

•975 

9619 

31.03 

53 

•943 

OIOI 

30.36 

•953 

3o-57 

.965  0202 

30.79 

.976 

1481 

3103 

54 

•943 

1923 

30.36 

•954 

1592 

3°-57 

.965  2050 

30.80 

.976 

3343 

31.04 

55 

1.943 

3744 

30.36 

1.954 

3427 

3o-57 

1.965  3897 

30.80 

1.976 

5205 

31.04 

56 

•943 

5566 

30.37 

•954 

5262 

30.C8 

.965  5746 

30.80 

.976 

7067 
8930 

31.04 

57 

•943 

7388 

3°-37 

•954 

7090 

30.58 

•965  7594 

30.81 

.976 

31.05 

58 

•943 

9211 

3°-37 

•954 

0766 

30.59 

.965  9442 
.966  1291 

30.81 

•977 

llll 

31.05 

I  59 

•944 

1033 

30.38 

•955 

30.59 

30.81 

•977 

31.06 

60 

1.944 

2856 

30.38 

1-955 

2602 

30.59 

1.966  3140 

30.82 

1.977 

4520 

31.06 
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TABLE  VI 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orhit. 


»'. 


O' 
1 
2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
1G 
17 

18 
19 

20 
21 
22 
23 
24 

25 
26 
27 

28 
29 

30 
31 
32 
33 

M 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
59 

.,1 

>.-, 
56 
57 

58 
59 

60 


88c 


1  -M. 


977 

977 

977 
978 

978 

978 
978 
978 
978 
979 

979 
979 
979 
979 
980 

980 
980 
980 
980 
980 

981 
981 


4520 
6383 
8247 
0112 
1976 

3841 
5706 

7S7i 
9436 
1302 

3168 

5°34 
6901 
8768 
0635 

2502 
4369 
6237 
8105 
9973 
1842 
3710 
5579 
7449 
9318 


982  3058 
982  4928 
982  6798 

982  8669 

983  0540 
983  2411 
983  4283 
983  6155 
983  8027 

983  9899 

984  1772 

9*4  3644 
984  5517 
984  7391 

984  9264 

985  1138 
985  3012 
985  4886 
985  6761 

985  8636 

986  0511 
986  2386 
986  4262 
986  6138 

986  8014 

986  9890 

987  1767 
987  3644 
987  5521 

987  7398 

987  9276 

988  1 1 54 
988  3032 
988  491 1 

988  6789 


Riff.  1". 


89 


loglC 


988  6789 

988  8668 

989  0548 
989  2427 
989  4307 

989  6187 
989  8067 

989  9948 

990  1829 
990  3710 


990 
990 
990 
991 
991 

991 
991 
991 
992 
992 

992 
992 
992 
993 
993 

993 
993 
993 
993 
994 


559i 
7473 
9355 
1237 
3119 

5002 
6885 
8768 
0651 
2535 
4419 
6304 
8188 
0073 
1958 

3843 
5729 
7615 
9501 
1387 


994  3*74 
994  5161 
994  7048 

994  8936 

995  °8*3 


27 1 1 

4600 


995 
995 
995 
995 
996 

996 
996 
996 
996 
996 

997 
997 
997 
997 
997 
998 
998 
998 
998 
998 

999  0529 
999  2422 

999  43 >6 
999  62 1 1 
999  8105 


8377 
0266 

2155 
4045 

5935 
7825 
9716 

1606 
3497 
5389 
7280 
9172 

1064 
2956 


1742 
8635 


Diff.  1". 


31.31 
31.32 
31.32 
31.33 
31.33 

3»-34 
31-34 
3»-34 
31-35 
31-35 
31.36 
31.36 
31-37 
31-37 
31.38 

31.38 

31-38 
31.39 

31-39 
31.40 

31.40 
31.41 
31.41 
31.42 
31.42 

31.42 
31-43 
31-43 
31.44 
31.44 

31-45 
31-45 
31.46 
31.46 
31.46 

31-47 
31-47 
31.48 
31.48 
31.49 

3i-49 
31-5° 
31.50 

3i-5i 
31.51 

31.51 
31.52 
31.52 
31-53 
31-53 

31-54 
31-54 
31-55 
31-55 
31.56 

31.56 
31.56 

3'-57 
3i-57 
31.58 

31.58 


90c 


logM. 


0000 
1895 

3790 
5686 
7582 

9478 

1375 
3272 
5169 
7066 

8963 
0861 
2759 
4658 
6557 
8456 

0355 
2254 

4i54 
6054 

7955 
9855 
1756 
3658 
5559 
7461 
9363 
1265 
3168 
5071 

6974 
8878 
0781 
2685 
4590 

6494 

8399 
0304 
2210 
41 16 

6022 
7928 

9835 
1742 
3649 

5556 

7464 
9372 
1280 
3189 

5098 

7007 

8917 
0826 
2736 

4647 

6557 
8468 
0380 
2291 

2.01 1  4203 


2.000 
.000 
.000 
.000 
.000 

2.000 
.001 
.001 
.001 
.001 

2.001 
.002 
.002 
.002 
.002 

1.002 
.OO3 
.OO3 
.OO3 
.OO3 

2.OO3 
OO3 
OO4 
OO4 
OO4 

2.OO4 
OO4 
005 
OO5 
OO5 

2.005 
.005 
.006 
.006 
.006 

2.O06 
.006 
.007 
.007 
.007 

2.0O7 
OO7 
OO7 
O08 
008 

2.008 
008 
O08 
OO9 
OO9 

2.OO9 
OO9 
OO9 
OIO 
OIO 

2.0I0 
OIO 
OIO 
Oil 

01 1 


DMt  l". 


.58 
•59 

il 

.60 

.60 
.61 
.61 
.62 
.62 

-P 
.64 

.64 

.65 

.65 
.66 
.66 

.67 
.67 

.68 
.68 
.68 
.69 
.69 

.70 
.70 
•7i 
•71 
.72 

.72 
•73 
•73 

•74 
•74 

•75 
•75 
.76 
.76 
•77 

•77 
•77 
•78 
.78 

•79 

•Z9 

.80 
.80 
.81 
.81 

.82 
.82 

•83 

.S3 

•84 
.84 

iS 
.85 

.86 

.86 


91 


logM. 


Mi!,  r 


31.87 


2.01 1  4203 
.011  61 1 5 
.011  8027 
.011  9940 
.012  1853 

2.012  3766 

.012  5680 

.012  7594 

.012  9508 

.013  I422 

2.013  3337 
013  5252 
013  7167 

013  9083 

014  0999 

2.014  29i5 
.014  4831 
.014  6748 
.014  8665 
.015  0582 


2.015 
015 
015 
015 
016 

2.016 
016 
016 
016 
016 

2.017 
017 
017 
017 
017 


2500 
4418 
6336 

8255 
0174 

2093 

4012 

5932 
7852 

9772 

1693 

3614 
5535 
7456 
9378 


2.018  1300 

018  3223 

018  5145 

018  7068 

018  8992 

0915 
1I39 

4763 
6688 
8613 

0538 
2463 


2.019 
019 
019 
019 
019 

2.020 
.020 
.020 
.020 
.020 

2.021 
021 
02I 
02I 

02I 


'3i5 
8241 

0168 
2095 

4022 

5949 

7877 

2.021  9805 
.022  1734 
.022  3662 
.022  5591 
.022  7521 

2.022  9450 


31.87 
31.87 
31.88 
31.88 
31.89 

31.89 
31.89 
31.90 
31.90 
31.91 

31.91 
31.92 
31.92 
31.93 
31.93 

31-94 
31-94 
31-95 
31-95 
31.96 

31.96 

31.97 

31-97 
31.98 
31.98 

31.99 
31.99 
32.00 
32.00 
32.01 

32.01 
32.02 
32.02 
32.03 
32.03 

32.04 
32.04 
32.05 
32.05 
32.06 

32.06 
32.07 
32.07 
32.08 
32.08 

32.09 
32.09 
32.10 
32.10 
32.11 

32.11 
32.12 
32.12 
32.13 
32.13 
32.14 
32.14 

32.15 
32.15 
32.16 

32.16 
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TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

92 

0 

93 

3 

94 

3 

95 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.022  945° 

32.16 

2-°34  5797 

32.48 

2.046  3296 

32.80 

2.058  2005 

33-15 

1 

.023  1380 

32.17 

•034  7745 

32.48 

.046  5264 

32.81 

.058  3994 

33-15 

2 

.023  3311 

32.17 

.034  9694 

32.49 

.046  7233 

32.82 

.058  5983 

33.16 

3 

.023  5241 

32.18 

.035  1644 

32.49 

.046  9202 

32.82 

.058  7973 

33.16 

4 

.023  717^ 

32.18 

•°35  3593 

32.50 

.047  1 172 

32.83 

.058  9963 

33-17  , 

5 

2.023  9103 

32.19 

2-°35  5543 

32.50 

2.047  3141 

32.83 

2.059  1953 

33.18 

6 

.024  1035 

32.19 

•035  7494 

32.51 

.047  51 1 1 

32.84 

.059  3944 

33.18 

7 

.024  2967 

32.20 

•035  9444 

32.51 

.047  7082 

32.84 

•°59  5935 

33.19 

8 

.024  4899 

32.20 

.036  1395 

32.52 

.047  9053 

32.85 

.059  7927 

33»9 

9 

.024  6831 

32.21 

.036  3347 

32.52 

.048  1024 

32.85 

.059  9919 

33.20 

10 

2.024  8764 

32.21 

2.036  5298 

32-53 

2.048  2995 

32.86 

2.060  191 1 

33.21 

11 

.025  0697 

32.22 

.036  7250 

32-53 

.048  4967 

32.87 

.060  3904 

33-21 

12 

.025  2630 

32.22 

.036  9202 

32-54 

.048  6939 

32.87 

.060  5897 

33.22 

13 

.025  ^564 

32.23 

.037  1155 

32.54 

.048  8912 

32.88 

.060  7890 

33.22 

14 

.025  6498 

32.23 

.037  3108 

32-55 

.049  0884 

32.88 

.060  9884 

33-23 

15 

2.025  8432 

32-24 

2.037  5061 

32-55 

2.049  2857 

32.89 

2.061  1878 

33-24 

16 

.026  0367 

32.24 

.037  7015 

32-56 

.049  4831 

32.89 

.061  3872 

33-24 

17 

.026  2301 

32.25 

.037  8969 

32-57 

.049  6805 

32.90 

.061  5867 

33-25 

18 

.026  4236 

32.26 

.038  0923 

32-57 

.049  8879 

32.90 

.061  7862 

33-25 

19 

.026  6172 

32.26 

.038  2877 

32.58 

.050  0753 

32.91 

.061  9857 

33.26 

20 

2.026  8108 

32.27 

2.038  4832 

32.58 

2.050  2728 

32.92 

2.062  1853 

33-27 

21 

.027  0044 

32.27 

.038  6787 

32-59 

.050  4703 

32.92 

.062  3849 

33.27 

!  22 

.027  1980 

32.28 

.038  8743 

32.59 

.050  6679 

32-93 

.062  5846 

33.28 

23 

.027  3917 

32.28 

.039  0699 

32.60 

.050  8655 

32-93 

.062  7842 

33.28 

i  24 

.027  5854 

32.29 

.039  2655 

32.61 

.051  0631 

32.94 

.062  9840 

33.29 

1  11 

2.027  7791 

32.29 

2.039  461 1 

32.61 

2.051  2608 

32-95 

2.063  1837 

33.30 

i  26 

.027  9729 

32.30 

.039  6568 

32.62 

.051  4585 

32.95 

.063  3835 

33.30 

1  27 

.028  1667 

32.30 

.039  8525 

32.62 

.051  6562 

32.96 

.063  5833 

33-31 

28 

.028  3605 

32.31 

.040  0482 

32.63 

.051  8539 

32.96 

.063  7832 

33-31 

29 

.028  5544 

32.31 

.040  2440 

32.63 

.052  0517 

32.97 

.063  9831 

33-32 

30 

2.028  7483 

32.32 

2.040  4399 

32.64 

2.052  2496 

32.97 

2.064  l83I 

33-33 

1  31 

.028  9422 

32.32 

.040  6357 

32.64 

.052  4474 

32.98 

.064  3830 

33-33 

|  32 

.029  1 361 

32-33 

.040  8316 

32.65 

.052  6453 

32.98 

.064  5830 

33-34 

33 

.029  3301 

32.33 

.041  0275 

32.65 

.052  8432 

32-99 

.064  7831 

33-34 

34 

.029  5241 

32.34 

.041  2234 

32.66 

.053  0412 

33.00* 

.064  9832 

33-35 

35 

2.029  7182 

32.34 

2.041  4194 

32.67 

2.053  2392 

33.00 

2.065  l833 

33-36 

36 

.029  9123 

32-35 

.041  6154 

32.67 

.053  4372 

33.01 

.065  3834 

33.36 

37 

.030  1064 

32-35 

.041  81 14 

32.68 

.053  6353 

33.01 

.065  5836 

33-37 

1  38 

.030  3005 

32.36 

.042  0075 

32.68 

•°53  8334 

33.02 

.065  7839 

33-37 

39 

.030  4947 

32.36 

.042  2036 

32.69 

.054  0315 

33.03 

.065  9841 

33-38 

40 

2.030  6889 

32-37 

2.042  3998 

32.69 

2.054  2297 

33.03 

2.066  1844 

33-39 

41 

.030  8831 

32-37 

.042  5960 

32.70 

.054  4279 

33.04 

.066  3847 

33-39 

42 

.031  0774 

32.38 

.042  7922 

32.70 

.054  6262 

33.04 

.066  5851 

33.40 

43 

.031  2717 

32-39 

.042  9834 

.32.71 

.054  8244 

33.05 

.066  7855 

33.40 

44 

.031  4660 

32-39 

.043  1847 

32.71 

.055  0227 

33-°5 

.066  9860 

33-41 

45 

2.031  6604 

32.40 

2.043  3810 

32.72 

2.055  2*n 

33.06 

2.067  1865 

33.42 

46 

.031  8548 

32.40 

•°43  5773 

32-73 

.055  4195 

33.07 

.067  3870 

33-42 

47 

.032  0492 

32.41 

.043  7737 

32.73 

.055  6179 

33-°7 

.067  5875 

33-43 

48 

.032  2437 

32.41 

.043  9701 

32-74 

.055  8163 

33.08 

.067  7881 

33-43 

49 

.032  4382 

32.42 

.044  1665 

32-74 

.056  0148 

33.08 

.067  9887 

33-44 

50 

2.032  6327 

32.42 

2.044  3630 

32.75 

2.056  2133 

33.09 

2.068  1894 

33-45 

51 

.032  8272 

32-43 

•°44  5595 

32-75 

.056  4119 

33.10 

.068  3901 

33-45 
33.46 

52 

.033  0218 

32-43 

.044  7561 

32.76 

.056  6105 

33.10 

.068  5908 

53 

.033  2164 

32.44 

.044  9526 

32.76 

.056  8091 

33.11 

.068  7916 

33-47 

54 

.033  41 1 1 

32.44 

.045  1492 

32-77 

.057  0078 

33. ii 

.068  9924 

33-47 

55 

2.033  6058 

32-45 

*-°45  3459 

32.78 

2.057  2065 

33.12 

2.069  1933 

33.48 

56 

.033  8005 

32-45 

.045  5426 

32.78 

.057  A052 
.057  6040 

33.12 

.069  3942 

33-48 

57 

.033  9952 

32.46 

.045  7393 

32.79 

33-13 

.069  5951 
.069  7960 

33-49 

58 

.034  1900 

32-47 

.045  9360 

32.79 

.057  8028 

33H 

33-5° 

59 

.034  3848 

32-47 

.046  1328 

32.80 

.058  0016 

3  3->  4 

.069  9970 

33.50 

60 

2.034  5797 

32.48 

2.046  3296 

32.80 

2.058  2005 

33'5 

2.070  1980 

33-51 

589 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

96 

0 

97 

0 

98 

0 

99 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.070  1980 

33-5» 

2.082  3282 

33.88 

2.094 

5971 
8028 

34.28 

I.IC7 

0109 

34.69 

1 

.070  5991 
.070  6002 

33-5' 

.082  5316 

33.89 

.094 

34.29 

.107 

2190 

34.70 

2 

33-5* 

.082  7349 

33.90 

.095 

0085 

34.29 

.107 

4272 
6355 

34.70 

3 

.070  8014 

33-53 

.082  9383 

33.90 

.095 

2143 

34-3° 

.107 

34-7' 

4 

.071  0025 

33-53 

.083  1418 

33.91 

.095 

4201 

34-3' 

.107 

8437 

34.72 

5 

2.071  2037 

33-54 

2-083  3453 
.083  5488 

33.92 

2.095 

6260 

34-3' 

1.108 

0521 

34-72 

6 

.071  4050 
.071  6063 
.071  8076 

33-54 

33.92 

.095 

8318 

34-32 

.108 

2604 

34-73 

7 

33-55 

.083  7523 

33-93 

.096 

0378 

34-33 

.108 

4689 
0773 

34-74 

8 

33.56 

.083  9559 

33-94 

.096 

2438 

34-33 

.108 

34-75 

9 

.072  0090 

33.56 

.084  1596 

33-94 

.096  4498 

34-34 

.108 

8858 

34-75 

10 

2.072  2104 
.072  41 18 
.072  6133 

33-57 

2.084  3633 

33-95 

2.096  6558 

34-35 

1.109 

0944 

34.76 

11 

33-58 

.084  5670 

33-96  ■ 

.096 

8619 

34-35 

.109 

3029  • 

34-77 

12 

33-58 

.084  7707 

33.96 

.097 

0681 

3436 

.109 

5116 

34-77 

13 

.072  8148 

33-59 

.084  9745 

33-97 

.097 

2742 

34-37 

.109 

7202 

34.78 

14 

.073  0163 

33-59 

.085  1783 

3  3-98 

.097 

4804 

34-37 

.109 

9289 

34-79 

15 

2.073  2179 

33.60 

2.085  3822 

33.98 

2.097 

6867 

34-38 

i.l  10 

1377 

34.80 

16 

.073  A195 
.073  6212 

33.61 

.085  5861 

33-99 

.097 

8930 

34-39 

.110 

3465 

34.80 

17 

33-6' 

.085  7901 

33-99 

.098 

0993 

34-39 

.110 

5553 

34.81 

18 

.073  8229 

33.62 

.085  9941 

34.00 

.098 

3057 

34-40 

.1 10 

7642 

34.82 

19 

.074  0246 

33-63 

.086  1981 

34.01 

.098 

5121 

34.41 

.IIO 

973' 

34.82 

20 

2.074  2264 

33.63 

2.086  4021 

34.01 

2.098 

7186 

34.41 

till 

1821 

34.83 

21 

.074  4282 

33.64 

.086  6062 

34.02 

.098 

9251 

34.42 

.ill 

39" 

6001 

34.S4 

22 

.074  6301 

33.64 

.086  8104 
.087  0146 
.087  2188 

34.03 

•099 

1 316 

34-43 

.III 

34-85 

23 

.074  8320 

33-65 

34.03 

•°99 

3382 

34-43 

.1 II 

8092 

34.85 
34.86 

24 

.075  0339 

33.66 

34.04 

•°99 

5449 

34-44 

.112 

0184 

25 

2.075  2358 

33.66 

2.087  423' 
.087  6274 

34-°5 

2.099 

75'5 

34-45 

1. 112 

2275 

34.87 

26 

.075  a378 
.075  6399 

33.67 

34-°5 

•099 

9582 

34-45 

.112 

4368 

34.87 

27 

33.67 

.087  8317 

34.06 

.100 

1650 

34.46 

.112 

6460 

34.88 

28 

.07c  8419 

33.68 

.088  0361 

34-o7 

.100 

3718 

34-47 

.1  12 

8553 

34.89 

29 

.076  0440 

33.69 

.088  2405 

34.07 

.100 

5786 

34.48 

.113 

0647 

34.90 

30 

2.076  2462 

33.69 

2.088  4449 

34.08 

2.100 

7855 

34.48 

1.1 1 J 

2741 

34.90 

31 

.076  4484 

33.70 

.088  6494 

34.09 

.100 

9924 

34-49 

.113 

4835 
6930 

34.91 

32 

.076  6507 

33.71 

.088  8540 

34.09 

.101 

1993 

34-50 

"3 

34.92 

33 

.076  8529 

33.7.1 

.089  0586 

34.10 

.101 

4063 
6134 

34-5° 

.113 

9025 

34.92 

34 

.077  0552 

33.72 

.089  2632 

34.11 

.101 

34-5' 

.114 

1121 

34-93 

35 

2.077  *575 

33-73 

2.089  4678 

34.11 

2.101 

8204 

34-52 

1.114 

3*'7 

34-94 

36 

.077  A599 
.077  6623 

33-73 

.089  6725 

34.12 

.102 

0276 

34-52 

.114 

53'3 

34-95 

37 

3  3-74 

.089  8772 

34.12 

.102 

2347 

34-53 

.114 

74'o 

34-95 

38 

.077  8647 

33-74 

.090  0820 

34-13 

.102 

4419 

34-54 

.114 

9508 

34.96 

39 

.078  0672 

33-75 

.090  2868 

34.14 

.102 

6492 

34-54 

"5 

1605 

34-97 

40 

2.078  2697 

3376 

2.090  4917 
.090  6966 

34-15 

2.102 

8564 
0638 

34-55   1 

..115 

3704 

34-97 

41 

.078  A723 
.078  6749 

33-76 

34-J5 

.103 

34.56 

.115 

5802 

34.98 

42 

33-77 

.090  9015 

34.16 

.103 

2711 

3456 

.115 

7901 

34-99 

43 

.078  8775 

33-7f 

.091  1065 

34-17 

.103 

4-7f5 

34-57 

.116 

0001 

35-oo 

44 

.079  0802 

33-78 

.091  3115 

34-17 

.103 

6860 

34.58 

.116 

2101 

35.00 

45 

2.079  2829 

33-79 

2.091  5165 

34.18 

2.103 

8935 

34-59   ' 

1.116 

4201 
6301 

35.01 

46 

.079  4857 
.079  6885 

33.80 

.091  7216 

34.19 

.104 

1010 

34-59 

.116 

35.02 

47 

33.80 

.091  9268 

34- ' 9 

.104 

3086 

34.60 

.116 

8403 

35-02 

48 

.079  8913 

33.81 

.092  1 3 19 

34.20 

.104 

5162 

34.61 

.117 

0505 
2607 

35-03 

49 

.080  0942 

33.81 

.092  3371 

34.20 

.104 

7239 

34.61 

.117 

3504 

50 

2.080  2971 

33.82 

2.092  5424 

34.21 

2.104 

9316 

34.62   : 

..117 

4710 
Mm 

3505 

:  51 

.080  5000 

3383 

.092  7477 

34.22 

.105 

'393 

3463 

.117 

35-05 
35.06 

52 

.080  7030 
.080  9060 

33  «3 

.092  9530 

34.22 

.105 

347' 

34.63 

.117 

8916 

53 

33.84 

.093  1584 

34-23 

.105 

7628 

34.64 

.118 

1020 

35.07 
35.08 

54 

.081  1 09 1 

33-85 

.093  3638 

34.24 

.105 

34.65 

.118 

3124 

55 

2.081  3122 

33.80 

2.093  5692 

3415 

2.105 

9707 

34.66   5 

..118 

5229 

35.08 

56 

.081  5153 
.081  7185 

•093  7747 

34-25 

.106 

1786 

3466 

.118 

7334 

35.09 

57 

33-87 

.093  9803 
.094  1858 

34.26 

.106 

3866 

3467 

.118 

9440 

35.10 

58 

.081  9217 

«-2z 

34-27 

.106 

5947 
8027 

34.68 

,119 

1546 

35-io 

59 

.082  1249 

33.88 

.094  3914 

34-27 

.106 

34.68 

.119 

3652 

35.11 

60 

2.082  3282 

33.88 

2.094  597' 

34.28 

2.107 

0109 

34.69  1 

.119 

5759 

35.12 

590 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


I  v* 

100° 

101° 

102° 

103° 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff  V. 
36.52 

0' 

2.119   5759 

35.12 

2.132   2989 

35-57 

1.145   '866 

36.03 

2.158   2460 

1 

.119   7867 

35'3 

.132    5123 

35 

57 

.145  4028 

36.04 

.158   4652 

36-53 

2 

.119  9974 

3513 

.132   7258 

35 

58 

.145  6191 

36.05 

.158   6844 

36.54 

3 

.120   2083 

35-H 

.132   9393 

35 

I9 

.145  8354 
.146  0518 

36.06 

.158  9036 

36-55 

4 

.120  4191 

35-iS 

.133    1529 

35 

60 

36.07 

.159    1229 

36.55 

5 

2.120  6301 

35.16 

1.133   3665 

35 

61 

2.146  2682 

36.07 

2.159   3423 

36.56 

6 

.120  8410 

35.16 

.133  5802 

35 

61 

.146  4847 

36.08 

.159   5617 

36-57 

7 

.121    0520 

35-17 

•133  7939 

35 

62 

.146  7012 

36.09 

.159   7811 

36.58 

8 

.121    2630 

35.18 

.134  0076 

35 

63 

.146  9178 

36.10 

.160  0006 

36.59 

9 

.121   4741 

3519 

.134  2214 

35 

64 

.147   1344 

36.11 

.160  2202 

36.60 

10 

2.I2I    6853 

35-19      ' 

1.134  4352 

35 

64 

1.147   3510 

36.11 

2.160  4398 

36.60 

!     11 

.121    8965 

35.20 

.134  6491 

35 

65 

.147  5677 

36.12 

.160  6594 

36.61 

12 

.122    I077 

35.21 

.134  8631 

35 

66 

.147  7845 

36.13 

.160  8791 

36.62 

,     13 

.122    3190 

35.21 

.135  0770 

35 

67 

.148  0013 

36.14 

.161   0989 

36.63 

14 

.122    5303 

35.22 

.135  2910 

35 

67 

.148  2182 

36.15 

.161    3187 

36.64 

i     15 

2.122    7416 

35-23 

1.135  5051 

35 

68 

1.148  4351 

36.15 

2. 161    5385 

36.65 

16 

.122    953O 

35-24 

.135  7192 

35 

69 

.148  6520 

36.16 

.161    7584 

3665 

17 

.123     1644 

3  5-^4 

•J35  9334 

35 

70 

.148  8690 

36.17 

.161    9784 

36.66 

1     18 

.123     3759 

35-25 

.136   1476 

35 

7i 

.149  0861 

36.18 

.162    1984 

36.67 

19 

.123     5875 

35.26 

.136  3619 

35 

7i 

.149  3032 

36.19 

.162  4185 

36.68 

20 

2.123     799O 

35.27 

1.136  5762 

35 

72 

1.149  5203 

36.19 

2.162  6386 

36.69 

21 

.124    OIO7 

35.27 

.136  7905 

35 

73 

•149  7375 

36.20 

.162   8587 

36.70 

22 

.124    2223 

35.28 

.137  0049 

35 

74 

•H9  9547 

36.21 

.163   0789 

36.70 

23 

.124    434O 

35-29 

.137  2193 

35 

74 

.150  1720 

36.22 

.163    2992 

36.71 

24 

.124    6458 

35-3° 

•x37  433* 

35 

75 

.150  3893 

36.23 

.163   5195 

36.72 

25 

1.124    8576 

35-3°      ' 

..137  6484 

35 

76 

1.150  6067 

36.23 

2.163   7398 

36.73 

26 

.125    0694 

35-31 

.137  8630 

35 

77 

.150  8242 

36.24 

.163   9602 

36.74 

27 

.125    2813 

35-32 

.13S  0776 

35 

77 

.151   0417 

36.25 

.164   1807 

36-74 

28 

.125    4933 

35-33 

.138  2922 

35 

78 

.151   2592 

36.26 

.164  4012 

36.76 

29 

.125     7O52 

35-33 

.138   5070 

35 

79 

.151  4768 

36.27 

.164  6218 

30 

1.125     9173 

35-34     s 

..138  7217 

35 

80      • 

t.151   6944 

36.28 

2.164  8424 
.165   0630 

36.77 

31 

.126     I293 

35-35 

.138  9365 

35 

81 

.151   9121 

36.28 

36.78 

32 

.126     3414 

35-35 

.139   1514 

35 

81 

.152  1298 

36.29 

.165   2837 

36.79 

33 

.126    5536 

35.36 

.139   3663 

35 

82 

.152  3476 

36.30 

.165    5045 

36.80 

34 

.126     7658 

35-37 

.139  5813 

35 

83 

.152  5654 

36.31 

.165   7253 

36.81 

1     35 

1.126    9780 

35.38      : 

..139  7963 

35 

84      ' 

1.152  7833 

36.32 

2.165   9462 

36.81 

36 

.127     I903 

35-39 

.140  01 13 

35 

84 

.153  0012 

36.32 

.166    1671 

36.82 

!     37 

.127    4027 

35-39 

.140  2264 

35 

85 

.153  2192 

36-33 

.166    3881 
.166   6091 

36.83 

38 

.127    6151 

35.40 

.140  4415 

35 

86 

•*53  4372 

36.34 

36.84 

39 

.127     8275 

35-41 

.140  6567 

35 

87 

.153  6552 

36-35 

.166   8301 

36.85 

40 

1.128    O40O 

35.42      : 

1.140  8720 

35 

88      : 

-1 53   8734 

36.35 

2.167  0513 

36.86 

41 

.128     2525 

35-42 

.141  0873 
.141    3026 

35 

88 

.154  0915 

36.36 

.167   2724 
.167  4936 

36.87 

42 

.128    4650 

35-43 

35 

89 

.154  3097 

36.37 

36.87 

43 

.128     6776 

35-44 

.141    5180 

35 

90 

.154  5280 

36.38 

.167   71I9 
.167   9362 

36.88 

44 

.128    8903 

35-45 

••4*   7334 

35 

9' 

.154  7463 

36.39 

36.89 

45 

1.129   io3° 

35-45      1 

1*141  9489 

35 

92      : 

t.154  9647 

36.40 

2.168    1576 

36.90 

46 

.129  3157 

35.46 

.142   1644 

35 

92 

.155   1831 

36.41 

.168    3790 
.168   6005 

36.91 

I     47 

.129  5285 

35-47 

.142  3799 

35 

93 

.155  A015 
.155  6200 

36.41 

36.92 

48 

.129  7414 

35.48 

.142   5955 

35 

94 

36.42 

.168   8220 

36.93 

49 

.129  9542 

35.48 

.142  8112 

35 

95 

.155  8386 

36.43 

.169  0436 

36.93 

50 

1.130  1672 

35-49      l 

..143  0269 

35 

96      1 

M56  0572 

3644 

2.169   2652 
.169  4809 

36.94 

51 

.130  3801 

35-5° 

•143  2427 

35 

96 

.156  2759 

36.45 

36.95 

52 

.130  5931 
.130  8062 

35-5' 

.143  A585 

35 

97 

.156  4946 

36.46 

.169   7087 

36.96 

53 

35-5' 

.143  6743 

35 

98 

.156  7133 

36.46 

.169  9304 

36.97 

:        54 

.131   0193 

35-52 

.143  8902 

35 

99 

.156  9321 

36.47 

.170   1523 

36.98 

55 

2.131   2325 

35-53      1 

..144  1062 

36 

oo      5 

.157  1510 
.157  3699 
.157  5889 

36.48 

a.  1 70  37.12 
.170  5961 
.170  8181 

36.99 

56 

.131  4457 

35-54 

.144   3222 

36 

00 

36.49 

36.99 

57 

.131   6589 

35-54 

.144  5382 

36 

01 

36.50 

37.00 

58 

.131   8722 

35-55 

•»44  7543 

36 

02 

.157  8079 

36.50 

.171    OAOI 

.171  2022 

37-OI 

59 

.132  0855 

35-56 

.144  9704 

36 

°3 

.158  0269 

36.51 

37.0a 

60 

2.132  2989 

35-57      » 

L.145   1866 

36 

03      3 

.158  2460 

36.52 

2.171  4844 

3703 

591 


TABLE  VI.       ■ 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

104 

105 

° 

106° 

107° 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

lofU 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.1 7 1  4844 
.171  7066 

37.03 

2.184  9092 

37.56 

2.198 

5282 

38.11 

2.212  3493 

38.68 

1 

37.04 

.185  1346 

37-57 

.198 

7568 

38.12 

.212  5814 
.212  8136 

38.69 

2 

.171  9288 

37-OS 

.185  3600 

37-57 

.198 

9856 

38.13 

38.70 

3 

.172  1511 

37-°5 

.185  5855 

37-58 

.199 

2144 

38.14 

.213  0458 

38.71 

4 

.172  3735 

37.06 

.185  8110 

37-59 

.199 

4432 

38.14 

.213  2781 

38.72 

5 

2.172  5959 

37.07 

2.186  0366 
.186  2622 

37.60 

2.199 

672I 

3f-«S 

2.213  5io4 
.213  7428 

38-73 

6 

.172  8184 

37.o8 

37.61 

.199 

9OIO 

38.16 

38.74 

7 

.173  0409 

37.09 

.186  4879 

37.62 

.200 

I30O 

38.17 

.213  9753 
.214  2078 

38-75 

8 

.173  2634 
.173  4860 

37.10 

.186  7137 

37.63 

.200 

5882 

38.18 

38.76 

■ 

37.II 

.186  9395 

37.64 

.200 

38.19 

.214  4404 

38-77 

10 

2.173  7°87 

37.12 

2.187  1653 

37-65 

2.200 

8174 

38.20 

2.214  6730 

38.78 

11 

.173  9314 

37.12 

.187  3912 

37.66 

.201 

0467 

38.21 

.214  9057 

38.79 

12 

.174  1542 

37-13 

.187  6172 

37-67 

.201 

2760 

38.22 

.215  1385 

38.80 

13 

.174  3770 

37-14 

.187  8432 

37.67 

.201 

5053 

38.23 

.215  3713 
.215  6042 

38.81 

14 

•174  5999 

37-15 

.188  0693 

37-68 

.201 

7347 

38.24 

38.82 

15 

2.174  8228 

37.16 

2.188  2954 

37.69 

2.201 

9642 

38.25 

2.215  8371 

38.83 

16 

.175  0458 
.175  2688 

37-17 

.188  5216 

37.70 

.202 

1937 

38.26 

.216  0701 

38.84 

17 

37.18 

.188  7478 

37-71 

.202 

4233 

38.27 

.216  3032 
.216  5363 
.216  7094 

38.85 

18 

.175  4919 

37.18 

.188  9741 

37-72 

.202 

6529 

38.28 

38.86 

10 

.175  7150 

37.19 

.189  2005 

37-73 

.202 

8826 

38.29 

38.87 

20 

2.175  9382 
.176  1615 

37.20 

2.189  4269 

37-74 

2.203 

1123 

38.30 

2.217  0027 

38.88 

21 

37.21 

.189  6533 

37-75 

.203 

3421 

38.31 

.217  2360 
.217  4693 

38.89 

22 

.176  3848 

37.22 

.189  8798 

37.76 

.203 

572o 

38.31 

38.90 

23 

.176  6081 

37.23 

.190  1064 

37-77 

.203 

8019 

38.32 

.217  7027 

38.91 

24 

.176  8315 

37.24 

.190  3330 

37-77 

.204 

0319 

38.33 

.217  9362 

38.92 

25 

2.177  oS5° 

37.25 

2.190  5597 

37.78 

2.204 

2619 

38.34 

2.218  1697 

38-93 

26 

.177  2785 

37-^5 

.190  7864 

37-79 

.204 

4920 

*l-n 

.218  4033 

38.94 

2T 

.177  5020 

37.26 

.191  0132 

37.80 

.204 

7222 

38.36 

.218  6369 

38.95 
38.96 

28 

.177  7256 

37-27 

.191  2401 

37.81 

•204  9; 

38.37 

.218  8706 

29 

•J77  9493 

37.28 

.191  4670 

37.82 

.205 

1826 

38.38 

.219  1044 

38.97 

30 

2.178  1730 
.178  3968 

37.29 

2.191  6939 

37-83 

2.205 

A129 
6433 

38.39 

2.219  3382 

38.98 

31 

37-3° 

.191  9209 

37.84 

.205 

38.40 

.219  5721 

38.99 

32 

.178  6206 

37-31 

.192  1480 

37-85 

.205 

8737 

38.41 

.219  8061 

39.00 

33 

.178  8445 

37-32 

.192  3751 

37.86 

.206 

1042 

38.42 

.220  0401 

39.01 

34 

.179  0684 

37-33 

.192  6023 

37-87 

.206 

3348 

38.43 

.220  2741 

39.02 

35 

2.179  2924 

37-33 

2.192  8295 

vil 

2.206 

5654 

38.44 

2.220  5082 

39.03 

36 

.179  5164 

37-34 

.193  0568 

37.88 

.206 

7961 

38.45 

.220  7424 

39.04 

37 

.179  7A05 
.179  9646 
.180  1888 

37-35 

.193  2841 

37-89 

.207 

0268 

38.46 

.220  9767 

39.05 
39.06 

38 

37.36 

.193  5115 

37.90 

.207 

2575 

38.47 

.221  2110 

39 

37-37 

.193  7389 

37.91 

.207 

4884 

38.48 

•221  4453 

39.07 

40 

2.180  41 3 1 
.180  0374 
.180  8617 

37.38 

2.193  9664 

37.92 

2.207 

7193 

38.49 

2.221  6797 

39.08 

41 

37-39 

.194  1940 

37-93 

.207 

9502 

38.50 

.221  9142 

39.09 

42 

37-40 

.194  4216 

37-94 

.208 

1812 

38.51 

.222  1488 

39.10 

43 

.181  0861 

37-41 

.194  6493 

37-95 

.208 

4123 
6434 

38.52 

.222  3834 
.222  6180 

39.II 

44 

.181  3106 

37-41 

.194  8770 

37.96 

.208 

38.53 

39.12 

45 

2.181  5351 

37.42 

2.195  1048 

37-97 

2.208 

8746 

38.54 

2.222  8528 

39-'3 

46 

.181  7597 
.181  9843 
.182  1089 

37-43 

.195  3326 
.195  5605 

37.98 

.209 

1058 

38.54 

.223  0876 

39.14 

47 

37-44 

37-99 

.209 

3371 
5685 

38.55 

.223  3224 

39.15 

48 

37-45 

.195  7885 

38.00 

.209 

38.56 

•223  5573 

39.16 

49 

.182  4337 

37.46 

.196  0165 

38.00 

.209 

7999 

38.57 

.223  7923 

39-*7 

50 

2.182  6584 

37-47 

2.196  2445 

38.01 

2.210 

0314 
2629 

38.58 

2.224  °273 

39.18 

51 

.182  8833 

37.48 

.196  4726 

38.02 

.210 

38.59 

.224  2624 

39-19 

52 

.183  1082 

37-49 

.196  7008 

38.03 

.210 

4945 
7261 

38.60 

•224  4975 

39.20 

53 

•ig3  333i 

37-49 

.196  9290 

38.04 

.210 

38.61 

•224  7327 

39.21 

54 

.183  5581 

37.50 

.197  1573 

38.05 

.2IO 

9578 

38.62 

.224  9680 

39.22 

55 

2.183  7831 
.184  0082 

37-5' 

2.197  3856 
.197  6140 

38.06 

2.21  I 

1896 

38.63 

2.225  2033 
.225  A387 

39.23 

56 

37-52 

38.07 

.211 

4214 
6533 

38.64 

39.24 

57 

.184  2334 
.184  4586 
.184  6839 

37-53 

.197  8425 

38.08 

.211 

3f-«S 

.225  6741 

39.25 

58 

37-54 

.198  0710 

38.09 

.211 

8852 

38.66 

.225  9096 

39.26 

59 

37-55 

.198  2995 

38.10 

.212 

1172 

38.67 

.226  1452 

39.27 

60 

2.184  9092 

37.56 

2.198  5282 

38.11 

2.212 

3493 

38.68 

2.226  3808 

39.28 

m 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


V, 

108° 

109 

110 

0 

111 

0 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

log 

M. 

Diff.  1". 

0' 

2.226 

3808 

39.28 

2.240  6314 

39.90 

2.255  1099 

40.54 

2.269 

825c 

41.21 

1 

.226 

6165 

39.29 

.240  8708 

39.91 

.255  3552 
.255  5965 

40.55 

.270 

0728 

41.23 

2 

.226 

8523 
0881 

39.30 

.241  1 103 

39.92 

40.56 

.270 

3202 

41.24 

3 

.227 

39-31 

.241  3498 

39-93 

•*5S  8399 

40.58 

.270 

5676 

41.25 

4 

.227 

3240 

39.32 

.241  5894 

39-94 

.256  0834 

40.59 

.270 

8152 

41.26 

5 

2.227 

5599 

39-33 

2.241  8291 

39-95 

2.256  3270 

40.60 

2.271 

0628 

41.27 

6 

.227 

7959 

39-34 

.242  0688 

39.96 

.256  5706 

40.61 

.271 

3104 

41.28 

7 

.228 

0320 

39-35 

.242  3086 

39-97 

.256  8143 

40.62 

.271 

5582 

41.29 

8 

.228 

2681 

39.36 

.242  5485 

39.98 

.257  0580 

40.63 

.271 

8060 

41.30 

9 

.228 

5°43 

39-37 

.242  7884 

39-99 

.257  3019 

40.64 

.272 

0538 

41.32 

10 

2.228 

7405 

39.38 

2.243  0284 

40.00 

2.257  5458 

40.65 

2.272 

3018 

41-33 

11 

.228 

9768 

39-39 

.243  2685 

40.01 

.257  7897 

40.66 

.272 

5498 

41.34 

12 

.229 

2131 

39.40 

.243  5086 

40.02 

.258  0337 

40.68 

.272 

7979 

41.35 
41.36 

13 

.229 

4496 

39.41 

.243  7488 

40.03 

.258  2778 

40.69 

.273 

0460 

14 

.229 

6861 

39.42 

.243  9890 

40.05 

.258  5220 

40.70 

.273 

2942 

41.38 

15 

2.229 

9226 

39-43 

2.244  2293 

40.06 

2.258  7662 

40.71 

2.273 

54*5 

41.39 

16 

.230 

159a 

39-44 

•'-44  4697 

40.07 

.259  0105 

40.72 

.273 

7909 

41.40 

17 

.230 

3959 

39-45 

.244  7101 

40.08 

.259  2548 

40.73 

.274 

°393 
2878 

41.41 

18 

.230 

6326 

39.46 

.244  9506 

40.09 

.259  4992 

40.74 

.274 

41.42 

19 

.230 

8694 

39-47 

.245  1 91 2 

40.10 

•*59  7437 

4°-75 

.274 

5364 

41-43 

20 

2.231 

1063 

39.48 

2.245  4318 

40.11 

2.259  9883 

40.76 

2.274 

7850 

41-44 
41.46 

21 

.231 

343* 

39-49 

.245  6725 

40.12 

.260  2329 

40.78 

.275 

0337 

22 

.231 

5802 

39-5° 

.245  9132 

40.13 

.260  4776 

40.79 

.275 

2825 

41.47 

23 

.231 

8172 

39-51 

.246  1541 

40.14 

.260  7223 

40.80 

.275 

5313 

41.48 

24 

.232 

0543 

39.52 

.246  3949 

40.15 

.260  9671 

40.81 

.275 

7802 

41.49 

25 

2.232 

2915 

39-53 

2.246  6359 

40.16 

2.261  2 1 20 

40.82 

2.276 

0292 

41.50 

26 

.232 

5287 

39-54 

.246  8769 

40.17 

.261  4570 

40.83 

.276 

2783 

41.51 

27 

.232 

7660 

39-55 

.247  1 180 

40.18 

.261  7020 

40.84 

.276 

5*74 

4J-53 

28 

.233 

0033 

39-56 

.247  3591 
.247  6003 

40.19 

.261  9471 

40.85 

.276  7766 

41.54 

29 

.233 

2407 

39-57 

40.21 

.262  1922 

40.86 

.277 

0258 

4^-55 

30 

2.233 

4782 

39.58 

2.247  8416 

40.22 

2.262  4374 

40.88 

2.277 

2752 

41.56 

31 

.233 

7157 

39-59 

.248  0829 

40.23 

.262  6827 

40.89 

.277 

5246 

4'-57 

32 

.233 

9533 

39.60 

.248  3243 

40.24 

.262  9281 

40.90 

•277 

7740 

41.58 
41.60 

33 

.234 

1910 

39.61 

.248  5658 

40.25 

.263  1735 

40.91 

.278 

0236 

34 

.234 

4287 

39.63 

.248  8073 

40.26 

.263  4190 

40.92 

.278 

2732 

41.61 

35 

2.234 

6665 

39.64 

2.249  04&9 

40.27 

2.263  6645 

40.93 

2.278 

5229 

41.62 

36 

.234 

9043 

39.65 

.249  2906 

40.28 

.263  9102 

40.94 

.278 

7726 

41.63 

l  37 

.235 

1422 

39.66 

•249  53*3 

40.29 

.264  1559 

40.95 

.279 

0224 

41.64 

i  38 

.235 

3802 
6183 

39.67 

.249  7741 

40.30 

.264  4016 

40.96 

.279 

2723 

41.65 

j  39 

•235 

39.68 

.250  0159 

40.31 

.264  6474 

40.98 

.279 

5223 

41.67 

1  40 

2.235 

8563 

39.69 

2.250  2578 

40.32 

2.264  8933 

40.99 

2.279 

7723 

41.68 

41 

.236 

0945 

39.70 

.250  4998 

40.34 

.265  1393 
.265  3853 

41.00 

.280 

0224 
2726 

41.69 

42 

.236 

33*7 

39.71 

.250  7419 

40.35 

41.01 

.280 

41.70 

43 

.236 

5710 

39.72 

.250  9840 
.251  2262 

40.36 

.265  6314 

41.02 

.280 

5228 

41.71 

44 

.236  8093 

39-73 

40.37 

.265  8776 

41.03 

.280 

7731 

41.72 

45 

2.237 

0478 

39-74 

2.251  4684 

40.38 

2.266  1238 

41.04 
41.06 

2.281 

0235 

41.74 

46 

.237 

2862 

39-75 

.251  7107 

40.39 

.266  3701 

.281 

2740 

41-75 

1  47 

.237 

5247 

39.76 

.251  9531 

40.40 

.266  6165 

41.07 

.281 

5*45 

41.76 

48 

.237 

7633 

39-77 

.252  1955 
.252  4380 

40.41 

.266  8629 

41.08 

.281 

775' 

41-77 

49 

.238 

0020 

39.78 

40.42 

.267  1094 

41.09 

.282 

0258 

41.78 

I  50 

2.238 

2407 

39-79 

2.252  6806 

40.43 

2.267  3560 
.267  6026 

41.IO 

2.282 

2765 

41.80 

51 

.238 

4795 

72$4 

39.80 

.252  9232 

40.44 
40.46 

41. II 

.282 

5*73 

41.81 

52 

.238 

39.81 

.253  1659 

.267  8493 

41.12 

.282 

7782 

41.82 

53 

.238 

9573 

39.82 

.253  A087 
.253  6515 

40.47 

.268  0961 

41.13 

.283 

0291 

41.83 

54 

.239 

1962 

39.83 

40.48 

.268  3430 

41.15 

.283 

2801 

41.84 

55 

2-239  4353 

39.84 
39.8g 

2.253  8944 

40.49 

2.268  5899 
.268  8169 
.269  0839 

41.16 

2.283 

5312 
7% 
0336 

"49 
5363 

41.85 

56 

.239 

6744 

.254  1374 
.254  3804 
.254  6215 
.254  8666 

40.50 

41.17 

.283 

41.87 

57 

.239 

9*35 

*9iz 

40.51 

41.18 

.284 

41.88 

58 

.240 

1528 

39.88 

40.52 

.269  3310 

41.19 

.284 

41.89 

59 

.240 

3921 

39.89 

40.53 

.269  5782 

41.20 

.284 

41.90 

60 

2.240 

6314 

39.90 

2.255  i°99 

40.54 

2.269  8255 

41.21 

2.284  7878 

41.91 

:;^ 
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TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Paral>olic  Orhit. 


V, 
0' 

112° 

113 

114 

115 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logH, 

Diff.  1". 

2.284  7878 

41.91 

2.300 

0067 

42.64 

1.315  4927 

43.40      J 

t.331 

2564 
5216 

4418 

1 

.285 

0393 

41.93 

.300 

2626 

42.65 

.315  7531 

43.41 

.331 

44.20 

2 

.285 

2909 

41.94 

.300 

5186 

42.67 

.316  0136 

43.42 

•33' 

7868 

44.21 

3 

.285 

5415 

41-95 
41.96 

.300 

7746 

42.68 

.316  2742 

43-44 

•332 

0521 

44.22 

4 

.285 

7943 

.301 

0307 

42.69 

.316  5348 

43-45 

•332 

3175 

44.24 

5 

2.286 

0461 

41.97 

2.301 

2869 

42.70      : 

L.316  7956 

43.46      ! 

1.332 

5830 

44-2  5 

G 

.286 

2979 

41.99 

.301 

543i 

42.72 

.317  0564 

43-47 

•332 

8485 

44.26 

7 

.286 

5499 

42.00 

.301 

7995 

42-73 

.317  3173 

43-49 

•333 

1 141 

44.28 

8 

.286 

8019 

42.01 

.302 

0559 

42.74 

•3i7  5782 
•317  8393 

43-5° 

•333 

life 

44.29 

0 

.287 

0540 

42.02 

.302 

3123 

42-75 

43-51 

•333 

44-3' 

10 

2.287    3062 

42.03 

2.302 

5689 

42.76 

i.  3 1 8   1 004 

43-53      ' 

l-333 

9*15 

44-32 

11 

.287 

55»4 

42.04 
42.06 

.302 

8255 

42.78 

.318   3616 
.318  6229 

43-54 

•334 

1775 

44-33 

12 

.287 

8107 

.303 

0822 

42.79  . 

43-55 

•334 

4435 
7096 

44-34 

13 

.288 

0631 

42.07 

•3°3 

3390 

42.80 

.318  8842 

43.56 

•334 

44-36 

14 

.288 

3*55 

42.08 

.303 

5958 

42.81 

.319  1456 

43.58 

•334 

9758 

44-37 

15 

2.288 

5680 

42.09 

2.303 

8528 

42.83      - 

t.319  4072 

43-59      ' 

'•335 

2421 

44-39 

16 

.288 

8206 

42.10 

.304 

1098 

42.84 

.319  6687 

43.60 

•335 

5084 

44.40 

17 

.289 

0733 
3260 

42.12 

.304 

3668 

42.85 

•3i9  93°4 

43.62 

•335 

7749 

44-41 

18 

.289 

42.13 

.304 

6240 

42.86 

.320  1921 

43-63 

.336 

0414 

44-43 

19 

.289   5788 

42.14 

.304 

8812 

42.88 

.320  4540 

43.64 

.336 

3080 

44-44 

20 

2.289 

8717 
0847 

42.15 

2.305 

1385 

42.89 

1.320  7159 

43.66 

1.336 

5747 
8414 

44-45 

21 

.290 

42.16 

.305 

3959 
6533 

42.90 

.320  9778 

43.67 

.336 

44-47 

22 

.290 

3377 

42.18 

•3°5 

42.91 

.321  2399 

43.68 

•337 

1083 

4+48 

23 

.290 

5908 
8440 

42.19 

.305 

9109 

42.93 

.321   5020 

43.69 

•337 

3752 
6422 

4449 

24 

.290 

42.20 

.306 

1685 

42.94 

.321  7642 

43.70 

•337 

44-51 

25 

2.291 

0972 

42.21 

2.306 

4261 
6839 

42.95 

1.322  0265 

43.72      : 

'•337 

9093 

44.52 

26 

.291 

3505 
6039 

42.22 

.306 

42.96 

.322  2889 

43-73 

•338 

1765 

44-53 

27 

.291 

42.24 

.306 

94'7 

42.98 

•322  5513 

43-75 

•338 

4437 

44-55 
44.56 

28 

.291 

8574 

42.25 

•3°7 

1996 

42.99 

.322  8139 

43.76 

•338 

7111 

29 

.292 

1 1 09 

42.26 

.307 

4576 

43.00 

.323  0765 

43-77 

•338 

9785 

44.58 

30 

2.292 

6182 

42.27 

2.307 

7157 

43.02 

1.323  3391 
.323  6019 

43-79      ' 

t.339 

2460 

44-59 

31 

.292 

42.29 

.307 

9738 

43.03 

43.80 

•339 

5135 

44.60 

32 

.292 

8719 

4230 

.308 

2320 

43.04 

.323  8647 

43.81 

•339 

7812 

44.62 

33 

.293 

1258 

42.31 

.308 

4903 
7486 

43.05 

.324  1277 

43.83 

.340 

0490 

44.63 

34 

.293 

3797 

42.32 

.308 

43-°7 

•324  39°7 

43.84 

.340 

3168 

44.64 

35 

2.293 

8877 

42-33 

2.309 

0071 

43.08      ; 

1.324  6517 
.324  9169 

43.85      1 

L.340 

5847 

44.66 

36 

.293 

42.3  c 
42.36 

.309 

2656 

43.09 

43-87 

.340 

8527 

44-67  . 

37 

.294 

1418 

.309 

5242 

43.10 

.325  1801 

43-88 

.341 

1207 

44.69 

38 

.294 

3960 
6503 

4^-37 

.309 

7828 

43.12 

•325  4434 
.325  7068 

43.89 

•341 

3889 
6571 

44.70 

39 

.294 

42.38 

.310 

0416 

43-'3  u 

43.91 

.341 

44-71 

40 

2.294 

9046 

42.40 

2.310 

3004 

43.14      : 

-325  9703 

43-92      ' 

1.341 

9255 

44-73 

41 

.295 

1590 

42.41 

.310 

5593 
8182 

43-I5 

.326  2339 

43-93 

.342 

1939 

44-74 

42 

.295 

6680 

42.42 

.310 

43-«7 

.326  4975 

43-94 

•342 

4623 

44-75 

43 

.295 

42.43 

.311 

0773 

43.18 

.326  7612 

43.96 

•342 

7309 

44-77 
44.78 

44 

.295 

9227 

42.44 

.311 

3364 

43.19 

.327  0250 

43-97 

.342 

9995 

45 

2.296 

'774 

42.46 

2.311 

5956 

43.21      | 

..327  2889 

43.98      1 

■343 

2683 

44.80 

40 

.296 

6870 

42.47 

.311 

8549 

43.22 

•327   5528 

44.00 

•343 

5371 

44.81 

•47 

.296 

42.48 

.312 

1 142 

43.23 

.327  8168 

44.01 

•343 

8060 

44.82 

48 

.296 

9419 

42.49 

.312 

3736 
6331 

43.24 
43.26 

.328  0809 

44.02 

•344 

0750 

44.84 

49 

.297 

1969 

42.51 

.312 

•328   3451 

44.04 

•344 

344° 

44.85 

50 

2.297 

4520 

42.52 

2.312 

8927 

43.27      j 

..328  6094 

44.05      : 
44.06 

1.344 

6132 

44.86 

1 

51 

.297 

7071 

4»-53 

.313 

1524 

43.28 

•328  8737 

•344 

8824 

44.88 

52 

.297 

9623 
2176 

42.54 

.313 

4121 
6719 

43.29 

.329   1382 

44.08 

•345 

1517 

44.89 

53 

.298 

42-55 

•3>3 

43-31 

•329  4°27 

44.09 

•345 

421 1 

44.91 

54 

.298 

473° 

42-57 

.313 

9318 

43.32 

.329  6672 

44.10 

•345 

6906 

44.92 

55 

2.298 

7284 

42.58 

2.314 

1917 

43-33 

1.329  9319 

44.12       : 

••345 

9601 

44-93 

56 

.298   9839 

42.59 

.314  4518 

43-35 

.330  1967 

44.13 

.346 

2298 

44-95 

57 

.299 

2395 

42.60 

.314 

7119 

43.36 

.330  4615 

44- 1 4 
44.16 

.346 

4995 

44.96 

58 

.299 

495* 

42.61 

.314 

9721 

43-37 

.330  7264 

.346  7693 

44-97 

59 

.299 

7509 

42.63 

•3'5 

2323 

43-38 

.330  9914 

44.17 

•347 

0392 

4499 

60 

2.300 

0067 

42.64 

2.315 

4927 

43.40      | 

..331   2564 

44.18      | 

i-347 

3092 

45.00 

594 


TABLE  VI, 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 


O' 

1 

2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 

18 
19 

20 
21 
22 
23 
24 

25 
26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 

58 
59 

60 


116c 


logM. 


3092 
579* 
8494 
1196 
3899 

6603 
9308 
2014 
4720 
74*8 

0136 
2845 

5554 
8265 
C977 

,689 
6402 

351  9116 

352  1831 
35*  4547 
352  7263 

352  9981 

353  2699 
353  54i8 
353  8138 

354 
354 
354 
354 
355 


347 
347 
347 
348 
348 

348 
348 
349 
349 
349 
350 
350 
350 
350 
35i 

35i 
35 


355 
355 
355 
356 
356 

356 
357 
357 
357 
357 


0859 
358i 
6303 
9027 
1751 

4476 
7202 
9928 
2656 
53§5 
8114 
0844 

3575 
6307 
9040 


358  1773 
358  4508 
358  7*43 

358  9979 

359  2716 


359 
359 
360 
360 
360 

360 
361 
361 
361 
362 

362 
362 
362 
363 
363 

363 


5454 
8i93 
0933 
5673 
641  s 

9»57 
1900 
4644 
7389 
0134 

2881 
5628 
8376 
1 126 
3876 

6626 


Diff.  1" 


45.OO 
45.02 

45-°3 
45.04 


117 


log  M. 


Diff.  1" 


363 
363 
364 
364 
364 

365 
365 
365 
365 
366 

366 
366 
366 

367 

367 
368 
368 
368 
368 

369 
369 
369 

370 
370 

370 
370 

371 
371 
371 


6626 
9378 
21  31 

4885 
7639 

0394 
3150 
C907 
8665 
I423 

4183 
6944 
9705 
2467 
5230 

7994 
0759 

35*5 
6291 
9059 

1827 
4596 

7367 
0138 
2909 

5682 
8456 
1230 
4006 
6782 


37i  9559 
372  2337 
372  5116 

372  7896 

373  o677 


373 
373 
373 
374 
374 

374 
375 
375 
375 
375 
376 
376 
376 
376 
377 


3459 
6241 
9024 
1809 
4594 
7380 
0167 
2955 
5744 
8533 
1324 

6908 
9701 
2495 


377  5290 

377  8086 

378  0883 
378  3681 
378  6479 

378  9279 

379  *°79 
379  4881 

379  7683 

380  0486 

380  3290 


45.86 
45.87 
45.88 
45.90 
45.91 

45-93 
45-94 
45.96 

45-97 
45-99 
46.00 
46.01 
46.03 
46.04 
46.06 

46.07 
46.09 
46.10 
46.12 
46.13 

46.15 
46.16 
46.18 
46.19 
46.21 

46.22 
46.24 
46.25 
46.26 
46.28 

46.29 
46.31 
46.32 
46.34 
46-35 
46.37 
46.38 
46.40 
46.41 
46.43 

46.44 
46.46 
46.47 
46.49 
46.50 

46.51 
46.53 
46.55 
46.56 
46.58 

46.59 
46.60 
46.62 
46.64 
46.65 

46.67 
46.68 
46.70 
46.71 
46.73 

46.74 
695 


118c 


logM. 


380  3290 
380  6095 

380  8901 

381  1708 

381  4515 

381-7324 

382  0133 
382  2944 

382  5755 

382  8567 

383  1380 

383  4194 
383  7009 

383  9825 

384  2642 

384  546° 

384  8278 

385  1098 
385  39i8 
385  6739 

385  956* 

386  2385 
386  5209 

386  8034 

387  0860 

387  3687 
387  6514 

387  9343 

388  2173 
388  5003 

7835 
0667 
3500 
6335 
9170 


389 
389 
389 
389 
390 
390 
390 
391 
391 

391 
392 
392 
392 
392 

393 
393 
393 
393 
394 

394 
394 
395 
395 
395 


2006 

4843 
7681 
0519 
3359 
6200 
9042 
1884 
4728 
757* 
0417 
3264 
tiii 

8959 

1808 

4658 
7509 
0361 

3**4 
0067 


395  89" 

396  1778 
396  4634 

396  7492 

397  °35° 
397  32I° 


Diff.  l". 


46.74. 
46.76 
46.77 
46.79 
46.80 

46.82 
46.83 
46.85 
46.86 
46.88 

46.89 
46.91 
46.92 
46.94 
46.95 

46.97 
46.98 
46.99 
47.01 
47.03 

47-05 
47.06 
47.08 
47.09 
47-n 

47.12 
47.14 
47-15 
47-17 
47.18 

47.20 
47.21 

47-*3 
47.24. 
47.26 

47.28 
47.29 

47-3' 
47.32 

47-34 

47-35 
47-37 
47.38 
47.40 
47.41 

47-43 
47-45 
47.46 
47.48 
47-49 

47-51 
47-5* 
47-54 
47-55 
47-57 

47-59 
47.60 
47.62 
47.63 
47.65 

47.66 


119< 


logM. 


397 
397 
397 
398 
398 

398 
399 
399 
399 
399 
400 
400 
400 
401 
401 

401 
401 
402 
402 
402 

403 
403 
403 
403 
404 


3210 
6070 
8931 
»794 
4657 

7521 
0386 

3*5* 
6119 

8987 

1856 

47*5 
7596 
0468 
334° 
6214 


1964 
4840 
7718 

0596 

3475 
6356 

9*37 
2119 


404  5002 

404  7886 

405  0771 

4°5  3657 
405  6544 


405 
406 
406 
406 
407 

407 
407 
407 
408 
408 

408 
409 
409 
409 
409 

410 
410 
410 
411 
411 

411  7393 

412  0301 
412  3210 
412  0120 
412  9031 


943* 
2321 
5211 
8102 
0993 

3886 
6780 
9674 
2570 
5467 
8364 
1263 
4162 
7063 
9964 

2866 
577° 
8674 
'579 
4486 


2.413 
.413 
.413 
.414 
.414 


1944 
4^57 
777' 
0686 
360a 


2.414  6519 


Diff.  1". 


47.66 
47.68 
47.70 
47-71 
47-73 

47-74 
47.76 

47-77 
47-79 
47.81 

47.82 
47.84 
47.85 
47.87 
47.89 

47.90 
47.9a 
47-93 
47-95 
47-97 

47.98 
48.00 
48.01 
48.03 
48.04 

48.06 
48.08 
48.09 
48.11 
48.12 

48.14 
48.16 
48.17 
48.19 
48.20 

48.22 
48.24 
48.25 
48.27 
48.28 

48.30 
48.32 
48.33 
48.35 
48.37 
48.38 
48.40 
48.41 
48.43 
48.45 

48.46 
48.48 
48.49 
48.51 
48.53 

48.5A 
48-56 
48.58 

SB 
48.61 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

120 

121° 

122 

123° 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.414 

6519 

48.62 

2.432 

3356 
6334 

49.62 

2.450  3868 
.450  6908 

50.67 

2.468 

8205 

51-75 

1 

.414 

9437 

48.64 
48.66 

.432 

49.64 
49.66 

50.68 

.469 

1311 

5'-77 

2 

•4'5 

2356 

.432 

9313 

•45°  9950 

50.70 

.469 

4418 

5'-79 

3 

•4»5 

5276 
8197 

48.67 

•433 

2293 

49.68 

•45i  2992 

50.72 

.469 

7526 

51.81 

4 

.41  5 

48.69 

•433 

5*74 

49.69 

.451  6036 

50.74 

.470 

0634 

51.82 

5 

2.416 

1119 

48.71 

2-433 

8257 

49.71 

2.451  9081 

5°-75 

2.470 

as 

51.84 
51.86 

6 

416 

4042 
6965 

48.72 

•434 

1240 

49-73 

.452  2127 

50-77 

•47° 

7 

.416 

48.74 

•434 

4224 

49-74 
49.76 

.452  5174 

50.79 

.470 

9968 

51.88 

8 

.416 

9890 

48.76 

•434 

7209 

.452  8222 

50.81 

.471 

3081 
0196 

51.90 

9 

.417 

2816 

48.77 

•435 

0195 

49.78 

•453  Ia7» 

50.83 

.471 

51.92 

10 

2.417 

S743 
8671 

*l-l9 

2-435 

3182 
6171 

49.80 

2-453  43ZI 

5  0.8  A 
5O.86 

2.471 

93" 

51.94 

11 

.417 

48.81 

•435 

49.81 

•453  7372 

.472 

2428 

51-95 

12 

.418 

1600 

48.82 

•435 

9160 

49.83 

•454  0424 

5O.88 

.472 

lit 
8665 

5>-97 

13 

.418 

4529 

48.84 

.436 

2150 

49.85 

•454  3477 

5O.9O 

.472 

51.99 

14 

.418 

7460 

48.85 

.436 

5141 

49.86 

•454  6532 

5O.92 

•473 

1785 

52.01 

15 

2.419 

0392 

48.87 

2.436 

8134 

49.88 

2.454  9587 

50.93 

2.473 

4906 
8028 

52.03 

16 

.419 

6258 

48.89 

•437 

1 127 

49.90 

•455  2644 

50.95 

•473 

52.05 

17 

.419 

48.90 

•437 

4122 

49.92 

•455  570i 

50-97 

•474 

1152 

52.07 

18 

.419 

9193 

48.92 

•437 

7117 

49-93 

•455  »76o 

5O.99 

•474 

4276 

52.09 

19 

.420 

2129 

48.94 

.438 

01 14 

49-95 

.456  1820 

5I.OO 

•474 

7402 

52.10 

20 

2.420 

§066 

48.95 

2.438 

tin 

6no 

49-97 

2.456  4881 

5I.02 

2.475 

0529 

52.12 

21 

.420 

8003 

48.97 

.438 

49.98 

•456  7943 

5I.OA 

•475 

3657 

52.14 
52.16 

22 

.421 

0942 

48.99 

.438 

9109 

50.00 

.457  1006 

51.06 

•475 

6786 

23 

.421 

3882 

49.00 

•439 

2110 

50.02 

•457  4070 

5I.08 

•475 

9916 

52.18 

24 

.421 

6822 

49.02 

•439 

5112 

50.04 

•457  7'35 

5I.O9 

.476 

3047 

52.20 

25 

2.421 

9764 

49.03 

2.439 

8114 

50.05 

2.458  0201 

51. II 

2.476 

6180 

52.22 

26 

.422 

2707 

49.05 

.440 

1118 

50.07 

.458  3268 

51.13 

.476 

9313 

52.23 

27 

.422 

5650 

49.07 

.440 

4123 

50.09 

.458  6337 

51.15 

•477 

2448 

52.25 

28 

.422 

8595 

49.09 

.440 

7129 

50.11 

.458  9406 

51.17 

•477 

5584 

52.27 

29 

.423 

1541 

49.10 

.441 

0136 

50.12 

•459  *477 

5I.I8 

•477 

8721 

52.29 

30 

2.423 

4488 

49.12 

2.441 

3H3 
6152 

5°-i4 
50.16 

2.459  5548 

5I.20 

2.478 

1850 
4998 
8138 

52.31 

31 

.423 

7435 

49.14 

.441 

.459  8621 

51.22 

.478 

52-33 

32 

.424 

0384 

49.15 

•44  * 

9162 

50.18 

.460  1695 

51.24 

.478 

52-35 

33 

.424 

3334 

49.17 

.442 

2173 

50.19 

.460  4770 

5I.26 

•479 

1280 

52.37 

34 

.424 

6284 

49.19 

.442 

5185 

50.21 

.460  7846 

51.28 

•479 

4422 

52.39 

35 

2.424 

9236 
2189 

49.20 

2.442 

8199 

50.23 

2.461  0923 

5I.29 

2.479 

7566 

52.40 

30 

.425 

49.22 

•443 

1213 

50.24 

.461  4001 

51-3' 

.480 

07 1 1 

52.42 

37 

.425 

5142 

49.24 

•443 

4228 

50.26 

.461  7080 

51-33 

.480 

3857 

52.44 
52.46 

38 

.425 

8097 

49.25 

•443 

7244 
0261 

50.28 

.462  0161 

5'-35 

.480 

7004 

39 

.426 

1053 

49.27 

•444 

50.30 

.462  3242 

5*-37 

.481 

0152 

52.48 

40 

2.426 

4010 

49.29 

2.444 

3280 

50.31 

2.462  6325 

51.38 

2.481 

3301 
6452 

52.50 

41 

.426  6967 

49.30 

•444 

6299 

50.33 

.462  9408 

51.40 

.481 

52.52 

42 

.426 

9926 
2886 

49.32 

•444 

9320 

5°-35 

.463  2493 

51.42 

.481 

9604 

52-54 
52.56 

43 

.427 

49-34 

•445 

2341 

50.37 

•463  5579 

51-44 
51.46 

.482 

2756 

44 

.427 

S«47 

49-35 

•445 

53H 

50.38 

.463  8666 

.482 

5910 

52.58 

45 

2.427 

8808 

49-37 

2.445 

8387 

50.40 

2.464  1754 

51.48 

2.482 

9065 

5^-59 

46 

.428 

1771 

49-39 

.446 

1412 

50.42 

.464  4843 

51.49 

.483 

2222 

52.61 

47 

.428 

4735 

49.40 

.446 

4437 
7464 

50.44 

•464  7933 

51.51 

.483 

5379 

52.63 

48 

.428 

7700 

49.42 

.446 

5o.45 

.465  1024 

5'-53 

.483 

»537 

52.65 

49 

.429 

0665 

49-44 

■447 

0492 

50.47 

.465  4116 

5'-55 

.484 

1697 

52.67 

50 

2.429 

6600 

49.46 

2.447 

3521 
6551 

50.49 

2.465  7210 

5'-57 

2.484  4858 

52.69 

51 

.429 

49-47 

•447 

50.51 

.466  0305 

5'-59 

.484 

8020 

52.71 

52 

.429 

9569 

49-49 

•447 

9582 

50.53 

.466  3400 
.466  0497 

51.60 

•485 

1183 

52-73 

53 

.430 

1539 

49.51 

•448 

2614 

50.54 
50.56 

51.62 

.485 

4347 

52-75 

54 

.430 

5510 

49-52 

•448  5647 

.466  9595 

51.64 

.485 

75'3 

52-77 

55 

2.430 

8482 

49-54 

2.448 

8681 

50.58 

2.467  2694 

51.66 

2.486 

0679 

52.78 

56 

.431 

H55 

49.56 

•449 

1716 

50.00 

•467  5794 
.467  8895 

51.68 

.486 

3847 

52.80 

57 

.431 

4428 

49-57 

•449 

4753 

50.61 

51.70 

.486 

7016 

52.82 

58 

.431 

7403 

49-59 

•449 

7790 

50.63 

.468  1997 

51.71 

.487 

0186 

52.84 
52.86 

59 

.432 

0379 

49.61 

.450 

0828 

50.65 

.468  5101 

51-73 

.487 

3357 

60 

2.432 

3356 

49.62 

2.450 

3868 

50.67 

2.468  8205 

5»-75 

2.487  6529 

52.88. 

596 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


V, 

124° 

125° 

126° 

127° 

log  M. 

Diff.  1". 

loj 

■M. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

O' 

2.487   6529 

52.88 

2.506  9006 

54.06      - 

1.526   5813 

55.29 

2.546   7135 

56-57 

1 

.487   9702 

52.90 

.507 

2251 

54.08 

.526   9131 

55-3' 

•547  0530 

its 

2 

.488    2877 

52.92 

•507 

5496 

54.10 

•527   2450 

55-33 

•547  39*6 

3 

.488   6053 

52.94 

•507 

8742 

54.12 

•527   5771 

55-35 

547  7323 

56.63 

4 

.488   9230 

52.96 

.508 

1990 

54.14 

•5*7.9092 

55-37 

548  0722 

56.65 

5 

2.489   2408 

52.98 

2.508 

5*39 

54.16 

1.528   2415 

55-39 

2.548  4122 

56.68 

6 

.489   5587 

53.OO 

.508 

§489 

54.18 

•528    5739 
.528   9065 

55-4* 

.548  7525 
•549  0926 

56.70 

7 

.489   8767 

53.02 

•509 

1 741 

54.20 

55-43 

56.72 

8 

.490    1949 

53-°3 

.509 

4993 

54.22 

•529   2391 

55-45 

•549  433° 

56.74 

9 

.490   5132 

53-^5 

.509 

8247 

54.24 

.529   5719 

55.48 

•549  7735 

56.76 

10 

2.490   8315 

53-°7 

2.510 

1502 

54.26 

1.529  9048 

55-5o 

2.550  1141 

56.79 

11 

.491    1500 

53.09 

.510 

4758 
8016 

54.28 

•53°  2379 

55-52 

.550  4549 

56.81 

12 

.491    4686 

53.11 

.510 

54.30 

.530   5710 

55-54 

•55o  7958 

s6A* 

13 

.491    7874 

53-13 

.511 

1274 

54.32 

•53°  9043 

55-56 

•55i  1369 

56.85 

14 

.492    1063 

53-15 

.511 

4534 

54-34 

.531    2378 

55-58 

•55i  478i 

56.87 

15 

1.492   4252 

53-17 

2.5 1 1 

7795 

54.36 

1.531    5713 

55.60 

2.551  8194 

56.90 

16 

•49-  7443 

53-19 

.512 

1057 

54.38 

.531    9050 

55.62 

.552  1608 

56.92 

17 

•493  o635 

53-ii 

.512 

43o3 

54.40 

.532   2388 

55.64 

•552  5024 

56.96 

18 

•493  38*8 

53-*3 

.512 

7586 

54.42 

•532   5727 

55-67 

.552  8441 

19 

•493   7023 

53-25 

•513 

0852 

54-44 

•532  9068 

55.69 

•553  1859 

56.98 

20 

2.494  0218 

53.27 

2.513 

4119 

54.46      - 

t.533   2410 

55-71 

2-553  5279 

57.01 

21 

•494  34»5 
.494  6613 

53.29 

•513 

7387 

54.48 

•533  5753 

55-73 

•553  8700 

57-03 

22 

53-3» 

.514 

0657 

54.50 

•533  9097 

55-75 

.554  2122 

57-05 

23 

•494  98^ 

53-33 

•514 

3927 

54.52 

•534  *443 

55-77 

•554  5546 

57-07 

24 

•495  3°i2 

53-35 

.514 

7199 

54-54 

•534  579° 

55-79 

•554  8971 

57.10 

25 

1.495  6213 
•495  94i6 

53-37 

2.515 

0473 

54.56 

l-534  9I38 

55.81 

2-555  2398 

57.12 

26 

53-39 

•515 

3747 

54.58 

•535  2487 

55-84 
55-86 

•555  5825 

57.14 
57.16 

27 

.496  2619 

53-41 

•515 

7023 

54.60 

•535  5838 

•555  9254 

28 

.496  5824 

53.42 

.516 

0300 

54-63 

•535  9'9° 

55.88 

.556  2685 

57-i8 

29 

.496  9030 

53-44 

.516 

3578 

54.65 

•536  2543 

55-9o 

.556  6116 

57.21 

30 

2.497  2238 

53-40 

2.516 

6857 

54.67 

1.536  5898 

55-92 

2-556  9549 

57-23 

31 

•497  5446 

53-48 

•517 

0138 

54.69 

.536  9254 

55-94 

•557  2984 

57-25 

32 

•497  8656 

53-So 

•517 

3420 

54-71 

.537  2611 

5596 

•557  6420 

57-*7 

33 

.498   1867 

53-52 

•517 

6703 

54-73 

•537  5970 

55.98 

•557  9857 

57-*9 

34 

•498  5079 

53-54 

•517 

9987 

54-75 

•537  9329 

56.01 

•558  3295 

57-32 

35 

2.498  8292 

53-56 

2.518 

3273 

54-77      1 

t.538  2690 

56.03 

2.558  6735 

57-34 

36 

•499   I5°6 

53-58 

.518 

6559 

54-79 

.538  6052 

56.05 

•559  0176 

57.36 

37 

•499  47*1 

53.60 

.518 

9847 

54-8i 

•538  94i6 

56.07 

.559  3618 

57-38 

38 

•499  7938 

53.62 

.519 

3137 
6427 

54-83 

•539  2781 

56.09 

•559  7062 

57.41 

39 

.500   1 156 

53.64 

.519 

54-85 

•539  6147 

56.11 

.560  0507 

57-43 

40 

1.500  4375 

53.66 

2.519 

97'9 

54.87      ) 

'•539  95H 

56.13 

2.560  3953 

57-45 

41 

.500  7595 

53.68 

.520 

3012 

54.89 

.540  2883 

56.18 

.560  7401 

57-47 

42 

.501   0817 

53.70 

.520 

6306 
9601 

54-91 

•540  6253 

.561  0850 

57.5o 

43 

.501   4039 
.501   7263 

53-7* 

.520 

54-93 

•54o  9625 

56.20 

.561  4301 

57.52 

44 

53-74 

.521 

2898 

54-95 

.541  2997 

56.22 

•561  7753 

57-54 

45 

2.502  0488 

53-76 

2.521 

6196 

54-97      I 

1.541  6371 

56.24. 
56.26 

2.562  1206 

57-56 

46 

.502  3714 

53-78 

.521 

9495 

54-99 

.541  9746 

.562  4660 

57-59 
57-61 

47 

.502  6942 

53.80 

.522 

2795 

55.02 

■54*  3123 
.542  6500 

56.29 

.562  8116 

48 

.503  0170 

53.82 

.522 

6097 

55-04 
•  55-06 

56.31 

•563   1574 

57-63 

49 

.503    3400 

53.84 

.522 

9400 

.542  9880 

56-33 

•563  5032 

57-65 

50 

2.503  6631 
.503  9863 
.504  3096 
.504  6331 

53.86 

2.523 

2704 

55.08      ] 

••543   3260 
•543  6641 

56-35 

2.563  8492 

57-68 

51 

53-88 

.523 

6009 

55.10 

56-37 

.564  1953 

•564  54l6 
.564  8880 

57-7° 

52 

53.90 

.523 

93i6 
2624 

55.12 

•544  0024 

56.39 

57-7* 

53 

53.92 

.524 

55-4 
55.16 

•544  3409 
•544  6794 

56.42 

57-74 

54 

.504  9567 

53-94 

•524 

5933 

56.44 

.565  *345 

57-77 

55 

2.505  2804 

53.96 

2.524 

9243 

55.18      ; 

1.545  0181 

56.46 

2.565  5812 

57-79 

56 

.505  6042 
.505  9282 

53-98 

•525 

*555 

55.20 

•545   3569 
•545  6959 

56.48 

.565  9280 
.566  2750 

57.81 

57 

54.00 

•5*5 

5867 

55.22 

56.50 

57-«4 
57-86 

58 

.506  2522 

54.02 

.526 

9181 

55-24 
55.26 

•546  0350 

56.52 

.566  6221 

59 

.506   5763 

54.04 

2497 

•546   3742 

56-55 

.566  9693 

57.88 

60 

2.506  9006 

54.06 

2.526 

5813 

55.29      j 

..546  7135 

56.57 

2.567  3166 

57-90 

5»7 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


/• 

12a 

0 

129 

0 

130 

1° 

131 

0 

«/• 

logM. 

war.  i". 

logM. 

Diff.  1". 

|0|  M. 

Dfff.  1". 

logM. 

Diff.  1". 

0'  3 

1.567  1166 
.567  6641 
.568  0117 

57-9° 

2.588  4112 

59-3° 

2.6IO  Ol88 

60.75 
60.78 

2.632  1622 

62.28 

1 

57-93 

.588  7670 

59-3* 

.6lO  3834 
.6lO  7481 

.632  5360 

62.30 

1 

57-95 

.589  1230 

59-35 

60.80 

.632  9099 

62.33 

3 

.568  3595 

57-97 

•589  479* 
•589  8355 

59-37 

.6ll  I  130 
.6ll  478I 

60.83 

•633  *8J9 
.633  6581 

62.35 

4 

.568  7074 

57-99 

59-39 

60.85 

62.38 

5  3 

.569  055A 
.569  4036 

58.02 

2.590  1919 

59.42  ■ 

2.6l  I  8433 
.612  2086 

60.88 

2.634  0325 

62.41 

6 

58.04 
58.06 

.590  5485 

59-44 

60.90 

.634  4070 

62.46 

7 

.569  7519 

.590  9052 

59-47 

.612  5741 

60.93 

•634  7817 

8 

.570  1004 

58.09 

.591  2620 

59-49 

.612  9397 

60.95 

•635  1565 

.  62.48 

9 

.570  4490 

58.11 

.591  6190 

59-51 

•613  3°55 

60.98 

•635  5315 

62.51 

10  i 

.570  7977 

58.13 

2.591  9762 

59-54 

2.613  6715 

61.00 

2.635  9066 

62.54 

11 

.571  1465 

58.15 

•59*  3335 
.592  6909 

59-56 

.614  0376 

61.03 

.636  2819 

62.56 

12 

•S7i  4955 
.571  8447 

$&i8 

59.58 

.614  4038 

61.05 

.636  6573 

62.61 

13 

58.20 

•593  °485 

59-6i 

.614  7702 

61.08 

.637  0329 

14 

.572  1939 

58.22 

•593  4°6* 

59-63 

.615  1368 

61.10 

.637  4087 

62,64 

15  J 

•57a  5434 
.572  8929 

58.25 

*-593  764* 

59.66 

*-6i5  5°35 

61.13 

2.637  7846 

62.67 

16 

58.27 

.594  1221 

59.68 

.615  8703 

61.15 

.638  1607 

62.69 

17 

•573  *4*6 

58.29 

•594  4803 
.594  8386 

59.70 

.616  2373 

61.18 

•638  5369 

62.72 

18 

•573  59*4 

58.32 

59-73 

.616  6045 

61.20 

•638  9133 

62.75 

19 

•573  94M 

58.34 

•595  »97° 

59-75 

.616  9718 

61.23 

.639  2899 

62.77, 

20  a 

-574  *9*5 

58.36 

*-595  5556 

59.78 

2.617  3392 

61.25 

2.639  6666 

62.80 

21 

•574  6427 

58.38 

•595  9H3 

59.80 

.617  7068 

61.28 

.640  0435 

62.82 

22 

•574  9931 

58.41 

.596  2732 

59.82 

.618  0746 

61.30 

.640  4205 

62.85 

23 

•575  3436 
•575  6943 

58.43 

.596  6322 

59.85 

.618  4425 

61.33 

.640  7977 

62.88 

24 

58.45 

.596  9914 

59.87 

.618  8105 

61.36 

.641  1750 

62.90 

25  J 

..576  0451 

58.48 

a.597  3507 

59.90 

2.619  1787 

61.38 

2.641  5525 

lz,9l 

62.96 

26 

.576  3960 

58.50 

•597  7'°* 

59.92 

.619  5471 

61.41 

.641  9302 

27 

.576  7471 

58.52 

.598  0698 

59-95 

.619  9156 

61.44 

.642  3080 
.642  0860 

62.98 

28 

•577  °983 
•577  4490 

58.55 

•598  4*95 

59-97 

.620  2843 

61.46 

63.01 

29 

58.57 

•598  7894 

59-99 

.620  6531 

61.48 

.643  0641 

63.04 

30 

1.577  8on 

58.59 

2.599  1494 
•599  5°9o 

60.02 

2.621  0220 

61.51 

2.643  4424 

63.06 

31 

.578  15*8 

58.62 

60.04 

.621  3911 

61.53 

.643  8209 

63.09 

32 

•578  5045 
.578  8564 

58.64 

•599  8699 

60.07 

.621  7604 

61.56 

.644  1995 

63.12 

33 

58.66 

.600  2304 

60.09 

.622  1298 

61.58 

•644  5783 

63.14 

34 

•579  *o85 

58.69 

.600  5910 

60.12 

.622  4994 

61.61 

.644  9572 

63.17 

35 

*-579  56o7 

58.71 

2.600  9518 

60.14 
60.16 

2.622  8691 

61.63 
61.66 

2.645  3363 

63.19 

36 

•579  9»3° 

58.73 

58.76 

.601  3127 
.601  0738 

.623  2390 

.645  7155 

63.22 

37 

.580  2655 

60.19 

.623  6091 

61.68 

.646  0949 

63.25 

38 

.580  6181 

58.78 

.602  0350 

60.21 

.623  9793 
•6*4  3496 

61.71 

.646  4745 
.646  8542 

63.27 

39 

.580  9708 

58.80 

.602  3963 

60.24 

61.74 

63.30 

40 

1.581  3237 

58.83 

2.602  7578 

60.26 

2.624  7201 

61.76 

2.647  2341 

63.33 

41 

.581  6768 

58.85 

.603  1 195 

60.29 

.625  0907 

61.79 

.647  6142 

63-35 

42 

.582  0299 

58.87 

.603  4813 

60.31 

.625  4615 

61.81 

•647  9944 

63.38 

43 

.582  3832 
.582  8207 

58.90 

.603  8432 

60.36 

.625  8325 

61.84 
61.86 

.648  3748 

63.41 

44 

58.92 

.604  2053 

.626  2036 

•648  7553 

63.44 

45 

2.583  0903 

58.94 

2.604  5675 

60.38 

2.626  5748 

61.89 

2.649  1360 

63.46 

46 

.583  4440 

58.97 

.604  9299 

60.41 

.626  9462 

61.91 

.649  5168 

63.49 

47 

.583  7979 

58.99 

.605  2924 

60.46 

.627  3178 
.627  0895 

61.94 

.649  8978 

63.52 

48 

.584  1519 

59.01 

.605  6551 

61.97 

.650  2790 

63.54 

49 

.584  5061 

59.04 

.606  0179 

60.48 

.628  0614 

61.99 

.650  6603 

6357 

50 

2.584  8604 
.585  2148 

59.06 

2.606  3809 

60.51 

*-6*8  4334 
.628  8oc6 

62.02 

2.651  0418 

63.60 

51 

59.09 

.606  7440 

£ji 

62.04 

.651  4235 
.651  8053 

63.62 

M 

.585  5694 

59.11 

.607  1073 

.629  1780 

62.07 

63.65 

.-,:< 

.585  9241 

59-'3 
59.16 

.607  4707 
.607  8343 

60.58 

•6*9  5505 

62.09 

.652  1873 

63.68 

54 

.586  2790 

60.61 

.629  9231 

62.12 

.652  5695 

63.70 

55 

2.586  6340 

59.18 

2.608  1980 

60.63 
60.66 

2.630  2959 
.630  6689 

62.15 

2.652  9518 

63-73 

*j.76 

56 

.586  9891 

59.20 

.608  5618 

62.17 

•653  334* 
.653  7168 

57 

•587  3444 
.587  6999 

59*3 

.608  9258 

60.68 

.631  0420 

62.20 

63.79 

58 

59*5 

.609  2901 

60.70 

.631  4152 
.631  7887 

62.22 

.654  0996 
.654  4826 

63.81 

59 

.588  0555 

59*7 

.609  6544 

60.73 

62.25 

63.84 

60 

2.588  4112 

59.30 

2.610  0188 

60.75 

2.632  1622 

62.28 

2.654  8657 

63.87 

s*8 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

132 

0 

133° 

134° 

135 

1 1 1  M. 

Diff.  1". 

logM. 

Diff.  1". 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.654  8657 

63.87 

2.678  1547 

65.56 

2.702 

0562 

67.27 

2.726  5990 

69.09 

1 

.655  2490 

63.89 

.678  5480 

.702 

4600 

67.30 

.727  0137 

69.12 

« 

.655  6324 

63.92 

.678  9414 

65.59 

.702 

8638 

67.36 

.727  4285 

•727  8435 
.728  2587 

69.15 

3 

.656  Ol6o 

63.95 

.679  3350 

65.6! 

.703 

2679 

69.19 

4 

.656  3998 

63.97 

.679  7288 

65.64 

.703 

6721 

67.39 

69.22 

5 

2.656  7837 

64.00 

2.680  1227 

65.67 

2.704 

0766 

67.42 

2.728  6741 

69.25 

6 

.657  1678 

64.03 

.680  5168 

65.70 

.704 

4812 

67.45 

.729  0897 

69.28 

7 

.657  5521 

64.06 

.680  911 1 

A5'7! 

65.76 

.704 

8860 

67.48 

.729  5055 

69.31 

8 

.657  9365 

64.08 

.681  3056 

.705 

2909 

67.51 

.729  9215 

69.34 

9 

.658  32H 

64.11 

.68 1  7002 

65.79 

.705 

6961 

67.54 

.730  3376 

69.37 

10 

2.658  7058 

64.14 

2.682  0950 

65.81 

2.706 

1014 

67.57 

2.730  7539 

69.40 

11 

.659  0907 

64.17 

.682  4900 

65.84 

.706  5069 

67.60 

.731  1705 

69.44 

12 

.659  4758 

64.19 

.682  8851 

65.87 

.706 

9126 

67.63 

.731  5872 

69.47 

13 

.659  861 1 

64.22 

.683  2804 

65.90 

.707 

3184 

67.66 

.732  0041 

69.50 

14 

.660  2465 

64.25 

.683  6759 

65.93 

.707 

7244 

67.69 

.732  4212 

69.53 

15 

2.66o  632O 

64.28 

2.684  0716 

65.96 

2.708 

1307 

67.72 

2.732  8385 

69.56 

1G 

.661  OI78 

64.30 

.684  4674 

65.99 

.708 

S37» 

67.75 

•733  *559 

69.59 

17 

.661  4037 

64.33 

.684  8634 

66.01 

.708  9, 

67.78 

•733  6736 

69.62 

18 

.661  7897 

64.36 

.685  2596 

66.04 

.709 

3504 

67.81 

•734  °9*4 

69.66 

19 

.662  1760 

64.38 

.685  6559 

66.07 

.709 

7573 

67.84 

•734  5°94 

69.69 

20 

2.662  5623 

64.41 

2.686  0524 

66.10 

2.710 

1645 

67.87 

2.734  9277 

69.72 

21 

.662  9489 

64.44 

.686  4491 

66.13 

.710 

57i8 

67.90 

•735  346i 
•735  7647 

69.75 

22 

.663  3356 

64.47 

.686  8460 

66.16 

.710 

9792 

67.93 

69.78 

23 

.663  7225 

64.49 

.687  2430 

66.19 

.711 

3869 

67.96 

.736  1835 

69.81 

24 

.664  IO96 

64.52 

.687  6402 

66.22 

.711 

7947 

67.99 

.736  6025 

69.85 

25 

2.664  4968 

64-55 

2.688  0376 

66.25 

2.712 

2028 

68.02 

2.737  0216 

69.88 

26 

.664  8842 

64-57 

.688  4352 

66.27 

.712 

61 10 

68.05 

•737  4410 

69.91 

27 

.665  2717 

64.60 

.688  8329 

66.3O 

.713 

0194 

68.08 

•737  8605 

69.94 

28 

.665  6594 

64.63 

.689  2308 

66.33 

.713 

4279 

68. 11 

.738  2803 

69.97 

29 

.666  0473 

64.66 

.689  6289 

66.36 

•713 

8367 

68.14 

.738  7002 

70.00 

30 

2.666  4354 

64.69 

2.690  0272 

66.39 

2.714 

2456 

68.17 

2.739  I2°3 
•739  54O0 

70.04 

31 

.666  8236 

64.72 

.690  4256 

66.42 

.714 

6547 

68.20 

70.07 

32 

.667  2120 

64.74 

.690  8242 

66.45 

•715 

0640 

68.23 
68.26 

•739  96>2 

70.10 

33 

.667  6005 

64.77 

.691  2230 

66.48 

•715 

4735 

.740  3819 

70.13 
70.16 

34 

.667  9892 

64.80 

.691  6219 

66.5I 

•71s 

8832 

68.29 

.740  8027 

35 

2.668  3781 

64.83 
64.86 

2.692  0210 

66.54 

2.716 

2930 

68.32 

2.741  2238 

70.20 

36 

.668  7672 

.692  4203 
.692  8198 

66.56 

.716 

7031 

68.35 

.741  6451 

70.23 
70.26 

37 

.669  1564 

64.88 

66.59 

•7»7 

1133 

68.3§ 

.742  0666 

|  38 

.669  5457 

64.91 

.693  2194 

66.62 

.717 

5237 

68.41 

.742  4882 

70.29 

39 

.669  9353 

64.94 

.693  6193 

66.65 

.717 

9342 

68.44 

.742  9101 

70.32 

40 

2.670  3250 

64.97 

2.694  0193 

66.68 

2.718 

345° 

68.48 

2.743  3321 

70.36 

41 

.670  7149 

65.00 

.694  4194 

66.71 

.718 

7560 

68.51 

•743  7543 
•744  1708 

70.39 

42 

.671  1050 

65.02 

.694  8198 

66.74 

.719 

1671 

68.54 

70.42 

43 

.671  4952 

65.05 

.695  2203 

66.77 

.719 

5784 

68.57 
68.6o 

•744  5994 

70.45 

44 

.671  8856 

65.08 

.695  6210 

66.80 

.719 

9899 

.745  0222 

70.48 

45 

2.672  2761 

65.11 

2.696  0219 

66.83 

2.720 

4016 
8135 

68.63 
68.66 

2.745  445* 
.745  8684 
.746  2918 

70.52 

46 

.672  6668 

65.13 

.696  4229 

66.86 

.720 

70-55 

47 

.673  0577 

65.16 

.696  8242 

66.89 

.721 

2255 

68.69 

70.58 
70.61 

i  48 

.673  4488 

65.19 

.697  2256 

66.92 

.721 

6377 

68.72 

.746  7154 

49 

.673  8400 

65.22 

.697  6272  - 

66.95 

.722 

0502 

68.75 

•747  *39» 

70.65 

50 

2.674  2314 

65.25 

2.698  0289 
.698  4308 
.698  8330 

66.97 

2.722 

4628 
8756 

68.78 

2.747  5631 

70.68 

51 

.674  6230 

65.28 

67.00 

.722 

68.81 

•747  9873 
.748  4116 
.748  8362 
.749  2609 

70.71 

!  52 

.675  0147 

65.30 

67.03 
67.06 

.723 

2885 

68.84 
68.88 

70.74 
70.78 
70.81 

53 

.675  4066 

65.36 

.699  2353 

.723 

7017 

54 

.675  7987 

.699  6377 

67.09 

.724 

1150 

68.91 

55 

2.676  1909 

65.39 

2.700  0404 

67.12 

2.724 

5286 

68.94 

2.749  6859 

70.84 

56 

.676  5833 

65.42 

.700  4432 

67.15 

.724 

9423 

68.97 

.750  mo 

70.87 

57 

.676  9759 

65.44 

.700  8462 

67.18 

•725 

3562 

69.00 

.750  5364 
.750  9619 
.751  3876 

70.90 

58 

.677  3687 

65.47 

.701  2494 

67.21 

•7^5 

77°3 
1846 

69.03 
69.06 

70.94 

59 

.677  7616 

65.50 

.701  6527 

67.24. 

.726 

70.97 

60 

2.678  1547 

65-53 

2.702  0562 

67.27 

2.726 

5990 

69.09 

1.751  8135 

71.00 

599 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Paraholic  Orbit 


V. 

136° 

137° 

138 

139° 

lagM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

O' 

2.751  8135 
.752  2596 
.752  6659 

71.00 

2.777  73** 

73.OI 

2.804 

3895 
8403 

75.II 

2.831  8224 

77-3* 

1 

71.03 

.778  1703 

73.04 

.804 

75-H 
75.18 

.832  286I 
.832  7506 

77-35 

2 

71.07 

.778  6087 

73.07 

.805 

2912 

77-39 

3 

•753  °9*5 

71.IO 

•779  °47* 
•779  4»59 

73.II 

.805 

74*4 

75.21 

.833  2151 

77-43 

4 

•753  5i9* 

71.13 

73-»4 

.806 

1938 

75-*5 

.833  6798 

77-47 

5 

2.753  9401 

71.17 

2.779  9249 

73.18 

2.806 

6454 

75.29 

2.834  1447 

77-5° 

6 

•754  373* 

71.20 

.780  3641 

73.21 

.807 

0973 

75-3* 

.834  6098 

77-54 
77.58 

7 

•754  *°°4 

71.23 
71.26 

.780  8034 

73-*4 
73-*8 

.807 

5493 

75.36 

•835  075* 

8 

•755  "79 

.781  2430 

.808 

0016 

75.40 

•835  5408 

77.62 

9 

•755  6556 

71.30 

.781  6828 

73-31 

.808 

454i 

75-43 

.836  0066 

77.66 

10 

2.756  0835 

71-33 
71.36 

2.782  1228 

73-35 

2.808 

9068 

75-47 

2.836  4727 

77.69 

11 

.756  5116 

.782  5630 

73.38 

.809 

P9l 

75-5° 

•836  9390 

77-73 

12 

•75°  9399 
•757  3683 

71.40 

.783  0034 

73.42 

.809 

8128 

75-54 
75-58 

•837  4055 

77-77 

13 

71.43 
71.46 

•783  444° 
.783  8848 

73-45 

.810 

2662 

.837  8722 

77.81 

14 

•757  797° 

73-49 

.810 

7197 

75.61 

.838  3392 

77-85 

15 

2.758  2259 

71.49 

2.784  3258 

73-53 
73.56 

2.811 

1735 

75-65 

2.838  8064 

77.89 

10 

.758  6549 

71-53 
71.56 

.784  7671 

.811 

6275 

75.69 

.839  2738 

77.92 

17 

•759  o84* 

.785  2085 

73-59 

.812 

0817 

75.72 

•839  74H 

77.96 

18 

•759  5*37 

71-59 

.785  6502 

73-63 
73.66 

.812 

5362 

75.76 

.840  2093 

78.00 

10 

•759  9433 

71.63 

.786  0920 

.812 

9908 

75-79 

.840  6774 

78.04 

20 

2.760  3732 

71.66 

2.786  53AI 
.786  9764 

73.70 

2.813 

4457 

75-83 

2.841  1458 

78.08 

21 

.760  8032 

71.69 

73-73 
73.76 

.813 

9008 

75-87 

.841  6144 

78.11 

22 

.761  2335 

71.73 

.787  4189 
.787  8615 

.814 

3561 
8117 

75.90 

.842  0832 

78.15 

23 

.761  6639 

71.76 

73.80 

.814 

75-94 

.842  5522 

78.19 

24 

.762  0946 

71.79 

.788  3044 

73.83 

.815 

2674 

75.98 

.843  0215 

78.23 

25 

2.762  5255 

71.83 

2.788  7476 

73.87 

2.815 

7*34 
1796 

76.01 

2.843  49°9 

78.27 

20 

.762  9565 

71.86 

.789  1909 

73.90 

.816 

76.05 

•843  9607 

78.31 

27 

.763  3878 

71.89 

.789  6344 

73-94 

.816 

6360 

76.09 

.844  4306 

7ln 
78.38 

28 

.763  8192 

71.93 
71.96 

.790  0781 

73-97 

.817 

0927 

76.12 

.844  9008 

29 

.764  2509 

.790  5221 

74.01 

.817 

5495 

76.16 

•845  37i* 

78.42 

30 

2.764  6827 

71.99 

2.790  9662 

74.04 
74.08 

2.818 

0066 

76.20 

2.845  8419 

78.46 

31 

.765  1 148 

72.03 
72.06 

.791  4106 

.818 

4639 

76.23 

.846  3128 

78.50 

32 

.765  5470 

.791  8552 

74.11 

.818 

9214 

76.27 

.846  7839 

7lH 
78.58 

33 

•765  9795 

72.09 

.792  3000 

74-15 

.819 

379* 

76.31 

•847  *553 

34 

.766  4121 

72.13 

.792  7450 

74.18 

.819 

8371 

76.34 

.847  7268 

78.62 

35 

2.766  8450 

72.16 

2.793  J9°* 

74.22 

2.820 

2953 

76.38 

2.848  1986 

78.66 

30 

.767  2781 

72.19 

•793  6356 

74.25 

.820 

7537 

76.42 

.848  6707 

78.69 

37 

.767  7113 

72.23 

•794  o8'3 

74.29 

.821 

2123 

76.46 

•849  H3° 

78.73 

1  38 

.768  1448 
.768  5784 

72.26 

•794  5*7i 

74-3* 

.821 

6712 

76.49 

•849  6155 
.850  0882 

78.77 

39 

72.29 

•794  973' 

74-30 

.822 

1302 

76.53 

78.81 

40 

2.769  0123 

72.33 

2.795  4194 

74.40 

2.822 

5895 

76.57 

2.850  5612 

78.85 

41 

•769  4464 
.769  8806 

72.36 

•795  8659 

74-43 

.823 

0491 
5088 

76.60 

.851  0344 

78.89 

42 

72.39 

.796  3126 

74-47 

.823 

76.64 

.851  5079 

78.93 

i  43 

.770  3151 

72.43 
72.46 

.796  7595 

74-5° 

.823 

9688 

76.68 

.851  9816 

78.97 

44 

.770  7498 

.797  2066 

74-54 

.824 

4289 

76.72 

.852  4555 

79.01 

45 

2.771  1846 

72.50 

2.797  6539 

74-58 

2.824  8894 

76.75 

2.852  9297 

79.05 
79.08 

40 

.771  6197 

72-53 
72.56 

.798  1015 

74.61 

.825 

3500 

76.79 

•853  4041 
•853  8787 

47 

.772  0550 

•798  549* 

74.64 
74.68 

.825 

8108 

76.83 

79.12 

48 

.772  4905 

72.60 

.798  9972 

.826 

2719 

76.87 

•iis+  3535 
.854  8286 

79.16 

49 

.772  9262 

72.63 

•799  4454 

74-7» 

.826 

733* 

76.90 

79.20 

50 

2.773  3621 

72.67 

2.799  8938 

74-75 

2.827 

6565 

76.94 

2.855  3040 

79.24 
79.28 

I  51 

•773  798* 

72.70 

.800  3424 

74-79 

.827 

76.9? 

•855  7795 

52 

•774  1344 

72.73 

.800  7912 

74.82 

.828 

1185 

77.01 

.856  2553 

79.32 

53 

•774  6709 

72.77 

.801  2402 
.801  6895 

74.86 

.828 

5807 

77.05 

•856  73'4 

79.36 

54 

•775  I077 

72.80 

74.89 

.829 

0431 

77.09 

.857  2077 

79.40 

55 

*-775  5446 
•775  9»»7 
.776  4190 
.776  8565 

72.84 

2.802  1390 
.802  5886 

74-93 
74.96 

2.829 

5058 

77-13 
77.16 

2.857  6842 

79-44 
79.48 

50 

72.87 

.829 

9686 

.858  1600 

57 

72.90 

.803  0385 

75.00 

.830 

43>7 

77.20 

.858  6379 

79.52 

58 

72.94 

.803  4886 

75  04 

.830 

«95' 

3586 

77-*4 
77.28 

.859  1151 

79.56 

59 

•777  *94* 

7*-97 

.803  9390 

75.08 

.831 

.859  5926 

79.60 

GO 

2.777  73" 

73.01 

2.804  3895 

75.11 

2.831 

8224 

77.32 

2.860  0703 

79.64 

oou 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 


0' 

1 

2 
3 
4 

5 
G 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 

18 
19 

20 
21 
22 
23 
24 

25 
26 

27 
28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 

58 
59 

60    2- 


140 


logM. 


2.860 
86o 
86i 
86i 
86i 


2.862 
.862 
.863 
.863 
.864 

2.864 
.865 
.865 
.866 
.866 

2.867 
.867 
.868 
.868 
.869 

2.869 
.870 
.870 
.871 
.871 

2.872 
872 
873 
873 
874 

2.874 
.874 
.875 
.875 
.876 

2.876 
877 

877 
878 
878 

2.879 
.879 
.880 


.885 
.885 
.886 

2.886 
.887 
.887 


0703 
5482 
0264 
5048 
9835 
4624 

9415 
4209 
9005 
3803 

8604 
3408 
8213 
3021 
7832 

2645 
7460 
2278 
7098 
1921 

6746 

1573 
6403 
1235 
6070 

0907 

5747 
0589 

5433 
0280 

5129 
9981 

4835 
9692 

455' 

9413 
4277 
9H3 
4012 
8883 

8633 
3512 
8393 
3*77 

8163 
3052 

7943 

2837 

7733 
2631 

7532 
2436 
7342 
2251 

7162 
2075 
6991 
1910 
6831 

'754 


Diff.  1". 


79-64 
79.68 
79.72 
79.76 
79.80 

79.84 
79.88 
79.92 
79.96 
80.00 

80.04 
80.08 
80.12 
80.16 

80.20 

80.24 
80.28 
80.32 
80.36 
80.40 

80.44 
80.48 
80.52 
80.56 
80.60 

80.64 
80.68 
80.72 
80.76 
80.80 

80.84 
80.88 
80.92 
80.96 
81.01 

"   -°5 
.09 

•13 
•17 
.21 

•*5 
.29 

•33 
•37 
.42 

.46 

.50 

•54 
.58 
.62 

.66 
.70 
•75 
•79 
.83 

.87 
.91 
•95 
•99 

82.04 

82.08 


141 


log  H. 


1754 
6680 
1609 
6540 
H73 
6409 

1348 
6289 
1233 
6179 

1127 
6078 
1032 

5989 
0948 


890 
890 
891 

891 
892 
892 
893 
893 
894 
894 

895 
895 
896 

896  5909 

897  0873 

897  5839 

898  0808 

898  5780 

899  0754 

899  573° 

900  0709 

900  5691 

901  0675 


Diff.  1" 


901 
902 
902 
903 
903 

904 
904 
905 
905 
906 

906 
907 
907 
908 


5662 
0651 

5643 
0638 

5635 

0635 

5637 
0642 
5649 
0659 

5672 
0687 

5704 
0725 

5748 

909  0773 

909  5801 

910  0832 

910  5865 

911  0901 

911  5940 

912  0981 

912  6024 

91 3  1070 

913  6119 

914  1171 

914  6225 

915  1282 

915  6341 

916  1403 

916  6468 

9i7  1535 

917  6605 

918  1678 

918  6753 

919  1831 


82.08 
82.12 
82.16 
82.20 
82.25 

82.29 

82-33 
82.37 
82.41 
82.46 

82.50 
82.54 
82.58 
82.63 
82.67 

82.71 
82.75 
82.79 
82.84 
82.88 

82.92 
82.96 
83.01 
83.05 
83.09 

83-I3 
83.18 
83.22 
83.26 
83-3I 

83-35 
83.39 

83-43 
83.48 
83.52 

83.56 
83.61 
83.65 
83.69 
83.74 

83.78 
83.82 
83.87 
83.91 
83-95 
83.99 
84.04 
84.08 
84.13 
84.17 

84.22 
84.26 
84.30 
84.34 
84.39 

84.41 
84.48 
84.52 
84.56 
84.61 

84.65 

601 


142c 


logM. 


919  1831 

919  6911 

920  1994 

920  7080 

921  2169 

921  7260 

922  2353 

922  7450 

923  2549 

923  7650 

924  2755 

924  7862 

925  2972 

925  8084 

926  3199 

926  8317 

927  3437 

927  8560 

928  3686 

928  8814 

929  3945 

929  9079 

930  4216 

930  9355 

931  4497 

931  9641 

932  4788 

932  9938 

933  5Q91 

934  °247 


934 
935 
935 
936 
936 

937 
937 
938 
938 
939 


5405 
0565 

5729 
0895 
6064 

1236 
6410 
1587 
6767 
1950 

939  7135 

940  2323 

940  7514 

941  2708 

941  7904 

942  3103 

942  8305 

943  3510 

943  8717 

944  39*7 

944  9»4° 

945  4355 

945  9574 

946  4795 

947  0019 

947  5245 

948  0475 

948  5707 

949  °94a 

949  6180 

950  1420 


84.65 
84.70 
84.74 
84.7$ 
84.83 

84.87 
84.92 
84.96 
85.01 
85.05 

85.10 
85.14 
85.18 
85.23 
85.27 

85.32 
85.36 
85.41 
85.45 
85.50 

85.54 
85.59 
85.63 
85.68 
85.72 

85-77 
85.81 
85.86 
85.91 
85.95 

85.99 
86.04 
86.08 
86.13 
86.17 

86.22 
86.26 
86.31 
86.35 
86.40 

86.45 
86.49 
86.54 
86.58 
86.63 

86.67 
86.72 
86.77 
86.81 
86.86 

86.90 
86.95 
87.00 
87.04 
87.09 

87.13 
87.18 
87.23 
87.27 
87.32 

87-37 


143c 


log  M. 


950 
950 
95" 
951 
952 

952 
953 
953 
954 
954 

955 
955 
956 
956 
957 

958 
958 
959 
959 
960 

960 
961 
961 
962 
962 

963 
963 
964 
964 
965 

965 
966 
967 
967 
968 

968 
969 
969 
970 
970 

971 
971 
972 
972 
973 


1420 
6664 
1910 

7i59 
241 1 

7665 
2923 
8181 
3446 
8711 

3980 
9251 

4525 
9802 
5082 

0365 
5651 
0939 
6230 
1524 

6821 
2120 
7423 
2728 
7036 

3347 
8661 
3978 
9297 
4620 

9945 

5273 
0604 

593« 
1275 

6615 
1957 

7303 
2651 

8002 

3356 
8713 

4°73 
9436 
4801 


974  °I7° 

974  554i 

975  °9l6 

975  6l93 

976  1673 

976  7056 

977  2442 

977  7831 

978  3223 

978  8618 

979  4°i$ 

979  94>6 

980  4820 

981  1226 
981  6636 


Diff.  1" 


87-37 
87.41. 
87.46 
87.50 
87-55 
87.60 
87.65 
87.69 

87.74 
87.79 

87.83 
87.88 
87.93 
87.97 
88.02 

88.07 
88.11 
88.16 
88.21 
88.26 

88.30 

8*-35 

88.40 

!!■« 
88.49 

88.59 

88.64 

88.68 
88.73 

88.78 
88.83 
88.87 
88.92 
88.97 

89.02 
89.07 
89.12 
89.17 
89.21 

89.26 
89.31 
89.36 
89.40 
89.45 

89.50 
89.55 
89.60 
89.65 
89.69 

89.74 

I9!9 
89.84 

89.89 

89.94 

89.99 
90.01 
90.08 
90.13 
90.18 


982  1048     90.23 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


1 — 

V. 

144° 

145° 

146° 

147° 

tag  It 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

2.982 

1048 
6463 
1882 

90.23 
90.28 

3.015 

1281 

93.26 

3.049  2733 

96.47 

3.084  6070 

99.87 

1 

.982 

.015 

6878 

93.31 

.049  8522 

96.52 

.085  2064 

99.92 

2 

.983 

9°-33 

.016 

2478 

93.36 

.050  4315. 

96.58 

.085  8061 

99.98 

3 

.983 

73«>3 

qo.38 

.016 

8082 

93.42 

.051  0112 

96.63 

.086  4062 

IOO.04 

4 

.98+ 

2727 

90.43 

.017 

3688 

93-47 

.051  5911 

96.69 

.087  0066 

100.10 

5 

2.984 

8154 

90.48 

3.017 

9298 

93-5* 

3.052  1714 

96.74 

3.087  6073 

100.16 

6 

.985 

35*4 

90.53 

.018 

491  I 

93-57 

.052  7520 

96.80 

.088  2085 

100.22 

7 

•985 

9017 

90.58 

.019 

0526 

93.62 

.053  3329 

96.85 

.088  8099 

100.28 

8 

.986 

4453 

90.63 

.019 

6145 

93.68 

.053  9142 

96.91 

.089  4118 

1 00. 3  3 

9 

.986  9892 

90.67 

.020 

1768 

93-73 

.054  4959 

96.96 

.090  0140 

IOO.39 

10 

2.987 

5334 

90.72 

3.020 

7393 

93.78 

3.055  0778 

97.01 

3.090  6165 

IOO.45 

11 

.988 

0779 

90.77 

.021 

3021 

93-83 

.055  6601 

97.07 

.091  2194 
.091  8226 

100.51 

12 

.988 

6227 

90.82 

.021 

8653 

93.89 

.056  2427 

97-13 

100.57 

13 

.989 

1678 

90.87 

.022 

4288 

93-94 

.056  8256 

97.19 

.092  4262 

100.63 

14 

.989 

7132 

90.92 

.022 

9926 

93-99 

.057  4089 

97.24 

.093  0302 

IOO.69 

15 

2. 990 

2589 

90.97 

3.023 

5567 

94.04 

3.057  9925 

97.30 

3.093  6345 

IOO.75 
100.81 

16 

.990 

8049 

91.02 

.024 

121 1 

94.10 

.058  5765 

97-35 

.094  2392 

17 

.991 

3512 
8?77 

91.07 

.024 

6859 

94.15 

.059  1608 

97.41 

.094  8442 

100.87 

18 

.991 

91.12 

.025 

2509 

94.20 

.059  7454 

97-47 

.095  4496 

IOO.93 

19 

.992 

4446 

91.17 

.025 

8163 

94.26 

.060  3304 

97.52 

.096  0553 

IOO.98 

20 

2.992 

9918 

91.22 

3.026 

3820 

94.31 

3.060  9157 

97.58 

3.096  6614 

IOI.04 

21 

•993 

5393 

91.27 

.026 

9480 

94.36 

.061  5013 

97.63 

.097  2678 

IOI.IO 

22 

•994 

0871 

9'-3* 

.027 

5*43 

94.41 

.062  0873 
.062  6736 

97.69 

.097  8746 

101.16 

23 

•994 

6351 
1835 

91.37- 

.028 

0810 

94-47 

97-75 

.098  4818 

101.22 

24 

•995 

91.42 

.028 

6479 

94.52 

.063  2602 

97.80 

.099  0893 

101.28 

25 

2.995 

7322 

91.47 

3.029 

2152 

94-57 

3.063  8472 

97.86 

3.099  6972 

101.34 

26 

.996 

2812 

91.52 

.029 

7828 

94.63 
94.68 

.064  4345 

97.91 

.100  3054 

101.40 

27 

.996 

8305 
3801 

9'-57 

.030 

35°7 

.065  0222 

97-97 

.100  9140 

101.46 

28 

•997 

91.62 

.030 

9190 

94-73 

.065  6101 

98.03 

.101  5230 

101.52 

29 

•997 

9300 

91.67 

.031 

4875 

94-79 

.066  1985 

98.08 

.102  1323 

101.58 

30 

2.998  4802 

91.72 

3.032 

0564 

94.84 

3.066  7872 

98.14 

3.102  7420 

101.64 

31 

•999 

0307 

91-77 

.032 

6256 

94.89 

.067  3762 

98.20 

.103  3520 

101.70 

32 

•999 

5815 

91.82 

.033 

1951 

94.94 

.067  9655 

98.25 

.103  9624 

101.76 

33 

3.000 

1326 

91.87 

.033 

7650 

95.00 

.068  5552 

98.31 

•i°4  573* 

101.82 

34 

.000 

6840 

91.93 

.034 

3351 

95.05 

.069  1453 

98.37 

.105  1843 

101.88 

35 

3.001 

*357 
7877 

91.98 

3.034 

9056 

95.11 

3.069  7357 

98.42 

3.10c  7958 

101.94 

36 

.001 

92.03 
92.08 

.035 

4764 

95.16 

.070  3264 

98.48 

.106  4076 

102.00 

37 

.002 

3400 

.036 

0475 

95.22 

.070  9174 

98.54 

.107  0198 

102.07 

38 

.002 

8926 

92.13 

.036 

6190 

95.27 

.071  5088 

98.60 

.107  6324 

102.13 

39 

.003 

4456 

92.18 

.037 

1908 

95-32 

.072  1006 

98.65 

.108  2454 

102.19 

40 

3.003 

9988 

92.23 
92.28 

3.037 

7629 

95-3» 

3.072  6927 
.073  2851 

98.71 

3.108  8587 

102.25 

41 

.004 

55^3 

.038 

3353 

95-43 

98.77 

.109  4723 

102.31 

42 

.005 

1062 

92.33 
92.38 

.038 

9080 

95.48 

.073  8779 

98.82 

.110  0864 

102.37 

43 

.005 

6603 

.039 

4811 

95-54 

.074  4710 

98.88 

.110  7008 

102.43 

44 

.006 

2148 

92.44 

.040 

0545 

95.60 

.075  0645 

98.94 

.111  3155 

102.49 

45 

3.006 

7696 

92.49 

3.040 

6282 

95.65 

3.075  6583 

99.00 

3.111  9306 

102.55 

102.61 

46 

.007 

3246 
8800 

9*-54 

.041 

2023 

95.70 

.076  2524 

99.05 

.112  5461 
.113  1620 

47 

.007 

92.59 
92.64 

.041 

7767 

95.76 

.076  8469 

99.11 

102.67 

48 

.008 

4357 

.042 

35H 

95.81 

.077  4418 

99.17 

.113  7782 

102.73 
102.80 

49 

.008 

9917 

92.69 

.042 

9264 

95.86 

.078  0370 

99.23 

.114  3948 

50 

3.009 

5480 

9*-74 

3.043 

5017 

95.92 

3.078  6325 

99.28 

3. 115  0118 

102.86 

51 

.010 

1046 

92.79 

.044 

0774 

95-97 

.079  2284 
.079  8246 

99-34 

.115  6291 

102.92 

52 

.010 

6615 

92.85 

.044 

6534 

96.03 
96.08 

99.40 

.116  2468 
.116  8049 

102.98 

53 

.011 

2188 

92.90 

.045 

2297 

.080  4212 

99.46 

103.04 

54 

.01 1 

7763 

92.95 

.045 

8064 

96.14 

.081  0181 

99.52 

.117  4833 

103.10 

55 

3.012 

3342 
8923 
4508 

93.00 

3.046  3834 

96.19 

3.081  6154 

99-57 

3. 118  1022 

103.16 

56 

.012 

93.05 

.046  9607 

96.25 

.082  2130 

99.63 

.118  7213 

103.23 

57 

.013 

93.10 

.047 

53f3 

96.30 

.082  8110 

99.69 

.119  34.09 
.119  9608 

103.29 

58 

.014 

0096 
5687 

93.16 

.048 

1163 
6946 

96.36 

.083  4093 
.084  0080 

99-75 

103.35 

59 

.014 

93.21 

.048 

96.41 

99.81 

.120  5811 

10341 

60 

3-«>i5 

1281 

93.26 

3.049 

2733 

96.47 

3.084  6070 

99.87 

3. 121  2018 

103.48  j 

602 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

148° 

149° 

150° 

151 

0 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

J. 121  20l8 

103.48  J 

.159  1367 

107.31 

3.198  4984 

III.41 

3.239  3820 

115.77 

1 

.121  8228 

103.54 

.159  7808 

107.38 

.199 

1671 

1 1 1.48 

.240  0768 

,15.85 

2 

.122  4442 
.123  0060 

103.60 

.160  4253 

107.45 

.199 

8361 

III. 55 

.240  7722 

II5.92 
116.00 

3 

103.66 

.161  0702 

107.51 

.200 

5056 

III. 62 

.241  4680 

4 

.123  6882 

103.72 

.161  7154 

107.58 

.201 

1755 

III. 69 

.242  1642 

116.08 

5 

3.I24  3IO7 

103.79  : 

.162  3611 

107.65 

3.2OI 

8459 

1 1 1.76 

3.242  8608 

116.15 

6 

.124  9336 

103.85 

.163  0072 

107.71 

.202 

5166 

HI.83 

.243  5580 

116.23 

7 

.125  5569 

103.91 

.163  6536 

107.78 

.203 

1878 

1 1 1.90 

.244  2556 

116.30 

8 

.126  1805 

103.97 

.164  3005 

107.85 

.203 

8594 

III.97 

.244  9536 

116.38 

9 

.126  8045 

104.04 

.164  9478 

107.91 

.204 

5315 

112.04 

.245  6521 

116.45 

10 

$.127  4289 

I  04. 1  O  ! 

•165  5955 

107.98 

3.205 

2040 

112. II 

3.246  35 1 1 

116.53 

11 

.128  0537 

IO4.16 

.166  2435 

108.04 

.205 

8769 

II2.I8 

.247  0505 

1 16.61 

12 

.128  6789 

IO4.22 

.166  8920 

108. 11 

.206 

5502 

112.26 

.247  7503 

116.68 

13 

.129  3044 

IO4.29 

.167  5409 

108.18 

.207 

2239 

112.33 

.248  4507 

116.76 

14 

.129  9303 

IO4.35 

.168  1901 

108.25 

.207 

8981 

1 1  2.4O 

.249  1515 

116.84 

15 

5.I3O  5566 

104.41  ; 

5.168  8398 

108.31 

3.208 

5727 

II2.47 

3.249  8527 

116. 91 

16 

.131  1833 

104.48 

.169  4899 

108.38 

.209 

2478 

II2.54 

.250  5544 

116.99 

17 

.131  8103 

104.54 

.170  1404 

108.45 

.209 

9232 

112. 6l 

.251  2566 

II7.07 

18 

.132  4377 

104.60 

.170  7913 
.171  4426 

108.51 

.210 

5991 

II2.69 

.251  9592 

117.14 

19 

.133  0655 

104.67 

108.58 

.211 

2755 

II2.76 

.252  6623 

II7.22 

20 

J.I33  6937 

104-73  : 

.172  0942 

108.65 

3.21  I 

9522 

II2.83 

3.253  3658 

II7.30 

21 

.134  3223 

104.79 

.172  7463 

108.72 

.212 

6294 

II2.90 

.254  0698 

II7.37 

22 

.134  902 

104.86 

.173  3988 

108.78 

.213 

3070 

II2.97 

•*54  7743 

II7.45 

23 

.135  5805 

104.92 

.174  0517 

108.85 

.213 

9851 

II3.O5 

.255  4792 

"7-53 

24 

.136  2I02 

104.98 

.174  7051 

108.92 

.214 

6636 

113.12 

.256  1846 

117.60 

25 

5.I36  8403 

105.05  : 

M75  3588 

108.99 

3.215 

34*5 

II3.I9 

3.256  8905 

117.68 

26 

.137  4708 

105. 11 

.176  0129 

109.06 

.2l6 

0219 

II3.26 

.257  5968 

117.76 

27 

.138  I0l6 

105.17 

.176  6674 

109.12 

.2l6 

7017 

"3-34 

.258  3036 

117.84 

28 

.I38  7329 

105.24 

.177  3224 

109.19 

.217 

3819 

11 3.41 

.259  0109 

1 17.91 

29 

.139  3645 

105.30 

.177  9777 

109.26 

.218 

0626 

113.48 

.259  7186 

117.99 

30 

5.I39  9965 

105.36  ; 

I-I78  6335 

109.33 

3.218 

7437 

"3-55 

3.260  4268 

118.07 

31 

.140  6289 

105.43 

.179  2897 

109.40 

.219 

4252 

113.63 

.261  1354 

118.15 

32 

.141  2616 

105.49 

.179  9462 

109.46 

.220 

1072 

113.70 

.261  8446 

118.23 

33 

.141  8948 

i°5-55 

.180  6032 

109.53 

.220 

7896 

113.77 

.262  5542 

118.30 

34 

.I42  5283 

105.62 

.181  2606 

109.60 

.221 

47H 

113.84 

.263  2642 

118.38 

35 

5.143  1622 

105.68 

;.i8i  9184 
.182  5766 

109.67 

3.222 

'557 

113.92 

3.263  9747 

118.46 

36 

.143  7965 

105.75 

109.74 

.222 

8395 

113.99 

.264  6857 

,18.54 

37 

.144  4312 

105.81 

.183  2353 

109.81 

.223 

5236 
2082 

114.06 

.265  3972 

118.62 

38 

.145  0663 

105.87 

.183  8943 

109.87 

.224 

114.14 

.266  1091 

118.70 

39 

.145  7018 

105.94 

.184  5538 

109.94 

.224 

8933 

114.21 

.266  8216 

118.77 

40 

3.I46  3376 

106.00 

1.185  2136 

IIO.OI 

3.225 

5788 

114.28 

3.267  5345 
.268  2478 
.268  9616 

118.85 

41 

.146  9739 

106.07 

.185  8739 

110.08 

.226 

2647 

114.36 

,18.93 

42 

.147  6105 

106.14 

.186  5346 

110.15 

.226 

9511 

114.43 

1,9.0, 

43 

.I48  2475 

106.20 

.187  1957 

110.22 

.227 

6379 

114.51 

.269  6759 

,,9.09 

44 

.I48  8849 

106.27 

.187  8572 

110.29 

.228 

3252 

114.58 

.270  3907 

,,9.17 

45 

3.I49  5227 

106.33 

J.188  5192 

110.36 

3.229 

0129 

114.65 

3.271  1060 

,19.25 

46 

.150  1609 

106.40 

.189  1815 

110.43 

.229 

7010 

114.73 

.271  8217 

,,9.33 

47 

.ISO  7995 
.151  438? 

106.4b 

.189  8443 

110.50 

.230 

3806 
0786 

114.80 

.272  5379 

,,9.4, 

48 

106.53 

.190  5075 

110.57 

.231 

114.88 

.273  2546 

,,9.49 

49 

.152  O778 

106.59 

.191  1711- 

110.64 

.231 

7681 

114.95 

.273  9717 

,,9.57 

50 

3.IS2  7176 

106.66 

5.191  8351 

110.71 

3.232 

4581 

115.03 

3.274  6894 

,,9.65 

51 

•'S3  3577 
.153  9983 

106.72 

.192  4996 

110.77 

.233 

1484 

115.10 

.275  4075 
.276  1261 

,19.73 

52 

106.79 

.193  1644 

110.84 

.233 

8392 

115.17 

1,9.81 

53 

.154  6392 

106.85 

.193  8297 

1 10.91 

.234 

5305 

"5*5 

.276  8452 
.277  5647 

,,9.89 

54 

.155  2805 

106.92 

.194  4954 

110.98 

.235 

2222 

115.32 

1,9.97 

55 

3.155  9222 

106.99 

3.195  1615 

1 1 1.05 

3-*35 
.236 

9144 

115.40 

3.278  2848 

,20.05 

;   56 

.156  5643 
.157  2068 

107.05 

.195  8281 

III. 12 

0070 

115.47 

.279  0053 
.279  7203 

,20.13 

57 

107.12 

.196  4950 

III. 19 

.237 

3001 

"5-55 
115.62 

,20.21 

58 

.157  8497 

107.18 

.197  1624 

III. 26 

.237 

9036 
6876 

.280  4477 
.281  1697 

1 20.29 

59 

.158  4930 

107.25 

.197  8302 

in. 34 

.238 

115.70 

120.37 

60 

3.K9  1367 

107.31 

5.198  4984 

m.41 

3.239 

3820 

115.77 

3.281  8921 

,1045 

603 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 


O' 

1 

2 
3 
4 

5 
0 

7 
8 

y 

10 

u 

12 
13 
14 

15 
1G 
17 

18 
19 

20 
21 
22 
23 
24 

25 

26 
27 
28 
29 

30 
31 
32 
33 
34 

35 
30 
37 
38 
39 

40 
41 
12 
43 
44 

45 
46 

47 
48 
VJ 

50 
51 
52 

.-,:$ 
54 

r,5 
56 
57 
58 
59 

60 


152< 


logM. 


3.281    8921 

282  6151 

283  3385 

284  0624 

284  7868 

285  5116 

286  2370 

286  9628 

287  6891 

288  4160 


290 
291 
292 

292 
293 
294 
294 
295 

296 
297 
297 
298 
299 


1433 
8711 

5993 
3281 

0574 

7872 

5174 
2481 

9794 
7111 

4433 
1761 
9093 
6430 

3772 


300  1 1 19 

300  8471 

301  5828 

302  3190 

303  0557 

303  7929 

304  5306 

305  2688 

306  0075 

306  7468 

307  4865 

308  2267 

308  9674 

309  7086 

310  4504 

311  1926 

311  9354 

312  6786 

313  4*24 

314  1667 

3>4 
3»5 
316 

3«7 
3>7 

318 
319 
320 
320 
3^1 

322 
323 
323 
3^4 
3*5 
326 


9115 
6567 
4025 
1489 
«9S7 
6430 
3909 
1392 
8881 
6375 

3874 
1379 
8888 
6403 
39*3 
1448 


Diff.  1". 


120.45 
120.53 
120.61 
120.69 
120.77 

120.85 
120.93 
121. 01 
121. 10 
121. 18 

121.26 
121.34 
121.42 
121.50 
121.59 

121.67 
121.75 
121.83 
121. 91 
122.00 

122.08 
122.16 
122.24 
122.33 
122.41 

122.49 
122.58 
122.66 
122.74 
122.83 

122.91 
122.99 
123.08 
123.16 

123.24 

**3-33 
123.41 
123.50 
123.58 
123.66 

123.75 
123.83 
123.92 
1 24.00 
124.09 

124.17 
124.26 
124.34 
124.43 
124.51 

1 24.60 
124.68 
124.77 
124.86 
124.94 

125.03 
125.11 
125.20 
125.29 
125.37 

125.46 


153 


logM. 


3.326  1448 

326  8978 

327  6513 

328  4054 

329  1600 


329  9151 

330  6707 

331  4268 

332  1835 

332  9407 

333  6984 

334  4567 

335  2154 

335  9747 

336  7346 

337  4949 

338  2558 

339  OI7* 

339  779* 

340  5417 

341  3047 

342  0682 

342  8323 

343  5969 

344  36*° 


345 
345 
346 

347 
348 

348 

349 
350 

351 
35* 

35* 
353 
354 
355 
355 

356 
357 
358 
359 
359 
360 
361 
362 
362 
363 

364 

$ 

366 
367 

368 
369 
369 
370 
37' 


1277 
8939 
6606 
4279 
1958 

9641 

733° 
5024 
2724 
0429 

8140 
5856 

3577 
1304 
9037 

6774 
45'7 
2266 
0020 
7780 

5545 
3316 
1092 
8873 
6660 

4453 
2251 
0055 
7864 
5679 

3499 
1325 
9156 
6991 
4836 


Diff.  1" 


125.46 

i*5-55 
125.63 
125.72 
125.81 

125.89 
125.98 
126.07 
126.16 
126.24 

126.33 
126.42 
126.51 
126.59 
126.68 

126.77 
126.86 
126.95 
127.03 
127.12 

127.21 
127.30 
127.39 
127.48 
127.57 

127.66 

1*7-75 
127.84 
127.93 
128.02 

128. 11 
128.19 
128.28 
128.37 
128.46 

128.55 
128.65 
128.74 
128.83 
128.92 

129.01 
129.10 
129.19 
129.28 
129.37 

129.46 
129.56 
129.65 
129.74 
129.83 

129.92 
130.01 
130.11 
130.20 
130.29 

130.38 
130.48 
130.57 
130.66 
130.76 


3.372  2684  1    130.85 


604 


154c 


log  M. 


2684 
053! 

8397 
6262 

4133 
2009 
9890 
7778 
5671 

3570 

H74 
9384 
7300 
5221 
3148 

1081 
9019 
6963 

49n 
2869 

0830 
8797 
6770 
4749 
*733 
0723 
8719 
6720 
47*8 
2741 

0760 
8785 
6815 
4852 
2894 

400  0942 

400  8996 

401  7056 

402  5122 

403  3193 

404  1270 
404  9354 
4°5  7443 

406  5538 

407  3639 


37* 
373 
373 
374 
375 
376 
376 
377 
378 
379 
380 
380 
381 
382 
383 
384 
384 
385 
386 

387 


389 
390 
391 

39* 
39* 
393 
394 
395 
396 
396 

397 
398 

399 


Diff.  l". 


408 
408 
409 
410 
411 

412 
4>3 
4'3 
414 

4'5 
416 

4'7 

+  ll 
418 

419 


1746 
9859 

7977 
6102 

4*33 
2369 
0512 
8660 
6815 
4975 
3142 
1314 

949* 

7677 

5867 


3.420  4064 


30.85 
30.94 
31.04 
31.13 
31.22 

31.32 

31.41 
31.50 
31.60 
31.69 

31.79 

31-88 

31.98 
32.07 
32.16 

32.26 

3*35 
32.45 

3*54 
32.64 

32.73 
32.83 

3*-93 
33.02 

33-i* 
33.22 
33-3" 
33-41 
33-5° 
33.60 

33-7° 
33-79 
33.89 

33-99 
34.09 

34.19 

34.28 

34-38 
34.48 

34-57 
34.67 
34-77 
34-87 
34-97 
35-°7 
35.16 
35.26 
35.36 
35.46 
35-56 

35.66 
35.76 
35.86 
35.96 
36.06 

36.16 
36.26 

36.46 
36.56 

I36.66 


155c 


log  M. 


3.420  406.1 

421  2266 

422  0475 

422  8690 

423  6910 


5137 
3370 
1609 
9854 
8105 

6362 
4626 
2895 
II71 

945* 
7740 
6034 

4334 
2641 

°95  3 

9*7* 
7597 

4266 
2609 


4*4 
4*5 
426 
426 
4*7 
428 

4*9 
430 

431 
431 

43* 
433 
434 
435 
436 

436 

437 
438 

439 
440 

441  0959 
44i  93>5 
44*  7677 

443  6046 

444  44*i 

445  2802 
446 
446 

447 
448 

449 

450 

45i 
45* 
45* 

453 
454 
455 
456 

457 


9583 
7983 
6389 

4802 
3221 
1646 
0077 
8515 

6959 
5410 
3867 
2330 
0800 


457  9276 

458  7759 

459  6*48 

460  4743 

461  3245 

462  1753 

463  0208 

463  8789 

464  7317 

465  5851 

466  4392 

467  2939 

468  1492 

469  0052 
469  8619 

3.470  7192 


36.66 
36.76 
36.86 
36.96 
37.06 

37.16 
37.26 
37-37 
37-47 
37-57 

37-67 
37-77 
37.88 
37.98 
38.08 

38.18 
38.29 

38.39 
38.49 
38.59 

38.70 
38.80 
38.90 
39.01 
39.11 

39.22 
39.32 

39  4* 
39-53 
39.63 

39-74 
39.84 

39-95 
40.05 
40.16 

40.26 

40-37 
40.47 

40  57 
40.68 

40.79 
40.90 
41.00 
41. 1 1 
41.21 

41.32 
41.43 
41.54 
41.64 
4'-75 
41.86 
41.97 
42.07 
42.18 
42.29 

42.40 
42.51 
42.61 
42.72 
42.83 

142.94 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 


o 
1 

2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
23 
24 

25 
26 
27 

28 
29 

30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 

58 
59 

60 


156c 


logM. 


470  7192 

471  5772 

472  4358 

473  2951 

474  155° 

475  0156 

475  8769 

476  7388 

477  6014 

478  4646 

479  3^85 

480  1931 

481  0583 

481  9242 

482  7907 

483  6579 

484  5258 

485  3944 

486  2636 

487  1335 

488  0040 
"   8752 

7472 
6198 
4930 

3670 
2416 
1168 
9928 
8695 

7468 
6248 

5035 
3828 
2629 

1436 
0250 
9071 
7899 
6734 

5576 

4425 
3280 
2143 

ii--. 


489 
490 
491 

492 
493 
494 
494 
495 
496 

497 
498 

499 

500 

501 
502 
502 

5°3 

504 

506 
507 
508 
509 

509  9889 

510  8772 

511  7662 

512  6560 

513  5464 

5H  4375 

515  3294 

516  2219 

517  1151 

518  0090 

518  9037 

519  7990 

520  6951 

521  5918 

522  4893 

523  3875 


Diff.  1" 


42.94 
43.05 
43.16 
43.27 
43-38 

4349 
43.60 

43-7» 
43.82 

43-93 

44.04 

44-'5 
44.26 

44-37 
44.48 

44-59 
44.70 
44.81 

44-93 

45.04 

45-iS 
45.26 

45-37 
45-49 
45.60 

45-71 
45-82 

45-94 
46.05 
46.16 

46.28 
46.39 
46.50 
46.62 
46.73 

46.85 
46.96 

47.08 
47-19 
47-3» 
47.42 
47-54 
47-65 
47-77 
47.88 

48.00 
48.11 
48.23 

48-34 
48.46 

48.58 
48.70 
48.81 
48.93 
49.05 

49- 1 7 
49.28 
49.40 
49.52 
49.64 

49-75 


157c 


logM. 


5*3    3875 

524  2864 

525  i860 

526  0863 
526   9873 


527 
528 
529 
530 
531 

53* 
533 
534 

536 

536 
537 
538 

539 

540 


8890 

79'5 
6947 

5985 
5031 

4085 

3*45 
2213 
1288 
0370 

9459 
8556 
7660 
6771 
5890 


541  5015 

542  4148 

543  328? 

544  *436 

545  i59i 

546  0754 

546  9924 

547  9101 

548  8285 

549  7477 

550  6677 

551  5883 

552  5097 

553  43J9 

554  3548 


555 
556 
557 
558 
558 

559 
560 

562 
563 

564 

565 
566 
567 
568 

569 

570 
57i 
57i 
57i 

573 

574 

576 
577 


2785 
2029 
1280 

o539 
9806 

9080 
8361 
7650 
6947 
6251 

5562 
4882 
4209 

3543 
2885 

"35 
1592 
0957 
0330 
9710 

0098 
»494 
7897 
7308 
6727 


578  6154 


Diff.  1". 


49-75 
49.87 
49.99 
50.11 
50.23 

5°-35 
50.47 
50.59 
50.71 
50.83 

50.95 
51.07 
51.19 
51.31 
Si-43 

5^-55 
51.67 

Si-79 
51.91 

52.04 

52.16 
52.28 
52.40 

52-52 
52.65 

52.77 
52.89 
53.01 

53-H 
53.26 

53-38 
53-51 
53.63 

53-75 
53.88 

54.00 

54-13 
54.25 
54.38 
54.50 

54.63 

54-75 
54.88 
55.01 
55-13 
55.26 
55-38 
55-51 
55.64. 
55-76 

55.89 
56.02 
56.15 
56.27 
56.40 

56-53 
56.66 
56.79 
56.92 
57.04 

157.17 
605 


158c 


logM. 


3.578  6154 
•579  5588 
.580  5030 
.581  4480 
.582.  3937 

3583  34°3 
.584  2876 

■585  2357 
.586  1846 
.587   1342 

3.588  0847 

•589  0359 
.589  9880 
.590  9408 
.591  8944 

3.592  8488 

•593  8040 

.594  7600 

•595  7167 

•596  6743 

3.597  6327 
.598  5919 
•599  55i8 
.600  5126 
.601  4742 

3.602  4365 
.603  3997 
.604  3637 
.605  3285 
.606  2941 

3.607  2605 
.608  2277 
.609  1957 
.610  1646 
.611  1342 

3.612  1047 
.613  0760 
.614  0481 
.615  0210 
.615  9948 

3.616  9693 
.617  9447 
.618  9209 
.619  8980 
.620  8758 

3.621  8545 
.622  8340 
.623  8144 
.624  7956 
.625  7776 

3.626  7604 
.627  7441 
.628  7287 
.629  7140 
.630  7002 

3.631  6873 
.632  6751 
.633  6638 
.634  653A 
.635  6438 

3.636  6351 


Diff.  1" 


57-17 
57-3° 
57-43 
57-56 
57.69 

57.82 

57-95 
58.08 
58.21 
58.34 

58.47 
58.61 

58.74 
58.87 
59.00 

59-!3 
59.26 
59.40 

59-53 
59.66 

59-79 

60.06 
60.19 
60.33 

60.46 
60.60 
60.73 
60.87 
61.00 

61.14 
61.27 
61.41 
61.54 
61.68 

61.81 
61.95 
62.09 
62.22 
62.36 

62.50 
62.63 
62.77 
62.91 
63.05 

63.18 

63.32 

63.60 
63.74 

63.88 
64.02 
64.16 
64.30 
64.44 

64.58 
64.72 
64.86 
65.00 
65.14 

165.28 


159< 


log  M. 


3.636  6351 

.637  6272 

.638  6202 

.639  6140 

.640  6087 

3.641  6042 

.642  6006 

•643  5978 

•644  5959 

.645  5948 

3.646  5946 

•647  5953 
.648  5968 

•649  5992 
.650  6025 

3.651  6066 
.652  6116 

•653  6175 
.654  6242 
.655  6318 

3.656  6403 

.657  6497 

.658  6599 

.659  6710 

.660  6830 

3.661  6959 
.662  7090 
.663  7243 
.664  7398 
.665  7562 

3.666  7735 

•667  79*7 
.668  8108 
.669  8308 
.670  8516 

3.671  8734 
.672  8961 
•673  9*96 
•674  9441 
•675  9694 

3.676  9957 
.678  0228 
.679  0509 
.680  0799 
.681   1098 

3.682  1406 

683  1723 

684  2049 

685  2384 

686  2728 

3.687  3082 
.688  3445 
.689  3817 
.690  4198 
.691  4588 

3.692  4988 
•693  5397 
•694  5»i5 
.695  6213 
.696  6680 

3.697  7126 


65.28 
65.42 
65.56 
65.71 
65.85 


99 


6 

6 

66.28 

66.42 

66.56 

66.71 
66.85 
66.99 
67.14 
67.28 

67.42 

67-57 
67.72 
67.86 
68.01 

68.15 
68.30 
68.45 
68.59 
68.74 

68.89 
69.03 
69.18 

6933 
69.48 

69.62 
69.77 
69.92 
70.07 

70.22 

70.37 
70.52 
70.67 
70.82 
70.97 

71.12 
71.27 
71.42 

71-57 
71.72 

71.87 

72.03 
72.18 

72-33 
72.48 

72.64 
72-79 
72-94 
73.10 

73-»5 
73.40 
73-56 

73-71 
73-87 
74.02 

174.18 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

160° 

161 

0 

162° 

163° 

1  |  M. 

dht.  i". 

log 

M. 

Diff.  1". 

log 

M. 

Diff.  1". 

logM. 

Diff.  1". 

0' 

3.697  7126 

174.18 

5.762 

'539 
2584 

3639 

183.99 

3.830 

3'47 

,94.87 

3.902 

6107 

207.00 

1 

.698  7581 

174-34 

•763 

184.16 

.83, 

4845 
6554 

195.06 

.903 

8534 

207.21 

2 

.699  8046 

174-49 
174.65 

•764 

184.34 

.832 

,95.25 

.905 

0973 

207.43 

3 

.700  8520 

.765 

4704 

184.51 

•833 

8275 
0008 

,95.44 

.906 

3425 

207.64 

4 

.701  9003 

174.80 

.766  5780 

184.68 

•835 

,95.64 

.907 

5890 

207.86 

5 

3.702  9496 

174.96 

[.767  6867 

184.86 

3.836 

,752 

,95.83 

3.908 

8368 

208.08 

G 

.703-  9999 

175.12 

.768  7963 

,85.03 

in 

35o8 

,96.02 

.910 

0859 

208.29 

7 

.705  05H 

175.28 

.769 

9070 

,85.20 

.838 

5*75 

,96.22 

.91, 

5880 

208.51 

8 

.706  I032 
.707  1562 

'75-43 

•77' 

0,87 

,85.38 

•839 

7054 

196.41 
196.60 

.912 

208.72 

9 

'75-59 

.772 

1315 

185.55 

.840 

8844 

.913 

8410 

208.94 

10 

3.708  2102 

'75-75 

$•773 

2454 

,85.73 

3.842 

0646 

,96.80 

3-9'5 

0953 

209. 1 6 

11 

.709  2652 

175-9' 

•774 

3603 

185.90 

•843 

2460 

196.99 

.9,6 

5509 
6078 

209.38 
209.60  | 

12 

.7IO  32II 

176.07 

•775 

4762 

,86.08 

.844  4286 

'97-19 

.917 

13 

.7II  3780 

176.22 

.776 

5932 

,86.25 

.845 

6,23 

197.38 

.9,8 

8661 

209.81 

14 

.712  4358 

176.38 

•777 

7112 

,86.43 

.846 

7972 

197.58 

.920 

1256 

210.03 

15 

3.713  4946 

176.54 

3-778 

8303 

,86.60 

3.847  9833 

,97.78 

3.92, 

3865 

2,0.25 

16 

•7H  5543 

176.70 

•779 

95°5 

,86.78 

•849 

,705 

'97-97 

.922 

6487 

210.48 

17 

.715  6150 

176.86 

.78, 

0717 

186.96 

.850 

3589 

198.17 

.923 

9122 

2,0.70 

18 

.716  6766 

177-02 

.782 

1940 

,87.,4 

.85, 

5486 

,98.37 

.925 

1770 

210.92 

19 

.717  7392 

177-18 

•783 

3'74 

,87.31 

.852 

7394 

198.57 

.926 

4432 

211.14 

20 

3.718  8028 

'77-34 

5.784 

44'8 
5672 

,87.49 
,87.S7 

3-853 

93 '4 

198.76 

3.927 

7,07 

2,1.36 

21 

.719  8673 

177.50 

.785 

•855 

,245 

,98.96 

.928 

9795 

2,1.58 

22 

.720  9328 

177-66 

.786 

6938 

187-85 

.856 

3189 

199.16 

.930 

2497 

211. 8, 

23 

.721  9993 
.723  0668 

177-83 

.787 

8214 

,88.03 

.857 

5 '45 

,99.36 

■93' 

52,2 

212.03 

24 

178.00 

.788 

9501 

,88.2, 

.858 

7112 

,99.56 

.932 

7940 

212.25 

25 

3.724  1352 

,78., 5 

5.790 

0799 

,88.39 

3.859 

9092 

,99.76 

3-934 

0682 

2,2.48 

26 

.725  2045 

178.31 

•79' 

2108 

,88.57 

.86, 

1084 

,99.96 

•935 

3438 
6207 

212.70 

27 

.726  2749 

178.47 

.792 

3427 

,88.75 

.862 

3087 

200., 6 

•936 

212  93 

28 

.727  3462 

178.63 

•793 

i75Z 
6098 

,88.93 

.863 

5,03 

200.36 

•937 

8989 

2,3.15 

29 

.728  4185 

178.80 

•794 

,89.,, 

.864 

7,31 

200.56 

•939 

,785 

213.38 

30 

3.729  4918 

178.96 

J-795 

745° 

189.29 

3.865 

917, 

200.77 

3.940  4595 

2,3.61 

31 

.730  5661 

'79'3 

•796 

8812 

189.47 

.867 

,223 

200.97 

•94' 

7418 

213.83 
214.06 

32 

.731  6413 
.732  7176 

17929 

•798 

0186 

,89.65 

.868 

3287 

201.17 

•943 

0254 

33 

'79-45 

•799 

1571 

189.83 

.869 

5363 

201.37 

•944 

3,05 

214.29 

34 

•733  7948 

17962 

.800 

2966 

,90.0, 

.870 

745* 

201.58 

•945 

5969 

2,4.52 

.  35 

3-734  873° 

17978 

j. 80, 

4372 

190.20 

3.87, 

955* 

201.78 

3.946  8847 

2,4.74 

36 

•735  95" 

179-95 

.802 

5790 

190.38 

.873 

1665 

201.98 

•948 

1738 

2,4.97 

37 

•737  °3  *4 
.738  1 1 36 

180.11 

.803 

7218 

190.56 

•874 

379' 

202.19 

•949 

4644 
7563 
0496 

2,5.20 

38 

180.28 

.804 
.806 

8657 

,90.65 

•875 

5928 

202.39 
202.60 

.950 

2,5.66 

39 

•739  1957 

180.45 

0108 

190.93 

.876 

8078 

.952 

40 

3.740  2789 

180.61 

5.807 

1569 

191.1, 

3.878 

0240 

202.80 

3-953 

3443 

216.90 

41 

.741  3631 

180.78 

.808 

3041 

191.30 

.879 

2414 
4601 
6800 

203.01 

•954 

6403 

216.13 

42 

.742  4482 

180.94 

.809 

4525 
6020 

191.48 
191.67 

.880 

203.22 

•955 

9378 

2,6.36 

43 

•743  5344 
.744  6216 

181. 11 

.810 

.881 

203.42 

•957 

2366 

216.59 
2,6.82 

44 

181.28 

.811 

75*5 

191.86 

.882 

9012 

203.63 

.958 

5369 

45 

3-745  7°97 
•746  7989 
•747  889, 

181.4J 
181.61 

5.812 

9042 

192.04 

3.884 

1236 

203.84 

3-959 

8385 

2,7.06 

46 

.8,4 

0570 

192.23 

.885 

3473 

204.05 

.961 

,4,6 

217.29 

47 

181.78 

.8,5 

2110 

192.AI 
192.60 

.886 

5722 

204.26 

.962 

4460 

217-53  | 
217.76  1 

48 

.748  9803 

,81.95 

.816 

3660 

.887  7983 

204.46 
204.67 

•963 

7519 

49 

•75°  0725 

182.12 

.8,7 

5222 

192.79 

.889 

0257 

.965 

0592 

218.00 

50 

3.751  1657 

182.29 

5.818 

6795 

192.98 

3.890 

2544 
4843 

204.88 

3.966 

3678 
6779 

218.23 

51 

.752  2599 

182.46 
182.63 

.8,9 

8379 

193.16 

.891 

205.09 

•967 

2,8.47 

52 

•753  3552 

.820 

9974 

'93-35 

.892 

7'55 

205.31 

.968  9895 

218.70 

53 

-754  45'4 

182.80 

.822 

1581 

'93-54 

.893 

9480 
1817 

205.52 

.970 

n 

218.94 

54 

•755  5487 

182.97 

.823 

3199 

'9373 

•895 

205.73 

•97' 

219.18 

55 

3-756  6470 

183.14  - 

[.824 

4829 
6470 

193.92 

3.896 

4167 
6529 

205.94 

3.972 

9326 

219.42 

56 

•757  7464 

183.3, 

.825 

'94" 

•897 

206.15 

•974 

2498 
5684 

219.66 

57 

.758  8467 

,83.48 
183.65 

.826 

8122 

194.30 

.898  8905 

206.36 

•975 

219.90 

58 

•759  948i 

.827 

97f5 

194.49 
194.68 

.900 

1293 

206.57 

.976 

8885 

220.13 

59 

.761  0505 

183.82 

.829 

1460 

.901 

3694 

206.79 

.978 

2100 

220.37 

60 

3.762  1539 

,83.99  - 

5.830 

3'47 

194.87 

3.902 

6107 

207.00 

3-979 

5330 

220.61 
— 1 

Ml 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V. 

164° 

165° 

166° 

167° 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 
273-78 

0 

3-979 

533° 

220.62 

4.061 

6673 

236.OI 

4.149 

7198 

253-57 

4.244 

5537 

1 

.980 

8574 

220.86 

.063 

0842 

236.28 

.151 

2422 

253.88 

.246 

1975 

274..  1 4 

% 

.982 

CI  06 

221.10 

.064 

5027 

236.56 

.152 

7664 

254.19 

•247 

8434 
4916 

274.5I 

3 

.983 

221.34 

.065 

9229 

236.83 

.154 

2925 

254.51 

.249 

274.87 

4 

.984 

8394 

221.58 

.067 

3447 

237.11 

•155 

8205 

254.83 

.251 

1419 

275.24 

5 

3.986 

1696 

221.83 

4.068 

7682 

237-39 
237.66 

4-»57 

3504 

255H 
255.46 

4.252 

7944 

275.60 

G 

.987 

5013 

222.07 

.070 

'933 

.158 

8822 

.25+ 
.256 

4491 

275-97 

7 

.988  8345 

222.31 

.071 

6201 

237-94 

.160 

4159 

255.78 

1061 

276.34 

8 

.990 

1691 

222.56 

.073 

0486 

238.22 

.161 

9515 

256.10 

.257 

7652 

276.71 

9 

.991 

5051 

222.80 

.074 

4787 

238.50 

.163  4891 

256.42 

.259 

4266 

277.08 

1  10 

3.992 

8427 

223.05 

4-°75 

9106 

238.78 

4.165 

0285 

256.74 

4.261 

0902 

277-45 

11 

•994 

1817 

223.29 

.077 

3441 

239.06 

.166 

5699 

257.06 

.262 

7560 

277.82 

12 

•995 

5222 

223.54 

.078 

7792 

239-34 

.168 

1132 

257-38 

.264 

4240 

278.20 

13 

.996  8642 

223.79 

.080 

2161 

239.62 

.169 

6585 

257.70 

.266 

0943 

278.57 

14 

.998 

2077 

224.03 

.081 

6546 

239.90 

.171 

2056 

258.02 

.267  7669 

278.95 

15 

3-999 

5517 

224.28 

4.083 

0948 

240.18 

4.172 

7547 

258.35 

4.269 

4417 

279.32 

1G 

4.000 

8991 

224.53 

.084 

5368 

240.46 

.174 

3058 

258.67 

.271 

1187 

279.70 

17 

.002 

2471 

224.78 

.085 

9804 

240.75 

•175 

8588 

259.00 

.272 

7981 

280.08 

18 

.003 

5965 

225.03 

.087 

4257 

241.03 

.177 

4138 

259-33 

•274  4797 

280.46 
280.84 

19 

.004 

9474 

225.28 

.088 

8728 

241.32 

.178 

9707 

259.65 

.276 

1635 

20 

4.006 

2999 

225.53 

4.090 

3215 

241.60 

4.180 

5296 

259.98 

4-277 

8497 

281.22 

21 

.007 

6538 

225.78 

.091 

7720 

241.89 

.182 

0905 

260.31 

.279 

5381 

281.60 

22 

.009 

0093 

226.04 

.093 

2242 

242.08 

.183 

6534 

260.64 

.281 

2289 

281.98 

23 

.010 

3663 

226.29 

.094 

6781 

242.56 

.185 

2182 

260.97 

.282 

9219 

282.36 

24 

.011 

7248 

226.54 

.096 

'337 

242.75 

.186 

7850 

261.30 

.284 

6173 

282.75 

25 

4.013 

o8a8 

226.79 

4.097 

5911 

243.04 

4.188 

3538 

261.63 

4.286 

3»49 

283.14 

2G 

.014 

4463 

227.05 

.099 

0502 

243  33 

.189 

9246 

261.96 

.288 

0149 

283.52 

27 

.015 

8093 

227.30 

.100 

5110 

243.62 

.191 

4974 

262.30 
262.63 

.289 

7172 

283.91 

28 

.017 

1739 

227.55 

.101 

9736 

243.91 

.193 

0722 

.291 

4218 

284.30 
284.69 

29 

.018 

5400 

227.81 

.103 

4379 

244.20 

.194 

6490 

262.97 

.293 

1288 

30 

4.019 

9077 

228.06 

4.104 

9040 

244.49 

4.196  2278 

263.30 
263.64 

4-294 

8381 

285.08 

31 

.021 

2769 

228.32 

.106 

3718 

244.78 

.197 

8086 

.296  5498 

285.47 
285.S7 

32 

.022 

6476 

228.58 

.107 

8414 

245.08 

.199 

39'5 

263.98 

.298 

2638 

33 

.024 

01 99 

228.84 

.109 

3127 

245-37 
245.67 

.200 

9764 

264.32 

.299 

9802 

286.26 

34 

.025 

3937 

229.09 

.110 

7858 

.202 

5633 

264.66 

.301 

6990 

286.66 

35 

4.026 

7691 

229.35 

4.112 

2607 

245.96 

4.204 

1523 

265.00 

4-3°3 

4201 

287.05 

36 

.028 

1460 

229.62 

.113 

7374 
2158 

246.26 

.205 

743  3 
3363 

265.34 
265.68 

.305 

ml 

287.45 

37 

.029 

5H5 

229.88 

.115 

246.55 

.207 

.306 

287.85 

38 

.030 

9045 
2861 

230.14 

.116 

6960 

246.85 

.208 

9314 

266.02 

.308 

5978 

288.25 

39 

.032 

230.40 

.n8 

1780 

247.15 

.210 

5286 

266.37 

.310 

3285 

288.65 

40 

4.033 

6693 

230.66 

4.119 

6618 

247-45 

4.212 

1278 

266.71 

4.312 

0616 

289.05 

41 

.035 

0540 

230.92 

.121 

H74 

247-75 

.213 

7291 

267.06 

.313 

7971 

289.45 
289.86 

42 

.036 

4404 

231.18 

.122 

6348 

248.05 

.215 

3325 

267.40 

•3»5 

535° 

43 

.037 

8283 

231.45 

.124 

1239 

248.35 
248.65 

.216 

9379 

267.75 

•3i7 

2753 
0181 

290.26 

44 

.039 

2177 

231.71 

.125 

6149 

.218 

5455 

268.10 

.319 

290.67 

45 

4.040 

6088 

231.97 

4.127 

1077 

248.95 

4.220 

I55i 

268.44 

4.320 

7633 

291.07 

46 

.042 

0015 

232.24 

.128 

6023 
0988 

249.25 

.221 

7668 

268.79 

.322 

5110 

291.48 

47 

.043 

3957 

232.51 

.130 

249.56 

.223 

3806 

269.14 

•324 

2611 

291.89 

48 

.044 

7915 
1890 

232.77 

.131 

5970 

249.86 

.224 

9965 

269.50 

.326 

0137 
7688 

292.30 

49 

.046 

233.04 

.133 

0971 

250.17 

.226 

6146 

269.85 

.327 

292.71 

50 

4.047 

5880 

233.31 

4-134 
.136 

5990 

•250.47 

4.228 

2  347 

270.20 

4.329 

So!3 

293.13 

51 

.048  9887 

233-57 

1028 

250.78 

.229 

8570 
4814 

270.55 

.331 

2863 

293-54 

52 

.050 

3909 
7948 

233.84 

•137 

6084 

251.08 

.231 

270.91 

•333 

0487 

293-95 

53 

.051 

234.11 

.139 

1158 

251.39 

.233 

1079 

271.27 

•334 
.336 

8137 

294-37 

54 

.053 

2003 

234.38 

.140 

6251 

251.70 

.234 

7366 

271.62 

5812 

294-79 

55 

4.054 

6074 

234.65 

4.142 

1362 

252.01 

4.236  3674 

271.98 

4.338 

35" 

295.20 

5G 

.056 

0161 

234.92 

.143 

6492 

252.32 
252.63 

.238 

0003 

272.34 

.340 

1236 

295.62 

57 

.057 

4264 
8384 

235.19 

.145 

1641 

.239 

6354 

272.70 

•341 

8986 

290.04 

58 

.058 

235.46 

.146 

6808 

252.94 

.241 

2727 

273.06 

•343 

6762 

296.47 
296.89 

59 

.060 

2520 

^35-73 

.148 

1994 

253.25 

.242 

9121 

273.42 

•345 

4562 

60 

4.061 

6673 

236.01 

4.149 

7198 

253-57 

4.244 

5537 

273.78 

4-347 

2388 

297.31 

607 


TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 


V, 

168° 

169 

170° 

171 

l.VCM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1". 

logM. 

Diff.  1".  | 

c 

4-347 

2388 

297.31 

4.459  1242 
.461  0761 

325.07 

4.581  9445 

358.31 

4.717  9835 

398.87  | 

1 

•349 

0240 

*97-74 
298.16 

3*5-57 

.584  0962 
.586  2516 

358.92 

.720  3790 

399.62 

2 

.350 

8117 

.463  031 1 

326.08 

359-53 

.722  7790 

400.38 

3 

•35* 

6019 

298.59 

.464  9891 
.466  9501 

326.59 

.588  4106 

360.15 

•7*5  1835 

401.14 

4 

•354 

3948 

299.02 

327.10 

•59°  5734 

360.76 

•7*7  59*6 

401.90 

5 

4.356 

1902 
9882 

299.45 
299.88 

4.468  9142 
.470  8814 

327.61 

4.592  7398 

361.38 

4.730  0063 

402.66 

6 

•357 

328.12 

•594  9i°° 

362.00 

•73*  4*45 

403.43  | 

7 

•359 
.361 

7888 

300.31 

.472  8517 

328.64 

•597  0838 

362.62 

•734  8474 

404.19 

8 

59'9 

300.75 

•474  8250 

329.15 

.599  1615 

363*5 

•737  *749 

404.96 

9 

.363 

3977 

301.18 

.476  8015 

329.67 

.601  4428 

363.8$ 

•739  7070 

4°5-74 

10 

4.365 

2061 

301.62 

4.478  781 1 

330.19 

4.603  6280 

364.50 

4.742  1438 
•744  585* 

406.52 

11 

.367 

0171 

302.05 

•480  7637 

330.71 

.605  8169 

365.14 

407.30 

12 

.368  8308 

302.49 

.482  7495 

331.23 

.608  0096 

365.77 

•747  0314 

408.08 

13 

.370 

6470 

302.93 

•484  7385 
.486  7306 

331-75 

.610  2061 

366.40 

•749  48** 

408.87 

14 

.372 

4659 

3°3-37 

332.28 

.612  4064 

367.04 

.751  9378 

409.66 

15 

4-374 
.376 

2875 

303.81 

4.488  7258 

332.81 

4.614  6106 

367.68 

4-754  398i 
.756  8632 

410.45 

16 

1117 

304.26 

.490  7242 

333.33 
333.86 

.616  8186 

368.32 

41 1.24 

17 

•377 

9386 

304.70 

.492  7258 

.619  0304 

368.96 

•759  333° 
.761  8077 

412.04 

18 

•379 

7681 

305.15 

•494  73°6 

334-4° 

.621  2461 
.623  4657 

369.61 

412.84 

19 

.381 

6003 

3°5-59 

.496  7386 

334-93 

370.26 

.764  2872 

413.65 

20 

4.383 

435* 

306.04 

4.498  7498 

335-46 

4.625  6892 

370.91 

4.766  7715 

414.46 

21 

.385  2728 

306.49 

.500  7642 

336.00 

.627  9166 

37I-56 

.769  2606 

415.27 

22 

.387 

1131 
95§i 

306.94 

.502  7818 

336-54 

.630  1480 

372.21 

•77i  7547 

416.08 

23 

.388 

307.39 

.504  8026 

337.08 

.632  3832 
.634  6224 

372.87 

•774  *536 
•776  7574 

416.90  j 

24 

.390 

8019 

307.85 

.506  8267 

337.62 

373-53 

417.72  j 

25 

4.392 

6503 

308.30 

4.508  8541 

338.16 

4.636  8656 

374-19 

4.779  2662 

418.54 

26 

•394 
.396 

5015 

308.76 

.510  8847 

338.71 

.639  1127 

374.86 

.781  7709 
.784  2986 
.786  8222 

4I9-37 

27 

3554 

309.21 

.512  9186 

339.26 

•641  3639 
.643  6190 

375-5* 

420.20 

28 

.398 

2121 

309.67 

.514  9558 

339.80 

376.19 

421.03 
421.86 

29 

.400 

0715 

310.13 

.516  9962 

340-35 

.645  8781 

376.86 

•789  3509 

30 

4.401 

9337 
79J6 

310.59 

4.519  0400 

340.91 

4.648  141 3 

377-53 

4.791  8846 

422.70 

31 

.403 

311.06 

.521  0871 

341.46 

.650  4085 
.652  6798 

378.21 

•794  4*33 

4*3-54 

32 

.405 

6663 
5368 

311.52 

.523  1376 

342.02 

378.89 

.796  9671 

424.39 

33 

.407 

311.99 

.525  1913 

34*-57 

.654  9552 

379-57 

•799  5l6o 

425.24 

34 

.409 

4102 

312.45 

.527  2484 

343-13 

•657  *346 

380.25 

.802  0700 

426.09 

35 

4.41 1 

2863 

312.92 

4.529  3089 

343.69 

4.659  5182 

380.93 
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TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit. 
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TABLE  VI. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 
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3101.7 

9.909 

8535 

21715 

51 

.081  1219 

1147.7 

•nl 

3881 

1682.4 
1695.6 

•393  39*8 

3146.8 

10.047 

1256 

24127 

52 

.088  0269 

11538 

.588 

5227 

.412  4099 

3193.0 

.200 

5829 

27144 

53 

.094  9687 

1 1 60.0 

•598 

7368 

1708.9 

.431  7097 

3240.7 

•374 

5584 

31023 

54 

.101  9479 

1166.3 

.609 

0317 

1722.6 

.451  2999 

3289.9 

•575 

3986 

36197 

55 

6.108  9647 

1172.6 

6.619 

4086 
8689 

1736.4 

7.471  1892 

3340-3 
3392.6 

10.812 

9421 

43450 

50 

.116  0196 

1179.0 

.629 

1750.3 

.491  3870 

n. 103 

6719 

57 

.123  1 1 3 1 

1 185.4 

.640 

4141 

1764.5 

.511  9029 

3446.5 

11.478  4880 

58 

•130  1455 

1 192.0 

.651 

0455 
7645 

1779.0 

.532  7472 

3502.1 

12.006 

7617 

59 

•137  4>73 

1198.6 

.661 

1793.8 

•553  9305 

3559-6 

12.909 

8516 

60 

6.144  6289 

1205.3 

6.672 

57*4 

1808.8 

7-575  4640 

3618.7 

610 


•TABLE  VII. 

For  finding  the  True  Anomaly  in  a  Parabolic  Orbit  when  v  is  nearly  180°. 


to 

*• 

Diff. 

w 

Ao 

Diff. 

10 

Ao 

Diff. 

o 

/ 

/             II 

ft 

0         1 

1       n 

// 

0 

'  i 

/       a 

n 

155 

0 

5 

10 

15 

3  23.09 

19-74 
16.43 
13.17 

3-35 
3.26 

160     0 

5 
10 

15 

1      6.70 
5-33 

3-97 
2.64 

III 

I.36 

I.33 

165 

0 
10 

20 
30 

0  15.8c 
14.98 
14.16 
13.38 
12.63 
11. 91 

O.87 
O.82 
O.78 

20 
25 

9-95 
6.77 

3.22 
3.18 
3.14 

20 
25 

1.33 

0.04 

•I.31 
I.29 
I.26 

40 
50 

O.75 
O.72 
O.69 

155 

30 

35 

3     3-63 
0.54 

3.09 

160   30 

35 

0  58.78 

57-54 

I.24 

166 

0 
10 

0  11.22 

10.57 

O.65 
O.62 
O.59 
O.56 

40 
45 
50 

2  57-49 
54.48 
51.51 

3.05 
3.01 
2.97 

40 
45 
50 

56.31 
55.11 
53-93 

I.23 
I.20 
1. 18 
1.16 
1. 14 

20 
30 
40 

9-95 

It 

55 

48.58 

2.93 
2.89 

55 

52-77 

50 

8.26 

O.54 
O.51 

156 

0 
5 
10 
15 
20 
25 

2  45.69 
42.84 
40.03 
37.26 

34-53 
31.83 

2.85 
2.81 
2.77 
2.73 
2.70 
2.66 

161     0 

5 
10 
15 
20 
25 

0  51.63 

50.50 
49.40 
48.32 
47.26 
46.21 

1.13 
1. 10 
1.08 
1.06 
1.05 
1.02 

167 

0 
10 
20 
30 
40 
50 

0     7.75 
7.27 
6.81 
6.37 
5.96 
5-57 

O.48 
O.46 
O.44 
O.4I 
O.39 
O.37 

156 

30 

2  29.17 

2.62 
2.58 

2.54 

Z5l 
2.48 

2.44 

161    30 

0  45-19 

168 

0 

0     5.20 

O.36 
O.33 
O.3I 
0.30 
O.28 
O.26 

35 
40 
45 
50 
55 

26.55 
23.97 
21.43 
18.92 
16.44 

35 
40 
45 
50 
55 

44.18 

43-19 
42.22 
41.26 
40.33 

1. 01 

0.99 
0.97 
0.96 
0.93 
0.92 

10 
20 
30 
40 
50 

4.84 

4-5  * 
4.20 
3.90 
3.62 

157 

0 
5 

2  14.00 
11.59 

2.41 

162     0 

5 

0  39.41 
38.51 
37.62 
36.75 

0.90 

169 

0 
10 

0     3.36 
3. 11 

O.25 

10 

9.22 

2-37 

10 

0.89 

20 

2.88 

O.23 

15 

6.89 

2-33 

15 

0.87 

30 

2.66 

0.22 

20 
25 

4.58 
2.31 

2.31 
2.27 
2.23 

20 

25 

35.90 
35.06 

0.85 
0.84 
0.82 

40 
50 

2.46 
2.27 

0.20 
0.19 
O.I8 

157 

30 
35 

2     0.08 
1   57.89 

2.19 

162   30 

35 

0  34.24 
33-43 

0.81 

170 

0 
10 

0    2.09 
1.92 

O.I7 
O.16 

40 

55-7^ 

2.1 7 

40 

32.64 

0.79 
0.78 
0.76 

20 

1.76 

45 

53-57 

2.15 

45 

31.86 

30 

1.62 

O.14 

50 

c 

51.46 

2.1 1 

50 

31.10 

40 

1.48 

0.14 

55 

49-39 

2.07 
2.04 

55 

30.35 

0.75 
0.73 

50 

1-35 

0.13 
O.I2 

158 

0 
5 

1  47-35 
45-34 

2.01 

163     0 

5 

0  29.62 
28.90 

0.72 

171 

0 
10 

0     1.23 
1. 12 

O.I  I 

10 
15 
20 
25 

43-35 
41-39 
39-47 
37-57 

1.99 
1.96 
1.92 
1.90 
1.87 

10 
15 
20 
25 

28.20 
27.51 
26.83 
26.16 

0.70 
0.69 
0.68 
0.67 
0.65 

20 
30 
40 
50 

1.02 
0.03 
o.8a 
0.76 

O.IC 
O.O9 
O.ba 
O.08 
O.08 

158 

30 

1   35.70 

1.83 
1. 81 
1.78 
1.76 

163   30 

0  25.51 

0.63 
0.63 
0.61 
0.60 

172 

0 

0     0.68 

35 
40 
45 
50 

33-87 

32.06 
30.28 
28.52 

35 
40 
45 
50 

24.88 
24.25 
23.64 
23.04 

10 
20 
30 
40 

0.61 
0.55 
0.49 
0.44 

O.O7 
O.06 
O.06 
0.05 

55 

26.80 

1.72 

55 

22.45 

0.59 

50 

0.39 

O.O5 

1.70 

0.57 

O.O4 

159 

0 

1  25.10 

1.67 

1.62 

164     0 

0  21.88 

173 

0 

0     0.35 
0.31 
0.27 

5 

10 

23-43 
21.78 

5 
10 

21.31 

20.76 

0.57 
0.55 

10 
20 

O.O4 
O.O4 

15 

20.16 

16 

20.22 

0.54 

30 

0.24 

O.O3 

20 

18.57 

1.59 

20 

19.69 

°-53 

40 

0.21 

O.O3 

25 

17.00 

f-57 

25 

19.18 

0.51 

50 

0.19 

0.02 

*-55 

0.51 

O.O3 

159 

30 

1   15.45 

164   30 

0  18.67 

174 

0 

0     0.16 

35 

13.94 

1.51 

35 

18.17 

0.50 
0.48 

175 

0 

0.07 

O.O9 

40 

12.44 

1.50 

40 

17.69 

176 

0 

0.02 

0.0< 

45 

10.97 

1.47 

45 

17.21 

0.48 

177 

0 

O.OI 

o.oi 

50 

9-53 

1.44 

50 

16.75 

0.46 

178 

0 

0.00 

O.OI 

55 

8.10 

J-43 

55 

16.29 

0.46 

179 

0 

0.00 

0.00 

| 

1.40 

0.44 

O.OC 

160 

0 

1     6.70 

165     0 

0  15.85 

180 

0 

0     0.00 

*11 


TABLE  VHI. 

For  finding  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


« 

Jog  JV 

Diff. 

t> 

log  A" 

Dlff. 

V 

log  JV 

Diff. 

o  t 

0  0 

so 

0.015  5763 
.025  5749 

»4 

0  / 

30  0 

30 

0.020  7913 
.020  6368 
.020  4802 

mi 

1587 

1608 
1628 
1649 

0      t 

60  0 

30 

0.008  8644 
.008  6458 

2186 
2181 

1  0 

.025  5707 

i 

96 
124 
152 

31  0 

61  0 

.008  4277 

30 
2  0 

30 

.015  5638 
.025  5542 
.025  5418 

30 
32  0 

30 

.020  3215 
.020  1607 
.019  9979 

30 

62  0 

30 

.008  2103 
.007  9934 
.007  7774 

2174 
2169 
2160 
2153 

3  0 

30 

0.025  5^66 
.025  5087 

»79 
206 

33  0 

30 

0.019  8330 
.019  6002 

1668 
1688 

63  0 

30 

0.007  5621 

.007  3477 

2144 

4  0 

.025  4881 

34  0 

.019  4974 

64  0 

.007  1343 

21 34 

SO 

.025  4647 

224 
201 

289 

316 

30 

.019  3267 

1707 

30 

.006  9220 

2123 

5  0 

.025  4386 

35  0 

.019  1540 
.018  9795 

1727 

65  0 

.006  7108 

21 12 

30 

.025  4097 

30 

1745 
1765 

30 

.006  5008 

2100 
2086 

6  0 

0.025  37^r 

36  0 

0.018  8030 

66  0 

0.006  2922 
.006  0849 

30 

•o*5  3437 
.025  3066 

344 

30 

.018  6248 

1782 
1800 

1819 

30 

2073 

7  0 

371 
398 

37  0 

.018  4448 

67  0 

.005  8792 

2057 

30 

.025  2668 

30 

.018  2629 

30 

.005  6750 

2042 

8  0 

.025  2243 

4^s 

38  0 

.018  0794 

1835 
1869 

68  0 

.005  4725 

2025 

30 

.025  1791 

452 
480 

30 

.017  8941 

30 

.005  2717 

1988 

9  0 

30 

0.025  131 1 
.025  0805 

506 

39  0 
30 

0.017  7°72 
.017  5186 

1886 

69  0 

30 

0.005  °729 
.004  8760 

1969 

10  0 

.025  0271 

514 
560 

587 
614 
641 

40  0 

.017  3283 

1903 

70  0 

.004  681 1 

1949 

30 

.024  9711 

3b 

.017  1365 

1918 

30 

.004  4884 

1927 

11  0 

.024  9124 

41  0 

.016  9432 

*933 

71  0 

.004  2980 

1904 
1880 

30 

.024  8510 

30 

.016  7483 

1949 
1963 

30 

.004  1 1 00 

1855 

12  0 

30 

13  0 

0.024  7869 
.024  7201 
.024  6507 

668 
694 

42  0 

30 

43  0 

0.016  5520 
.016  3542 
.016  1550 

1978 
1992 

72  0 
30 

73  0 

0.003  9245 
.003  7416 
.003  5613 

1829 
1803 

SO 

.024  5786 

721 

30 

•OI5  9545 

2005 

30 

.003  3839 

*774 

14  0 

.024  5039 
.024  4266 

747 

44  0 

.015  7526 

2019 

74  0 

.003  2094 

'745 

30 

773 
800 

30 

.015  5495 

2031 
2045 

30 

.003  0380 

1714 
1682 

15  0 

0.024  3466 

825 
852 
878 

45  0 

0.015  3450 

2056 
2068 
2079 

75  0 

0.002  8698 

1649 
1616 
1579 

30 

16  0 

30 

.024  2641 
.024  1789 
.024  09 1 1 

30 
46  0 

30 

.015  1394 
.014  9326 
.014  7247 

30 
76  0 

30 

.002  7049 
.002  5433 
.002  3854 

ir  o 

.024  0008 

903 

47  0 

.014  5157 

2090 

77  0 

.002  231 1 
.002  0806 

*543 

30 

.023  9079 

929 
954 

30 

.014  3057 

2100 
2110 

30 

1505 
1465 

18  0 

30 

0.023  8125 
.023  7145 

980 

48  0 
30 

0.014  0947 
.013  8827 

2120 

78  0 
30 

0.001  9341 
.001  7917 

142.4 
1382 

19  0 

.023  6140 

1005 

49  0 

.013  6698 

2129 

79  0 

.001  6535 

30 

.023  5109 

1031 

30 

.013  4561 

2137 

30 

.001  5196 

1 339 

20  0 

.023  4054 

1055 

50  0 

.013  2416 

2145 

80  0 

.001  3903 

1293 

30 

.023  2973 

1081 
1105 

30 

.013  0263 

2153 
2160 

30 

.001  2656 

1247    : 
II98 

21  0 

0.023  1868 

51  0 

0.012  8103 
.012  5936 

81  0 

0.001  1458 

30 

.023  0738 
.022  9584 
.022  8405 

1 1 30 

30 

2167 

30 

.001  0309 

I  149 
IO98 

22  0 

1 1 54 

52  0 

.012  3764 

2172 

82  0 

.000  921 1 

30 

1179 

30 

.012  1585 

2179 
2183 
2187 
2191 

30 

.000  8166 

IO45 

23  0 

.022  7202 

1203 

53  0 

.011  9402 

83  0 

.000  7175 

991 

30 

.022  5975 

1227 
1251 

30 

.011  7215 

30 

.000  6240 

935 
876 

24  0 

30 

0.022  4724 
.022  3449 

127c 

54  0 

30 

0.01 1  5024 
.011  2829 

2195 

84  0 
30 

0.000  5364 
.000  4546 

818 
756 
694 
628 
562 
493  ; 

25  0 

.022  2151 

1298 

55  0 

.011  0632 

2197 

85  0 

.000  3790 

30 

.022  0829 

1322 

30 

.010  8432 

2200 

30 

.000  3096 

26  0 

30 

.021  9484 
.021  81 10 

\\tl 
1390 

56  0 

30 

.010  6231 
.010  4029 

2201 
2202 
2202 

86  0 

30 

.000  2468 
.000  1906 

27  0 

0.021  6726 

57  0 

0.010  1827 

87  0 

0.000  141 3 

30 
28  0 

.021  5312. 
.021  3876 

1414 
1436 
1458 

30 
58  0 

.009  9625 
.009  7424 

2202 
2201 

30 
88  0 

.000  0990 
.000  0639 
.000  0363 

4*3  ; 

276  : 

30 

.021  2418 

30 

.009  5225 

2199 

30 

29  0 

.021  0938 

1480 

59  0 

.009  3028 

2197 

89  0 

.000  0163 

200  j 

30 

.020  9436 

1502 
1523 

30 

.009  0834 

2194 
2190 

30 

.000  0041 

122  1 

41  I 

30  0 

0.020  7913 

60  0 

0.008  8644 

90  0 

0.000  0000 

I 

fl)2 


TABLE  Vni. 

For  finding  the  Time  from  the  Perihelion  in  a  Parabolic  Orbit 


V 

log  y 

Dlff. 

V 

log  JV\ 

©iff. 

V 

log  N' 

Diff. 

o       > 

90  0 

o.ooo  oooo 

0   / 
120  0 

9.963  1069 

0  1 
150  0 

9.889  0321 

II583 

30 

9-999  9876 

124 
369 
614 
854 

30 

.962  0074 

IO995 

30 

.887  8738 

91  0 

•999  95°7 
•999  8893 

121  0 

.960  8971 

I  I  103 

151  0 

.886  7259 
.885  5887 

1 1479 

30 

30 

•959  7764 

I  |207 

30 

11372 
II260 
1 1 146 
1 1026 

92  0 

•999  8039 

122  0 

.958  6454. 
•957  5046 

1 1  3IO 
1 1408 
1 1504 

152  0 

.884  4627 

30 

•999  6944 

1095 
1331 

30 

30 

.883  3481 

93  0 

9.999  5613 

I|67 

123  0 

9.956  3542 

153  0 

9.882  2455 

30 

•999  4046 

30 

•955  '945 

1 1 597 
11687 

"775 
11859 

30 

.881  1552 

10903 

94  0 

30 

•999  "46 
.999  0215 

1 800 
2031 
2260 
2487 
27 1 1 

124  0 

30 

•954  0*58 
.952  8483 
.951  6624 

154  0 

30 

.880  0775 
.879  0129 

10777 
10646 

95  0 

•998  7955 

125  0 

155  0 

.877  9616 

10513 

30 

.998  5468 

30 

.950  4684 

1 1 94° 
12018 

30 

.876  9242 

10374 
10232 

96  0 

9.998  2757 

126  0 

9.949  2666 

156  0 

9.875  9010 
.874  8922 

10088 
9938 
9786 
9629 

30 

.997  9824 

2933 

30 

.948  0573 

12093 
12165 

30 

97  0 

.997  6669 

3*55 

127  0 

.946  8408 

157  0 

.873  8984 

30 
96  0 

•997  3297 
•99"  97°8 

3372 
3589 

30 
128  0 

•945  6i74 
•944  3875 

12234 
12299 
12362 
1 242 1 

30 
158  0 

.872  9198 
.871  9569 

30 

.996  5906 

3802 
4015 

30 

•943  1513 

30 

.871  0099 

9470 
9307 

99  0 

9.996  1891 

129  0 

9.941  9092 

159  0 

9.870  0792 

30 

•995  7666 

4225 

30 

.940  6615 

12477 

30 

.869  1652 

9140 
8969 

8797 

100  0 

30 

•995  3*34 
•994  8596 

4432 
4638 
4841 

5°43 
5242 

130  0 

30 

•939  4o85 
.938  1506 

12530 
12579 
12625 
12668 

12707 

160  0 

30 

.868  2683 
.867  3886 

101  0 

30 

•994  3755 
•993  8712 

131  0 

30 

.936  8881 
•935  6213 

161  0 

30 

.866  5266 
.865  6827 

8620 

8439 
8257 

102  0 

9.993  5470 
.992  8031 
.992  2397 
.991  6570 

132  0 

9.934  3506 

162  0 

9.864  8570 

8070 
7880 
7688 

30 
103  0 

30 

5439 
5634 
5827 
6017 
6206 
6391 

30 
133  0 

30 

•933  0763 
.931  7987 
.930  5183 

12743 
12776 
12804 
12830 
12852 
12871 

30 
163  0 

30 

.864  0500 
.863  2620 
.862  4932 

104  0 

.991  0553 

134  0 

.929  2353 

164  0 

.861  7439 

7493 

30 

.990  4347 

30 

.927  9501 

30 

.861  0145 

7294 
7092 

105  0 

30 

9.989  7956 
.989  1380 

6576 

6758 
6937 

135  0 

30 

9.926  6630 
•925  3745 

12885 
12897 

165  0 

30 

9.860  3053 
.859  6164 

6889 
6682 
6472 
6260 
6046 
5829 

106  0 

.988  4622 

136  0 

.924  0848 

166  0 

.858  9482 

30 

•987  7685 

30 

.922  7943 

12905 

30 

.858  3010 
•857  0750 

107  0 

•987  0571 

7114 

137  0 

.921  5035 

12908 

167  0 

30 

.986  3281 

7290 
7462 

30 

.920  2126 

12909 
12906 

30 

.857  0704 

108  0 

9.985  5819 

7633 

138  0 

9.918  9220 

12899 
12888 
12874 
12856 
12833 
12808 

168  0 

9.856  4875 

5609 
5388 
5164 

30 

.984  8186 

30 

.917  6321 

30 

.855  9266 

109  0 

30 

.984  0385 
.983  2418 

7801 
7967 
8130 
8292 
8451 

139  0 

30 

.916  3433 
.915  0559 

169  0 

30 

.855  1878 
.854  8714 

110  0 

.982  4288 

140  0 

.913  7703 

170  0 

•854  3775 

4939 

30 

.981  5996 

30 

.912  4870 

30 

.853  9065 

4710 
4481 

111  0 

9.980  7545 

8607 
8761 
8913 
9062 

141  0 

9.91 1  2062 

171  0 

9.853  4584 

30 

•979  8938 

30 

.909  9283 
.908  6538 
.907  3831 
.906  1 1 64 

12779 

30 

•853  °335 

4249 
4016 
3781 
3544 

112  0 
30 

113  0 

•979  OI77 
.978  1264 
.977  2202 

142  0 
30 

143  0 

12745 
12707 
12667 
12622 
12573 

172  0 
30 

173  0 

.852  6319 
.852  2.538 
.851  8994 

30 

.976  2993 

9209 
9353 

30 

.904  8542 

30 

.851  5687 

3307 
3067 

114  0 

9-975  364° 

144  0 

9.903  5969 

174  0 

9.851  2620 

2826 
2585 

30 
115  0 

•974  4H5 
•973  45'° 

9495 
9635 

30 
145  0 

.902  3449 

..QOI  0985 
.899  8582 
.898  6243 

1 2520 
12464 

30 
175  0 

.850  9794 
.850  7209 
.850  4868 
.850  2770 

30 
116  0 

•97i  4739 
.971  4833 

977i 
9906 

30 
146  0 

12403 
12339 

30 
176  0 

2341 
2098 

1608 

30 

.970  4796  1 

10037 
10167 

30 

.897  3972 

12271 
12198 

30 

.850  0917 

117  0 

9.960  4629 
.968  4337 

147  0 

9.896  I774 

177  0 

9.849  9309 
.849  7048 
.849  6813 
•849  5900 

1361 

30 

10292 

30 

.894  9652 

12122 

30 

118  0 

.967  3920 

10417 
10538 
10656 

148  0 

.893  7610 

12042 
11958 
1 1870 
11778 
11683 

178  0 

1115 
867 
620 

30 

.966  3382 

30 

.892  5652 
.891  3782 

30 

119  0 

.965  2726 

149  0 

179  0 

.849  5346 

30 

.964  1954 

10772 
10885 

30 

.890  2OO4 

SO 

.849  4974 

37a 
124 

120  0 

9.963  1069 

150  0 

9.889  O32I 

180  0 

9.849  4850 

613 


TABLE  IX. 

F  >r  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Orbite  of  great  eccentricity. 


O 

1 
2 
3 

4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 

18 
19 

20 
21 
22 
23 
24 

25 
26 
27 

28 
29 

30 
31 
32 
33 
34 

35 
36 
37 

38 
39 

40 
41 
42 
43 
44 

45 
46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 

57 
58 
59 

60 


o.oo 
o.oo 

O.OI 

0.05 

O.I  2 

0.23 

0.39 

0.62 

0.93 
1.33 

1.82 

2.42 

3.14 

3-99 
4-99 
6.13 

7-43 

8.90 

10.55 

12.40 

14.45 
16.70 
19.18 
21.89 
24.83 

28.03 
31.48 
35.20 
39.19 
43-47 
48.04 
52.91 
58.09 
63.59 
69.42 

75-57 
82.07 
88.92 
96.12 
103.68 

1 11. 61 
119.92 
128.62 
137.70 
147.18 

I57-05 
167.34 
178.04 
189.16 
200.71 

212.69 
225.10 

*37-95 
251.25 
265.01 

279.21 
293.88 
309.02 
324.62 
340.70 

357.26 


Diff. 


O.OO 
O.OI 

0.04 
6.07 

O.I  I 

0.16 

0.23 

0.31 

0.40 

0.49 

0.60 
0.72 

0.85 

1. 00 

1. 14 

1.30 

1.47 
1.65 
1.85 

2.05 
2.25 

2.48 

2.71 

2.94 

3.20 

3-45 

3.72 

3-99 
4.28 

4-57 

4.87 


18 


5-»3 
6.15 

6.50 
6.85 
7.20 
7.56 
7-93 
8.31 
8.70 
9.08 
9.48 
9.87 

10.29 
10.70 
11. 12 

"•55 
11.98 

12.41 
12.85 
13.30 
13.76 
14.20 

14.67 
15.14 
15.60 
16.08 
16.56 


n 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.00 1 

0.001 
0.002 
0.002 
0.003 
0.004 

0.005 
0.006 
0.008 
0.010 
0.012 

0.014 
0.017 
0.020 
0.025 
0.030 

0.035 

0.041 

0.047 
0.055 

0.064 

0.073 
0.084 
0.090 
0.109 
0.123 

0.139 

0.156 

0.175 

0.196 

0.218 
0.243 

0.269 
0.298 

0.328 

0.361 

0.397 
0.436 

0.477 

0.521 

0.567 

0.617 
0.671 

0.727 

0.787 

0.851 
0.919 


Diff. 


.001 
.000 
.001 
.001 
.001 

.001 
.002 
.002 
.002 
.002 

.003 
.003 
.005 
.005 
.005 

.006 
.006 
.008 
.009 
.009 

.011 
.012 
.013 
.014 
.016 

.017 
.019 
.021 
.022 
.025 

.026 
.029 
.030 

•°33 
.036 

.039 
.041 

•044 
.046 
.050 

•°54 
.056 
.060 
.064 
.068 


614 


11 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.00 1 
0.00 1 
0.00 1 

0.00 1 
0.002 
0.002 
0.002 
0.002 

0.003 


/>" 


n 
0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.00 1 

0.001 
0.00 1 
0.002 
0.002 
0.003 

0.004 
0.005 
0.006 
0.008 
0.0 10 

0.012 
0.014 
0.017 
0.020 
0.024 

0.028 
0.033 
0.039 

0.045 

0.052 
0.060 

0.068 
0.078 
0.088 

0.1 00 

o.  113 
0.127 
0.142 

0.159 

0.177 

0.197 

0.219 
0.242 
0.267 
0.294 

0.323 
0.388 

0.424 
0.462 

0.502 

0.546 
0.592 

0.641 
0.693 

0.749 


Diff. 


.000 
.001 
.000 
.001 
.001 

.001 
.001 
.002 
.002 
.002 

.002 
.003 
.003 
.004 
004 

.005 
.006 
.006 
.007 
.008 

.008 
.010 
.010 
.012 
.013 

.014 
.015 
.017 
.018 
.020 

.022 
.023 
.025 
.027 
.029 

.031 

•°34 
.036 
.038 
.040 

.044 
.046 
.049 
.052 
.056 


a 
0.000 
0.000 
o.oco 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0.000 
0.000 
0.000 
0.000 

0.000 
0,001 
o  001 
o  001 
0.00 1 

0.002 


TABLE  IX. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Orbits  of  great  eccentricity. 


60 
61 
62 
63 
64 

65 
66 
67 
68 
69 

70 
71 

72 
73 

74 

75 
76 

77 
78 
79 

80 

81 
82 
83 
84 

85 
86 
87 
88 
89 

90 
91 
92 
93 
94 

95 
96 
97 

98 
99 

100  0 
30 

101  0 
30 

102  0 
30 

103  0 
30 

104  0 
30 

105  0 
30 

106  0 
30 

107  0 

30 

!  108   o 

30 
109    0 


357.26 
3  74- 30 
391. 8a 
409.86 
428.38 

447.40 
466.92 
486.96 

5°7-5i 
528.58 

550.17 
572.29 

594  94 
618.12 
641.85 

666.13 
690.96 
716.34 
742.29 
768.81 

795.90 
823.57 
851.84 
880.70 
910.16 

940.23 

970.92 

1002.24 

1034.20 

1066.81 

1100.08 
11 34.02 
1168.64 
1203.95 
1239.97 

1276.72 
1314.21 
1352.45 
1391.46 
1431.27 

1471.88 
1492.50 
1513.33 
1534.38 
1555.64 
1577.12 

1598.82 
1620.75 
1642.91 
1665.30 
1687.93 
1710.80 

1733.92 
1757.28 
1780.90 
1804.77 
1828.90 
1853.30 

1877.97 


17.04 

17-54 
18.02 
18.52 
19.02 

19.52 
20.04 
20.55 
21.07 
21.59 

22.12 
22.65 
23.18 
23.73 
24.28 

24.83 
*5-3» 
*5-95 
26.52 
27.09 

27.67 
28.27 
28.86 
29.46 
30.07 

30.69 
31.32 
31.96 
32.61 
33.27 

33-94 
34.62 

35-3^ 
36.02 
36.75 

37-49 
38.24 
39.01 
39.81 
40.61 

20.62 
20.83 
21.05 
21.26 
21.48 
21.70 

21.9 


:3 


22.39 
22.63 
22.87 
23.12 

23.36 
23.62 
23.87 
24.13 
24.40 
24.67 


0.919 
0.990 
1.066 

1-145 
1.230 

1.318 
1.411 
1. 510 
1. 613 

1. 721 

i-«35 
1.954 

2.078 
2.209 
*-345 
2.488 
2.637 
2.793 
2.956 
3-^5 
3.302 
3.486 
3.678 
3.878 
4.087 

4-3°3 
4.529 
4.764 
5.008 
5.262 

5527 
5.801 
6.087 

If5 
6.694 

7.016 
7.350 
7.698 
8.060 
8.437 

8.829 
9.032 
9.238 

9-449 
9.664 
9.883 

10.108 
10.337 
10.570 
10.809. 
11.053 
11.302 

"•557 
11.817 
12.083 
12.354 
12.632 
12.916 

13.207 


Diff. 


.071 
.076 

•079 
.085 
.088 

.093 

•099 
.103 
.108 
.114 

.119 
.124 

.136 
.143 

.149 
.156 
.163 
.169 

.177 


.192 

.200 
.209 
.216 

.226 
.235 
.244 
.254 
.265 

.274 
.286 
.298 
.309 
.322 

•334 
.348 
.362 

•377 
.392 

.203 
.206 
.211 
.215 
.219 
.225 

.229 

•*33 
.239 
.244 
.249 
•255 
.260 
.266 
.271 
.278 
.284 
.291 


615 


0.003 
0.003 
0.003 
0:004 
0.004 

0.004 
0.005 
0.005 
0.006 
0.006 

0.007 
0.007 
0.008 
0.009 
0.009 

0.0 10 
0.011 
0.012 
0.013 
0.014 

0.015 
0.016 
0.017 
0.018 
0.020 

0.021 
0.023 
0.024 
0.026 
0.028 

0.030 
0.032 
0.034 
0.036 
0.038 

0.041 
0.044 
0.047 
0.050 
0.053 

0.056 
0.058 
0.060 
0.062 
0.064 
0.066 

0.068 
0.070 
0.072 
0.074 
0.077 
0.079 

0.082 
0.084 
0.087 
0.090 
0.093 
o  096 

0.099 


0.749 

0.807 

0.869 
0.935 

1.004 

1.077 

1-154 

1.235 

1. 321 
1. 411 

1-505 

1.605 

1.709 
1.819 
1.934 

2.055 
2.181 
2.314 

2-453 
2.599 

2.752 
2.912 
3.079 
3-^55 
3-439 
3.631 

3-833 
4.044 
4.266 
4.498 

4.741 
4.996 
5.263 

5-544 
5.838 

6.147 
6.471 
6.812 
7.171 
7-549 

7.946 
8.152 
8.364 
8.582 
8.805 
9.035 

9.271 

9-5I3 

9.761 

10.917 

10.280 

10.550 

10.828 
11. 114 
11.408 
1 1. 711 
12.022 
12.343 

12.673 


Diff. 


.058 
.062 
.066 
.069 
•073 
.077 
.081 
.086 
.090 
■094 
.IOO 
.104 
.IIO 

"5 

.121 

.126 

•133 
.139 
.I46 
•153 

.160 
.167 
.176 
.184 
.I92 

.202 
.211 
.222 
.232 
.243 

.267 
.281 
.294 
•3°9 
.324 
.341 

•359 
•378 
•397 

.206 
.212 
.218 
.223 
.230 
.236 

.242 
.248 
.256 
.263 
.270 
.278 

.286 
.294 
.303 

•3" 
.321 

.330 


C 


a 
0.002 
0.002 
0.002 
0.002 
0.002 

0.003 
0.003 
0.003 
0.004 
0.004 

0.004 
0.005 
0.005 
0.006 
0.006 

0.007 
0.007 
0.008 
0.008 
0.009 

0.0 10 
0.011 
0.012 
0.013 
0.0 1 4 

0.015 
0.016 
0.018 
0.019 
0.021 

0.023 
0.025 
0.027 
0.029 
0.032 

0.035 
0.038 
0.041 
0.045 
0.049 

0.053 
0.055 
0.058 
0.060 
0.063 
0.066 

0.069 
0.072 
0.075 
0.078 
0.082 
0.085 

0.089 
0.093 
0.098 
0.102 
0.107 
O.I  12 

0.117 


TABLE  IX. 

Fot  tindiug  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Orbits  of  great  eccentricity. 


Diff. 


■  Diff. 


U' 


Diff. 


109  0 
30 

110  0 
30 

HI  0 
30 

112  0 
30 

113  0 
30 

114  0 
30 

115  0 

30 

116  0 
30 

117  0 

30 

118  0 

30 

119  0 
30 

120  0 

30 

121  0 

30 

122  0 
30 

123  0 

30 

124  0 

30 

125  0 
30 

126  0 

30 

127  0 

30 

128  0 
30 

129  o 

30 

130  0 

20 
40 

131  0 
20 
40 

132  0 

20 
40 

133  0 

20 

40 

134  0 

20 
40 

135  0 

20 

40 

136  0 


1877-97 
1902.91 
1928.13 
1953.64 
1979.44 
2005.54 

2031.94 
2058.64 
2085.60 
2113.00 
2140.66 
2168.66 

2197.00 
2225.69 
2254.73 
2284.13 

23I3-9I 
2344.06 

2374.60 
2405.54 
2436.88 
2468.64 
2500.83 
2533-45 
2566.51 
2600.03 
2634.02 
2668.49 
2703.46 
2738.93 

2774.91 
2811.43 
2848.50 
2886.13 
2924.33 
2963.12 

3002.53 
3042.56 
3083.23 

3124-57 
3166.59 
3209.31 

3252.76 
3282.13 
3311.85 
3341.90 
3372.31 
3403.09 

3434-23 
3465.74 
3497.63 
3529.91 
3562.60 
3595.69 

3629.20 
3663.13 
3697.50 
3732.31 
3767.58 
3803.31 

3839.52 


24.94 
25.22 
25.51 
25.80 
26.10 
26.40 

26.70 
27.02 

27-34 
27.66 
28.00 
28.34 

28.69 
29.04 
29.40 
29.78 

30.15 

3°-S4 
30.94 

3>-34 
31.76 
32.19 
32.62 
33.06 

33.52 
33-99 
34-47 
34-97 
35-47 
35.98 

36.52 
37.07 

37-63 
38.20 
38.79 
39.41 

40.03 
40.67 
41.34 
42.02 
42.72 
43-45 

29.37 
29.72 
30.05 
30.41 
30.78 
31.14 

31.51 
31.89 
32.28 
32.69 
33.09 
33-5' 

33-93 
34-37 
34.81 

35.27 

35-73 
36.21 


13.207 

13.808 
14.119 
14.438 
14.764 

15.097 

>  5-439 
15.780 
16.148 
16.515 
16.892 

17.278 
17.674 
18.080 
18.496 
18.924 
19.363 

19.813 

20.276 
20.751 
21.240 
21.742 
22.258 

22.789 
23.336 
23.898 
24-477 

25-073 
25.687 

26.320 
26.973 
27.646 
28.34! 
29.057 
29.797 

30.562 
31.351 
32.167 
33.011 
33.885 
34789 

35-725 
36.367 
37.025 
37.699 

38.389 
39.097 

39.822 
40.563. 
41.326 
42.108 
42.910 
43-733 
44.576 
45.442 
46.331 

47-245 
48.183 
49.147 

50.138 


.297 
.304 
.311 
.319 
.326 
•333 
.342 
.350 

•359 

.367 

•377 
.386 

.396 
.406 
.416 
.428 

•439 
.450 

.463 

•475 
.489 
.502 
.516 
•531 

•547 
.562 

•579 
.596 
.614 
.633 

.653 

•673 
.695 
.716 
.740 
.765 

.789 
.816 
.844 
.874 
.904 
.936 

.642 
.658 
.674 
.690 
.708 
.725 

.742 
.762 
.782 
.802 
.823 
.843 

.866 
.889 
.914 

•938 
.964 
.991 


0.099 
0.102 
0.106 
0.109 
0.1 13 
0.116 

0.120 
0.124 
0.128 
0.132 
0.137 
0.142 

0.147 
0.152 
0.157 
0.162 
0.168 
0.174 

0.180 
0.186 
0.193 
0.200 
0.207 
0.214 

0.222 
0.230 
0.239 
0.248 
0.258 
0.268 

0.278 
0.289 
0.300 
0.312 
0.325 
0.338 

0.352 
0.367 
0.382 
0.398 
0.415 
0.433 

0.452 
0.465 
0.479 
0.495 
0.508 
0.523 

0.539 

°-555 
0.572 
0.590 
0.609 
0.629 

0.649 
0.669 
0.691 
0.714 
o-7?8 
0763 
0.788 

616 


.003 
.004 
.003 
.004 
.003 
.004 

.004 
.004 
.004 
.005 
.005 
.005 

.005 
.005 
.005 
.006 
.006 
.006 

.006 
.007 
.007 
.007 
.007 
.008 

.008 
.009 
.009 
.010 
.010 
.010 

.011 
.011 
.012 
.013 
.013 
.014 

.015 
.015 
.016 
.017 
.018 
.019 

.013 
.014 
.014 
.015 
.015 
.016 

.016 
.017 
.018 
.019 
.020 
.020 

.020 
.022 
.023 
.024 
.025 
.025 


12.673 
13.013 
13.363 
13.724 
14.095 
14.478 

14.874 
15.282 
15.702 
16.135 
16.583 
17.045 

17.522 
18.015 
18.524 
19.050 

19-594 
20.156 

20.738 
21.339 
21.962 
22.606 
23.273 
23.964 

24.680 
25.422 
26.191 
26.988 
27.815 
28.673 

29.564 
30.489 
31.450 
32.448 
33-485 
34-563 
35.685 
36.852 
38.067 

39-33* 
40. 649 
42.022 

43.452 
44.439 

45-455 
46.500 

47-575 
48.682 

49.820 
50.992 
52.199 
53-442 
54-723 
56.042 

57.401 
58.802 
60.247 
61.736 
63.273 
64.857 

66.491 


•34° 
•35o 
.361 

•37i 
.383 
.396 

.408 
.420 

•433 
.448 
.462 
•477 

•493 
•509 
.526 

•544 
.562 
.582 

.601 
.623 
.644 
.667 
.691 
.716 

•742 
.769 

•797 
.827 
.858 


.925 
.961 
■998 

•037 
.078 
.122 

.167 

.264 
.31I 

■373 
.430 

987 
,016 

,045 

o75 
,107 
.136 

172 
207 
243 
281 
319 
359 
401 
445 
489 
537 
584 
634 


0.1 17 
0.122 
0.128 
0.134 
0.141 
0.148 

0.155 

0.162 
0.170 
0.178 
0.187 
0.196 

0.206 
0.216 
0.227 
0.239 
0.251 
0.264 

0.277 
0.291 
0.306 
0.322 
0.339 
0.357 

0.376 
0.396 
0.417 
0.439 
0.463 
0.488 

0.515 

0.544 

o-574 
0.606 
0.640 
0.676 

0.715 
0.757 
0.800 
0.846 
0.896 
0.949 

1.005 
1.045 
1.087 
1. 130 

1-175 
1.223 

1.273 
1-325 
1-379 
1.436 

1-495 
1.558 

1.623 
1.692 
1.764 
1.839 
1.917 
2.000 

2.087 


TABLE  IX. 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Orbits  of  great  eccentricity 


y»" 


136  0 

20 
40 

137  0 

20 
40 

138  0 

20 
40 

139  a 

20 

40 

140  0 

20 
40 

141  0 

20 
40 

142  0 

10 
20 
30 
40 
50 

143  0 

10 
20 
30 
40 
50 

144  0 

10 
20 
30 
40 
50 

145  0 

10 
20 
30 
40 
50 

146  0 

10 
20 
30 
40 
50 

147  0 

10 
20 
30 
40 
50 

148  0 

10 
20 
30 
40 
50 


3839.52 
3876.21 
3913.41 
3951.12 
3980.35 
4028.11 

4067.42 
4107.28 
4147.72 
4188.75 
4230.38 
4272.63 

4315.52 
4359.06 
4403.26 
4448.15 

4493-73 
4540.03 

4587.07 
4610.88 
4634.88 

4659-07 
4683.46 
4708.05 

4732.84 

47S7-84 
4783.05 
4808.46 
4834.10 
4859.95 

886.02 
912.31 
4938.83 
4965.58 
992.56 
019.78 

047.23 
074.93 
102.88 
131.08 

188.24 

217.21 
246.45 

*7S-95 
3°5-73 

366.13 

396.76 
427.67 
458.88 
490.39 
522.20 
554-33 
586.77 
619.52 
652.60 
686.01 
719-75 
753-83 


149    Oj  5788.26 


36.69 
37.20 
37-71 

38.78 
3931 
39.86 
40.44 

41.03 
41.63 
42.25 
42.89 

43-54 
44.20 
44.89 
45.58 
46.30 
47.04 

23.81 
24.00 
24.19 
24.39 
24.59 
24.79 

25.00 
25.21 
25.41 
25.64 
25.85 
26.07 

26.29 

26.52 

26.75 

26.98 

27.22 

27-45 

27.70 

*7-95 
28.20 

28.45 

28.71 

28.97 

29.24 
29.50 
29.78 
30.06 

3°-34 
30.63 

30.91 
31.21 
31.51 
31.81 
32.13 
32.44 

3*75 

33.08 

33-4* 

33-74 
34.08 

34-43 


50.138 
51.156 
52.203 
53.280 
54.388 
55.528 

56.702 
57.910 

60.436 
61.757 
63.119 

64.523 
65.971 
67.465 
69.007 
70.599 
72.243 

73-941 
74.811 

75-^95 
76.595 
77.509 
78.439 

79-385 
80.347 
81.325 
82.321 
83.333 
84.363 

85.411 
86.478 
87.564 
88.668 
89.793 
90.938 

92.103 
93.290 
94.498 

95-729 
96.982 
98.259 

99-559 
100.884 
102.234 
103.610 
105.012 
106.441 

107.897 
109.382 
1 10.896 
112.439 
1 14.013 
1 15619 

117.256 
118.926 
120.631 
122.370 
124.144 
"5-955 
127.804 


1.018 
1.047 
1.077 
1.108 
1. 140 
1-174 
1.208 
1.244 
1.282 
1. 321 
1.362 
1.404 

1.448 
1.494 
1.542 
1.592 
1.644 
1.698 

0.870 
0.884 
0.900 
0.914 
0.930 
0.946 

0.962 
0.978 
0.996 
1.012 
1.030 
1.048 

1.067 
1.086 
1. 104 
1. 125 

i-i45 
1. 165 

1.187 
1.208 
1. 231 
1.253 

1.277 
1.300 

1.325 
1.350 
1.376 
1.402 
1.429 
1.456 

1.485 
1. 514 
1-343 
'•574 
1.606 
1.637 

1.670 
1.705 
1-739 
1-774 
1. 811 
1.849 


0.788 
0.815 
0.843 
0.873 
0.904 
0.936 

0.969 
1.004 
1. 04 1 
1.079 
1. 119 
1. 161 

1.205 
1. 251 
1.299 
1.350 
1.404 
1.460 

1.518 

J-549 
1.580 
1. 612 
1.645 
1.679 

1-7H 
1.749 
1.786 
1.823 
1.862 
1. 901 

1.942 
1.984 
2.026 
2.070 
2.1 16 
2.162 

2.210 
2.259 
2.309 
2.361 
2.414 
2.469 

2.526 
2.584 
2.643 
2.704 
2.767 
2.833 

2.900 
2.969 
3.040 

3'13 
3.188 

3.266 

3.346 
3.428 

3513 
3.601 
3.691 
3-784 
3.881 


.027 
.028 
.030 
.031 
.032 
•033 
.035 
.037 
.038 
.040 
.042 
.044 

.046 
.048 
.051 
.054 
.056 
.058 

.031 
.031 
.032 
.033 
.034 
.035 

.035 
.037 
.037 
.039 
.039 
.041 

.042 
.042 
.044 
.046 
.046 


.049 
.050 
.052 
.053 
.055 
.057 

.058 
.059 
.061 
.063 
.066 
.067 

.069 
.071 
.073 
.075 
.078 
.080 

.082 
.085 
.088 
.090 
.093 
.097 


66.491 
68.178 
69.920 
71.718 

73-575 
75-493 

77-475 
79523 
81.641 
S3.830 
86.094 
88.436 

90.860 
93.369 
95.967 
98.657 
01.443 
04.331 

07.324 
08.861 
10.427 
12.022 
13.646 
15.301 

16.986 

18.704 
20.452 
22.233 
24.049 
25.899 

27.785 
29.707 
31.666 
33.663 
35.698 
37-774 
39.890 
42.048 
44.249 
46.494 
48.784 
51.120 

53-5°3 
55-934 
58.415 
60.947 
63.551 
66.168 

68.860 
71.608 
74.414 
77.280 
80.206 
83.194 

86.2^6 
89.364 

92-549 

95.804 

99.130 

202.528 

206.002 


1.687 
1.742 
1.798 
1.857 
1.918 
1.982 

2.048 
2.118 
2.189 
2.264 
2.342 
2.424 

2.509 
2.598 
2.690 
2.786 
2.888 
2-993 

1-537 
1.566 

1-595 
1.624 
1.655 
1.685 

1.718 
1.748 
1.781 
1. 816 
1.850 
1.886 

1.922 

1-959 
1.997 
2.035 
2.076 
2. 116 

2.158 
2.201 
2.245 
2.290 
2.336 
2.383 

2.431 
2.481 
2.532 
2.584 
2.637 
2.692 

2.748 
2.806 
2.866 
2.926 
2.988 
3.052 

3. 118 
3.185 

3-255 
3.326 

3-398 
3-474 


2.087 
2.178 
2.274 

2-375 
2.480 

2591 
2.708 
2.831 
2.960 
3.096 
3.239 
3-39° 

3-549 
3-717 
3.893 
4.080 
4.277 
4.484 

4.704 
4.819 
4.936 

5-°57 
5. 181 

5-309 
5.440 
5-575 
5-715 
5-85§ 
6.005 
6.157 

6.313 
6.473 
6.639 
6.809 
6.984 
7.165 

7-351 
7-543 
7-74° 
7-943 
8.153 

8.369 

8.822 
9.060 
9.304 

9-555 
9.815 

10.083 
10.359 
10.645 
10.940 
11.244 
11-55^ 

11*883 
12.218 
12.564 
12.921 
13.291 
13.673 

14.067 


.091 
.096 
.101 
.105 
.111 
"7 
.123 
.129 
.136 
.143 
•151 
•159 
.168 
.176 
.187 

•197 
.207 
.220 

•"5 
•117 
.121 
.124 
.128 
•131 

•135 
.140 
.143 

.147 

.156 

.160 
.166 

.170 

•175 
.181 
.186 

.192 

.197 
.203 
.210 
.216 
.223 

.230 
.238 
.244 

.260 
.268 

.276 
.286 

•295 
.304 
.314 
•325 

•33i 
.346 

•357 
.370 
.382 
•394 


TABLE  X, 

For  finding  the  True  Anomaly  or  the  Time  from  the  Perihelion  in  Elliptic  and  Hyperbolic  Orbits. 


0.00 
.01 

.02 
.03 
.04 

0.05 
.06 
.07 
.08 
.09 

0.10 
.11 

.12 

•'3 

.14 

0.15 
.16 

■ll 
.18 

.19 

0.20 

.21 
.22 

•2  3 

.24 

.27 
.28 
.29 

0.30 


Kit  ipse. 


log*      Dlff.  logC  Jog  I.  Diff.     woUm. 


0.000 
0000 
0007 
0030 
0067 
0120 

0188 
0272 
0371 
0485 
0615 

0762 
0924 
1 1 02 
1296 
1507 

'734 
1977 
2238 
2515 
2809 

3120 
3448 

3793 
4156 

4537 

4935 
535' 
5785 
6237 
6708 

7196 


M 

"4 

1  30 

'47 
162 
178 

'94 
211 

227 

243 
261 
277 
294 
3" 
328 

345 
363 

J*2 

398 

416 
434 
45* 
471 
488 


0.000 
.001 
.003 
.005 
.007 

0.008 
.010 
.012 
.014 
.016 

0.017 
019 
021 
.023 
.025 

0.027 
.029 
.031 
.033 

•°35 
0.037 
.039 
.041 
.043 
.045 

0.047 
.049 
.051 
.053 
.056 


7432 
4985 
2659 
0457 
8381 
6432 
4613 
2924 
1367 

9945 
8659 

75" 
6503 

5637 
4916 
4340 

33 

35" 

354* 
3730 

4°77 
4585 
5*59 
6099 
7109 
8290 
9646 
"79 


0.058  2893 


4.23990 
.24286 

•*4583 
.24885 
.25190 

4.25497 
.25806 
.26116 
.26427 
.26741 

4.27057 
.27376 
.27697 
.28020 
.28344 

4.28670 
.28999 
.29311 
.29665 
.30001 

4-3°339 
.30679 
.31022 
.31368 
.31716 

4.32066 
.32418 

.32773 

•33'3' 
.33492 

4.33856 


1.778 
.78, 
.78$ 
•794 
•799 

1.805 
.811 
.816 
.821 
.827 

'•833 
•839 
•845 
.851 

.857 

1.863 
.869 

•875 


1.895 
.901 
.908 
.915 
.922 

1.929 
.936 

•943 
.951 

•958 
1.966 


Hyperbola. 


log*       Diff.  logC  logLDiff.      ^f^piff. 


0.000 
0000 
0007 
0030 
0067 
0118 

0184 
0265 

°359 
0468 
0591 

0728 
0880 
1045 
1223 
1416 

1622 
1842 
2075 
2321 
2581 

2854 
3140 
3439 
375' 
4076 

4414 

4765 
5128 

55°4 
5»93 
6294 


7 

»3 

37 
5J 

66 

81 

94 
109 

123 

137 

152 
165 
I7I 

'93 

206 


235 
246 
260 

273 

286 
299 
312 

338 

363 
376 

389 
401 


0.000  0000 
9.998  2688 
.996  5493 
•994  84'4 
•993  '45° 
9.901  4599 
.989  7859 
.988  1231 
.986  4711 
.984  8298 

9.983  1992 
.981  5791 

•979  9694 
.978  3699 
.976  7805 


9-975 
•973 
.972 
.970 
.968 

9.967 
.965 
.964 
.962 
.961 

9-959 
958 
956 

955 
954 


2011 
6316 
0719 
5218 
9813 

4502 
9285 

4' 59 
9124 
4180 

9324 
4556 
9»75 
5281 
0771 


9.952  6346 


4.23982, 
.23686 
.23392 
.23098 
.22807 

4.225  1 8n 
.22230 
.21943 
.21659 
.21376 

4.21094, 
.20815 
.20537 
.20260 
.19986 

4.I97I2. 
.19440 
.I9I70 
.18901 
.18633 

4.18367,, 
.18102 
.17840 

•'7579 
.17319 

4.17061, 
.16803 
.16547 
.16292 
.16038 

4-'5785. 


1.771 
.767 
.762 
.758 
•753 

1.748 
•743 
•739 
•734 
.730 

1.725 
.720 
.716 
.711 
.706 

1.700 
.695 
.690 
.685 
.679 

1.672 
.666 
.661 

i55 

.649 

1.643 
.637 

.631 

.625 
.618 

1. 613 


TABLE  X.    Part  E. 


T 

Ellipse. 

Hyperbola. 

T 

Ellipse. 

Hyperbola. 

A 

Diff. 

A 

Diff. 

A 

Diff. 

A 

Diff. 

O.OO 
.OI 
.02 
.03 
.04 

O.05 
.OO 
.07 
.08 
.09 

O.IO 
.11 
.12 

•'3 

.14 

0.15 
.16 

•17 
.18 

.19 

1   0.20 

1 

O.00000 
.00992 
.01969 
.02930 
.03877 

O.04808 
.05726 
.06630 
.07521 
.08398 

O.09263 
.IOI16 
.10956 
.11783 
.12599 

O.13404 
.14198 
.14981 

•'5753 
.16515 

0.17266 

992 

977 
961 

947 
93' 
918 

004 
891 
877 
865 

I53 
840 

827 

816 

805 

794 
7»3 
772 
762 
75» 

O.OOOOO 
.01008 
.02033 
.03074 
.04132 

O.05209 
.06303 
.07417 
.08550 
.09702 

O.I0875 
.12069 
.13285 
.14522 
.15782 

O.17067 
.18375 
.19709 
.21068 
.22454 

O.23867 

1008 
1025 
1041 
1058 
1077 

1094 
1 114 

"33 
1152 

"73 

"94 
1216 
1237 
1260 
1285 

1308 
'334 

1386 
1413 

0.20 
.21 

.22 

•*1 

.24 

0.25 

.26 

•27 . 

.28 

.29 

0.30 

•31 

•3a 
•33 
•34 

0.35 
.36 

•38 

•39 
0.40 

O.17266 
.18008 
.18740 
.19462 
.20174 

0.20878 
.21573 
.22258 
.22935 
.23604 

O.24265 
.24917 
.2|56l 
.26198 
.26826 

O.27447 
.28061 
.28668 
.29268 
.29860 

O.30446 

742 
732 
722 
712 
704 

605 
685 
677 
669 
661 

652 
644 
637 
628 
621 

614 

607 
600 

O.23867 
.25309 
.26779 
.28280 
.29813 

O.31377 

1442 
1470 
1501 

'533 
1564 

613 


TABLE  XI. 

For  the  Motion  in  a  Parabolic  Orbit 


log/* 


o.ooo 

.OOI 

.002 
.003 
.004 

0.005' 
.006 
.007 

.008 
.009 

O.OIO 
.Oil 

.otz 
.013 
.014 

0.015 
.016 
.017 

.018 

.019 

0.020 
.021 

.022 
.023 
.024 

O.O25 
.026 
.027 
.028 
.029 

O.O3O 
.031 
.032 
.033 
.034 

O.O35 
.036 
.037 
.038 
.039 

O.O4O 
.04T 
.O42 
.043 
.044 

O.O45 
.O46 
.047 
.048 
.049 

O.050 
.051 
.052 
.053 
.054 

O.O55 
.056 
.057 

.o<;? 
.059 

0.060 


0.000  0000 
.000  0000 
.000  0001 
.000  0002 
.000  0003 

0.000  0004 
.000  0006 
.000  0009 
.000  0012 
.000  0015 

0.000  0018 
.000  0022 
.000  0026 
.000  0031 
.000  0035 

0.000  0041 
.000  0046 
.000  0052 
.000  0059 
.000  0065 

0.000  0072 

.000  0080 

.000  0088 

.000  0096 

.000  0104 

0.000 
.000 
.000 
.000 
.000 


0.000 
.000 
.000 
.000 
.000 


0113 
0122 
0132 
0142 
0152 

0163 
0174 
0185 
0197 
0209 

0.000  0222 
.000  0235 
.000  0248 
.000  0262 
.000  0275 

0.000  0290 
.000  0304 
.000  0320 
.000  0335 
.000  0351 

0.000  0367 
.000  0383 
.000  0400 
.000  0417 
.000  0435 

0.000  0453 
.000  0471 
.000  0490 
.000  0509 
.000  0528 

0.000  0548 
.000  0568 
.000  0589 
.000  0610 
.000  0631 

0.000  0652 


8 
9 

9 

10 
10 
10 
11 

11 
11 
12 
12 
»3 
13 

14 
'3 
15 


15 
16 
16 

16 
17 
17 
18 
18 

18 
19 
19 
19 

20 

20 
21 
21 

21 

21 


O.060 
.061 
.062 
.063 
.064 

O.065 
.066 
.067 
.068 
.069 

O.O7O 
.07I 
.072 
.073 
.074 

O.075 
.076 
.077 
.078 
.079 

O.080 
.081 
.082 
.083 
.084 

O.085 
.086 
.087 
.088 
.089 

O.O9O 
.091 
.092 
.093 
.094 

O.O95 
.096 
.097 
.098 
.099 

O.IOO 

.101 
.102 
.103 
.104 

0.105 
.106 
.107 

.108 

.109 

O.I  10 

.III 

.112 
.113 
.114 

O.I  I  5 

.116 

.117 
.118 
.119 

0.120 


log^t 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


0652 
0674 
0697 
0719 
0742 

0766 
0790 
0814 
0838 
0863 

0888 
0914 
0940 
0966 
0993 

1020 
1047 
1075 
1 1 03 
1132 

1161 
1190 
1219 
1249 

1280 


0.000  131 1 

.000  1342 

.000  1373 

.000  1405 

.000  1437 

1470 
1502 
1536 
1569 
1603 

1638 
1671 
1708 

1743 
1779 

0.000  1 8 15 

.000  1852 

.000  1889 

.000  1926 

.000  1964 

0.000 
.000 
.000 
.000 
.000 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


0.000 

•  .000 

.000 

.000 

.000 

0.000 
.000 
.000 
.000 
.000 

0.000 


2002 
2040 
2079 
2118 
2158 

2198 
2238 
2279 
2320 
2361 

2403 
2445 
2487 
2530 
*573 
2617 


22 

*3 
22 

23 
*4 
24 
24 
»4 
25 
*5 
26 
26 
26 

*7 
27 

27 
28 
28 
29 
29. 

29 
29 
30 
31 
31 

31 
3i 
3* 
3* 
33 

3* 
34 
33 
34 
35 

35 

35 

3I 
36 

37 

37 

3! 
38 

38 
39 
39 
40 
40 

40 
4i 
41 
41 
4* 

4* 

42 

43 
43 
44 


22 
23 

M 

;l 

2S 

*9 

V- 
31 
3- 

ji 

34 

35 
36 

3* 
39 

4° 
4i 
4* 

43 
44 

46 
47 
4* 
49 

50 
5i 

5- 
53 

54 

H 
W 

59 
60 
61 
62 

64 

n 

6" 
61 

69 

70 
71 
r- 
73 
-4 

77 

7* 

79 

180 


l°gM 


0.000  2617 

.000  2661 

.000  2705 

.000  2750 

.000  2795 

0.000  2841 

.000  2886 

.000  2933 

.000  2979 

.000  3026 

0.000 
.000 
.000 
.000 
.000 


3°74 
3121 
3169 
3218 
3267 

3316 
3365 
3415 
3466 
3516 

3567 
3619 
3671 
37*3 
3775 
3828 
3882 

3935 
3989 
4044 

4099 

4154 
4209 
4265 
4322 

4378 
4435 
4493 
455i 
4609 

4668 
4726 
4786 
4846 
4906 

4966 
5027 
5088 
5150 
5212 

0.000  5274 

.000  5337 

.000  5400 

.000  5464 

.000  5528 

0.000  5592 

.000  5657 

.000  5722 

.000  5787 

.000  5853 

0.000  5919 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


Diff. 


44 
44 

45 

46 
45 

46 
48 

48 
49 
49 
49 

49 
5° 
5' 
5° 
5i 

5* 
5* 
5* 
5* 
53 

54 
53 
54 
55 
55 

55 

\l 

M 

57, 
5! 

5! 
58 

59 

& 

60 
60 
60 

61 

61 
62 
62 
62 

P 

64 
64 

I5 

n 

66 


ul'J 


TABLE  XI. 

For  the  Motion  in  a  Parabolic  Orbit. 


log* 


0.180 

.181 

.182 
.183 
.184 

0.185 
.186 
.187 
.188 
.189 

0.190 
.191 
.192 
.193 
.194 

0.195 
.196 
.197 
.198 
.199 

0.200 
.201 
.202 
.203 
.204 

0.205 
.206 
.207 
.208 
.209 

0.210 
.211 
.212 
.213 
.214 

0.215 
.216 
.217 
.218 
.219 

0.220 

.221 
.222 
.223 
.224 

0.225 
.226 
.227 
.228 
.229 

O.23O 
.231 
.232 
.233 
.234 

O.235 
.236 
.237 
.238 
.239 

O.24O 


O.OOO 
.OOO 
.OOO 
.OOO 
.OOO 

O.OOO 
.OOO 
.OOO 
.OOO 
.OOO 

O.OOO 
.OOO 
.OOO 

.000 
.000 


0.000  5919 
.000  5986 
.000  6053 
.000  6120 
.000  6188 

6256 
6325 
6393 
6463 
6532 

6602 

6673 
6744 
6815 
6887 

6959 

7031 
7104 

7177 
7250 

0.000  7324 

.000  7399 

.000  7473 

.000  7548 

.000  7624 

0.000  7700 

.000  7776 

.oco  7853 

.000  7930 

.000  8007 

0.000  8085 

.000  8163 

.000  8242 

.000  8321 

.000  8400 

0.000  8480 

.000  8560 

.000  8641 

.000  8722 

.000  8803 

0.000  8885 

.000  8967 

.000  9050 

.000  9132 

.000  9216 

0.000  9300 
.000  9384 
.000  9468 

.000  9551 

.000  9638 

0.000  9724 

.000  9810 

.000  9897 

.000  9984 

.001  0071 

0.001  0159 
.001  0247 
.001  0335 
.001  0424 
.001  0513 

0.001  0603 


Dtff. 


67 
67 
67 

68 
68 

ii 

70 
69 
70 

71 
71 
71 

72 

72 

72 
73 
73 
73 
74 

75 
74 

76 
76 

76 
77 
77 
77 
78 

78 
79 
79 

Z9 
80 

80 
81 
81 
81 

82 

82 

82 

f4 
84 

I4 
P 

Si 

86 

!7 
87 


88 
88 

I9 
89 

90 


0.240 
.241 
.242 
.243 
.244 

0.245 
.246 
.247 
.248 
.249 

0.250 
.251 
.252 

•*S3 
.254 

0.255 
.256 
.257 
.258 
.259 

0.260 
.261 
.262 
.263 
.264 

0.265 
.266 
.267 
.268 
.269 

0.270 
.271 

.272 
.273 
.274 

0.275 
.276 

•277 
.278 
.279 

0.280 
.281 
.282 
.283 
.284 

0.285 
.286 
.287 
.288 
.289 

0.290 
.291 
.292 
.293 
.294 

0.295 
.296 
.297 
.298 
.299 

0.300 


log* 


0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 

.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 


0603 
0693 
0784 
0875 
0966 

1058 
1150 
1242 

1335 
1429 

1522 
1617 
1711 
.1806 
1901 

1997 
2093 
2190 
2287 
2384 

2482 
2580 
2679 
2778 
2877 

2977 
3077 
3178 
3279 
3381 

3482 

3585 
3688 
3791 
3894 

3998 
4103 
4207 

43'3 
4418 

45*4 
4631 

4738 
4845 

4953 
5061 
5169 
5278 
5388 
5497 
5608 
5718 
5829 

594i 
6053 

6165 
6278 
6391 

tl°5 
6619 

6733 


90 
9i 
9i 
9i 

92 

92 
92 
93 
94 
93 

95 
94 
95 
95 

96 

96 
97 
97 
97 
98 

98 
99 
99 
99 

100 

100 
101 
101 
102 
101 

103 
103 
103 

103 
104 

105 

104 


106 

107 
107 
107 

108 
108 

108 
109 
no 
109 
III 

no 
in 
1 12 
112 
1 12 

113 
113 
114 
114 
114 


300 
301 
302 
303 
304 

305 
306 
307 
308 
309 

310 
311 
312 
313 
3'4 

3i5 
316 
317 
318 
319 

320 
321 
322 
323 
3*4 

325 
326 
327 
328 
329 

330 
331 

332 
333 
334 

335 
336 

337 
338 

339 

340 

34i 
342 

343 
344 

346 
347 
348 
349 
350 
35i 
352 
353 
354 

356 
357 
358 
359 
360 


log* 

0.001  6731 
.001  6848 
.001  6963 
.001  7079 
.001  7195 

0.001  7312 

.001  7429 

.001  7546 

.001  7664 

.001  7783 

0.001  7901 

.001  8020 

.001  8140 

.001  8260 

.001  8381 

0.00 1  8502 

.001  8623 

.001  8745 

.001  8867 

.001  8989 

0.001  9113 

.001  9236 

.001  9360 

.001  9484 

.001  9609 

0.001  9734 
.001  9860 
.001  9986 
.002  01 1 3 
.002  0240 

0.002  0367 
.002  0495 
.002  0624 
.002  0752 
.002  0882 


0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 


ion 
1141 
1272 
1403 
1534 
1666 
1799 
1931 
2065 
2198 

0.002  2333 

.002  2467 

.002  2602 

.002  2738 

.002  2874 

0.002  3010 

.002  3147 

.002  3284 

.002  3422 

.002  3560 

0.002  3699 
.002  3838 
.002  3977 
.002  41 17 
.002  4258 

0.002  4399 


TABLE  XI. 

For  the  Motion  in  a  Parabolic  Orbit. 


log^ 


1.360 
.361 
.362 

.363 
.364 

%l 

.367 
.368 
.369 

..370 
.371 
.372 

•373 
•374 

'•375 
.376 

•377 
.378 

•379 
.380 
.381 
.382 

•383 
.384 

•385 
.386 
.387 
.388 
.389 

.390 
.391 

■39* 

•393 
•394 

•395 
.396 

•397 
.398 

•399 

1.400 
.401 
.402 
.403 
.404 

'•4°5 
.406 
.407 
.408 
.409 

1.410 
.411 
.412 
.413 
.414 

.4 1 5 
.416 
.417 
.418 
.419 

.420 


0.002  4399 
.002  4540 
.002  4682 
.002  4824 
.002  4967 

0.002  5 1 1  o 

.002  5254 

.002  5398 

.002  5543 

.002  5688 

0.002  5834 
.002  5980 
.002  6126 
.002  6273 
.002  6421 

0.002  6568 
.002  6717 
.002  6866 
.002  7015 
.002  7165 


7315 
7466 
7617 
7769 
7921 

8073 
8226 
8380 

8534 
8689 

8844 
8999 
9155 
93" 
9+68 

9626 

9784 
9942 
0101 
0260 

0420 
0580 
0741 
0903 
1064 

1227 
1389 

'553 
1716 


0.002 
.002 
.002 
.002 
.002 


0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.003 
.003 

0.003 
.003 
.003 
.003 
.003 

0.003 
.003 
.003 
.003 
.003 

0.003  2045 
.003  221 1 
.003  2376 
.003  2543 
.003  2709 

0.003  2&77 

.003  3044 

.003  3213 

.003  3381 

.003  3550 

0.003  3720 


420 
421 
422 

4*3 
424 

4*5 
426 
427 
428 
429 

430 

43i 
432 

433 
434 

435 

436 

437 
438 

439 

440 
441 
442 
443 
444 

445 
446 

447 
448 

449 

450 

45i 

452 

453 
454 

455 
456 

457 
458 
459 
460 
461 
462 
463 
464 

ill 

467 
468 
469 

470 

471 
472 

473 
474 

476 

477 
478 

479 

480 


log,i 


0.003 
.003 

.003 

.003 
.003 

0.003 
.003 
.003 
.003 
.003 


3720 
3890 

4061 

4232 
4404 

4576 

4749 
4923 
5096 
5271 

0.003  5445 
.003  5621 
.003  5797 
•003  5973 
.003  6150 

0.003  6327 

.003  6505 

.003  6683 

.003  6862 

.003  7042 

0.003  7222 
.003  7402 
.003  7583 
.003  7765 
.003  7947 

8130 

8496 
8680 
8865 

9050 
9236 
9422 

9609 
9797 
9984 
0173 
0362 
0551 
0741 

0.004  °932 

.004  1 1 23 

.004  1 31 5 

.004  1507 

.004  1700 

0.004  1893 
.004  2087 
.004  2281 
.004  2476 
.004  2072 

0.004  2868 

.004  3064 

.004  3261 

.004  3.159 

.004  3657 

0.004  3856 
.004  4055 
.004  4255 
.004  4456 
.004  4657 

0.004  4858 


Diff. 


0.003 
.003 
.003 
.003 
.003 

0.003 
.003 
.003 
.003 
.003 

0.003 
.004 
.004 
.004 
.004 


70 

7« 
7> 

7* 
72 

73 
"4 
73 
75 
74 

7« 

76 
76 
77 
77 

78 
7l 

79 

80 
So 

So 
Si 

8  a 
83 

83 

83 

*4 
83 

85 

86 
86 

*7 
SS 

*7 

N 
89 
89 

90 

91 

11 

9- 
92 

93 

93 

M 

94 
93 

9J 

96 

97 

,;8 

,;8 

99 

199 

200 

201 

201 

201 


0.480 
.481 
.482 
.483 
.484 

0.485 
.48* 
.487 
.488 
.489 

0.490 

•49 1 
.492 

•493 

•494 

0.495 

.496 

•497 
.498 

•499 

0.500 

•5i 

.52 

•53 
•54 

0.55 
.56 

•57 
.58 

•59 

0.60 

.61 

.62 

.64 
0.65 

.66 

.67 
.68 
.69 

0.70 
•7i 
•72 
•73 
•74 

0.75 
.76 

•77 
.78 

•79 

0.80 

.81 

.82 

•S3 

.84 

0.85 
.86 
.87 
.88 
.89 

0.90 


lOg,! 


Dlff. 


O.004 
.004 
.004 
.004 
.004 

O.004 
.004 
.004 
.004 
.004 

0.004 
.004 
.004 
.004 
.004 


4858 
5061 
5263 

5467 
5670 

5875 
6080 
6285 
6492 
6698 

6906 
7113 

7322 

7531 
7740 


O.004  7951 
.004  8 16 i 
.004  8373 
.004  8585 
.004  8797 


0.004 
.005 
.005 
.005 
.005 

0.006 
.006 
.006 
.006 
.007 

0.007 
.007 
.007 
.008 
.008 

0.008 
.009 
.009 
.009 
.010 


9010 
1173 

3397 
5681 
8029 

0441 
2919 
5464 
8079 
0765 

35*5 
6361 

9*74 
2268 

5345 

8508 

»759 
5103 
8542 
2081 


0.010  5723 

.010  9473 

.011  3336 

.011  7316 

.012  1419 

O.OI2  5652 
.013  0022 

.013  4536 

.013  9202 
.014  4031 

0.014  9033 
.015  4219 
.015  9603 
.016  5202 
.017  1033 

0.017  7120 

.018  3486 

.019  0165 

.019  7195 

.020  4629 
0.021  2529 


203 
202 
204 
203 
205 

205 
205 
207 
206 

208 


207 
209  I 
209 
209 

211 

2IO 
212 
212 
212 

213 

2163 
2224 
2284 
2348 
2412 

2478 

*545 
2615 
2686 
2760 

2836 
2913 
2994 
3077 
3163 

3*51  I 

3344 

3439 

3539 

3642 

375° 

3863 

3980 

4103 

4*33  I 

437o 

45H 
4666 

48*9 
5002 

5186 
5384 
5599 

6087 

6366 
6679 
7030 

7434 
7900 


621 


TABLE  XII. 


? 

«i' 

•1' 

* 

f 
1 

**' 

U»K»»l 

kg  '»!._, 

«, 

VI, 

w, 

m 

1 

m 

L 

"4 

■ 

1 

»1 

O   ' 

0 

/ 

0 

/ 

0 

/ 

0 

/ 

0 

/ 

0 

/ 

0 

/ 

0  t 

-  0  0 

n 

O.OOOO 

0 

0 

90 

0 

90 

0 

180 

0 

180 

O 

180 

0 

0 

0 

O   O 

1 

4.2976  i  9-9999 

2 

23 

90 

20 

90 

20 

178 

4? 

178 

4- 

179 

0 

359 

0 

359  5 

2 

3-395°  |  9-9996 

4 

46 

90  40 

90  40 

177 

20 

177 

20 

178 

0  358 

0 

358  9 

8 

2.8675  i  9-999* 

7 

s 

9* 

0 

91 

0 

176 

0 

176 

O 

177 

°,  357 

0 

357  14 

4 

2.4938  [  9.9986 

9 

3- 

91 

20 

9i 

2  j 

174  40 

174  40 

176 

0 

356 

0 

356  i8| 

5 

2.2044 !  9.9978 

11 

55 

9' 

41 

91 

4' 

'73 

'9 

173 

19 

175 

0 

355 

0 

355  *3' 

6 

1.9686  i  9.9968 

'4 

*9 

92 

I 

92 

1 

171 

59 

171 

59 

174 

0 

354 

0 

354  28 

7 

1.7698  j  9.9957 

16 

42 

92 

22 

92 

22 

170 

Jl 

170 

}* 

172 

59 

353 

1 

353  32, 

8 

1. 5981 19.9943 

»9 

7 

92 

42 

92 

4^ 

.69 

18 

169 

iS 

171 

59 

35a 

1 

35*  37 i 

9 

1-4473 

9.9928 

21 

3a 

93 

3 

93 

3 

167 

57 

167 

57 

170 

58 

35« 

2 

35i  42 

10 

1. 3130 

9.991  I 

23 

57 

93 

*5 

93 

-5 

166 

35 

166 

3  5 

169 

57 

350 

3 

35°  47 

11 

1. 1922 

9.9892 

26 

23 

93 

46 

93 

46 

165 

'4 

165 

14 

168 

55 

349 

4 

349  5* 

12 

1.0824 

9.987I 

28 

5° 

94 

8 

94 

S 

163 

52 

163 

5* 

167 

54 

348 

f. 

348  56 

13 

0.9821 

9.9848 

3i 

17 

94 

3i 

94 

31 

162 

-9 

162 

29 

166 

51 

347 

S 

348  » 

14 

0.3898 

9.9823 

33 

46 

94 

5  3 

94 

53 

161 

7 

161 

7 

165  48 

346 

1  1 

347  6 

15 

0.8045 

9.9796 

36 

15 

95 

17 

95 

17 

159 

45 

'59 

43 

,64 

44:  345 

'4 

346  11 

16 

0.7254 

9.9767 

38  46 

95 

40 

95 

♦0 

158 

20 

158 

20 

163 

40  344 

17 

345  16 

17 

0.6518 

9.9736 

4i 

18 

96 

5 

96 

5 

156 

5  5 

156 

55 

162 

34 

343 

21 

344  21; 

18 

0.5830 

9.9702 

43 

5i 

96 

30 

96 

3° 

155 

3° 

155 

30 

161 

27 

342 

27 

343  27i 

19 

0.5185 

9.9667 

46 

26 

96  56 

96  56 

154 

4 

154 

4 

160 

'9 

341 

3- 

342  32| 

20 

0.4581 

9.9629 

49 

a 

97 

-3 

97 

23 

152 

37 

152 

37 

'59 

9 

340 

38 

34'  37, 

21 

0.4013 

9.9588 

5' 

41 

97 

5° 

97 

5° 

151 

10 

151 

10 

157 

58 

339 

45 

34o  43 

22 

0-3479 

9-9545 

54 

22 

98 

»9 

98 

19 

149 

41 

149 

4i 

156 

♦5 

338 

5  3 

339  49 

23 

0.2976 

9.9499 

57 

5 

98 

49 

98 

49 

148 

1 1 

148 

1 1 

155 

29 

338 

0 

338  54 

24 

0.2501 

9-945 « 

59 

51 

99 

20 

99 

20 

146 

♦0 

146 

40 

'54 

1 1 

337 

9 

338  0 

25 

0.2053 

9.9400 

62 

40 

99 

53 

99 

53 

*45 

7 

*45 

7 

152 

J* 

336 

'9 

337  6 

26 

0.1631 

9-9345 

65 

33 

100 

2S 

100 

28 

"43 

3* 

143 

3- 

I51 

*5 

335 

2S 

336  13 

27 

0.1232 

9.9287 

68 

30 

101 

5 

101 

5 

141 

5  5 

141 

55 

149 

5^ 

334 

38 

335  »9 

28 

0.0857 

9.9226 

71 

3  3 

101 

45 

101 

45 

140 

15 

140 

*S 

148 

22 

333 

49 

334  25 

29 

0.0503 

9.9161 

74  4i 

102 

27 

102 

27 

138 

3  5 

138 

33 

146 

4- 

333 

I 

333  3* 

30 

0.0170 

9.9092 

77 

58 

103 

13 

103 

13 

136  46 

136  46 

144 

55 

33* 

1  2 

332  39 

31 

9-9857 

9.9019 

81 

23 

104 

4 

104 

4 

i34 

s« 

x34 

56 

142 

59 

331 

-4 

331  46 

82 

9-9565 

9.8940 

\85 

0 

105 

I 

105 

1 

132 

59 

132 

59 

140 

51 

33° 

37 

33°  54 

33 

9.9292 

9.8856 

54 

106 

6 

106 

6  130 

J4 

130 

54 

138 

27 

329 

49 

330  2 

34 

9.9040 

9-8765 

93 

j  1 

107 

22 

107 

22 

128 

3* 

128 

38 

135 

59 

329 

2 

329  10 

35 

9.8808 

9.8665 

98 

7 

108 

58 

108 

51 

126 

2 

126 

a 

132 

13 

328 

14 

328  19 

36 

9.8600 

9.8555 

104 

20 

in 

*3 

in 

13 

122 

47 

122 

47 

127 

19 

327 

27 

327  28 

—86  52.2 

9.8443 

9.8443 

n6 

34 

116 

34 

116 

34  "6 

34 

116 

34 

116 

34 

326 

4; 

326  45 

This  table  exhibits  the  limits  of  the  roots  of  the  equation 

sin  (z1  —  C)  =mo  sin4  z1, 


when  there  are  four  real  roots. 


The  quantities  ml  and  m?  are  the  limiting 
,  z2f,  z,',  and  z/,  corresponding  to  each  of 
these,  give  the  limits  of  the  four  real  roots  of  the  equation. 


values  of  m0,  and  the  values  of  z 
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TABLE  XII. 


J 

i 

i 
1 

M 

3 

■ 

• 

S                       X4 

logntj 

logntj 

m, 

"•i 

■, 

"4 

ma 

«1 

«i 

w, 

o  / 

0   / 

0  / 

0   / 

0  1 

0  / 

O    / 

0  1 

0  / 

+  00 

00 

O.OOOO 

0  0 

0  0 

O  O 

90  0 

90  0 

l80    O 

180  0 

180  0 

1 

4.2976 

9.9999 

I   0 

1  20 

I  20 

89  40 

89  40 

177  37 

180  55 

181  0! 

2 

3-395° 

9.9996 

2  0 

2  40 

2  40 

89  20 

89  20 

175  14  181  51 

182  0! 

3 

2.8675 

9.9992 

3  0 

4  0 

4  0 

89-  0 

89  0 

172  52 

182  46 

183  0 

4 

2.4938 

9.9986 

4  0 

5  20 

5  20 

88  40 

88  40 

170  28 

183  42 

184  0 

5 

2.2044 

9.9978 

5  0 

6  41 

6  41 

88  19 

88  ,9 

168  5 

184  37 

185  0 

6 

1.9686 

9.9968 

6  0 

8  1 

8  1 

87  59 

87  59 

165  41 

185  32 

186  0 

7 

1.7698 

9-9957 

7   1 

9  22 

9  22 

87  38 

87  38 

163  18 

186  28 

186  59 

8 

1. 5981 

9-9943 

8   1 

IO  42 

IO  42 

87  18 

87  18 

160  53 

187  23 

187  59 

9 

1-4473 

9.9928 

9  * 

12   3 

12   3 

86  57 

86  57 

158  28 

188  18 

188  58 

10 

1. 3130 

9.991 1 

10  3 

13  25 

13  25 

86  35 

86  35 

156  3 

1&9  13 

189  57 

11 

1. 1922 

9.9892 

"  5 

14  46 

14  46 

86  14 

86  14 

153  37 

190  8 

190  56 

12 

1.0824 

9.9871 

12  6 

16  8 

16  8 

85  5  = 

85  52 

151  10 

191  4 

191  54 

13 

0.9821 

9.9848 

13  9 

17  31 

17  31 

85  *9 

85  *9 

148  43 

191  59 

192  52 

14 

0.8898 

9.9823 

14  12 

18  53 

18  53 

85  7 

85  7 

146  14 

192  54 

'93  49 

15 

0.8045 

9.9796 

15  16 

20  17 

20  17 

84  43 

84  43 

H3  45 

193  49 

194  46 

16 

0.7254 

9.9767 

16  20 

21  40 

21  40 

84  20 

84  20 

141  14 

194  44 

195  43 

17 

0.6518 

9.9736 

17  26 

23  5 

23  5 

83  55 

83  55 

138  42 

195  39 

196  39 

18 

0.5830 

9.9702 

18  33 

24  30 

24  30 

83  3° 

83  3° 

136  9 

196  33 

'97  33 

19 

0.5185 

9.9667 

19  41 

25  56 

*5  56 

83  4 

83  4 

133  34 

197  28 

198  28 

20 

0.4581 

9.9629 

20  51 

27  23 

27  23 

82  37 

82  37 

130  58 

198  23 

199  22 

21 

0.4013 

9.9588 

22  2 

28  50 

28  50 

82  10 

82  10 

128  19 

199  17 

200  15 

22 

0-3479 

9-9545 

23  15 

30  19 

30  19 

81  41 

81  41 

125  38 

200  11 

201  07 

23 

0.2976 

9.9499 

*4  31 

31  49 

31  49 

81  11 

81  11 

122  55 

201   6 

202  0 

24 

0.2501 

9-945 1 

25  49 

33  i0 

33  20 

80  40 

80  40 

120  9 

202  0 

202  51 

25 

0.2053 

9.9400 

27  10 

34  53 

34  53 

80  7 

80  7 

117  20 

202  54 

203  41 

26 

0.1631 

9-9345 

18  35 

36  28 

36  28 

79  32 

79  3* 

114  27 

203  47 

204  32 

:  27 

0.1232 

9.9287 

30  4 

38  5 

38  5 

78  55 

78  55 

in  30 

204  41 

205  22 

28 

0.0857 

9.9226 

3i  38 

39  45 

39  45 

78  15 

78  15 

108  27 

205  35 

206  11 

29 

0.0503 

9.9161 

33  18 

41  27 

41  27 

77  33 

77  33 

105  19 

206  28 

206  59 

30 

0.0170 

9.9092 

35  5 

43  *3 

43  '3 

76  47 

76  47 

102  3 

207  21 

207  48 

31 

9-9857 

9.9019 

37  1 

45  4 

45  4 

75  56 

75  56 

98  37 

208  14 

208  36 

32 

9-9565 

9.8940 

39  9 

47  1 

47  1 

74  59 

74  59 

95  ° 

209  06 

209  23 

33 

9.9292 

9.8856 

4i  33 

49  6 

49  6 

73  54 

73  54 

91  6 

209  58 

210  11 

34 

9.9040 

9.8765 

44  21 

51  22 

51  22 

72  38 

72  38 

86  49 

210  50 

210  58 

35 

9.8808 

9.8665 

47  47 

53  58 

53  58 

71  2 

71  2 

81  53 

211  41 

211  46 

36 

9.8600 

9-8555 

52  31 

57  13 

57  13 

68  47 

68  47 

75  40 

212  32 

212  33 

+36  52.2 

9.8443 

9.8443 

63  26 

63  26 

63  26 

63  26 

63  26 

63  26 

213  15 

213  15 

This  table  exhibits  the  limits  of  the  roots  of  the  equation 

sin  (z'  —  C)  =  Wo  sin4  z\ 

when  there  are  four  real  roots.  The  quantities  ml  and  m?  are  the  limiting 
values  of  m0,  and  the  values  of  z/,  z2f,  zsf,  and  z/,  corresponding  to  each  of 
these,  give  the  limits  of  the  four  real  roots  of  the  equation. 
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TABLE  XIII. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.0000 
.OOOI 
.0002 
.0003 
.0004 

0.0005 
.0000 
.0007 
.0008 
.0009 

0.00 10 
.0011 
.0012 
.0013 
.0014 

0.0015 
.0016 
.0017 
.0018 
.0019 

0.0020 
.0021 
.0022 
.0023 
.0024 

0.0025 
.0026 
.0027 
.0028 
.0029 

0.0030 
.0031 
.0032 
.0033 

.0034 

0.0035 
.0036 
.0037 
.0038 

.0039 

0.0040 
.0041 
.0042 

.0043 

.0044 

0.0045 
.0046 

.0047 

.0048 
.0049 

0.0050 
.0051 
.0052 

.0053 
.0054 

0.0055 
.0056 

.0057 

.0058 

.0059 

0.0060 


tag* 


0.000 
.000 
.000 
.000 
.000 

000 
000 
000 
000 
000 

000 
001 
00 1 
001 
001 

001 

001 
001 
001 
OOl 


0000 
0965 
1030 

3858 
482I 
S7«4 
6747 
77IO 
8672 

9634 

°S9S 
1556 
2517 
3478 

4438 
5398 
6357 
7316 
8275 


001  9234 

002  0192 
002  1 1 50 
002  2107 
002  3064 

002  4021 
002  4977 
002  5933 
002  6889 
002  7845 

002  8800 

002  9755 

003  0709 
003  1663 
003  2617 

003  3570 
003  4523 
003  5476 
003  6428 
003  7380 

003  8332 

003  9284 

004  0235 
004  1 186 
004  2136 

004  3086 
004  4036 
004  4985 
004  5934 
004  6883 

004 

004 
004 
005 
005 

005 
005 
005 
005 
005 

005 


8780 
9728 
0675 
1622 

2569 

35J5 
4461 

5407 
6353 

7298 


Diff. 


965 
965 
964 
964 
963 

963 
963 
963 
962 
962 

961 
961 
961 
961 
960 

960 
959 
959 
959 
959 

958 
958 
957 
957 
957 
956 
956 
956 
956 
955 

955 
954 
954 
954 
953 

953 
953 
952 
952 
952 

952 
95» 
95i 
950 
950 

950 
949 
949 
949 
949 

948 
948 
947 
947 
947 

946 
946 
946 
946 
945 


0.0060 
.0061 
.0062 
.0063 
.0064 

0.0065 
.0066 
.0067 
.0068 
.0069 

0.0070 
.0071 
.0072 
.0073 
.0074 

0.0075 
.0076 
.0077 
.0078 
.0079 

0.0080 
.0081 
.0082 
.0083 
.0084 

0.0085 
.0086 
.0087 
.0088 
.0089 

0.0090 
.0091 
.0092 
.0093 
.0094 

0.0095 
.0096 
.0097 
.0098 
.0099 

0.0 1 00 
.0101 
.0102 
.0103 
.0104 

0.0105 
.0106 
.0107 
.0108 
.0109 

0.01 10 
.0111 

.OI  12 
.OII3 
.OII4 

O.OII5 
.OIIO 
.OII7 
.OIl8 
.OII9 

0.0120 


logs1 


7298 
8243 
9187 

0131 

1075 

2019 
2962 

3905 
4847 
5790 

6732 
7673 
8614 

9555 
0496 

1436 
2376 
3316 
4255 
5194 
6133 
7071 
8009 
8947 
9884 

0821 
1758 
2694 
3630 
4566 

5502 
6437 

737* 
8306 
9240 

0174 
1108 
2041 
2974 
3906 

4838 
5770 
6702 
7633 
8564 

9495 
0425 

>355 
2285 
3215 

4144 
5073 
6001 
6929 
7^57 

8785 
9712 
0639 
1565 
2491 

on  3417 


005 
005 
005 
006 
006 

006 
006 
006 
006 
006 

006 
006 
006 
006 

007 

007 
007 
007 
007 
007 

007 
007 
007 
007 
007 

008 
008 
008 
008 
008 

008 
008 
008 
008 
008 

009 
009 
009 
009 
009 

009 
009 
009 
009 
009 

009 
010 
010 
010 
010 

010 
010 
010 
010 
010 

010 
010 
on 
on 
on 


I  Ml 


945 
944 
944 
944 
944 

943 
943 
942 

943 
942 

941 
941 
941 

94 ' 
940 

940 
940 
939 
939 
939 

938 
938 
938 
937 
937 

937 
936 
936 
936 
936 

935 
935 
934 
934 
934 

934 
933 
933 
932 
932 

932 
932 
931 
931 
931 

930 
930 
930 
930 
929 

929 
928 
928 
928 
928 

927 
927 
926 
926 
926 


0.0120 
.0121 
.0122 
.0123 
.0124 

0.0125 
.0126 
.0127 
.0128 
.0129 

0.0130 
.0131 
.0132 
.0133 
.0134 

0.0135 
.0136 
.0137 
.0138 
.0139 

0.0140 
.0141 
.0142 
.0143 
.0144 

0.0145 
.0146 
.0147 
.0148 
.0149 

0.0150 
.0151 
.0152 
.0153 
.0154 

0.0155 
.0156 
.0157 
.0158 
.0159 

0.0160 
.0161 
.0162 
.0163 
.0164 

0.0165 
.0166 
.0167 
.0168 
.0169 

0.0170 
.0171 
.0172 
.0173 
.0174 

0.0175 
.0176 
.0177 
.0178 
.0179 

0.0180 


log** 


CO 

.0 


I  3417 

:sa 

1  6193 
1  7118 

1  8043 
1  8967 

1  9890 

2  0814 
*  1737 
2  2660 
2  3583 
2  4505 
2  5427 
2  6348 

2  7269 
2  8190 
2  91 1 1 

0032 
0952 

1871 

2791 
3710 
4629 
5547 
6465 
7383 


8301 
9218 
0135 

1052 
1968 


3 
3 

3 
3 
3 
3 
3 

3 
3 
3 
3 
4 

4 
4 

4  2884 
4  3800 
4  4716 

4  5631 
4  6546 

4  746° 
4  8374 

4  9288 

5  0202 
;  1115 

2028 
2941 
3854 

5  4766 

5678 

6589 

5  75°° 

5  84" 


9322 

0232 
1 142 
2052 
2961 

3870 

4779 
5688 
6596 
7504 
0.016  8412 


Diff. 


926 
925 
925 
925 
925 

924 
923 
924 
923 
923 

9*3 
922 
922 
921 
921 

921 
921 
921 
920 
919 

920 
919 
910 
918 
918 

918 
918 
917 

9'7 
917 

916 
916 
916 
916 
915 

915 
914 
914 
914 
914 

913 
913 
913 
913 
912 

912 
911 
911 
911 
911 

910 
910 
910 
909 
909 

909 
909 
908 
908 
908 


m 


TABLE  XIII 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.0180 
.0181 
.0182 
.0183 
.0184 

0.0185 
.0186 
.0187 
.0188 
.0189 

0.0190 
.0191 
.0192 
.0193 
.0194 

0.0195 
.0196 
.0197 
.0198 
.0199 

0.0200 
.0201 
.0202 
.0203 
.0204 

0.0205 
.0206 
.0207 
.0208 
.0209 

0.0210 
.0211 
.0212 
.0213 
.0214 

0.0215 
.0216 
.0217 
.0218 
.0219 

0.0220 
.0221 
.0222 
.0223 
.0224 

0.0225 
.0226 
.0227 
.0228 
.0229 

0.0230 
.0231 
.0232 
.0233 
.0234 

0.0235 
.0236 
.0237 
.0238 
.0239 

0.0240 


40 


logs3 


.0 


8412 
9319 
0226 
1133 
2039 

2945 
3851 

4757 
5662 
6567 

747i 
8376 
9280 
0183 
8  1087 

8  1990 
8  2893 
8  3796 
8  4698 
8  5600 

8  6501 
8  7403 
8  -8304 

8  9205 

9  0105 

9  1005 
9  1905 
9  2805 
9  3704 
9  4603 

9  55°* 
9  6401 

9  7*99 
9  8197 
9  9°94 

0.019  9992 

.020  0889 

.020  1785 

.020  2682 

.020  3578 

0.020 
.020 
.020 
.020 
.020 

0.020 
.020 
.021 
.021 

.021 

0.02I 
.021 
.02I 
.021 
.021 

0.02I 
.021 
.021 
.022 
.022 


4474 
5369 
6264 

7159 
8054 

8948 
9842 
0736 
1630 
2523 

3416 
4309 
5201 
6093 


7876 
8768 
9659 
0549 
1440 

0.022  2330 


Diff. 


907 
907 
907 
906 
906 

906 
906 
905 
905 
904 

905 
904 
903 
904 
903 

903 
903 
902 
902 
901 

902 
901 
901 
900 
900 

900 
900 
899 
899 
899 

899 


897 
898 

897 
896 
897 
896 
896 

895 
895 
895 
895 
894 

894 
894 
894 
893 
893 

893 
892 
892 
892 
891 

892 
891 
890 
891 
890 


0.0240 
.0241 
.0242 
.0243 
.0244 

0.0245 
.0246 
.0247 
.0248 
.0249 

0.0250 
.0251 
.0252 
.0253 
.0254 

0.0255 
.0256 
.0257 
.0258 
.0259 

0.0260 
.0261 
.0262 
.0263 
.0264 

0.0265 
.0266 
.0267 
.0268 
.0269 

0.0270 
.0271 
.0272 
.0273 
.0274 

0.0275 
.0276 
.0277 
.0278 
.0279 

0.0280 
.0281 
.0282 
.0283 
.0284 

0.0285 
.0286 
.0287 
.0288 
.0289 

0.0290 
.0291 
.0292 
.0293 
.0294 

0.0295 
.0296 
.0297 
.0298 
.0299 


log** 


O.022  2330 
.022  3220 
.022  4109 
.022  4998 
.022  5887 

0.022  6776 

.022  7664 

.022  8552 

.022  944O 

.O23  0328 

0.023  I2IS 

.023  2I02 

.023  2988 

.023  3875 

.023  4761 

O.023  5*^47 

.023  6532 

.023  7417 

.023  8302 

.023  9187 

0.024  °°7I 
.024  0956 
.024  1839 
.024  2723 
.024  3606 

0.024  4489 
.024  5372 
.024  6254 
.024  7136 
.024  8018 

0.024  8900 
.024  9781 
.025  0662 
.025  1543 
.025  2423 


0.025 
.025 
.025. 
.025 
.025 

0.025 
.025 
.025 
.026 
.026 

0.026 
.026 
.026 
.026 
.026 

0.026 
.026 
.026 
.026 
.026 

0.027 
.027 
.027 
.027 
.027 


33°3 
4183 
5063 

594* 
6821 

7700 
8579 
9457 
0335 
1213 

2090 
2967 

3844 
4721 

5597 

6473 
7349 
8224 
9099 
9974 
0849 
1723 
*597 
347' 
4345 


Diff. 


890 
889 
889 
889 


888 


887 

887 
886 
887 
886 
886 

885 
885 
885 
885 
884 

885 
883 
884 
883 


0.0300  0.027  5218 


881 
880 
880 

880 
880 
879 
879 
879 

879 
878 
878 
878 
877 

877 
877 
877 
876 
876 

876 
875 

f75 

l7S 
875 

874 
874 
874 

874 
873 


0.0300 
.0301 
.0302 
.0303 
.0304 

0.0305 
.0306 
.0307 
.0308 
.0309 

0.0310 
.0311 
.0312 
.0313 
.0314 

0.0315 
.0316 
.0317 
.0318 
.0319 

0.0320 
.0321 
.0322 
.0323 
.0324 

0.0325 
.0326 
.0327 
.0328 
.0329 

0.0330 

•°33» 
.0332 
.0333 
•°334 
0.0335 
.0336 
.0337 
.0338 
.0339 

0.0340 
.0341 
.0342 
.0343 
.0344 

0.0345 
.0346 
.0347 
.0348 
.0349 

0.0350 
.0351 
.0352 
.0353 
•°354 

0.0355 
.0356 

•0357 
.0358 
.0359 

0.0360 


log  I* 


0.027 
.027 
.027 
.027 
.027 

0.027 

.028 
.028 
.028 
.028 

0.028 

.028 
.028 
.028 
.028 

0.028 

.028 

.029 
.029 
.029 

0.029 
.029 
.029 
.029 
.029 

0.029 
.029 
.029 
.029 
.030 

0.030 
.030 
.030 
.030 
.030 

0.030 
.030 
.030 
.030 
.030 

0.030 

.031 

.031 
.031 

.031 

0.031 
.031 
.031 
.031 
.031 

0.031 
.031 
.032 
.032 
.032 

0.032 
.032 
.032 
.032 
.032 


5218 

0091 

6964 
7836 
8708 

9580 
0452 
1323 
2194 
3065 

3936 
4806 

5676 
6546 

74i5 

8284 

9i53 

0022 
0890 
1758 

2626 

3494 
4361 
5228 
6095 

6961 
7827 
8693 

9559 
0424 

1290 
2154 
3019 
3883 
4747 
5611 
6475 
733» 
8201 
9064 

9926 
0788 
1650 
2512 
3373 

4234 
5095 
5956 
6816 
7676 

8536 
9396 
0255 
1114 
1973 
2831 
3689 
4547 

6262 


0.032  7120 


Diff. 


873 
873 
872 
872 
872 

872 
871 
871 

o71 
871 

870 
870 
870 
869 
869 

869 
869 

868 
868 
868 

868 
867 
867 
867 
866 

866 
866 
866 
865 
866 

864 
865 
864 
864 
864 

864 
863 
863 
863 
862 

862 
862 
862 
861 
861 

861 
861 
860 
860 
860 

860 
859 
859 

ft 

858 
858 
858 

8*z 

858 


625 


TABLE  XIII. 

For  finding  the  Katio  of  the  Sector  to  the  Triangle. 


logs* 


0.0360 
.0361 
.0362 
.0363 
.0364 

0.0365 
.0366 
.0367 
.0368 
.0369 

0.0370 
.0371 
.037a 
.0373 
.0374 

0.0375 
.0376 
.0377 
.0378 
.0379 

0.0380 
.0381 
.0382 
.0383 
.0384 

0.0385 
.0386 
.0387 
.0388 
.0389 

0.0390 
.0391 
.0392 
.0393 
.0394 

0.0395 
.0396 
.0397 
.0398 
.0399 

0.040 
.041 
.042 
.043 
.044 

0.04c 
.046 
.047 
.048 
.049 

0.050 
.051 
.052 
.053 
.054 

0.055 
.056 
.057 
.058 
.059 

0.060 


032  7120 
03a  7976 
032  8813 

032  9689 

033  0546 


°3.3 
033 
033 
033 
033 

033 
033 
033 
033 
°33 
033 

°34 
034 
034 
034 

034 
034 
034 
034 
034 

034 
034 
035 
035 
035 

035 
035 
035 
035 
035 

o35 
035 
035 
035 
036 

036 
036 
037 
038 
039 

040 
041 
041 
042 
043 

044 
045 
046 
046 
°47 
048 
049 
050 
050 
051 


1401 

2257 
31 12 
3067 
4822 

5677 
6531 

7385 
8239 
9092 

9946 
0799 
1651 
2504 
3356 

4208 

5059 
5911 
6762 
7613 

8464 

93H 
0164 
1014 
1864 

2713 
3562 
441 1 

6108 

6956 
7804 
8651 

9499 
0346 

1192 
9646 

8075 

6478 
4856 

3209 

'537 
9841 
8121 
6376 

4607 
2814 
0997 

9'57 
7294 

5407 
3496 
1563 
9607 
7628 


Diff. 


O.052  5626 


856 

«S7 
856 

!57 
855 

856 

855 

85s 

855 

855 

854 

854 

854 

854 

253 
852 

852 
852 

851 
852 
851 

lSI 
851 

850 
850 
850 
850 
849 

849 
849 
848 

849 

848 

848 
847 
848 

847 
846 

8454 
8429 
8403 
8378 
8353 
8328 
8304 
8280 
8255 
8231 

8207 
8183 
8160 
8137 
8113 

8089 
8067 
8044 
8021 
7998 


0.060 
.061 
.062 
.063 
.064 

0.065 
.066 
.067 
.068 
.069 

0.070 
.071 
.072 
.073 
.074 

0.075 
.076 
.077 
.078 
.079 

0.080 
.081 
.082 
.083 
.084 

0.085 
.086 
.087 
.088 
.089 

0.090 
.091 
.092 
.093 
.094 

0.095 
.096 
.097 
.098 
.099 

O.I  00 
.101 
.102 
.103 
.104 

0.105 
.106 
.107 
.108 
.109 

O.I  10 
.III 

.112 
.113 
.114 

O.I  1 5 

.116 

.117 
.118 
.119 

0.120 


log«> 


0.052  5626 

.053  3602 

.054  1556 

.054  9488 

•OS5  7397 

0.056  5285 

.057  3150 

.058  0994 

.058  8817 

.059  6618 

0.060 
.061 
.061 
.062 
.063 


Diff. 


4398 

2157 
9895 
7612 
5308 

2984 

06  39 
8274 
5888 
3482 

1057 
8612 
6146 
3661 
1157 

8633 
6090 

3527 
0945 

8345 
0.075  5725 
.076  3087 
.077  0430 
.077  77 S4 
.078  5060 


0.064 
.065 
.065 
.066 
.067 

0.068 
.068 
.069 

.070 
.071 

0.071 
.072 
.073 
.074 
.074 


0.079 
.079 
.080 
.081 
.082 

0.082 
.083 
.084 
.084 
.085 

0.086 
.087 
.087 
.088 
.089 

0.089 
.090 
.091 
.092 
.092 


2348 
9617 
6868 
4101 
1316 

8513 

5693 
2854 

9999 
7125 

4235 
1327 
8401 

5459 
2500 

9523 
6530 
3520 
0494 
745 » 


0.093  4391 

.094  1315 

.094  8223 

.095  51 14 

.096  1990 

0.096  8849 


7976 

7954 
7932 

79  9 

7888 

7865 
7844 
7823 
7801 
778o 

7759 
7738 
7717 
7696 
7676 

7655 
7635 
7614 

7594 

7575 

7555 
7534 
75'5 
7496 
7476 

7457 
7437 
7418 
7400 
7380 

7362 

7343 
7324 
7306 
7288 

7269 

7251 

7233 
7215 
7197 

7180 
7161 

7H5 
7126 
7110 

7092 

7074 
7058 
7041 
7023 

7007 
6990 
6974 
6957 
6940 

6908 
6891 
6876 
6859 


.120 

o.( 

.121 

.< 

.122 

.< 

.I23 

. 

.124 

. 

.125 

0. 

.126 

.127 
.128 

.I29 

.130 

0. 

.131 

.132 

•133 

.134 

I3I 
.136 

0. 

.137 
.I38 

.139 

.I40 

0. 

.141 

.I42 

.I43 

.I44 

.145 
.I46 

0. 

.I47 
.148 

.I49 

.150 

0. 

.151 

.152 

•'53 

.154 

.156 

0. 

•157 
.158 

.159 

.160 

0. 

.l6l 

.162 

.163 

.164 

.165 
.166 

0. 

.167 
.168 

.169 

.170 

0. 

.171 

.172 

•'73 

•174 

•175 
.176 

0. 

.177 
.178 

.179 

.180 

0. 

log  l* 


.096  8849 

.097  5692 

.098   2520 

.098  9331 

.099  6127 


2907 
9672 

6421 
3»54 
9873 


Diff. 


6576 
3264 
9936 
6594 
3*37 
9865 
6478 
3076 
9660 
6229 

2783 

9323 
5849 
2360 
8857 


'3  534° 
14  1809 

14  8264 

15  4704 

16  1 131 

16  7544 

J7  3943 
18  0329 

18  6701 

19  3059 

19  9404 

20  5735 

21  2053 

21  8357 

22  4649 

23  0927 

23  7192 

24  3444 

24  9682 

25  5908 

26  2121 

26  8321 

27  45o8 

28  0683 

28  6845 

29  2994 
29  9131 

3°  5255  j 
31  1367 
31  7466 

31  3553 

32  9628  I 

33  569°| 

34  1740 
34  7778 

.135  3804 


684-. 
6828 
6811 
6796 
6780 

6765 
6749 
6733 
6719 
6703 

6688 
6672 
6658 
6643 
6628 

6611 
6598 
6584 
6569 
6554 
6540 
6526 
6511 
6497 
6483 

6469 

6455 
6440 
6427 
6413 

6399 
6386 
6372 
6358 
6345 
6331 
6318 
6304 
6292 
6278 

6265  i 

6252  ; 
6238 
6226 
621  3 

6200 
6187 
6175 
6162 
6149 

6137 
6124 
6l  12 
6099 
6087 

6075 
6062 
605O 
6038 
6026 


C26 


TABLE  XIII. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


log  s*     Difl". 


0.180 
.181 
.182 
.183 
.184 

0.185 
.186 
.187 
.188 
.189 

0.190 
.191 
.192 
.193 
.194 

0.195 
.196 
.197 
.198 
.199 

0.200 
.201 
.202 
.203 
.204 

0.205 
.206 
.207 
.208 
.209 

0.210 
.211 
.212 
.213 
.214 

0.215 
.216 
.217 
.218 
.219 

0.220 
.221 
.222 
.223 
.224 

0.225 
.226 
.227 
.228 
.229 

0.230 
.231 
.232 
.233 
.234 

0.235 
.236 
.237 
.238 
.239 

0.240  o. 


35  3804 

35  98i2 

36  5821 

37  18" 

37  7789 

38  3755 

38  97io 

39  5653 

40  1585 

40  7504 

41  3412 

41  9309 

42  5194 

43  1068 

43  6931 

44  2782 

44  8622 

45  445o 

46  0268 

46  6074 

47  1869 

47  7653 

48  3427 

48  9189 

49  494° 

50  0681 

50  641 1 

51  2130 

51  7838 
5*  3535 

52  9222 

53  4899 

54  0565 

54  6220 

55  1865 

55  7499 

56  3123 

56  8737 

57  434° 

57  9933 

58  55>6 

59  1089 

59  6652 

60  2204 
60  7747 


3*79 
S802 


02  4315 

62  9817 

63  53IO 

64  O793 

64  6267 

65  I73O 

65  7184 

66  2628 

(66  8063 

67  3488 

67  8903 

68  4309 
68  9705 


6014 
6003 
5990 
5978 
5966 

5955 
5943 
593* 
5019 
5908 

5897 
5885 
5874 
5863 

5851 

5840 
5828 
5818 
5806 
5795 

5784 
5774 
5762 

5751 
5741 
5730 

5719 
5708 

5697 
5687 

5677 
5666 
5655 
5645 
5634 
5624 
5614 
5603 
5593 
5583 

5573 
5563 
5552 
5543 
553* 

55*3 
55i3 
5502 

5493 
5483 

5474 
5463 
5454 
5444 
5435 

54*5 
5415 
5406 
5306 
5387 


log«S  I    JiitT. 


O.169 
.170 
.170 
.171 
.171 

O.I72 
.172 

•»71 

•173 
.174 

0.250  I  0.174 
.251  .175 
.252  I  .175 
.253  I  .176 
.254  i    .176 


0.240 
.241 

.242 

•*43 

.244 

0.245 
.246 
.247 
.248 
.249 


69    5092] 


O.255 
.256 
.257 
.258 
.259 

O.260 
.261 
.262 
.263 

.264 

O.265 
.266 
.267 
.268 
.269 

O.270 
.271 
.272 
.273 
.274 

O.275 
.276 
.277 
.278 
.279 

O.280 
.281 
.282 
.283 
.284 

O.285 
.286 
.287 
.288 
.289 

O.290 
.29! 
.292 
.293 
.294 

O.295 
.296 
.297 
.298 
.299 

O.3OO 


O.I77 
.178 
.178 
.179 
.179 

O.180 
.180 
.l8l 
.l8l 
.182 

O.182 
.183 
.183 
.184 
.184 

O.185 
.185 
.186 
.186 
.187 

O.187 
.188 
.188 


O.I9O 
.190 
.191 
.191 
.I92 

O.I92 
.193 
.193 
.194 
.194 

O.I95 
.I9C 
.196 
.196 
.197 

O.I97 
.198 
.198 
.199 
.199 


5092 
O47O 
5838 
1197 
6547 

l887 
72l8 
254O 
7853 
3150 
8451 
3736 
9OI3 
4280 
9538 

4788 
OO29 
5261 
O484 
5698 

0903 
6lOO 
1288 
6467 
1638 

6800 

1953 
7098 
2235 

7363 

2483 

7594 
2696 

779' 
2877 

7955 
3024 
8085 

8183 

3220 
8249 
3269 
8281 
3286 

8282 
3271 
8251 
3224 
8188 

3145 
8094 

7p* 
2894 

7811 

2721 
7624 
2518 
7406 

2285 


J7« 
368 

J  59 

35° 
■534° 

33i 

322 

3i3 
303 
295 

285 
277 
267 
258 

250 

241 
232 
223 
214 

205 

197 
188 
179 
171 
162 

153 
145 
137 
128 
120 

in 

102 
095 
086 

078 

069 
061 
053 

045 
037 

029 
020 
012 
005 
996 

4989 
4980 

4973 
4964 

4957 

4949 
4941 

4933 
4926 

4917 
4910 
4003 

in 

4879 


300 
301 
302 
303 

304 

306 
307 
308 
309 

310 
311 
312 
313 
314 

316 

3*7 
318 
319 

320 
321 
322 
3*3 
3H 
325 
326 

3*7 
328 
329 

330 

331 
332 

333 
334 


337 
338 
339 
340 
34i 
34* 
343 
344 

346 

348 

349 
350 
35» 
35* 
353 
354 

356 

3SZ 

358 

359 

360 


log*     Diff. 


0.200 
.200 
.201 
.201 
.202 

0.202 
.203 
.203 
.204 
.204 

0.205 
.205 
.200 
.206 
.206 

0.207 
.207 
.208 
.208 
.209 

0.209 
.210 
.210 
.211 
.211 

0.212 
.212 
.213 
.213 
.214 

0.214 
.214 
.215 
.215 
.216 

0.216 
.217 
.217 
.218 
.218 

0.219 
.219 
.220 
.220 
.220 

0.221 
.221 
.222 
.222 
.223 

0.223 
.224 
.224 
.225 
.225 

0.225 
.226 
.226 

.227 
.227 

0.228 


2285 

7157 
2021 
6878 
17*7 

6569 
1403 
6230 
1050 
5862 

0667 
5464 
0254 

5037 
9813 

4581 

934* 
4096 

8843 
3582 

8315 

3040 

7759 
2470 

7174 
1871 
6562 
1245 
5921 
0591 

5*53 
9909 

4558 
9200 

3835 
8464 
3085 
7700 
2308 
6910 

1505 
6093 
0675 
5250 
9818 

4380 

8935! 

3483 

8025 

2561 

7090 
1613 
6130 
0640 
5*43 
9640 

8615 
3093 

7565 
1031 


4872 
4864 
4857 
4849 
4842 

4834 
4827 
4820 
4812 
4805 

4797 
4790 

4783 
4770 
4768 

4761 

4754 
4747 
4739 
4733 

47*5 
4719 
471 1 
4704 
4697 

4691 
4683 
4676 
4670 
4662 

4656 
4649 
4642 

4635 
4629 

4621 
46 1  c 
4608 
4602 
4595 

4588 
458i 

456s 
4562 

4555 
4548 
454* 
4536 
45*9 

45*3 

45'7 
4510 

4503 
4497 

4491 
4484 
4478 
447* 
4466 


627 


TABLE  XIE. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.360 
.361 
.362 
.363 
.364 

°:$ 

.367 
.368 
.369 

0.370 

•37' 

.372 

•373 
•374 

o-375 
.376 

•377 
.378 

•379 
0.380 
.381 
.382 
.383 
.384 

0.385 
.386 
.387 
.388 
.389 

0.390 
.391 
.392 
•393 
•394 

°-395 
.396 

•397 
.398 

•399 

0.400 

.401 

.402 
.403 
.404 

0.405 
.406 
.407 
.408 
.409 

0.410 
.411 
.412 
.413 
.414 

0.415 
.416 
.417 
.418 
.419 


logi« 


0.228 
.228 
.229 
.229 
.229 

0.230 
.230 
.231 
.231 
.232 

0.232 
.233 
.233 
.233 
.234 

0.234 
.235 
.235 
.236 
.236 

0.237 
.237 
.237 
.238 
.238 

0.239 
.239 
.240 
.240 
.240 

0.241 
.241 
.242 
.242 

.243 

0.243 
.243 
.244 
.244 
.245 

0.245 
.245 
.246 
.246 

.247 

0.247 
.248 
.248 
.248 
.249 

0.249 
.250 
.250 

•251 
.251 

0.251 
.252 
.252 
.253 
.253 


2031 
6490 
0943 
5190 
9831 

8694 
3116 

753* 
1942 

6346 

0743 

5135 
9521 
3900 

8274 
2642 
7003 

1359 
5709 

0053 

439' 
8723 
3050 
7370 

1685 

5993 
0296 

4594 
8885 

3171 

745' 

1725 

5994 
0257 

45H 
8766 
3012 
7252 
1487 

57'6 
9940 
4158 
8371 
2578 

6779 

°975 
5166 

935i 

353i 
7705 
i87a 
6038 
0196 
4349 
8496 
2638 

6775 
0906 
5032 


l»ti. 


0.420  0.253  9*53 


4459 
4453 
4447 
444* 
4434 
4429 
4422 
4416 
4410 
4404 

4397 
4392 
4386 
4379 
4374 
4368 
4361 
4356 
435° 
4344 

4338 
4332 
4327 
4320 

43*5 

4308 

4303 
4298 
4291 
4286 

4280 
4274 
4269 
4263 
4*57 

4252 
4246 
4240 

4*35 
4229 

4224 
4218 
4213 
4207 
4201 

4196 
4191 
4185 
4180 
4174 
4169 
4164 
4158 
4153 
4H7 
4142 

4137 
4131 
4126 
4121 


0.420 

.421 
.422 
.423 
.424 

0.425 
.426 
.427 
.428 
.429 

0.430 
.431 
.432 
•433 
■434 

0.435 
.436 

•437 
.438 

•439 
0.440 
.441 
.442 
•443 
•444 
0.445 
.446 

•447 
.448 

•449 
0.450 
.451 
.452 
•453 
•454 
0.455 
.456 

•457 
.458 

•459 
0.460 
.461 
.462 
.463 
.464 

°$ 

.467 
.468 
.469 

0.470 
.471 
.472 
•473 
•474 

0.475 
.476 

•477 
.478 

•479 

0.480 


log  4 


0.253 
.254 
.254 
.255 
.255 

0.255 
.256 
.256 

.257 
.257 

0.258 
.258 
.258 
.259 
.259 

0.260 
.260 
.260 
.261 
.261 

0.262 
.262 
.262 
.263 
.263 

0.264 
.264 
.264 
.265 
.265 

0.266 
.266 
.266 
.267 
.267 

0.268 
.268 
.268 
.269 
.269 

0.269 

.270 
.270 
.271 
.271 

0.271 
.272 
.272 

•173 
.273 

0.273 
.274 
.274 
•*75 
•*75 


9153 
3269 

7379 
1484 

5584 
9679 
3769 

7853 
1932 
6006 

0075 

4139 
8198 
2252 
6300 

0344 
4382 
8415 

*44+ 
6467 

0486 

4499 
8507 
2511 
6509 

0503 
4492 
8475 
H54 
6428 

0397 
4362 
8321 
2276 
6226 

0171 
4111 
8046 

1977 
5903 

9824 

374i 
7652 

'559 
5462 

9360 

3*53 
7141 
1025 
4904 

8778 
2648 
65'3 
°374 
4230 


Diff. 


0.275  8082 
.276  1929 
.276  5771 
.276  9609 
.277   3443 

0.277  7*7* 


4116 
4110 
4105 
4100 
4095 

4090 
4084 
4079 
4074 
4069 

4064 
4059 

4°54 
4048 
4044 

4038 
4033 
4029 
4023 
4019 

4013 
4008 
4004 
3998 
3994 
3989 
3983 
3979 
3974 
3969 

3965 
3959 
3955 
3950 

3945 
3940 
3935 
393i 
3926 
3921 

39*7 
3911 
3907 
39°3 
3898 

3893 
3888 

3884 
3879 
3874 

3870 
3865 
3861 
3856 
3852 

3847 
3842 

3838 
3834 
3829 


0.480 
481 
482 
483 
484 
485 
486 

487 
488 

489 
490 
491 
492 
493 
494 

495 
496 

497 
498 
499 
500 
501 
502 

5°3 
504 

505 
506 

507 
508 
509 

510 

5" 

512 

5i3 
5i4 

5*5 
516 

5i7 
518 

5*9 

520 
521 
522 

5*3 
524 

5*5 
526 

5*7 
528 

5*9 

53° 
53* 
53* 
533 
534 

536 

53Z 
538 

539 

540 


log* 


7272 
1096 
4916 
8732 
*543 
6349 
0151 
3949 
7743 
1532 

53*6 
9096 
2872 
6644 
0411 

4*73 
793* 
1686 

5436 
9181 

2923 
6660 
0392 
4121 
7845 
1565 
5281 
8992 
.288  2700 
.288  6403 

0.289  0*02 

.289  3797 

.289  7487 

.290  1 1 74 

.290  4856 

0.290  8535 
.291  2209 
.291  5879 
.291  9545 
.292  3207 

0.292  6864 
.293  0518 
.293  4168 
.293  7813 
.294  1455 

0.294 
.294 
.295 
.295 
.295 

0.296 
.296 
.297 
.297 
•*97 


0.277 
.278 
.278 
.278 
•*79 

0.279 
.280 
.280 
.280 
.281 

0.281 
.281 
.282 
.282 
.283 

0.283 
.283 
.284 
.284 
.284 

0.285 
.285 
.286 
.286 
.286 

0.287 
.287 
.287 


.298 
.299 
•*99 


5092 
8726 

*355 
5981 
9602 

3220 
0833 
0443 
4049 
7650 

1248 

4*4* 
8432 
2018 
5600 


0.299  9'78 


Diff. 


3824 
3820 
3816 
3811 
3806 

3802 
3798 
3794 
3789 

3784 
3780 
3776 

377* 
3767 
3762 

3759 

3754 
3750 

3745 
374* 

3737 
3732 

37*9 
37*4 
3720 

3716 

37** 
3708 
3703 
3699 

3695 

3690 

3687 

3682 

3679' 

3674 

3670 

3666 

3662 

3657 

3654 
3650 

3645 
3642 

3637 

3634 
3629 
3626 
3621 
3618 

3613 
3610 

3606  J 

3601 

3598 

J  594 

359o 
3586 

358* 
3578 


628 


TABLE  XIII, 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.540 
•S4i 
•54* 
•543 
•544 

0.545 
.546 

•547 
.548 

•549 

0.550 

•55i 

.552 

•553 
•554 

o-555 
.556 

'5Sl 
.558 

•559 

0.560 


logs* 


0.299  9178 
.300  2752 
.300  6323 
.300  9890 
.301  3452 

0.301  7011 
.302  0566 
.302  4117 
.302  7664 
.303  1208 

0.303  4748 
.303  8284 
.304  1 810 

•3°4  5344 
.304  8869 

0.305  2390 

.305  5907 

.305  9420 

.306  2930 

.306  6436 

0.306  9938 


Diff. 

1 

3574 
357i 
3567 
3562 

3559 

3555 
355» 

3547 
3  544 
354° 
3536 

3532 
3528 

3525 
3521 

35'7 
35i3 
3510 
3506 
3502 

0.560 
.561 
.562 
.563 
.564 

°:$ 

.567 
.568 
.569 

0.570 
•57i 
•57a 
•573 
•574 

o-575 
.576 

•577 
.578 

•579 

0.580 

log!* 


O.306 
.307 
.307 
.308 
.308 

O.308 
.309 
.309 
.309 
.3IO 

O.3IO 
.3IO 
.311 
.311 
.311 

O.3I2  2031 

•3*2  5475 
.312  8915 

•3*3  *35* 
.313  5785 

0.313  9215 


9938 

3437 
6931 
0422 
3910 

7394 
0874 

435° 
7823 
1292 

4758 
8220 
1678 

5"33 

8584 


Diff. 


3499 
3494 
349* 
3488 

3484 
3480 
3476 

3473 
3469 
3466 

3462 
3458 
3455 
345i 
3447 

3444 
3440 

3437 
3433 
343° 


0.580 
.581 
.582 
.583 
•584 

0.585 
.586 
.587 
.588 
.589 

0.590 
.591 
.592 
•593 
•594 

0.595 
.596 
•597 
•598 
•599 

0.600 


logf* 


3»3 
3*4 
3*4 
3H 
3'5 

315 

316 
316 
316 

3*7 
317 
318 
318 
318 

319 

3*9 
319 
320 
320 


9215 
2641 
6004 

9483 
2898 

6310 
9719 
3124 
6525 
9923 

3318 
6709 
0096 
3480 
6861 

0238 
3612 
6983 
0350 
37*4 


0.320  7074 


Diff. 


3426 
34^3 
34*9 
34*5 
3412 

3409 

3405 
3401 

3398 

3395 

339* 
3387 
3384 
338* 
3377 

3374 
337* 
3367 
3364 
3360 


TABLE  XIV. 

For  finding  the  Eatio  of  the  Sector  to  the  Triangle. 


Ellipse. 


0.000  0000 
.000  0001 
.000  0002 
.000  0005 
.000  0009 

0.000  0014 

.000  0021 

.000  0028 

.000  0037 

.000  0047 

0.000  0058 
.000  0070 
.000  0083 
.000  0097 
.000  01 1 3 


0.000 

0130 

.000 

0148 

.000 

0167 

.000 

0187 

.000 

0209 

0.000 

0231 

.000 

0255 

.000 

0280 

.000 

0306 

.000 

0334 

0.000 

0362 

.000 

0392 

.000 

0423 

.000 

°455 

.000 

0489 

0.000  0523 


Diff.  Hyperbola.         Diff. 


I 
3 
4 
5 

7 
7 
9 

10 
11 

12 
*3 

;t 

*7 
18 

*9 

20 
22 
22 

*4 


28 
28 

30 

3* 

32 

34 

34 


0.000  0000 
.000  0001 
.000  0002 
.000  0005 
.000  0009 

0.000  0014 
.000  0020 
.000  0028 
000  0036 
.000  0046 

0.000  0057 

.000  0069 

.000  0082 

.000  0096 

.000  01 1 1 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


0127 
0145 
0164 
0183 

0204 

0226 
0249 
0273 
029s 
0325 

0.000  0352 
.000  0381 
.000  0410 I 
.000  0441  ! 
.000  0473 I 

0.000  0506  I 


12 
*3 
*4 
*5 
16 

18 
*9- 
19 
21 

22 

*3 
*4 
*5 
*7 
27 

29 
29 
3* 
3* 
33 


0.030 
.031 
.032 
.033 
.034 

0.035 
.036 
.037 
.038 
.039 

0.040 
.041 
.042 
.043 
.044 

0.045 
.046 
.047 
.048 
.049 

0.050 
.051 
.052 
.053 
.054 

0.055 
.056 
.057 
.058 
.059 

0.060 


Ellipse. 

0.000 
.000 
.000 

0523 

0559 
0596 

.000 
.000 

06  34 
0674 

0.000 
.000 
.000 
.000 
.000 

<>7*4 

0756 
0799 
0844 
0889 

0.000 
.000 
.000 

0936 
0984 
1033 

.000 

1084 

.000 

1135 

0.000 

1188 

.000 
.000 
.000 
.000 

1242 
1298 

*354 
1412 

0.000 
.000 
.000 

1471 
1532 

*593 
1656 

.000 

.000 

1720 

0.000 

1785 

.000 
.000 
.000 
.000 

1852 
1920 
1989 
2060 

0.000 

2131 

Diff. 


36 

37> 
38 
40 
40 

4* 
43 
45 
45 
47 
48 
49 
5* 
5* 
53 

5t 

si 

58 

59 

61 

61 

% 
69 

7' 
7* 


Hyperbola. 


0506 
0539 

0575 
061 1 
0648 

0686 
0726 
0766 
0807 
0850 

0894 
0938 
0984 
1031 
1079 

1128 
II78 
1229 
1281 
*334 
1389 
1444 
1500 

1616 

0.000  1675 

.000  1730 

.000  1708 

.000  i860 

.000  1924 

0.000   1988 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


Diff. 


31 
36 

38 

4° 

40 

4* 
43 
44 

3 
3 

49 

5° 
5* 

5* 
53 

5S 

59 
61 
62 
62 
64 
64 


629 


TABLE  XTV. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


Kll,r.-. 


O.060 
.061 
.062 
.063 
.064 

O.065 
.066 
.067 
.068 
.069 

O.O70 
.071 
.072 
.073 
.074 

0.075 
.076 
.077 
.078 
.079 

O.080 
.08 1 
.082 
.083 
.084 

O.085 
.086 
.087 
.088 
.089 

O.O9O 
.091 
.092 
.093 
.094 

O.O95 
.096 
.097 
.098 
.099 

O.IOO 

.101 
.102 

.103 

.104 

0.105 
.106 

.107 
.108 
.109 

0.1 10 
.III 

.112 
.113 
.114 

0.1 15 

.116 
.117 
.118 
.119 


0.120  1  0.000 


O.OOO  21  31 
.OOO  22O4 
.OOO  2278 
•OOO  2354 
.OOO    243I 

33 

2669 

2751 
2834 

2918 
3004 
3091 
3180 
3269 

3360 

3453 
3546 
3641 

3738 

383S 
3934 
4034 
4136 
4239 

4343 
4448 

4663 
4773 
4884 
4996 
5109 
5224 
5341 

54S» 
5577 
5697 
5819 
5941 
6066 
6192 

6448 
6578 

6709 
6842 
6976 
71 11 

7248 

7386 

75*6 
7667 
7809 
7953 
8098 
8245 

8393 
8542 
8693 

8845 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


Diff. 


73 

It 


82 

84 

86 

87 

I9 
89 

9' 

93 
93 
95 

97 
97 

99 

100 
102 
103 

104 

105 
107 
108 
no 
in 

112 
113 

"5 
117 
117 

119 
120 
122 
123 
124 

126 
127 
129 
130 
131 

133 
134 
'35 

,3Z 

138 

140 

141 
142 
144 

'45 

»47 
148 
149 

'5' 

152 


Ilyperbola. 


O.000 
.000 
.OOO 
.OOO 
.OOO 

0.000 
.000 
.000 
.OOO 
.000 

0.000 
.000 
.000 

•  OOO 

.000 
0.000 

.OOO 

.000 
.000 

.OOO 

0.000 
.000 

•  OOO 

.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 

•  OOO 

0.000 
.000 

•OOO 

.000 
.000 

0.000 


2054 

2121 

2189 

2257 

2327 
2398 
2470 

*543 
2617 

2691 
2767 
2844 
2922 
3001 

3081 
3162 
3244 
3327 
34" 

3496 
3582 
3669 

3757 
3846 

3936 
4027 
4119 
4212 
4306 

4401 
4496 

4593 
4691 

4790 

4890 
4991 
5092 

5'95 
5299 

5403 
5509 
5616 

57*3 
5832 

5941 
6052 
6163 

0*75 
6389 

65°3 
6618 

6734 

68ci 
6969 

7088 
7208 
73*9 
745' 
7574 
7698 


Diff. 


66 

67 
68 
68 

70 

7» 
72 

73 
74 
74 
76 
77 
78 

I9 
80 

81 
82 

23 
24 
85 

86 

87 
88 

89 

90 

9i 
92 

93 
94 
95 

95 
97 
98 

99 

100 

101 
101 

103 

104 
104 

106 
107 
107 
109 
109 

III 
III 

112 
114 
114 

"5 
116 

nz 

118 
119 

120 

121 
122 

1*3 

124 


120 
121 
122 
123 
i*4 

i*5 
126 
127 
128 
129 

130 
131 
132 
133 

'34 

'35 
136 

'37 
138 

'39 

140 
141 
142 
'43 
'44 

'45 
146 

'47 
148 

'49 

150 

'5' 

152 

'53 
'54 

»55 
156 

'57 
158 

'59 
160 
161 
162 
163 
164 

165 
166 
167 
168 
169 

170 
171 
172 
173 
'74 


Ellipse. 


'75 
176 

'77 
178 
'79 


0.000  8845 
.000  8999 
.000  9154 
.000  93 1 1 
.000  9469 

0.000  9628 
.000  9789 
.000  9951 
0115 
0280 


.00 
.00 

0.00 
.00 
.00 
.00 

.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 

.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 


0447 
0615 
0784 

°955 
1 128 

1301 

'477 
1654 
1832 
2012 

2193 

2376 
2560 

*745 
2933 

3121 
33" 

35°3 
3696 
3891 

4087 
4285 
4484 
4684 
4886 

5090 

5*95 
5502 
5710 
5920 

6131 
6344 
6559 
6775 
6992 

7211 

743* 

?f|t 

8103 

!33S 
8558 

8788 

9020 

9*53 

9487 
97*4 
9961 


Diff. 


II.V]..l|..,l;». 


O.OO] 

.00] 
.00: 

.002  0201 
.002  0442 

180  !  0.002  06  g  5 


'54 
'55 

1Sl 
158 

'59 

161 

162 

164 

167 

168 
169 
171 

'73 
'73 
176 
'77 
178 
180 
181 

*!3 
184 

188 
188 

190 
192 
193 

195 
196 

198 

199 

200 
202 
204 

205 
207 
208 
210 
211 

213 

216 
217 
219 

221 

222 
224 
225 

227 

228 
230 
232 

*33 
*34 
237 
237 
240 
241 
*43 


0.000  7698 
.000  7822 
.000  7948 
.000  8074 
.000  8202 


8330 
8459 
8590 
8721 
8853 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 

0.000 

•  OOO 

.000 
.00 

.00 

0.001 

.001 

.001 
.001 

.001 

0.001 
.001 
.001 
.001 
.001 

0.001 
.001 
.001 
.001 
.001 

0.001 
.001 
.001 
.001 
.001 

0.001 
.001 
.001 
.001 
.001 

0.001 
.001 
.001 

.001 

.001 

0.001 
.001 
.001 
.001 
.001 

0.00 1 
.001 
.001 
.001 
.001 


8986 

9120 

9*55 
9390 

95*7 
9665 
9803 

9943 
0083 
0224 

0366 
0509 
0653 
0798 
0944 

109 1 
1238 
1387 
1536 
1686 

1838 
1990 
2143 
2296 
2451 

2607 
2763 
2921 
3079 
3238 

3398 
3559 

37*' 
3883 
4047 

421 1 
4377 
4543 
4710 
4878 

5°47 
5216 

5387 
5558 
573° 

59°3 
6077 
6252 
6428 
6604 

0.001  6782 
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TABLE  XIV. 

For  finding  the  Ratio  of  the  Sector  to  the  Triangle. 


0.180 
.1S1 
.182 
.183 
.184 

0.185 
.186 
.187 
.188 
.189 

0.190 
.191 
.192 
.193 
•'94 

0.195 
.196 
.197 
.198 
.199 

0.200 
.201 
.202 
.203 
.204 

0.205 
.206 
.207 
.208 
.209 

0.210 
.211 
.212 
.213 
.214 

0.215 
.216 
.217 
.218 
.219 

0.220 
.221 
.222 
.223 
.224 

0.225 
.226 
.227 
.228 
.229 

0.230 
.231 
.232 
.233 
.234 

0.235 
.236 
.237 
.238 
.139 

0.240 


Ellipse. 


0.002  0685 

.002  0929 

.002  I 175 

.002  1422 

.002  1671 

0.OO2  1922 

.002  2174 

.002  2428 

.002  2683 

.002  2941 

0.002  3199 

.002  3460 

.002  3722 

.002  3985 

.002  4251 

0.002 
.002 
.002 
.002 
.002 


4518 
4786 
5056 
5328 
5602 

5877 
6154 
6433 
6713 
6995 

7278 

7564 
7851 
8139 
8429 

8722 
9015 
9311 
9608 
9907 

0.003  0207 
.003  0509 
.003  0814 
.003  1 1 19 
.003  1427 

0.003  '736 

.003  2047 

.003  2359 

.003  2674 

.003  2990 

0.003  33°8 
.003  3627 
.003  3949 
.003  4272 
.003  4597 


0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 

0.002 
.002 
.002 
.002 
.002 


0.003 
.003 
.003 
.003 
.003 

0.003 
.003 
.003 
.003 
.003 


4924 
5252 
5582 

59'4 
6248 

6584 
6921 
7260 
7601 
7944 


0.003  8289 


Diff.         Hyperbola. 


244 
246 
247 
249 
251 

252 
*54 

*S! 
258 

261 
262 
263 
266 
267 

268 
270 
272 
274 
*75 
277 
279 
280 
282 
283 

286 
287 
288 
290 
293 

293 
296 
297 
299 
300 

302 
305 

3°5 
308 
309 


345 


0.001 
.001 
.001 
.001 
.001 

0.00 1 
.001 
.001 
.001 
.001 

0.00 1 
.001 
.001 
.001 
.001 


6782 
6960 
7139 
73'9 
7500 

7681 
7864 
8047 
8231 
8416 

8602 
8789 
8976 
9165 
9354 
0.001  9544 
.001  9735 
.001  9926 
.002  01 19 
.002  0312 

0.002  0507 

.002  0702 

.002  0897 

.002  1 094 

.002  1292 

0.002  1490 
.002  1689 
.002  1889 
.002  2090 
.002  2291 

0.002  2494 

.002  2697 

.002  2901 

.002  3106 

.002  331 1 

0.002 
.002 
.002 
.002 
.002 


Diff. 


O.002 


311 

.002 

312 

.002 

316 

318 

.002 
.002 

0.002 

319 

.002 

322 

.002 

323 

.002 

3*5 

.002 

327 

328 

0.002 
.002 

330 

.002 

332 

.002 

334 
336 

.002 

0.002 

337 

.002 

339 

.002 

34' 

.002 

343 

.002 

35'8 
37*5 
393* 
4142 

435* 

4562 

4774 
4986 

5'99 
54'* 

5627 
5842 
6058 
6275 
6493 

6711 
6931 
7i5i 
737' 
7593 
7816 
8039 
8263 
8487 
8713 

8939 


178 
179 
180 
181 
181 

Ji3 
183 

184 

185 

186 

187 
187 
189 
189 
190 

191 

191 
'93 
193 

'95 

'95 
'95 
'97 
198 
198 

'99 

200 
201 
201 
203 

203 
204 
205 
205 
207 

207 
207 
210 
210 
210 

212 
212 
213 
213 

215 

216 
217 

«i 

220 
220 
220 
222 
223 

223 
224 
224 
226 
226 


0.240 
.241 
.242 
.243 
.244 

0.245 
.246 
.247 
.248 
.249 

0.250 
.251 
.252 
.253 
.254 

0.255 
.256 

•Z5l 
.258 

.259 

0.260 
.261 
.262 
.263 
.264 

0.265 
.266 
.267 
.268 
.269 

0.270 
.271 
.272 
.273 
.274 

0.275 
.276 
.277 
.278 
.279 

0.280 
.281 
.282 
.283 
.284 

0.285 
.286 
.287 
.288 
.289 

0.290 
.291 
.292 
.293 
.294 

0.295 
.296 
.297 
.298 
.299 


Ellipse. 


O.003  8289 
.003  8635 
.003  8983 
.003  9333 
.003  9685 

0.004  0039 
.004  0394 
.004  0752 
.004  II 1 1 
.004  1472 


1835 
2199 
2566 
2934 
3305 

3677 
4051 

44*7 
4804 
5184 

0.004  5566 
.004  5949 
.004  6334 
.004  6721 
.004  7 1 1 1 


0.004 
.004 
.004 
.004 
.004 

0.004 
.004 
.004 
.004 
.004 


0.004 
.004 
.004 
.004 
.004 

0.004 
.004 
.005 
.005 
.005 

0.005 
.005 
.005 
.005 
.005 

0.005 
.005 
.005 
.005 
.005 

0.005 
.005 
.005 
.005 
.005 

0.005 
.005 
.005 
.005 
.005 

0.006 
.006 
.006 
.006 
.006 


7502 
7894 
8289 
8686 
9085 

9485 


0292 
0699 
1 107 

»5'7 
1930 
2344 
2760 
3'78 

3598 
4020 

4444 
4870 

5*98 

57*8 
6160 
6594 
7030 
7468 

7908 
8350 
8795 

9689 

0139 
0591 
1045 
1502 
i960 


O.3OO  !  O.O06    2421 


Diff.     I    Hyperbola. 


346 
348 
350 

35* 
354 

3S§ 
358 

359 
361 
363 

364 
367 
368 
37» 
37* 

374 
376 

377 
380 
382 

3!3 

3!s 
387 
390 

39' 
392 
395 
397 
399 
400 

403 
404 
407 
408 
410 

4'3 

4'4 
416 
418 
420 

422 

4*4 
426 
428 
430 

43* 
434 
436 
438 
440 

44* 
445 
446 
448 
450 

45* 
454 

461 


0.002  8939 
.002  9166 
.002  9394 
.002  9623 
.002  9852 

0083 
0314 

°54S 
0778 
IOI1 

1245 

1480 
1716 
1952 
2189 

2427 
2666 
2905 
3146 
3387 

3628 

3871 
4114 

4358 
4603 

4848 
5094 
5341 

m 

6087 

£337 
6587 
6839 
7091 

7344 
7598 
7852 
8107 
8363 

8620 
8877 
9'35 
9394 
9654 

9914 

0175 
.004  0437 
.004  0700 
.004  0963 

0.004  1227 

.004  1491 

.004  1757 

.004  2023 

.004  2290 

0.004  2557 

.004  2826 

.004  3095 

.004  3364 

.004  3635 

0.004  39°6 


0.00 
.00 
.00 

.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 
.00 
.00 
.00 

0.00 
.00 


Diff. 


227 
228 
229 
229 
231 

231 

231 

*33 
233 

*34 

*3S 
236 
236 
237 
238 

*39 
*39 
241 
241 
241 

*43 
*43 
*44 
*45 
*45 
246 

248 
249 
249 

250 
250 
252 
252 
*53 

*54 
*54 

256 
*57 

*s7, 
258 

259 

260 

260 

261 
262 
263 
263 
264 

264 
266 
266 
267 
267 

269 
269 
269 

271 
271 


631 


TABLE  XV. 

For  Elliptic  Orbits  of  great  eccentricity. 


or  S 


O 
1 
2 
3 
4 

5 
6 

7 
8 
9 

10 
11 
12 
13 
14 

15 
16 
17 
18 
19 

20 
21 
22 
•23 
24 

25 
26 

27 
28 
29 

30 


log  Bo  or  log  Brf 


o.ooo  oooo 
.ooo  oooo 
.ooo  oooo 
.ooo  oooo 
.ooo  oooo 

o.ooo  oooo 
.ooo  oooo 
.ooo  oooo 
.ooo  oooo 
.ooo   OOO I 

O.OOO  OOOI 
.OOO  OOOI 

.ooo  0002 

.OOO  0002 

.ooo  0003 

0.000  0004 

.000  0005 

.000  0007 

.000  0009 

.000  001 1 

0.000  0013 

.000  0016 

.000  0019 

.000  0023 

.000  0027 

0.000  0032 
.000  0037 
.000  0043 
.000  0050 
.000  0057 

0.000  0066 


log  y 


0.000  oooo 

.000  0007 

.000  0028 

.000  0064 

.000  o 1 1 3 

0.000  0177 

.000  0255 

.000  0347 

.000  0454 

.000  0574 

0.000 
.000 
.000 
.000 
.000 


0709 

0858 

1 02 1 

1199 
1390 

1596 
1816 

2051 
2299 
2562 

2839 
3I31 

3437 
3757 
4091 

0.000  4440 
.000  4803 
.000  5 1 81 
.000  5573 
.000  5980 

0.000  6400 


0.000 
.000 
.000 
.000 
.000 

0.000 
.000 
.000 
.000 
.000 


36 

ft9 
64 

78 
92 
107 
120 
»35 
149 
163 
178 
191 
206 

220 

^35 
248 
263 

277 

292 
306 
320 
334 
349 

363 
37» 
392 

407 
420 


30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 
41 
42 
43 
44 

45 

46 

47 
48 
49 

50 
51 
52 
53 
54 

55 
56 
57 

58 
59 

60 


logB0orlogB0' 


0.000  0066 
.000  0075 
.000  0086 
.000  0097 
.000  0109 

0.000  0122 

.000  0137 

.000  0153 

.000  01 7 I 

.000  0190 

0.000  0210 
.000  0232 
.000  0255 
.000  0281 
.000  0308 

0.000  0337 
.000  0368 
.000  0401 
.000  0437 
.000  0475 

0.000  0515 
.000  0558 
.000  0604 
.000  0652 
.000  0703 

0.000  0757 
.000  0815 
.000  0875 
.000  0939 
.000  1007 

0.000  1078 


Diff. 


13 

!2 

iS 

20 


-3 

26 

27 
29 

31 

3  3 
36 

M 

40 

a 
48 

51 

54 

58 
00 

64 

68 


logiV 


0.000  6400 
.000  6836 
.oco  7286 
.000  7750 
.000  8229 

0.000  8722 

.000  9230 

.000  9753 

.001  0290 

.001  0842 


1409 
1990 

2586 

3'97 
3823 


0.001 
.001 
.001 
.001 
.001 

0.00 1 
.001 
.001 
.001 
.001 

0.00 1 
.001 
.001 
.002 

.C02 

0.002 
.002 
.002 
.002 
.002 

0.002 


4463 
5Il8 

5788 
6473 

7173 


86l8 
9362 
OI22 
0897 

1687 

^493 
3313 
4i49 
5000 

5866 


436 
450 
464 
479 
493 

508 
523 
537 
55* 
567 

581 
596 
611 
626 
640 

655 
670 
685 
700 
715 

73° 
744 
760 

775 
790 

806 
820 
836 
851 
866 


TABLE  XVI. 

For  Hyperbolic  Orbits. 


morn 

log  Q  or  log  V 

log  I.  Diff. 

log  halfll. Diff. 

morn 

log  Q  or  log  Q' 

log  I.  Diff. 

log  half  II.  Diff. 

:  0.00 

0.000  oooo 



2.1149* 

O.IO 

9.998    7021 

3.41256* 

2.1046* 

1     .01 

9.999  9870 

2-41  597n 

2.1 146,, 

.11 

.998   4308 

3-45326* 

2.1025* 

:     .02 

•999  9479 
.999  8828 

2.71675,, 

2.1142* 

.12 

.998    1342 

3.49028* 

2.1003* 

.03 

2.89259,, 

2.1137* 

•13 

•997   8'23 

3-52423" 

2.0978* 

.04 

•999  79'7 

3.01741,, 

2.1130* 

.14 

•997  4654 

3-55547» 

2.0952* 

0.05 

9.999  6746 

3.11411* 

2.II2I* 

O.I5 

9.997  0936 

3-58453» 

2.0923* 

.06 

•999  53l6 
•999  3628 

3.19290* 

2.1  I  IO* 

.16 

.996  6971 

3.61154* 

2.0892* 

.07 

3.25940* 
3.31687* 

2.IOQ7* 
2.Io82„ 

•17 

.996  2760 

3.63679* 
3.66048* 

2.0860* 

.08 

.999   1682 

.18 

•995  83°5 

2.0826* 

.09 

.998  9479 

3.36745* 

2.1065* 

.19 

•995  36°8 

3.68276* 

2.0790* 

0.10 

9.998  7021 

3-41256* 

2.1046* 

0.20 

9.994  8671 

3-7°378» 

2.0,'C2n 
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TABLE  XVII. 

For  special  Perturbations. 


q,  </, «" 


0.0000 
.0001 
.0002 
.0003 
.0004 

0.0005 
.0006 
.0007 
.0008 
.0009 

0.0010 
.0011 
.0012 
.0013 
.0014 

0.0015 
.0016 
.0017 
.0018 
.0019 

0.0020 
.0021 
.0022 
.0023 
.0024 

0.0025 
.0026 
.0027 
.0028 
.0029 

0.0030 
.0031 
.0032 
.0033 
.0034 

0.0035 
.0036 
.0037 
.0038 
.0039 

0.0040 
.0041 
.0042 
.0043 
.0044 

0.0045 
.0046 
.0047 
.0048 
.0049 

0.0050 
.0051 
.0052 
.0053 
.0054 

0.0055 
.0056 
.0057 
.0058 
.0059 
.0060 


For  positive  values  of  the  Argument. 


log/ 


1213 

0127 
9042 

7957 
6872 

5787 
4702 
3618 

*534 
1450 

0367 
9284 
8201 
7118 
6035 


0.477 

•477 
.476 
.476 
•476 
0.476 
.476 
.476 
.476 
.476 

0.476 
•475 
•475 
•475 
•475 

°-475  4953 
•475  3»7i 
•475  2789 
•475  1707 
.475  0626 

Q-474  9545 
•474  8464 
•474  7383 
•474  6303 
•474  5" 3 

0.474  4X43 
•474  3o63 
•474  1983 
•474  0904 
•473  9825 

0.473  8746 
•473  7667 
•473  6589 
•473  55" 
•473  4433 

°-473  3355 
•473  2278 

•473     I20I 

•473  OI*4 
.472  9047 

o-472  7970 

.472  6894 

.472  5818 

.472  4742 

.472  3666 

0.472  2591 
.472  1516 
.472  0441 
.471  9306 
.471   8292 

0.471  7218 

.471  6144 

.471  5070 

.471  3996 

.471  2923 

0.471  1850 
.471  0777 
.470  9704 
.470  8632 
.470  7560 
.470  6488 


Diff. 


086 
085 
085 
085 
085 

085 
084 
084 
084 
083 

083 
083 
083 
083 
082 

082 
082 
082 
081 
081 

081 
081 
080 
080 
080 

080 
080 
079 
079 
079 

079 
078 
078 
078 
078 

077 
077 
077 
077 
077 

076 
076 
076 
076 
075 

075 

°75 
075 
074 
074 

074 
074 
074 
073 
073 
073 
073 
072 
072 
072 


log/',  log/" 


O.301  0300 
.300  9431 
.300  8563 
.300  7695 
.300  6827 

0.300  5959 
.300  5092 
.300  4224 
.300  3357 
.300  2490 

0.300  1623 
.300  0756 
.299  9889 
.299  9023 
.299  8157 

0.299 
.299 
.299 
.299 
.299 

0.299 
.299 
.299 
.299 


Diff. 


.298 
.298 


.297 
.297 
.297 
.297 

O.297 
.297 
.297 
.297 
.297 


O.297  1388 
.297  0528 
.296  9667 
.296  8807 
.296  7946 


O.296 
.296 
.296 
.296 
.296 

O.296 
.296 
.296 
.296 
.295 
.295 


7086 
6226 
5367 
4507 
3648 

2788 
1929 
1070 
0212 

9353 
8495 


7291 
6425 

5559 
4693 
3828 

2963 
2098 
1233 
0368 
9504 

8639 

7775 
6911 
6047 
.298  5184 

0.298  4320 
.298  3457 
.298  2594 
.298  1731 
.298  0868 

0.298  0005 

9H3 

8280 

74i8 
6556 

5695 
4833 
3972 
31 10 
2249 


869 
868 
868 
868 
868 

867 
868 
867 
867 
867 

867 
867 
866 
866 
866 

866 
866 
866 
865 
865 

865 
865 
865 
864 
865 

864 
864 
864 
863 
864 

863 
863 
863 
863 
863 

862 
863 
862 
862 
861 

862 
861 
862 
861 
861 

860 
861 
860 
861 
860 

860 

859 
860 
859 
860 

859 

$ 

III 


For  negative  values  of  the  Argument. 


log/ 


Q-477 
•477 
•477 
•477 
•477 

Q-47,7 
•477 
•477 
•477 
•478 

0.478 
.478 
•478 
•478 
•478 

0.478 
•478 
•478 
•479 
•479 

0.479 
-479 
•479 
•479 
•479 

0.479 

•479 
.480 
.480 
.480 

0.480 
.480 
.480 
.480 
.480 

0.480 
.481 
.481 
.481 
.481 

0.481 
.481 
.481 
.481 
.481 

0.482 
.482 
.482 
.482 
.482 

0.482 
.482 
.482 
.482 
.483 

0.483 
.483 

•483 
.483 
.483 
.483 


1213 
2299 
3385 
447i 
5558 

6645 
7732 
8819 
9906 
0994 

2082 
3170 
4259 
5348 
6437 
7526 
8615 
9705 
0795 
1885 

2975 
4065 
5156 
6247 
7338 

8430 
9522 
0614 
1706 
2798 

3891 
4984 

6077 
7170 
8264 

9358 
0452 

'547 
2641 

3736 

4831 
5926 
7022 
8118 
9214 

0310 
1407 
2504 
3601 
4698 

5796 
6894 
7992 
9090 
0188 

1287 
2386 
3485 
4584 
5684 
6784 


Diff. 


086 
086 
086 

087 
087 

087 
087 
087 
088 
088 

088 
089 
089 
089 
089 

089 
090 
090 
090 
090 

090 
091 
091 
091 
092 

092 
092 
092 
092 
093 

093 
093 
093 
094 
094 

094 
C95 
094 
095 
095 

095 
096 
096 
096 
096 

097 
097 
097 
097 
098 

098 
098 
098 
098 
099 

099 
099 
099 

IOO 
100 


log/',  log/" 


0.301 
.301 
.301 
.301 
.301 

0.301 
.301 
.301 
.301 
.301 

0.301 
.301 
.302 
.302 
.302 

0.302 
.302 
.302 
.302 
.302 


0300 
1 1 69 

2037 
2906 
3776 

4645 
5515 
6384 

7254 
8124 

8995 
9865 
0736 
1606 
2477 

3348 
4220 
5091 
5963 
6835 

0.302  7707 

.302  8579 

.302  9451 

.303  0324 

.303  1 196 

0.303 
.303 
.303 
.303 
.303 

0.303 

•3°3 
.303 
.303 
.303 

0.304 
.304 
.304 
.304 
.304 


2069 
2942 
3815 
4689 
5562 

6436 
7310 
8184 
9058 
9933 
0807 
1682 
2557 
3432 
4308 


0.304  5183 
.304  6059 
.304  6935 
.304  781 1 
.304  8687 


0.304 
.305 
.305 
.305 
.305 

0.305 
.305 
.305 
.305 
.305 

0.305 
.305 
.306 
.306 
.306 
.306 


9563 
0440 
1317 
2194 
3071 

3048 
4825 

6581 

7459 

8337 
9215 
0094 
0073 
1851 
*73° 


Diff. 


869 
868 
869 
870 
869 

870 
869 
870 
87c 
871 

870 
871 
870 
871 
871 

87a 
871 
872 
872 
872 

872 

872 

!73 
872 

873 

!73 

!73 
874 

873 

874 

874 
874 
874 

l7S 
874 

i7S 
875 

875 
876 

875 
876 
876 
876 
876 
876 

877 
877 
877 
877 
877 

877 
878 
878 

8-»8 
878 

878 

879 
870 
878 
879 


633 


TABLE  XVII. 

For  special  Perturbations. 


«.*.«" 


For  poaltlre  Talueo  of  the  Argument. 


ta»/ 


0.0060 

0.470  6488 

.0061 

.470  5416 

.006  a 

.470  4345 

.0063 

.470  3274 

.0064 

.470  2203 

0.0065 

0.470  1 132 
.470  0062 

.0066 

.0067 

.469  8992 

.0068 

.469  7922 

.0069 

.469  6852 

0.0070 

0.469  5782 

.0071 

.469  4713 

.0072 

.469  3644 

.0073 

•469  2575 

.0074 

.469  1506 

0.0075 

0.469  0437 

.0076 

.468  9369 

.0077 

.468  8301 

.0078 

.468  7233 
.468  6165 

.0079 

0.0080 

0.468  5098 

.0081 

.468  4031 
.468  2964 

.0082 

.0083 

.468  1897 

.0084 

.468  0831 

0.0085 

0.467  9765 

.0086 

.467  8699 

.0087 

.467  7633 
.467  6567 

.0088 

.0089 

.467  5502 

0.0090 

0.467  4437 

.0091 

.467  3372 

.0092 

•467  2307 

.0093 

.467  1243 

.0094 

•467  oi79 

0.0095 

0.466  91 1 5 
.466  8051 

.0096 

.0097 

.466  6988 

.0098 

.466  5925 

.0099 

.466  4862 

O.OIOO 

0.466  3799 

.0101 

.466  2736 

.0102 

.466  1674 

.0103 

.466  0612 

.0104 

.465  9550 

0.0105 

0.465  8488 

.0106 

.465  7427 

.0107 

.465  6366 

.0108 

.465  5305 

.0109 

•465  4*44 

O.OIIO 

0.465  3183 

.0111 

.465  2123 

.0112 

.465  1063 

.0113 

.465  0003 

.0114 

•464  8943 

0.0115 
.0110 

0.464  7884 

.464  6825 

.0117 

.464  5766 

.0118 

.464  4707 

.0119 

.464  3648 

.0120 

.464  2590 

DUt 


072 
071 
071 
071 
071 

070 
070 
070 
070 
070 

069 
069 
069 
069 
069 

068 
068 
068 
068 

067 

067 
067 
067 
066 
066 

066 
066 
066 
065 
065 

065 
065 
064 
064 
064 

064 
063 
063 
063 
063 

063 
062 
062 
062 
062 

061 
061 
061 
061 
061 

060 
060 
060 
060 
059 

059 
059 
059 
059 
058 


log/',  log/" 


0.295  8495 
.295  7637 
.295  6779 
.295  5921 
.295   5063 

0.295  4205 
.295  3348 
.295  3491 
.295  1634 
.295  0777 


0.294 
.294 

•294 
.294 
.294 

0.294 

•294 
.294 

•294 
.294 


9920 
9064 
8208 

7351 
6495 

5640 
4784 
3928 

3°73 
2218 


0.294  1363 
.294  0508 
•293  9653 
•293  8799 
•293  7945 

0.293  7°9° 
.293  6236 

•293  S3«3 
.293  4529 
.293   3675 


0.293 

•293 
.293 

•293 
.292 

0.292 
.292 
.292 
.292 
.292 

0.292 
.292 
.292 
.292 
.292 


2822 
1969 
1 1 16 
0263 
941 1 

8558 
7706 
6854 
6002 
5150 

4298 
3447 
2595 
1744 
0893 

0.292  0043 
.291  9192 
.291  8341 
.291  7491 
.291  6641 

0.291  5791 
.291  4941 
.291  4092 
.291  3242 
.291  2393 

0.291  1544 
.291  069c 
.290  9840 
.290  8997 
.290  8149 
.290  7300 


858 
858 
858 
858 
858 

857 
857 

S57 
857 

857 

856 
856 

857 

856 

855 

856 
856 

855 
855 
855 

055 

!55 
854 

854 

855 

854 

853 
854 
854 
853 

853 
853 
853 
852 

853 
852 
852 
852 
852 
852 

851 

852 
851 

I51 
850 

851 

051 
850 

850 

850 

850 

849 
850 
849 
849 

849 
849 
849 
848 

849 


634 


For  negative  rallies  of  the  Argument. 


>og/ 


483  6784 

483  7884 

483  8984 

484  0085 
484  i i 86 

484  2287 
484  3388 
484  449° 
484  5592 
484  6694 

484  7796 

484  8898 

485  0001 
48  5  1 1 04 
485  2207 

485  33" 
485  4415 
485  5519 
485  6623 
485  7728 

485  8833 

485  9938 

486  1043 
486  2149 
486  3255 

486  4361 
486  5467 
486  6573 
486  7680 
486  8787 

486  9894 

487  1001 
487  2109 
487  3217 
487  4325 

487  5433 
487  6542 
487  7651 
487  8760 
487  9869 


488 


488 
488 
488 
488 
489 
489 

489 
489 

489 
489 

489 
489 
489 
490 
490 
490 


0979 
2089 
3199 
4309 
5420 

6531 
7642 

8753 
9865 
0977 

2089 
3201 
43H 
5427 
6540 

7653 
8767 
9881 
0995 
2109 
3223 


100 
100 
101 
101 

IOI 

IOI 

102 
I02 
I02 
I02 

I02 
I03 
IO3 
IO3 
I04 

IO4 
IO4 
IO4 
I05 
IO5 

IO5 
IO5 
I06 
I06 
I06 

I06 
I06 

IO7 
IO7 
IO7 

IO7 
I08 
I08 
I08 
I08 

IO9 
IO9 
IO9 
IO9 

no 

no 
no 
no 
in 
in 

m 
in 
112 
112 
112 

112 
113 
113 
113 
113 

114 

114 
114 
114 
114 


log/',  log/" 


0.306  2730 
.306  3610 
.306  4489 

.306  5360 

.306  6248 

0.306  7128 
.306  8009 

.306  8889 

.306  9769 
.307  0650 


0.307 
.307 

•3°.7 
.307 
.307 

0.307 
.307 
.307 
.307 
.307 

0.308 
.308 
.308 
.308 
.308 

0.308 
.308 
.308 
.308 
.308 

0.308 
.309 
.309 
.309 
.309 

0.309 
.309 
.309 
.309 
.309 

0.309 
.309 
.309 
.310 
.310 

0.310  2473 

.310  3360 

.310  4248 

.310  5136 

.310  6023 

0.310  6911 
.310  7800 
.310  8688 
.310  9577 
.311  0465 

0.311  1354 
.311  2243 
.311  3133 
.311  4022 
.311  4912 
.311  5802 


1531 
2412 
3293 
4174 
5056 

5938 
6820 
7702 
8584 
9466 

0349 
1232 
2115 
2998 
3881 

4765 
5648 
6532 
7416 
8301 

9185 
0070 
0954 

1839 

2725 

3610 
4495 

6267 
7153 
8039 
8926 
9812 
0699 
1586 


TABLE  XVII. 

For  special  Perturbations. 


ft  <t,  «" 


0.0120 
.0121 
.OI22 
.OI23 
.OI24 

O.OI25 
.OI26 
.OI27 
.OI28 
.OI29 

0.01  30 
.0131 
.0132 

.0133 

01 3+ 
0.0135 
.0136 
.0137 
.0138 
.0139 

0.0140 
.0141 
.0142 
.0143 
.0144 

0.0145 
.0146 
.0147 
.0148 
.0149 

0.0150 
.0151 
.0152 
.0153 
.0154 

0.0155 
.0156 
.0157 
.0158 
.0159 

0.0160 
.0161 
.0162 
.0163 
.0164 

0.0165 
.0166 
.0167 
.0168 
.0169 

0.0170 
.0171 
.0172 
.0173 
.0174 

0.0175 
.0176 
.0177 
.0178 
.0179 
.0180 


For  positive  value*  of  the  Argument. 


log/ 


0.464 
.464 
.464 
.463 
.463 

O.463 
.463 
.463 
.463 
.463 

0.463 
.463 
.462 
.462 
.462 

O.462 
.462 
.462 
.462 
.462 

O.462 
.462 
.461 
.461 
.461 

O.461 
.461 
.461 
.461 
.461 

O.461 
.460 
.460 
.460 
.460 

0.460 
.4.60 
.460 
.460 
.460 

0.460 
•459 
•459 
•459 
•459 

0.459 
•459 
•459 
•459 
•459 

0.458 
.458 
.458 
.458 
.458 

0.458 
.458 
.458 
.458 
.458 
•457 


2590 
1532 

0474 
9416 

8359 
7302 
6245 
5188 
4132 
3076 

2020 
0964 
9908 
8853 
7798 

6743 
5688 

4633 
3579  i 
2525 

H7i 
0417  I 

9364 
8311  j 
7258  j 

6205  j 

5153  j 
4101 

3°49 
1997 

0945  ! 

9894 

8843 

779* 
6741  j 
5690 
4640  ' 

359°  I 
2540  I 
1490 

0441  '• 
939* 
8343 
7*94  I 
6245 

5>97 
4149 
3101 
2053 
1006 

9959 
8912 
786c 
6818 

5772 

4726 
3680 
2634 
1589 
0544 
9499 


058 
058 
058 
057 
°57 
057 
057 
056 
056 
056 

056 
056 
o55 

o55 
o55 

°55 
055 
°54 
°54 
054 

°54 

°53 
053 
053 
053 


052 
052 

051 
051 
051 
051 
051 

050 
050 
050 
050 
049 

049 
049 
049 
049 
048 

048 
048 
048 
047 
047 

047 
047 
047 
046 
046 

046 
046 
045 
045 
045 


log/',  log/" 


0.290 
.290 
.290 

•  .290 
.290 

0.290 
.290 
.290 
.290 
.289 

0.289 
.289 
.289 
.289 
.289 

0.289 
.289 
.289 
.289 
.289 

0.289 
.288 
.288 


6+5*  111 

^°$  111 

4751  K 

3909  g47, 

3o6x  8a7 

22  '4  111 

1367  847 

0520  |+£ 

9*73  & 

8826  _  , 

798°  lit 

lift  847 

7  g.6 

5+41  !  8J5 

4S96  !  aAfi 

375°  111 

2904  I  °4° 


845 
845 
845 


0.288 
.288 


0.288 
.288 
.288 
.287 
.287 

0.287 
.287 
.287 
.287 
.287 

0.287 
.287 
.287 
.287 
.287 

0.286 
.286 
.286 
.286 
.286 

0.286 
.286 
.286 
.286 
.286 

0.286 
.286 
.285 
.285 
.285 
.285 


2904 
2059 
1214 

0369 
95*4  lH 

7835  !  S44 

6990 1 1« 
*146 ;  844 

53°*  :  att 

4458  '  lit 
36l5  lH 

2771  I  844 

o  '  8« 
I928   # 

-85  J« 

0241   *£ 
9399  o42 

8556  .!« 

7713 
6871 
6029 
5187 
4345 

III]    M 

1820  |4> 

SSI!:: 

6?75  I  gj- 

5935  j  l\l 

fill !  1^ 

840 
0896  „ 
oo?7  I39 

r&  $ 

7541 
6702 


843 

842 
842 
842 
842 
842 


839 
839 


For  negative  values  of  the  Argument. 


log/ 


O.490 
.490 
.490 
.490 
.490 

O.490 
.490 
•49 1 
•49 1 
•49 1 

0.491 
•49i 
•49 1 
.491 

•49  ■ 
0.491 
.492 
.492 
.492 
.492 

0.492 
.492 
•49* 
•49* 
•493 

0.493 
•493 
•493 
•493 
•493 

0.493 
•493 
•493 
•494 
•494 


0.494  2390 
•494  35J4 
•494  4638 
•494  5702 
.494  6886 


0.494 
•494 
•495 
•495 
•495 

0.495 
•495 
•495 
•495 
•495 

0.495 
.496 
.496 
.496 
.496 

0.496 
.496 
.496 
.496 
.496 
•497 


8010 

9135 
0260 
1385 
2510 

3636 
4762 
5888 
7015 
8142 

9269 
0396 
1524 
2652 
3780 


3**3 
4338 
5453 
6568  I 
7684 

8800 
9916 
1032 
2149 
3266 

4383 
5500 
6618 
7736 
8854 

997* 
109 1 
2210 
3329 
4448 

5567 
6687 
7807 
8927 
0047 

1168 
2289 

3410 

453* 
5654 
6776 
7898 
9021 
0144 
1267 


7 
7106 

8*95 
94*4 
0554 


log/',  log/" 


i»S   ° 

1115 

3> 
31 
J« 

1116 

i1 

c       0 

HID 

31 

ml 

V- 

1117 
1117 
1117 

0 

31 

1117 

1118 

J1 

Bill 

il 

IIl8 

il 

IIl8 

J1 

O 

31 
J« 

31 
31 
3i 

1"9 
1119 
III9 
III9 
III9 

O 

3i 
3' 
3i 
31 
3' 

1 1 20 

1 120 

1 1 20 

1 1 20 

II2I 

O 

3i 
3i 

31 
3i 
31 

1 121 

II2I 

1122 

1122 

1122 

O 

<3i 

31 
31 

3i 

3' 

1 1 22 

II23 

1123 

1123 

1123 

O 

3i 
3« 
3i 
31 

3« 

II24 

II24 

1 124 

II24 

1 124 

O 

3' 

31 
3i 

51 

1125 

1125 

H25 

II25 

1126  ! 

V 

0 
1 126 

M 

1126 

M 

3' 

31 

1 127 

1127 

1127 

0 

3' 

1127 

1128 

1128 

1« 

H28 

j1 

1128 

j1 

0 

!< 

3« 
3i 
3i 
Jl 
II 

1 129 

1 129 

1129 

H29 

1130 

(I  5802 
[I  6692 

I  758* 

1  8472 

1  9363 

2  O254 

*  "45 

2  2036 
2  2927 
2  3819 

2  4710 
2  5602 

*  6494 
2  7387 

2  8279 

[3  9172 

[3  0064 
[3  0957 
[3  1850 
[3  2744 

3  3637 
3  453i 
3  54*5 
3  6319 

3  7*13 
3  8108 
3  9002 

3  9897 

4  079* 
4  1687 

4  2583 
4  3475 
4  4374 
4  5*7o 
4  6166 

4  7062 
4  7959 
4  8855 

4  975* 

5  0649 

5 
5 
! 

5 


1546 
2444 
3341 
4*39 
5137 

6035 
6034 
7832 
8731 
9630 

0520 
1428 
2327 

3**7 
4127 

5027 
*7 

2Z 
77*8 
8629 
9530 


22 


890 
890 
890 
891 
891 

891 
891 
891 
892 
891 

892 
892 
893 
892 
893 

892 

893 
893 

894 
893 

894 
894 
894 
894 

895 

894 
895 

895 
895 
896 

895 
896 
896 
896 
896 

897 
896 
897 
897 
897 

898 
897 
898 
898 
898 

899 
898 
899 
899 
899 

899 
899 
900 
900 
900 

900 
900 
901 
901 
901 


635 


TABLE  XVH, 

For  special  Perturbations. 


«.  tf.  9" 


0.0180 
.0181 
.0182 
.0183 
.0184 

0.0185 
.0186 
.0187 
.0188 
.0189 

0.0190 
.0191 
.0192 
.0193 
.0194 

j  0.0195 

!  .OI96 
.OI97 
.OI98 
.OI99 

0.0200 
.0201 
.0202 
.0203 
.0204 

O.0205 
.0206 
.0207 
.0208 
.C209 

0.02I0 
.02II 
.0212 
.0213 
.0214 

0.02I 
.02 
.0217 
.0218 
.0219 

0.0220 
.0221 
.0222 
.0223 
.0224 

O.O225 
.0226 
.0227 
.0228 
.0229 

O.O23O 
.O23I 
.0232 
.0233 
.0234 

O.O235 
.0236 
.0237 
.0238 
.0239 
.0240 


!2 


For  positive  values  of  the  Argument. 


log/ 


457  9499 
457  8454 
457  74°9 
457  6365 
457  53" 


457 
457 
457 
457 
457 
456 
456 
456 
456 
456 

456 
456 
456 
456 
455 

455 
455 
455 
455 
455 

455 
455 
455 
455 
454 

454 
454 
454 
454 
454 

454 
454 
454 
453 
453 

453 
453 
453 
453 
453 

453 
453 
453 
452 
452 

45* 
452 

45* 
452 
452 

45* 
45* 
45* 
45i 
451 
45i 


4*77 
3233 
2189 
1 1 46 
0103 

9060 
8017 
6975 
5933 
4891 

3849 
2808 
1767 
0726 
9685 

8644 
7604 
6564 

55*4 
4484 

3444 
2405 
1366 
0327 
9288 

8249 
7211 
6173 

5'35 
4097 

3060 
2023 
0986 

9949 
8912 

7876 
6840 
5804 
4768 
3733 
2698 
1663 
0628 

mi 

75*4 
6490 

54S6 
44** 
3389 

2356 
1323 
0290 
9258 
8226 
7'94 


Diff. 


1045 
1045 
1044 
1044 
1044 

1044 
1044 
1043 
1043 
1043 

1043 
1042 
1042 
1042 
1042 

1041 
1041 
1041 
1041 
1041 

1040 
1040 
1040 
1040 
1040 

1039 
1039 
1039 
1039 
1039 

1038 
1038. 
1038 
1038 
1037 

1037 
1037 
1037 
1037 
1036 

1036 
1036 
1036 
1035 
1035 

1035 
1035 
1035 
1035 
1034 

1034 
1034 
1034 
1033 
1033 

1033 
1033 
1032 
1032 
1032 


log/',  log/" 


0.285 

.285 

.285 
.285 

.285 
0.285 

.285 
.285 

.285 
.284 

0.284 

.284 
.284 
.284 
.284 

0.284 

.284 
.284 
.284 
.284 

0.283 

.283 
.283 
.283 

.283 

0.283 

.283 
.283 
.283 
.283 

0.283 
.283 
.282 
.282 
.282 

0.282 
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0.281 
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0.281 

.281 
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.280 
.280 


6702 

5864. 

5026 

4188 
3350 

2512 

1675 
0838 

0000 

9163 

8326 
7490 
6653 
5817 
4981 

4145 
3309 
2473 
1637 

0802 

9967 

9132 

8*97 
7462 
6627 

5793 
4958 
4124 
3290 
2456 

1623 
0789 
9956 
9123 
8290 

7457 
6624 

579* 
4959 
4127 

3*95 
2463 
1631 
0800 
9968 

?'37 
8306 

7475 
6644 
5814 

4983 
4153 
33*3 


0833 
0004 
?i74 
8345 
7516 
6687 


Diff. 


838 
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838 
838 
838 

!37 
837 

838 

837 

837 

836 

837 
836 
836 
836 
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!3S 

!35 

!35 
834 

i35 
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834 
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834 
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833 
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833 
832 
832 

832 
832 

!31 
832 

831 

831 
831 
831 
830 
831 

830 
830 
830 


'tl\  I 


830 

829 
830 
829 
829 
829 


For  negative  values  of  the  Argument. 


log/ 


0.497 
•497 
•497 
•497 
•497 

0.497 
•497 
•497 
•497 
•498 

0.498 

•498 
.498 

•498 
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0.499 
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1650 
2791 
3933 
5075 
6217 
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9646 
0789 
1932 

3076 
4220 

6508 
7653 
8798 


Diff. 


log/',  log/" 


0.3 
•3 

3 

3 
3 

3 
3 

3 
3 
3 

3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
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3 
3 
3 
3 

3 
3 
3 
3 
3 

3 
3 
3 


6  9530 

7  0431 
7  1332 
7  **34 
7  3*35 

7  4037 
7  4939 
7  5841 
7  674A 
7  7640 
7  8549 

7  945* 

8  0355 
8  1259 
8  2162 

8  3066 
8  397° 
8  4874 
8  5778 
8  5683 

8  7588 
8  8492 

8  9398 

9  0303 
9  1208 

9  2114 

9  3020 
9  39*6 
9  483* 
9  5738 

9  6645 
9  755* 
9  8459 
9  9366 
320  0273 

320  1181 
320  2088 
320  2996 
320  3904 
320  4813 

320 
320 
320 
320 
320 

321 
321 
321 
321 
321 

3*i 
3*' 
321 
321 
321 

3*1  937i 
322  0282 
322  1 194 
322  2100 
322  3018 
322  3930 


5721 
6630 

7539 
8448 

9357 
0266 
1176 
2086 
2996 
3906 

4816 

57*7 
6637 

7548 
8460 
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TABLE  XVII. 

For  special  Perturbations. 


For  positive  values  of  the  Argument. 


«.  T',  «" 


log/ 


0.0240 
.0241 
.0242 
.0243 
.0244 

0.0245 
.0246 
.0247 
.0248 
.0249 

0.0250 
.0251 
.0252 
.0253 
.0254 

0.0255 
.0256 
.0257 
.0258 
.0259 

0.0260 
.0261 
.0262 
.0263 
.0264 

0.0265 
.0266 
.0267 
.0268 
.0269 

0.0270 
.0271 
.0272 
.0273 
.0274 

0.0275 
.0276 
.0277 
.0278 
.0279 

0.0280 
.0281 
.0282 
.0283 
.0284 

0.0285 
.0286 
.0287 
.0288 
.0289 

0.0290 
.0291 
.0292 
.0293 
.0294 

0.0295 
.0296 
•0297 
.0298 
.0299 
.0300 


0.451  7194 
.451  6162 

•451  5I30 
.451  4099 
.451  3068 


451 
4Si 
450 
450 
450 

450 
450 
450 
450 
450 

450 
450 
449 
449 
449 


2037 
1006 
9975 
8945 
79*5 
6885 

5855 
4825 
3796 
2767 

1738 
0709 
9681 
8653 
7625 


449  6597 
449  5569 
449  4542 
449  35*5 
449  2488 


449 
449 
448 
448 
448 

448 
448 
448 
448 
448 

448 
448 
447 
447 
447 

447 
447 
447 
447 
447 


1461 

°435 
9409 
8383 
7357 
6331 

5305 
4280 

3*55 

2230 

1205 
0181 
9i57 
8i33 
7109 

6085 
5062 
4039 
3016 
2993 


Dill. 


447  °97° 
446  9948 
446  8926 
446  7904 
446  6882 

446  5861 
446  4840 
446  3819 
446  2798 
446  1777 

446  0756 

445  9736 
445  «7'6 
445  7696 
445  6676 
445  5657 


log/',  log/" 


1032 
1032 
1031 
1031 
1031 

1031  1 
1031  : 
1030  I 
1030 
1030 

1030 
1030 
1029 
1029 
1029 

1029 
1028 
1028 
1028 
1028 

1028 
1027 
1027 
1027 
1027 

1026 
1026 
1026 
1026 
1026 

1026 
1025 
1025 
1025 
1025 

1024 
1024 
1024 
1024 
1024 

1023 
1023 
1023 
1023 
1023 

1022 
1022 
1022 
J022 
1021 

102 1 
1021 
1 02 1 
1021 
1 02 1 

1020 
1020 
1020 
1020 
1019 


0.280 
.280 
.280 
.280 
.280 

0.280 
.280 
.280 
.280 
.279 

0.279 
.279 
.279 
.279 
.279 


6687 
5858 
5030 
4201 
3373 

*545 

1717 


0062 
9*34 
8407 
7580 

6753 
5926 
5099 

0.279  4*73 
.279  3446 
.279  2620 
.279  1794 
.279  0968 


0.279 
.278 
.278 
.278 
.278 

0.278 
.278 
.278 
.278 
.278 

0.278 
.278 
.278 

•»77 
.277 

0.277 
.277 
.277 

•*77 
.277 

0.277 
.277 
.277 
.277 
.277 

0.276 
.276 
.276 
.276 
.276 

0.276 
.276 
.276 
.276 
.276 

0.276 
.276 
•*75 
•*75 
.275 
.275 


0143 

93>7 
8492 
7666 
6841 

6016 
5191 

4367 
3542 
2718 

1894 
1070 
0246 
9422 
8599 

7775 
6952 
6129 
5306 
4483 

3661 
2838 
2016 
1 194 

0372 

955° 
8728 
7907 
7086 
6264 

5443 
4622 
3802 
2981 
2161 

1340 
0520 
9700 
8880 
8061 
7241 


829 
828 
829 
828 
828 

828 
828 
827 
828 
827 

827 
827 
827 
827 
826 

827 
826 
826 
826 
825 

826 
825 
826 
825 
825 

825 
824 
825 
824 
824 

824 
824 
824 
823 
82+ 

823 
823 
823 
823 
822 

823 
822 
822 
822 
822 

822 
821 
821 
822 
821 

821 

820 
821 
820 
821 

820 
820 
820 
819 
820 


For  negative  values  of  the  Argument. 


>og/ 


O.503  8798 
.503  99I3 
.504  1089 
.504  2235 
.504   3381 


O.504 
•5°4 
•5°4 
•5°4 
•5°4 

O.505 
.505 
.505 
•5°5 
•5°5 

O.505 
.505 
.505 
.505 
.506 

0.506 
.506 
.506 
.506 
.506 


4517 
5674 
6821 
7968 
9115 

0263 
1411 

*559 
3707 
4856 

6005 

7154 
8303 

9453 
0603 

»753 
2903 
4054 
5205 
6356 


Diff.    log/',  log/" 


0.506  7508 

.506  8660 

.506  9813 

.507  0965 

.507  2117 

0.507  3270 
.507  4423 

•5°7  5577 
.507  6731 
.507  7885 


9039 
0194 

'349 
2504 
3659 

4814 
5970 
7126 
8282 
9439 
0596 

1753 
2910 
4068 
5226 

6384 

7543 
8702 
9861 
1020 


0.507 
.508 
.508 
.508 
.508 

0.508 
.508 
.508 
.508 
.508 

0.509 
.509 
.509 
.509 
.509 

0.509 
.509 
.509 

•5°9 
.510 

0.510  2179  I 

•5'o  3339  j 

.510  43.99 

.510  5659  j 

.510  6819  j 

.510  7980  j 


45 

4" 

4« 

46 

47 

47  • 
47 
47 
4* 

48  i 
48 
48 

49  ! 
49 

49 
49 
5° 
5° 
50 

5° 
51 

n 

5* 

g 

53 

52 

52 
53 

53 

54  I 

54 
54 
54 

55 

55 
55 
55 
55 

56 

56  ' 

57 
57 

57 

57 
58 
58 

58 
59 
59 
59 

59 
59 

60  ! 
60  I 
60  I 
60 
61 


0.322  3930 
.322  4843 
.322  5756 
.322  6668 
.322  7581 

0.322  8495 
.322  9408 
.323  0322 
.323  1236 
.323  2150 

0.323  3064 

•3*3  3978 
.323  4893 
.323  5808 
.323  6723 

0.323  7638 

•3*3  8553 
.323  9469 
.324  0384 
.324  1300 

0.324 
.324 
.324 
.324 
.324 

0.324 

.324 

.324 

.324 

•3*5 
0.325 

.325 

.325 

.325 

•3*5 
0.325 

•3*5 

•3*5 

•3*5 

•3*5 


0.326 
.326 
.326 
.326 
.326 

0.326 
.326 
.326 
.326 
.326 

0.326 

•3*7 

•3*7 

•3*7 

•3*7 

0.327  4404 

•3*7  53*7 
.327  6250 

•3*7  7174 
•3*7  8°97 
.327  9021 


Diff. 


2217 

3'33 
4049 
4966 
5883 

6800 

7717 
8635 

9553 

0470 

1389 

2307 
3**5 
4i44 
5063 

5982 
6901 
7821 
8740 
9660 

0580 
1500 
2421 

334i 
4262 

5183 
6104 
7026 

7947 
8869 

9791 
0713 
163c 
255$ 
3481 


913 
9'3 
912 

913 
914 

913 
914 

9*4 

914 
914 

914 
915 
915 
915 
9*5 

916 

916 
917 
916 
916 

9'7 
917 
917 

917 
918 
918 
917 
919 

918 
918 
919 
9*9 
9>9 
919 
920 
919 
920 
920 

920 
921 
920 
921 
9*i 
921 

922 

9*1 

922 

92a 
922 

922 
9*3 
9*3 
9*3 

9*3 
9*3 
9*4 
9*3 
9*4 
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TABLE  XVIII. 

Elements  of  the  Orbits  of  Comets  which  have  been  observed. 
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TABLE  XXI.    Constants,  &c. 

log 

Base  of  Naperian  logarithms t  =  2.71828183  0.43429448 

Modulus  of  the  common  logarithms         .        .  \  =  0.43429448  9.63778431  — 10 

Radius  of  a  Circle  in  seconds r  =  206264.806  5.31442513 

ii        it        a       ii  minutes r  =  3437.7468  3.53627388 

u        ii        ii       n  degrees r  =  57.29578  1.75812263 

Circumference  of  a  Circle  in  seconds        .  1296000  6.11260500 

ii  it        a      whenr=l.        .        .        ,   n  =  3.14159265  0.49714987 

Sine  of  1  second 0.000004848137  4.68557487 

Equatorial  horizontal  parallax  of  the  sun,  according  to 

Encke 8".57116  0.9330396 

Length  of  the  sidereal  year,  according  to  Hansen  and 

Olufsen 365.2563582  days    2.56259778 

Length  of  the  tropical  year,  according  to  Hansen  and 

Olufeen 365.2422008    n       2.56258095 

This  value  of  the  length  of  the  tropical  year  is  for  1850.0.      The  annual  variation   is 
—  0 <0000000624. 

Time  occupied  by  the  passage  of  light  over  a  distance 
equal  to  the  mean  distance  of  the  earth  from  the 
sun,  according  to  Strove 497.'827  2.6970785 

Attractive  force  of  the  sun,  according  to  Gauss         .        k  =  0.017202099  8.23558144  — 10 
//            //        ii         ii           ii         ii      ii        in  se- 
conds of  arc .             3548.18761  3.55000657 

Constant  of  Aberration,  according  to  Strove 20".4451 

//         ii  Nutation,  //  l  Peters 9".2231 

Mean  Obliquity  of  the  ecliptic  for  1750  +  t, 

according  to  Bessel        ....        23°  28'  18".00  —  0".48368f  —  0".00000272295<* 
Mean  Obliquity  of  the  ecliptic  for  1800  +  t, 

according  to  Struve  and  Peters      .        .        23°  27'  54".22  —  0".473&   —  ©".OOOOOl^ 

General  Precession  for  the  year  1750  +  t,  according  to  Bessel  50".21129  +  0".0002442966< 

//  ii         ii  ii  ii         it  Strove  50".22980  +  O".000226< 


Masses  op  the  Planets,  the  Mass  of  the  Sun  being  the  unit. 


Mercury m 


Venus 


Earth 


Alars      •  • 


Jupiter         .        .        .        .  m 


4865751  1047.879 

>  Saturn „„.,    » 

390000  3501.6 

3^3?  UranU8 "ittST 

1  XT  J 

>  Iseptune „„     * 

2680637  18780 
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EXPLANATION  OF  THE  TABLES. 


Table  I.  contains  the  values  of  the  angle  of  the  vertical  and  of  the 
logarithm  of  the  earth's  radius,  with  the  geographical  latitude  as  the 
argument.  The  adopted  elements  are  those  derived  by  Bessel.  De- 
noting by  p  the  radius  of  the  earth,  by  <p  the  geographical  latitude, 
and  by  <p'  the  geocentric  latitude,  we  have 

<p'  =  <p  —  11'  30".65  sin  2?  +  1".16  sin  4?>  —  &c, 

log  P  =  9.9992747  -f  0.0007271  cos  2<p  —  0.0000018  cos  4?  +  Ac, 

p  being  expressed  in  parts  of  the  equatorial  radius  as  the  unit.  These 
quantities  are  required  in  the  determination  of  the  parallax  of  a 
heavenly  body.  The  formulae  for  the  parallax  in  right  ascension  and 
in  declination  are  given  in  Art.  61. 

Table  II.  gives  the  intervals  of  sidereal  time  corresponding  to 
given  intervals  of  mean  time.  It  is  required  for  the  conversion  of 
mean  solar  into  sidereal  time. 

Table  III.  gives  the  intervals  of  mean  time  corresponding  to 
given  intervals  of  sidereal  time.  It  is  required  for  the  conversion 
of  sidereal  into  mean  solar  time. 

Table  IV.  furnishes  the  numbers  required  in  converting  hours, 
minutes,  and  seconds  into  decimals  of  a  day.  Thus,  to  convert 
IZh  19m  43.5s  into  the  decimal  of  a  day,  we  find  from  the  Table 

IZh    =0.5416667 

19m  =0.0131944 

43«    =0.0004977 

0.5*  —  0.0000058 

Therefore  IZh  19m  43.5«  =  0.5553646 

esi 
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The  decimal  corresponding,  to  0.5s  is  found  from  that  for  5s  by 
changing  the  place  of  the  decimal  point. 

Table  V.  serves  to  find,  for  any  instant,  the  number  of  days  from 
the  beginning  of  the  year.  Thus,  for  1863  Sept.  14,  15h  53m  37.2s, 
we  have 

Sept.  0.0  =  243.00000  days  from  the  beginning  of  the  year. 
Ud  15h  53m  37.2s  =   14.66224 
Required  number  of  days  =  257.66224 

Table  VI.  contains  the  values  of  M  =  75  tan  %v  -f-  25  tan3  \v  for 
values  of  v  at  intervals  of  one  minute  from  0°  to  180°.  For  an  ex- 
planation of  its  construction  and  use,  see  Articles  22,  27,  29,  41, 
and  72. 

In  the  case  of  parabolic  motion  the  formulae  are 

r> 

m  =  -^_,  M=m(t  —  T), 

wherein  log  C0  =  9.9601277.  From  these,  by  means  of  the  Table,  v 
may  be  found  when  t  —  T  is  given,  or  t  —  T  when  v  is  known.  From 
v  =  30°  to  u  =  180°  the  Table  contains  the  values  of  log  M. 

Table  VII.,  the  construction  of  which  is  explained  in  Art.  23, 
serves  to  determine,  in  the  case  of  parabolic  motion,  the  true  anomaly 
or  the  time  from  the  perihelion  when  v  approaches  near  to  180°. 
The  formula?  are 

s/200  j  :      m      200        ql 

*  M  °  CQ     sin1™ 

w  being  taken  in  the  second  quadrant.  The  Table  gives  the  values 
of  a0  with  w  as  the  argument.  As  an  example,  let  it  be  required  to 
find  the  true  anomaly  corresponding  to  the  values  t  —  T=  22.5  days 
and  log  9  =  7.902720.     From  these  we  derive 

log  M  =  4.4582302. 

Table  VI.  gives  for  this  value  of  log  M}  taking  into  account  the 
second  differences, 

v  =  168°  59'  32".49 ; 

but,  using  Table  VII.,  we  have 

w  =  168°59'29".ll,  a0  =  3".37, 
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and  hence 

v  =  w  +  a0  =  168°  59'  32".48, 

the  two  results  agreeing  completely. 

Table  VIII.  serves  to  find  the  time  from  the  perihelion  in  the 
case  of  parabolic  motion.  For  an  explanation  of  its  construction 
and  use,  see  Articles  24,  69,  and  72. 

Table  IX.  is  used  in  the  determination  of  the  true  anomaly  or 
the  time  from  the  perihelion  in  the  case  of  orbits  of  great  eccen- 
tricity. Its  construction  is  fully  explained  in  Art.  28,  and  its  use  in 
Art.  41. 

Table  X.  serves  to  find  the  value  of  v  or  of  t  —  T  in  the  case  of 
elliptic  or  hyperbolic  orbits.  The  construction  of  this  Table  is  ex- 
plained in  Art.  29.  The  first  part  gives  the  values  of  log  B  and 
log  C,  with  A  as  the  argument,  for  the  ellipse  and  the  hyperbola. 
In  the  case  of  log  C  there  are  given  also  log  I.  Diff.  and  log  half  II. 
Diff.,  expressed  in  units  of  the  seventh  decimal  place,  by  means  of 
which  the  interpolation  is  facilitated.  Thus,  if  we  denote  by  log  (C) 
the  value  which  the  Table  gives  directly  for  the  argument  next  less 
than  the  given  value  of  A,  and  by  a  A  the  difference  between  this 
argument  and  the  given  value  of  A,  expressed  in  units  of  the  second 
decimal  place,  we  have,  for  the  required  value, 

log  G=  log  (C)  +  M  X  I.  Diff.  +  *A2  X  half  II.  Diff. 

For  example,  let  it  be  required  to  find  the  value  of  log  C  correspond- 
ing to  A  =  0.02497944,  and  the  process  will  be : — 

(1)  (2) 

Arg.  0.02,  log  (C)  =  0.0034986      logLDiff.=  4.24585  log  halfII.Diff.  =  1.778 

(1)=  8770.6   logA^.     =9.69718  21ogA4  ^9.394 

A4  =  0.497944,        (2)  =  14.8  3.94303  1.172 

log  C  =  0.0043771 

The  second  part  of  the  Table  gives  the  values  of  A  corresponding 
to  given  values  of  v. 

Table  XI.  serves  to  determine  the  chord  of  the  orbit  when  the 
extreme  radii-vectores  and  the  time  of  describing  the  parabolic  arc 
are  given.  For  an  explanation  of  the  construction  and  use  of  this 
Table,  see  Articles  68,  72,  and  117. 
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Table  XII.  exhibits  the-  limits  of  the  real  roots  of  the  equation 

sin  (/  —  C)  =  m0  sin*  z'. 

The  construction  and  use  of  this  table  are  fully  explained  in  Articles 
84  and  93. 

Tables  XIII.  and  XIV.  are  used  in  finding  the  ratio  of  the 
sector  included  by  two  radii-vectores  to  the  triangle  included  by  the 
same  radii-vectores  and  the  chord  joining  their  extremities.  For  an 
explanation  of  the  construction  and  use  of  these  Tables,  see  Articles 
88,  89,  93,  and  101. 

Table  XV.  is  used  in  the  determination  of  the  chord  of  the  part 
of  the  orbit  described  in  a  given  time  in  the  case  of  very  eccentric 
elliptic  motion,  and  in  the  determination  of  the  interval  of  time 
whenever  the  chord  is  known.  For  an  explanation  of  its  construc- 
tion and  use,  see  Articles  116,  117,  and  119. 

Table  XVI.  is  used  in  finding  the  chord  or  the  interval  of  time 
in  the  case  of  hyperbolic  motion.  See  Articles  118  and  119  for  an 
explanation  of  the  use  of  the  Table,  and  also  the  explanation  of 
Table  X.  for  an  illustration  of  the  use  of  the  columns  headed  log  I. 
Diff.  and  log  half  II.  Diff. 

Table  XVII.  is  used  in  the  computation  of  special  perturbations 
when  the  terms  depending  on  the  squares  and  higher  powers  of  the 
masses  are  taken  into  account.  For  an  explanation  of  its  construc- 
tion and  use,  see  Articles  157,  165,  166,  170,  and  171. 

Table  XVIII.  contains  the  elements  of  the  orbits  of  the  comets 
which  have  been  observed.  These  elements  are:  T,  the  time  of  peri- 
helion passage  (mean  time  at  Greenwich);  n,  the  longitude  of  the 
perihelion;  &,  the  longitude  of  the  ascending  node;  i,  the  inclina- 
tion of  the  orbit  to  the  plane  of  the  ecliptic ;  e,  the  eccentricity  of  the 
orbit;  and  q,  the  perihelion  distance.  The  longitudes  for  Nos.  1,  2, 
12,  16,  91,  92,  115,  127,  138,  155, 156, 159, 160, 162,  171, 173-175 
180,  181,  185,  191,  192,  195-199,  201,  203,  204,  207,  208,  212-215, 
217-219,  221-228,  230,  233,  234,  237-248,  251-258,  261-267, 
269-275,  277-279,  are  in  each  case  measured  from  the  mean  equinox 
of  the  beginning  of  the  year.  In  the  case  of  Nos.  134,  146,  172, 
182,  189,  190,  205,  231,  232,  236,  259,  and  268,  the  longitudes  are 
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measured  from  the  mean  equinox  of  the  beginning  of  the  next  year. 
The  longitudes  for  Nos.  19  and  27  are  measured  from  the  mean 
equinox  of  1850.0;  for  No.  186,  from  the  mean  equinox  of  July  3; 
for  No.  187,  from  the  mean  equinox  of  Nov.  9;  for  No.  200,  from 
the  mean  equinox  of  July  1 ;  for  No.  202,  from  the  mean  equinox 
of  Oct.  1 ;  for  No.  206,  from  the  mean  equinox  of  Oct.  7 ;  for  No.  211, 
from  the  mean  equinox  of  1848.0;  for  No.  216,  from  the  mean  equi- 
nox of  Feb.  20;  for  No.  229,  from  the  mean  equinox  of  April  1;  for 
No.  250,  from  the  mean  equinox  of  Oct.  1 ;  and  for  No.  276,  from 
the  mean  equinox  of  1865  Oct.  4.0. 

Nos.  1,  2,  11,  12,  20,  23,  29,  41,  53,  80,  and  177  give  the  elements 
for  the  successive  appearances  of  Halley's  comet;  Nos.  104,  116,  126, 
143,  149,  157,  167, 170,  176,  178,  183,  194,  210,  220,  235,  249,  and 
260,  those  for  Encke's  comet,  the  longitudes  being  measured  from  the 
mean  equinox  for  the  instant  of  the  perihelion  passage.  Nos.  92, 
127,  159,  172,  196,  and  222  give  the  elements  for  the  successive  ap- 
pearances of  Biela's  comet;  Nos.  187,  216,  250,  and  276,  those  for 
Faye's  comet;  Nos.  197  and  238,  those  for  Brorsen's  comet;  Nos. 
217  and  243,  those  for  D' Arrest's  comet;  and  Nos.  145  and  245, 
those  for  Winnecke's  comet.  For  epochs  previous  to  1583  the  dates 
are  given  according  to  the  old  style. 

This  Table  is  useful  for  identifying  a  comet  which  may  appear 
with  one  previously  observed,  by  means  of  a  similarity  of  the  ele- 
ments, its  periodic  character  being  otherwise  unknown  or  at  least  un- 
certain. The  elements  given  are  those  which  appear  to  represent  the 
observations  most  completely.  For  a  collection  of  elements  by  vari- 
ous computers,  and  also  for  information  in  regard  to  the  observations 
made  and  in  regard  to  the  place  and  manner  of  their  publication, 
consult  Carl's  Repertorium  der  Cometen-Astronomie  (Munich,  1864), 
or  Galle's  Cometen-Verzeichniss  appended  to  the  latest  edition  of 
Olbers's  Methode  die  Bahn  eines  Cometen  zu  berechnen. 

Table  XIX.  contains  the  elements  of  the  orbits  of  the  minor 
planets,  derived  chiefly  from  the  Berliner  Astronomisches  Jahrbuch 
fur  1868.  The  epoch  is  given  in  Berlin  mean  time;  3/ denotes  the 
mean  anomaly,  <p  the  angle  of  eccentricity,  fi  the  mean  daily  motion, 
and  a  the  semi -transverse  axis.  The  elements  of  Vesta,  Iris,  Flora, 
Metis,  Victoria,  Eunotnia,  Melpomene,  Lutetia,  Proserpina,  and 
Pomona  are  mean  elements ;  the  others  are  osculating  for  the  epoch. 
The  date  of  the  discovery  of  the  planet,  and  the  name  of  the  dis- 
coverer, are  also  added. 
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Table  XX.  contains  the  mean  elements  of  the  orbits  of  the 
major  planets,  together  with  the  amount  of  their  variations  during  a 
period  of  one  hundred  years.  The  epoch  is  expressed  in  Greenwich 
mean  time,  and  L  denotes  the  mean  longitude  of  the  planet. 


Table  XXI.  gives  the  values  of  the  masses  of  the  major  planets, 
and  also  various  constants  which  are  used  in  astronomical  calcula- 
tions. 


APPENDIX. 


A.  Precession. — If  we  adopt  the  values  for  the  precession  and  for 
the  variation  of  the  position  of  the  plane  of  the  ecliptic  given  in 
Art.  40,  and  put 

M  =  171°  36'  10"  +  39".79  (t  —  1750), 

the  formulae  for  the  annual  precession  in  longitude  {X)  and  latitude 
(/S)  become,  for  the  instant  t, 

4^-  =  50".2113  +  0".0002443  (t  —  1750) 
at 

4-  (0".4889  —  0".00000614  (t  —  1750))  cos  (A  —  M)  tan  ft        (1) 
dS 
tt  =  —  (0".4889  —  0".00000614  (t  —  1750))  sin  (7  —  M). 

If  we  denote  the  planetary  precession  by  a,  the  luni-solar  preces- 
sion by  /„  and  the  obliquity  of  the  fixed  ecliptic,  at  the  time  1750  +  r, 
by  e0,  we  have,  according  to  Bessel, 

^  =  0".17926  —  0".0005320786  r, 

$Jl  =  50".37572  —  0".000243589  r, 
at 

e0  =  23°  28'  18".0  +  0".0000098423  r», 

and  if  we  put 

dl,        da  .        dl, 

C0S£°-dT—dT  =  m>         »n  ••*-  =  ». 

the  formula?  for  the  annual   precession  in  right   ascension  (a)  and 
declination  (<5)  become 

da  .  dd  ,„ 

-—  =  m  +  n  tan  o  sin  o,  —=t-  =  n  cos  o,  (2) 
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and  the  numerical  values  of  *ni  and  n  are,  for  the  instant  t, 

m  as  46".02824  +  0".0003086450  (t  —  1750), 
n  =  20".06442  —  0".0000970204  (*  —  1750). 

To  determine  the  precession  during  the  interval  V — t,  we  compute 
the  annual  variation  for  the  instant  £  (tf  +  t)  and  this  variation  mul- 
tiplied by  t' —  t  furnishes  the  required  result. 

B.  NutoMon. — The  expressions  for  the  equation  of  the  equinoxes 
and  for  the  nutation  of  the  obliquity  of  the  ecliptic  are,  according  to 
Peters, 

A?.  =  — 17".2405  sin  ft  +  0".2073  sin  2ft  —  0".2041  sin  2C  -f  0".0677  sin  ( C  —  F) 
— 1".2694  sin  20  +  0".1279  sin  (Q  —  r) 

—  0".0213sin(O  +  r), 

Ae  =  +  9".2231  cos  ft  —  0".0897  cos  2ft  +  (T.0886  cos  2(T 

+  0".5510  cos  20  +  0".0093  cos  (0  +  r), 

for  the  year  1800,  and 

AA  =  —  17".2577  sin  ft  +  0".2073  sin  2ft  —  0".2041  sin  2  C  +  0".0677  sin  ( (L  —  I") 

—  l".2695sin  20  +  0".1275  sin  (©  —  r) 

—  0".0213  sin  (0  +  r), 

be  =  +  9".2240  cos  ft  —  0".0896  cos  2ft  +  0".088o  cos  2£ 

+  0".5507  cos  20  +  0".0092  cos  (0  +  r), 

for  the  year  1900.  In  these  equations  ft  denotes  the  longitude  of 
the  ascending  node  of  the  moon's  orbit,  referred  to  the  mean  equinox, 
d  the  true  longitude  of  the  moon,  O  the  true  longitude  of  the  sun,  r 
the  true  longitude  of  the  sun's  perigee,  and  P  the  true  longitude  of 
the  moon's  perigee.  The  values  of  these  quantities  may  be  derived 
from  the  solar^and  lunar  tables,  and  thus  the  required  values  of  aP. 
and  ae  may  be  found.  The  equations  give  the  corrections  for  the 
reduction  from  the  mean  equinox  to  the  true  equinox. 

To  find  the  nutation  in  right  ascension  and  in  declination,  if  we 
consider  only  the  terms  of  the  first  order,  we  have 


do. 
~dl 


A£, 


da       , 
Aa=—  AA-f 

dd      ,    ,    dd 


(4) 


The  values  of  a^  and  A£  are  found  from  the  preceding  equations,  and 
for  the  differential  coefficients  we  have 
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da  ,  .    .  (!■> 

— —  =  cos  e  -f-  sin  e  tan  o  sin  o,  -77  =  cos  a  sin  e, 

ax  ax 

c?o  .  a"<J 

-=-  =  —  cos  a  tan  o,  -j-  =  sin  o. 

as  ae 


(5) 


The  terms  of  the  second  order  are  of  sensible  magnitude  only  when 
the  body  is  very  near  the  pole,  and  in  this  case  by  computing  the 
second  differential  coefficients  the  complete  values  may  be  found. 

In  the  reduction  of  the  place  of  a  planet  or  comet  from  the  mean 
equinox  of  one  date  t  to  the  true  equinox  of  another  date  t',  the 
determination  of  the  correction  for  precession  and  of  that  for  nutation 
may  be  effected  simultaneously.  Thus,  let  r  denote  the  interval 
t' —  t  expressed  in  parts  of  a  year,  and  the  sum  of  the  corrections  for 
precession  and  nutation  gives 

Aa  =  m?  -\-  ax  cos  ■  +  (.nr  +  A'-  sin  £)  sin  a  tan  8  —  Ae  cos  a  tan  d, 

A'5  ==  (nr  -)-  ax  sin  s)  cos  a  -f-  Ae  sin  a.  ^  ' 


Let  us  now  put 


mr  -f-  AX  cos  e=f, 

nr  +  &l  sin  s  =  g  cos  G,  (7) 

—  Ae  =  g  sin  G, 

and  the  equations  (6)  become 

^«=/+5rsin((?4-o)tan^, 

a5=        f7cos(G  +  o),  w 

as  already  given  in  Art.  40. 

The  astronomical  ephemerides  give  at  intervals  of  a  few  days  the 
values  of  the  quantities/,  g,  and  G  for  the  reduction  of  the  place  of 
the  body  from  the  mean  equinox  of  the  beginning  of  the  year  to  the 
true  equinox  of  the  date;  and,  in  order  to  obtain  uniformity  and 
accuracy,  the  beginning  of  the  year  is  taken  at  the  instant  when  the 
mean  longitude  of  the  sun  is  280°.  When  these  tables  are  not  avail- 
able, the  values  of/,  g,  and  G  may  be  found  directly  by  means  of 
the  equations  (7).  The  reduction  from  the  true  equinox  of  t'  to  the 
mean  equinox  of  t  will  be  obtained  by  changing  the  signs  of  the 
corrections. 

C.  Aberration. — The  aberration  in  the  case  of  the  planets  and 
comets  may  be  considered  in  three  different  modes: — 

1.  If  we  subtract  from  the  observed  time  the  interval  occupied  by 
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the  light  in  passing  to  the  earth,  the  result  will  be  the  time  for  which 
the  true  place  is  identical  with  the  apparent  place  for  the  observed 
time. 

2.  If  we  compute  the  time  occupied  by  light  in  traversing  the 
distance  between  the  body  and  the  earth,  and,  by  means  of  the  rate 
of  the  variation  of  the  geocentric  spherical  co-ordinates,  compute  the 
motion  during  this  interval,  we  may  derive  the  true  place  at  the  in- 
stant of  observation. 

3.  We  may  consider  the  observed  place  corrected  for  the  aberration 
of  the  fixed  stars  as  the  true  place  at. the  instant  when  the  light  was 
emitted,  but  as  seen  from  the  place  of  the  earth  at  the  instant  of 
observation. 

The  formulae  for  the  actual  aberration  of  the  fixed  stars  are — 


(9) 


aX  =  —  20".4451  cos  (X  —  ©)  sec  P  —  0".3429  cos  {X  —  r)  sec  £ 
A,?=  +  20".4451  sin  {X  —  ©)  sin  /?  +  0".3429  sin  (X  —  /')  sin  /9), 

in  the  case  of  the  longitude  and  latitude,  and 

Aa  =  —  20".4451  (cos  O  cos  e  cos  a  -f  sin  O  sin  a)  sec  S 

—  0".3429  (cos  r  cos  e  cos  a  -f-  sin  Tsin  a)  sec  d, 

A<J  =  -f  20".4451  cos  ©  (sin  a  sin  J  cos  e  —  cos  8  sin  e)  (10) 

—  20".44ol  sin  ©  cos  a  sin  S 

+  0".3429  cos  F  (sin  a  sin  3  cos  e  —  cos  8  sin  e) 

—  0".3429sinrcososin<>, 

in  the  case  of  the  right  ascension  and  declination.  In  these  formulae 
r  denotes  the  longitude  of  the  sun's  perigee,  and  they  give  the  cor- 
rections for  the  reduction  from  the  true  place  to  the  apparent  place. 

D.  Intensity  of  Light. — If  we  denote  by  r  the  distance  of  a  planet 
or  comet  from  the  sun,  by  A  its  distance  from  the  earth,  and  by  C  a 
constant  quantity  depending  on  the  magnitude  of  the  body  and  on  its 
capacity  for  reflecting  the  light,  the  intensity  of  the  light  of  the  body 
as  seen  from  the  earth  will  be 

'=-^-  (") 

When  the  constant  C  is  unknown,  we  may  determine  the  relative 
brilliancy  of  the  comet  at  different  times  by  means  of  the  formula 
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In  the  case  of  the  planets  we  adopt  as  the  unit  of  the  intensity  of 
light  the  value  of /when  the  plauet  is  in  opposition  and  both  it  and 
the  earth  are  at  their  mean  distances  from  the  sun.     Thus  we  obtain 

C  =  a*(a  —  1)V 
and  hence 

*=«^  W> 

Let  us  now  denote  by  jR  the  ratio  of  the  intensities  of  the  light 
for  two  consecutive  stellar  magnitudes;  then,  if  we  denote  by  M  the 
apparent  stellar  magnitude  of  the  planet  when  J=  1,  and  by  m  the 
magnitude  for  any  value  of  J,  we  shall  have 


and  hence 


"-§*  w> 


By  means  of  photometric  determinations  of  the  relative  brilliancy 
of  the  stars,  it  has  been  found  that 

R  =  2.56, 
and  hence  we  derive 

m=M—  2.45  log  I,  (15) 

by  means  of  which  the  apparent  stellar  magnitude  of  a  planet  may 
be  determined,  I  being  found  by  means  of  equation  (13).  The  value 
of  M  must  be  determined  for  each  planet  by  means  of  observed  values 
of  m. 

Example. — The  value  of  M  for  Eurynome  is  10.4;  required  the 
apparent  stellar  magnitude  of  the  planet  when  log  a  =  0.38795, 
log  r  =  0.2956,  and  log  J  =  9.9952. 

The  equation  (13)  gives 

log  1=  0.5129, 

and  from  (15)  we  derive 

m  =  10.4  —  1.3  =  9.1. 

For  the  values  log  r  =  0.4338,  log  J  ==  0.2357,  we  obtain 

log  7=9.7555  — 10, 
and 

m  =  10.4  +  2.45  X  0.2445  =  11.0. 
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E.  Numerical  Calculations. — The  extended  numerical  calculations 
required  in  many  of  the  problems  of  Theoretical  Astronomy,  render 
it  important  that  a  judicious  arrangement  of  the  details  should  be 
effected.  The  beginner  will  not,  in  general,  be  able  to  effect  such 
an  arrangement  at  the  outset ;  and  it  would  only  confuse  to  attempt 
to  give  any  specific  directions.  Familiarity  with  the  formula?  to  be 
applied,  and  practice  in  the  performance  of  calculations  of  this 
character,  will  speedily  suggest  those  various  devices  of  arrangement 
by  which  skillful  computers  expedite  the  mechanical  part  of  the 
solution.  There  are,  however,  a  few  general  suggestions  which  may 
be  of  service.  Thus,  it  will  always  facilitate  the  calculation,  when 
several  values  of  a  variable  are  to  be  computed,  to  arrange  it  so  that 
the  values  of  each  function  involved  shall  appear  in  the  same  verti- 
cal or  horizontal  column.  The  course  of  the  differences  will  then 
indicate  the  existence  of  errors  which  might  not  otherwise  be  dis- 
covered until  the  greater  part  if  not  the  entire  calculation  has  been 
completed;  and,  besides,  by  carrying  along  the  several  parts  simulta- 
neously the  use  of  the  logarithmic  and  other  tables  will  be  facilitated. 
Numbers  which  are  to  be  frequently  used  may  be  written  on  slips  of 
paper  and  applied  wherever  they  may  be  required;  and  by  performing 
the  addition  or  subtraction  of  two  logarithms  or  of  two  numbers  from 
left  to  right  (which  will  be  effected  easily  and  certainly  after  a  little 
practice),  the  sum  or  difference  to  be  used  as  the  argument  in  the 
tables  may  be  retained  in  the  memory,  and  thus  the  required  number 
or  arc  may  be  written  down  directly.  The  number  of  the  decimal 
figures  of  the  logarithms  to  be  used  will  depend  on  the  character  of 
the  data  as  well  as  on  the  accuracy  sought  to  be  obtained,  and  the  use 
of  approximate  formula  will  be  governed  by  the  same  considerations. 
Whenever  the  formula?  furnish  checks  or  tests  of  the  accuracy  of  the 
numerical  process,  they  should  be  applied;  and  whenever  these  arc 
not  provided,  the  use  of  differences  for  the  same  purpose  should  not 
be  overlooked.  By  proper  attention  to  these  suggestions,  much  tiin< 
and  labor  will  be  saved.  The  agreement  of  the  several  proofs  will 
beget  confidence,  relieve  the  mind  from  much  anxiety,  and  thus 
greatly  facilitate  the  progress  of  the  work. 


THE    END. 
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